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PREFACE 

This book is an outgrowth of courses taught for a number of 
years at Iowa State University in the mathematics and the electrical engi­
neering departments. It is intended as a text for a first graduate course in 
differential equations for students in mathematics, engineering, and the 
sciences. Although differential equations is an old, traditional, and well­
established subject, the djverse backgrounds and interests of the students in 
a typical modern-day course cause problems in the selection and method of 
presentation of material. In order to compensate for this diversity, we have 
kept prerequisites to a minimum and have attempted to cover the material 
in such a way as to be appealing to a wide .... audience. 

~ The prerequisites assumed include an undergraduate ordinary 
differential equations course that covers, among other topics, separation of 
variables, first and second order linear systems 'of ordinary differential 
equations, and elementary Laplace transformation techniques. We also 
assume a prerequisite course in advanced calculus and an introductory course 
in matrix theory and vector spaces. All of these topics are standard under­
graduate f'lfe for students in mathematics, engineering, and most sciences. 
Occasionally, in sections of the text or in problems marked by an asterisk (*), 
some elementary theory of real or complex variables is needed. Such material 
is clearly marked (*) and has been arranged so that it can easily be omitted 
without loss of continuity. We think that this choice of prerequisites and 
this arrangement ofmaterial allow maximal flexibility in the use of this book. 

The purpose of Chapter I is to introduce the subject and to 
briefly discuss some important examples of differential equations that arise 
in science and engineering. Section l.l is needed as background for Chapter 2. 
while Section 1.2 can be omitted on the first reading. Chapters 2 and :}, 
contain the fund~mental theory of linear and nonlinear differential 
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equations. In particular, the results in Sections 2.1-2.7 and 3.1-3.5 will be 
required as background for any of the remaining chapters. Linear boundary 
value problems are studied in Chapter 4. We concentrate mainly on the 
second order, separated case. In Chapter 5 we deal with Lyapunov stability 
theory, while in Chapter 6 we consider perturbations of linear systems. 
Chapter 5 is required as background for Sections 6.2-6.4. In Chapier 7 we 
deal with the Poincare-Bendixson theory and with two-dimensional vun der 
Pol type equations. It is useful, but not absolutely essential, to study Chapter 7 
before proceeding to the study of periodic solutions of general order systems 
in Chapter 8. Chapter 5, however, contains required background material 
for Section 8.6. 

There is more than enough material provided in this text for 
use as a one-semester or a two-quarter course. In a full-year course, the 
instructor may need to supplement the text with some additional material 
of his or her choosing. Depending on the interests and on the backgrounds 
of a given group of students, the material in this book could be editea or 
supplemented in a variety of wayg'. For example, if the .students all have 
taken a course in complex variables, one might add material on isolated 
singularities of compfex-valued linear systems. If the students have sufficient 
background in real variables and functional analysis, then .the material on 
boundary value problems in Chapter 4 could be expanded considerably. 
Similarly, Chapter 8 on periodic solutions could be supplemented, given a 
background in functional analysis and topology. Other topics that could be 

"Considered include control theory, delay-differentiaJ equations, and dif-
ferential equations in a Banach space. . .. 

Chapters are numbered consecutively with arabic numerals. 
Within a given chapter and section, theorems and equations are numbered 
consecutively. Thus, for example, while reading Chapter 5, the terms 
"Section 2," "Eq. (3.1)," and "Theorem 3.1" refer to Section 2 of Chapter 5, 
the first equation in Section 3 of Chapter 5, and the first theorem in Section 3 
of Chapter 5, respectively. Similarly. while reading Chllpter 5 the terms 
"Section 3.2," "Eq. (2.3.1)," "Theorem 3.3.1," and "Fig. 3.2" refer to 
Section 2 of Chapter 3, the first equation in Section 3 of Chapter 2, the first 
theorem in Section 3 of Chapter 3, and the second figure in Chapter 3, 
respectively. 
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INTRODUCTION 

1 

In the present chapter we introduce the initial value problem 
for difTerential equations and we give several examples of initial value 
problems. 

1.1 INITIAL VALUE PROBLEMS 

The purpose of this section, which consists of five parts, is to 
introduce and classify initial value problems for ordinary differential equa­
tions. In Section A we consider first order ordinary differential equations, 
in Section 8 we present systems of first order ordinary difTerential equations, 
in Section C we give a classification of systems of first order differential 
equations, in Section D we consider nth order ordinary differential equations, 
and in Section E we pr~t complex valued ordinary differential equations. 

A. First Orde.r Ordinary Differential Equations 

Let R denote the set of real numbers and let Dc: R2 be.a 
domain (i.e., an open connected nonempty subset of R2). Let f be a real 
valued function which is defined and continuous on D. Let x = dx/dt 
denote the de~ivative of x with respect to t. We call 

x' = f(t,x) {E'J 
an ordinary differential equation of the first order. 8y a soIudono( .. 
differential equation (H') on an open interval J - {t E R:t.I < t < b}.-
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mean a real valued, continuously dilTerentiable function '" defined on J 
such that the points (t,t/J(t» e D for all t e J and such that 

""(t) == f(t, "'(r» 
for all Ie J. 

Deanltlon 1.1. Given (t,~)e D, the inUili1 value problem for 
(E') is 

x' == f(I,x), X(t) ==~. (1') 

A function t/J is a solution of (1') if t/J is a solution of the dilTerential equation 
(E') on some interval J containing t and ~(t) - ~. 

A typical solution of an initial value problem is depicted in 
Fig. 1.1. 

We can represent the initial value problem (1') equivalently 
by an integral equation of the form .. 

",et) == ~ + J.' f(s,t/J(s»ds. (V) 

l:o prove this equivalence, let ~ be a solution of the initial value problem 
(I'). Then t/J(1') == ~ and 

t/J'(t) == f(t, t/J(I» 

for aU t e J. Integrating from T to t, we have 

J.' ~'(s) ds == J.' f(s, t/J(s» ds . 

or 

t/J(t) - ~ ~ J.' f(s,~(s»ds. 
Tberefore. ~ is a solution of the integral equation (V). 

x 

&. ~I 

~------~r-----~----~-------"t 
FIGURE 1.1 Solution of an initial valul! probll!m: t ""l!rvaJ"J = (a,b), m (slopt! of IfIIt L) = 

f(t,~(t)). 



1.1 Initial Vahle' Problems 3 

Conversely, let'" be a solution of the integral equation (V). 
Then "'(T) = ~, and differentiating both sides oreY) with respect to t, we have 

""(t) = f(t, "'(t». 

Therefore. '" is also a solution of the initial value problem (1'). 

B. Systems of First Order Ordinary Differential Equations 

We can extend the preceding .to initial value problems in­
volving a system of first order ordinary differential equations. Here we let 
.D c RIO + 1 be a domain, i.e., an open, non empty, and connected subset of 
R·+ I. We shall often find it convenient to refer to RHI as the (t,x l , • •• ,x.) 
space. Let fl' ... ,J.. be n real valued functions which are defined and con­
tinuous on D, i.e .. j,:D -. R andj, E C(D), i = t, ... , n. We call 

xj = j,(t, x .. ... , x.), i= I, ... ,n, 

a system of n ordinary differential equations of the first order. By a solution 
of the system of ordinary differential equations (E,) we. shall mean n rea'-. 
continuously differentiable functions "'It ... , "'. defined on an interval J = 
(a,b) such that (t, "'1(1), ••• , q,,,(t» ED for all t E J and such that 

q,j{t) = j,(t,tf1,(t), ... ,"'.(t», i = I, ... , n, 

for all IE J. 

Definition 1.2. Let (T, ~ I, ... , ~II) e D. Then the initial value 
problem associated with (E,) is . 

xi = /;(t,XI • ... ,x.). 
X,(T) = ~,' 

i = 1, ... , n, 
i = I, .. ; ,n. 

A set of functions (q,I" .. ,4>,,) is a solution of (I,) if(q,I' ... ,q,,,) is a solution 
of the system of equations (E,) on some interval J containing 'l and if 
(ePl('l), •. · ,Ib.(r» = (~I"" ,~,,). 

In dealing with systems of equations, it is convenient to use 
vector notation. To this end, we let 
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and we define x· = dxldt componentwise, i.e., 

x· = [~'I]. 
,.' 
"11 

We can now express the inith,1 value problem (Ii) by 

X' = l{l,x), x(t) =~. (I) 

As in ~he scalar case, it is possible to rephrase the preceding 
initial value problem (I) in terms of an equivalent integral equation. 

Now suppose that (I) has a uni4uc solution'" dclincd for t on 
an interval J coD,taining t. By the motion through (f,~) we mean the set 

{(t,"'(l)):l e J}. 

This is, of eourse. the graph of the function ,p. By' the trajectory or orbit 
tbrough (t,~) we mean the set 

C(~) = {,p(t):t eJ}. 

The positive semilrajcdory (or posilive scmiorbil) is defined as 

C+(~) = {"'(t):t e J and t ~ f}. 

Also. the negative trajectorY (or negative semiorbit) is defined as 

C-(~) = {,p(t):t eJ and t S t}. 

C. Classificalion of Systems of First Order 
,Differential Equalions 

There are several special classes of differential equations, 
resp., initial valuc problcms, which we shall consider. These are enumerated 
in tbe following discussion. 

1. If in (1), 1(1, x) = I{x) for all (I,X) eD, i.e., I(t, x) does not 
depend on t, then we have . 

X' = lex). (A) 

We call (A) an autoDomoWi syslem of first order ordinary differential 
equations. 

2. If in (I), (t + T. x) E D when (t,x) E D and if I satisfies 
I(t, x) = I(t + T,x) for all (I,X) ED. then 

x' = I(t,x) = I(t + T, x). (P) 
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Such a system is called a periodic system of first order differential equations 
of period T. The smallest number T> 0 for which (P) is lrue is the least 
period of this system of equations. 

3. If in (I), I(t, x) = A(t)x, where A(t) = [aiN)] is a real n x '1 
matrix with elements a,J<t) which are defined and at least piecewise con­
tinuous on a t interval J, then we have 

X' = A(t).x (LH) 

and we speak of a linear homogeneous system of ordinary differential 
equations. 

4. If for (LH) A(t) is defined for all real t and if there is aT> 0 
such that A(t) = A(t + T) for all t, then we have . . 

x' - A(t)x II: A(t + T)x. (LP) 

This system is called a Unear periodic system of ordinary differential equations. 
5. If in (I), f(t,x) = A(t)x + (1(t), where g(t)T = [91(t), ... , 

g.,(t)], and where g,: J -+ R. then we have 

x' = A(t)x + ge,). (LN) 

In this case we speak of a liaear nonhomogeneous system of ordinary differ­
ential equations. 

6. lfin (I), I(t, x) = Ax, where A = [al}] is a real'l x n matrix 
with coflstant coefficients. then we have, 

x'=Ax. (L) 

This type of system is called a linear, autonomous, homogeneous system of 
ordinary differential equations. 

D. nth Order Ordinary Differential Equations 

It is also possible to characterize initial value problems by 
means of 11th order ordinary differential equations. To this end. we let h be 
a real function which is defined and continuous on a domain D of the real 
(t.Yl •... ,Y.) space and we let~) = d"y/dt'. Then 

(E.) 

is an nth order ordinary differential equation. A solution of (EJ is a real func­
tion tP which is defined on a t interval J == (a, b) c: R which has n continuous 
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derivatives on J and satisfies (/.4>(t) • •.•• 4>1.-11(/» e D for all t e J and 

t/JI·'t) = h(/.4>(t), . ..• 4>1.-1,/» 
for all Ie J. 

Definition 1.3. Given ('1', e I' ... , e.) eD, the initial value 
problem for (E.) is 

YI.' - h(t y yU' • .c,,-I,) 
- t t t···,~ t 

A function 4> is a Wutlon of (I.) if 4> is a solution of Eq. (E.) on some interval 
containing 't' and if 4>('1') = el •...• 4>1.-I~'t') = e •. 

As in the case of systems oCtirst order equations. we single out 
several special cases. 

First we consider equations oC the form 

a,,(t)y·' + a,,-I(I)y,,-I, + ... + al(t)yll + ao(t)y = ge,). 
where a~(t) • •.•• ao(l) are real continuops functions defined on the interval 
J and where a.(t) .po 0 Cor all t e J. Without loss oC generality, we shall con­
sider in this book the case when a.(t) = 1. i.e .• 

y.' + a._I(/)y,,-n + ... + a ,(/b,!1I + ao(t)y = get). (1.1) 

We refer to Eq. (1.1) as a linear nonhomogeneous ordinary differential equation 
ofordern. 

If in Eq. (1.1) we let ge,) = 0, then 

y.) + a,,_I(/)y"-ll + ... + QI(/)yU) + aoC/)y = O. (1.2) 

We call Eq. (1.2) a linear homogeneous ordinary dilferentJai equation of order 
n. Ifin Eq. (1.2) we have ad/) = Q" i = 0, I, ...• II - 1, so that (1.2) reduces to 

(1.3) 

then we speak of a linear. autonomous, homogeneous ordinary differential 
equation of order n. 

We can, of course, also define periodic and linear periodic 
ordioiry dllferentlal equations of order n in the obvious way. 

We now show that the theory oCllth order ordinary differential 
equations reduces to the theory of a system oC II first order ordinary differ­
ential equations. To this end, we let y = XI. yUl = Xl"'. , Y·-II = X" in 
Eq. (I,,). Then .we have the system oC first order ordinary dilferential equations 

X~ = XZ, 

Xl = X3. 

X~ = Il(t.x" . .. , XII)' 

(1.4) 
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This system of equations is clearly defined for all (t,X., •.. ,x.) E D. Now 
assume that the vector t/J = (t/JI"" ,t/Jn)T is a solution of Eq. (1.4) on an 
interval J. Since t/Jz = t/J'., t/J3 = t/Ji, . .. ,t/J" = t/J\ .. - I', and since 

h(r, t/J1(t), .•. , t/J.(t» = II(r, tPl(t), ... , 4>\n-l~t)) = 4>'r'(t), 

it follows that the first comj"Kment t/J. of the vector 4> is a solution of Eq. (E.) 
on the interval J. Conversely. assume that t/J. is a solution of Eq. (En) on 
the interval J. Then the vector tP = (t/J, t/JfII •...• 4>'''- II)T is clearly a solution 
of the system of equations (1.4). Note that if 4>1(t) = e I •...• 4>\.-I~t) = e., 
then the vector t/J satisfies "'(t) = e. where e = (e ... ..• e .. )T. The converse is 
~wtru~ . 

E. Complex Valued Ordinary Differential Equations 

Thus far. we have concerned ourselves with initial value prob­
lems characterized by real ordinary differential equations. There are also 
initial value problems involving complex ordinary differential equations. For 
example, let t be real and let z = (z ••.•.• z.) E e", i.e., z is a complex vector 
with components of the form z .. = " .. + ;v .. , k = 1, ... , n, where u. and v .. 
are real and where i = R. Let D be a domain in the (t,z) space R x en 
and let lit . .. ,I. be continuous complex valued functions on D (i.e .• Jj: 
D -. C). Let I = (f., ... ,I.)T and let z' = dz/dt. Then 

z' = I(t,z) (C) 

• is a system of n complex ordinary differential equations of the first order. 
The definition of solution and of the initial value problem are essentially 
the same as in the real cases already given. It is, of course. possible to consider 
various special cases of(C) which are analogous to the autonomous. periodic, 
linear. systems. and PIth order cases already discussed for real valued cqUll­

tions. It will also be of interest to replace t in (C) by a complex variable and 
to consider the behavior of solutions of such systems. 

1.2 EXAMPLES OF INITIAL VALUE PROBLEMS 

In this section, which consists of seven parts, we give several 
examples of initial value problems. Although we concentrate here on simple 
examples from mechanics and electric circuits, it is emphasized that initial 
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value problems of the type considered here arise in virtually all branches 
of the physical sciences, in engineering, in biological sciences, in economics, 
and in other disciplines. 

In Section A we consider mechanical translation systems and 
in Section B we consider mechanical rotational systems. Both of these types 
of systems are based 011 Newton's second law. In Section C we give examples 
of electric circuits obtained from Kirchhoff's voltage and current laws. The 
purpose of Section D is to present several well-known ordinary differential 
equations, including some examples of Volterra population growth. equa­
tions. We shall have occasion to refer to some of these examples IIlter. In 
Section E we consider the Hamiltonian formulation of conservative dynam­
ical systems, while in Section F we consider the Lagrangian formulation oC 
dynamical systems. In Section G we present examples of electromechanical 
systems. 

A. Mechanical Translation Systems 

Mechanical translation systems obey Newton's second law of 
motion which states that the sum of the applied Corces (to a point mass) 
must equal the sum of the reactive forces. In linear systems, which we consider 
presently, it is sufficient to consider (;mly inertial elements (Le., point masses), 
elastance or stiffness elements (i.e., springs), and damping or viscous Criction 
terms (e.g., dashpots). 

When a force f is applied to a point mass, an acceleration of 
the mass results. In this case the reactive force 1M is equal to the product 
of the mass and acceleration and is in the opposite direction to the applied 
force. In terms of displacement x, as shown in Fig. 1.2, we have velocity ... 
,,= x = dx/dt, acceleration = a = x" =. d1x/dl1, and 

1M = A.fu = Mv' = lv/x", 

where M denotes the mass. 

FlGU8.E 1.2 
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The stiffness terms in mechanical translation systems provide 
restoring forces, as modeled, for example, by springs. When compressed, the 
spring tries to expand to its normal length, while when expanded, it tries to 
contract. The reactive force II{ on each end of the spring is the same and is 
equal to the prmJuct of the stiffness K lind. the deformation of the spring, i.e .. 

II{ = K(xl - Xl), 

where X I is the position of end I of the spring and Xl the position of end 2 
of the spring, measured from the original equilibrium position. The direction 
of this force depends on the rclatiye magnitudes and directions of positions 
XI and Xl (Fig. 1.3). 

F~GURE 1.3 ~. 0-...... _"""\ 
It "Z 

The damping terms or viscous friction terms characterize ele­
ments that dissipate energy while masses and springs are elements which 
store energy. The damping force is proportional to the difference in velocity 
oftwo bodies. The assumption is made that the viscous friction is linear. We 
represent the damping action by a dashpot as shown in Fig. 1.4. The reaction 
damping force IB is equal to the product of damping B and the relative 
velocity of the two ends of the dashpot, i.e., 

IB = B(vl - Vl) = B(xi - xi)· 

The direction of this force depends on theJ'elative magnitudes and directions 
of the velocitics X'I and xi> 

Xl 

FIGURE I." 0 

B Xz 

]1---0 
The preceding relations must be expressed in a consistent set 

of ullits. For cxample, in the MKS systcm, we have the following set of units: 
time in seconds; distance in meters; velocity in meters per second; acceler­
ation in metcrs per (second)z; mass in kilograms; force ill newtons; stiffness 
coefficient K in newtons per meter; and damping coefficient B in newtons 
per (meter/second). 

In a mechanical translution systcm, the (kinetic) energy storcd 
in a mass is given by 

T = iM(x')2, 

the (potential) energy stored by a spring is given by 

W = !K('~I - Xl)2, 
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while the energy dissipation due to viscous damping (as represented by a 
dashpot) is given by 

2D = B(X'1 - x1)2. 

In arriving at the dilTerential equations which describe the 
behavior of a mechanical translation system, we may find it convenient to 
use the following procedure: 

1. Assume that the system originally is in equilibrium. (In 
this way, the often troublesome elTectof gravity is eliminated.) 

2. Assume that the system is given some arbitrary displace­
ment if no disturbing force is present. 

3. Draw a "Cree-body diagram" oC the Corces acting on each 
mass oC the system. A separate diagram is required Cor each mass. 

4. Apply Newton's second law oC motion to each diagram, 
using the convention that any force acting in the direction of the assumed 
displacement is positive. 

Let us now consider a specific example. 

Example 2.1. The mechanical system oC Fig. 1.5 consists of 
two point masses M I and M 2 which are acted upon by viscous damping 
forces (due to B and due to the friction terms Bl and B2 ) and spring forces 
(due to the terms K I' K 2 , and K), and external Corces 11(t) and 12(t). The 

(.) 

FIGUREI.S 

It(x2-x1) 

B(XZ-~) 

"zXZ~ 

FIGURE 1.6 Fue body dillgrtlm8}Dr (a) M I IUfd (b) M z • 

(1)>) . 
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initial displacements of masses M. and M 2 are given by x.(O) = x \0 and 
Xl(O) ::;: X10. respectively, and their initial velocities are given by x'J(O) = x'JO 
and xi(O) .. xio. The arrows in this figure establish positive directions for 
displacements x. and Xl. 

The free-body diagrams for masses M. and M 1 are depicted 
in Fig. 1.6. From these figures. there now result the following equations 
which describe the system of Fig. 1.5. 

MJx'j + (8 + B,)xj + (K + K.)x. - 8X2 - KXl = f.(t), 

Mlxl + (8 + 8 1)X2 + (K + Kl)Xl - Bx', - Kx, = - fl(t), 
(2.1) 

with initial data x,(O) = X.O, Xl(O) = .~20' x'.(O) = x', 0 , and X2(0) = X20 . 
. Lettingy, = X"Yl::;: X'"Y3 = xl,andy,,::;: xz, we can express 

Eq. (2.1) equivalently by a system of four first order ordinary differential 
equations given by 

[):~] = [-OK! : K)/M.] -[(8.: 8)/M.] 
i, 0 O. 
'~ (K/M 2) (8IM l ) 

J~:]+ [ (IIM~)J'(I)] 
~4 -(IIM2)/2(1) 

(2.2) 

with initial data given by WaCO) Y2(0) J'3(0) Y4(0»T = (x'o x'.o X10Xzo)T. 

B. Mechanical Rotational Systems 

The equations which describe mechanical rotational systems 
are similar to those already given for translation systems. In this case forces 
are replaced by torques, linear displa~ments are replaced by angular dis­
placements. linear velocities are replaced by angular velocities, and linear 
accelerations are replaced by angular accelerations. The force equations 
are replaced by corresponding torque equations and the three types of system 
elements are, again, inertial elements, springs, and dashpots. 

The torque applied to a body having a moment of inertia J 
produces an angular acceleration IX ::;: ru' ::;: 0". The reaction torque TJ is 
opposite to the direction of the applied torque' and is equal to the product of 
moment of inertia and acceleration. In terms of angular displacement 0, 
angular. velocity (I), or angular acceleration IX, the torque equat~n is given ~y 

TJ ::;: JIX = Jol ::;: JO". 
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When a torque is applied to a spring, the spring is twisted by 
an angle 0 and the applied torque is transmitted through the spring and 
appears althe other end. The reaction spring torque T/\ that is produced is 
equal to the product of the stiffness or elastance K of the spring and the 
angle of twist. By denoting the positions of the two ends of the spring, mea­
sured from the neutral position, as 0, and Oz, the reactive torque is given by 

T" = K(O, - Oz). 

Once more, the direction of this torque depends on the relative magnitudes 
and directions of the angular displacements 0, and Oz. 

The damping torque T. in a mechanical rotational system is 
proportional to the product. of the viscous friction coefficient.B and the 
relative angular velocity of the ends of the dashpot. The reaction torque of 
a damper is 

Again, the direction of this torque depends on the relative magnitudes and 
directions of the angular velocities co, and coz. 

The expressions for TJo TK , and T. are clearly counterparts 
to the expressions for 1M' IK' and IB' respectively. 

The foregoing relations must again be expressed in a consistent 
set of units. In the MKS system, these units are as follows: time in seconds; 
angular displacement in radians; angular velocity in radians per second; 

. angular acceleration in radians per second2 ; moment of inertia in kilogram­
metersz; torque in newton-meters; stiffness coefficient K in newton-meters 
per radian; and damping coefficient B in newton-meters per (radians/second). 

In a mechanical rotational system, the (kinetic) energy stored 
in a ma,ss is given by 

T= V(O')z, 

the (potential) energy stored in a spring is given by 

W = iK(O, - Oz)z, 

and the energy dissipation due to viscous damping (in a dashpot) is given by ,..,-
2D = B(Oj - 0i)2. 

Let us consider a specific example. 

Example 2.2. The rotational system depicted in Fig. 1.7 
consistS of two masses with moments of inertia J, and J a. two springs with 
sti&rness constants K, and K z• three dissipation elements with dissipation 
coeffi.cients Bit Ba, and B. and two externally applied torques T, and Ta. 
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FIGURE 1.7 

The initial angular displaCements oftbe two masses are given by 0.(0) =:= 0.0 

and Oz{O) = 020 • respectively. and their initial angular velocities are given 
by 0'1(0) = 0'10 and O'iO) - O'zo. 

The free-body diagrams for this system are given in Fig. 1.8. 
These figures yield the following equations which describe the system of 
Fig. 1.7. 

(Gj( ~ . '~r (k ~ 8 ( (. 
J 181 8(81-82) 828i J z82' TZ ' 'z82 

FIGURE 1.8 , 

J.O'j + B.O'. + B(O'. - O'z) + K.O. = T •• 
JzO'i + BaO'a + B(02 - 0'.) + KaOa = - Ta. 

(2.3) 

Letting x. = 0 .. xa = 0' •• X3 - Oz. and X4 - O'z. we can express these equa­
tions by the four equivalent first order ordinary differential equations 
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C. Electric Circuits 

In describing electric circuits, we utilize' Kirchhoff's voltage 
law (KVL) and Kirchboff's current law (KCL) which state: 

<a) The algebraic sum of potential' differences around any 
closed loop in a circuit equals zero, i.e., in traversing any closed loop in a 
circuit, the sum of the voltage rises equals the sum of the voltage drops . 

• (b) The 'algebraic sum of currents at a junction or node in a 
circuit equals zero, i.e., the sum of the currents entering the junction equals 
the sum of the currents leaving the junction.. ' 

In the present. discussion we concern ourse.lves with linear 
circuits consisting of voltage sources, current sources, capacitors, inductors, 
resistors, transformers, and the like. We shall discuss only those elements 
which we shall require. .. 

t Voltage (current) sources are modeled' by voltage (current) 
generators. Direct current (dc) voltage sources are orten modeled by batteries 
(see Fig. 1.9). . . 

r----O 

+-!-
E -=-- TL-__ 

- O. 
(a) (b) (c) 

FIGURE 1.9 (a) VoIllIfJe _cr, (b) de POIlqe 6DlII'cr, (cl Clll'reni ftlurcr. 

The voltage drop across a resistor is given by Ohm's law which 
states that the voltage drop across a resistor is equal to the product of the 
current I through the resistor and the resistance R. (see Fig. 1.1 0), i.e., 

lilt = Ri or i = II/R. 

The voltage drop across an inductor is equal to the product 
of the inductance L and the time rate of change of current, ii/it (see Fig. 1.10), 

+ • - + c 
~ 

--.1 
o I( . __ 1 o 

(a) (b) (c) 

FIGURE 1.10 YoIlqe drop ocrtJn (a' 0 nsislDr R, (b, an btdIICIO"L, ond (c) 0 capacitor C. 
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i.e., 

di 
vL=L­

dt 
or 

15 

The initial current idOl in the inductor carries its own algebraic sign, i.e., 
if h(O) is in the same direction as i, then it is positive; otherwise it is negative. 

The positively directed voltage drop across a capacitor is 
defined in magnitude as the ratio of the magnitude of the positive electric 
charge q on its positive plate to the value of its capacitance C. Its direction is 
from the positive plate to the negative plate. The charge on a capacitor plate 
equals the time integral from the initial instant to the arbitrary time instant 
t of the current jet) entering the plate, plus the initial value of the charge qo 
(see Fig. LtO). Thus, 

q 1 Sc' qo I Sc' Ve = - = - ;(r)Jt + - = - ;(t)dt + vdO) 
C C 0 C C 0 

or i = C ~~. 
The initial voltage vdO) on the capacitor carries its own algebraic sign, i.e., 
if vdO) has the same polarity as Ve, then it is positive; otherwise it is negative. 

In using the foregoing relations, we need to use a consistent 
set of units. In the MKS system these are: charge, coulombs; current, am­
peres; voltage, volts; inductance, henrys; capacitance, farads; and resistance, 
ohms. 

The energy dissipated in a resistor R is given by ;2R = v~/R, 
where VR is the applied voltage and i is the resulting current. The energy 
stored in an inductor L is given by iLi2, where i is the current through the 
inductor. Also, the energy stored in a capacitor is given by [q2/(2C)], where 
q is the charge on the capacitor C. 

There are several methods of analyzing electric circuits. We 
shall consider two of these, the Maxwell mesh current method (also called the 
loop current method) and the nodal allalp.ds method. 

The loop current method is based on Kirchhoff's voltage law 
and it consists of assuming that currents, termed "loop currents," flow in 
each loop of a multiloop network. In this method, the algebraic sum of the 
voltage drops around each loop. obtained by the use of the loop currents, 
is set equal to zero. The following procedure may prove useful: 

I. Assume loop currents in a clockwise direction. Be certain 
that a current flows through every element and that the number of currents 
assumed is sufficient. 

2. Around each loop, write an equation obtained from 
Kirchhoff's voltage law. 
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FIGURE 1.11 

One method to ensure that a sufficient number of currents 
have been assumed in a network is as indicated in Fig. 1.11. (This method is 
applicable to "planar networks," i.e., networks that can be drawn with no 
wires crossing.) The currents are selccted in such a fashion that through 
every element there is a current, and no element crosses a loop. This is the 
case in Fig. 1.11, but not in Fig. 1.12, where;:z is crossed by an element. 

FIGURE 1.12 

Rl vCl RZ 

+ + 

" :) C1 :)~ Cz 

FIGURE 1.13 

Exampl. 2.3. As an example of loop analysis. consider the 
circuit depicted in Fig. l.l3. The loop currents i l and ;z will suffice. Note 
that the current Row through capacitor C I is detennlued by both i l and iz' 
In view of Kirchhoff's voltage law we have the following integrodifferential 
equations (see Fig. 1.14): 

. R 1 f'· . ., =', ,+ C, Jo ('I - 'z)dt + l'c!(O) (2.5) 

di:z 1 fl 1 f' o -lzRz + Ltil + C:z Jo izdt + "C2(O) + CI Jo (i2 - il)dt - "CI(O), (2.6) 



1.2 Examples (if Illitial Value Problems 17 
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~ 
+ l1l -12 ~-··tr 

L 

. 1 
-+ 

• I' . T- C2 

FIGURE 1.14 

wherc Iln(O) and v(:z(O) denote the initial voltages on capacitors C. and Cz• 
respectively. 

Equations (2.5) and (2.6) can be expressed equivalently by 
ordinary diITcrcntial equations in terms of chargc 'I. by 

q~ + R.~. q. - R.~. q1 = :.' (2.7) 

" R1 , (1 1 ) 1 0 (28) ql + L qz + elL + ClL q1 - LC1 q. = . . 

We can also describe this circuit by means of a system offirst 
order ordinary differential equations. For example, if we let XI = 1'cJ (the 
voltage across capacitor C I ), Xz == Vcz (the voltage across capacitor Cz). and 
X3 = iz (the current through inductor L), then Eqs. (2.7) and (28) yield the 
system of equations 

(29) 

The complete description of this circuit requires the specifica-
tion of the initial data VC1(O), "cz(O), and i1(0). • 

Thc nodal analysis method is based on Kirchhoff's current law 
and involves the following.steps: 

1. Assume potentials (i.e., voltages) at all nodes in the circuit, 
and choose one point of node in the circuit as being at ground potential 
(i.e., at zero volts). The node voltages '" measured above ground are the 
dependent variables in the node equations,just as the currents are dependent 
variables in the loop equations. 

2. Utilize Kirchboff's current law to write the appropriate 
equations to describe the circuit. This results in the same number of int~ . 
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differential equations as there are assumed node potentials measured above 
. ground potential. No equation is written for the node chosen at- ground 
potential. 

Exa",ple 2.4. Let us reconsider the circuit of the preceding 
example which is given in Fig. 1.15 with appropriately labeled node voltages. 
Note that the voltages of two of the five nodes are known, and therefore, 
node equations are required only for nodes 1-3. Using Kirchhoff's current 
law, we now obtain the integrodifferential equations 

VI -11 + CIVj + ". -112 =0, 
R.. R2 

(2.10) 

"2 - ". 1 r' R;- + L Jo (V2 - "3)dt + il.(O) = 0, (2.11) 

~ f; (V3 - V2) dt - il.(O)+ C2"J = 0, (2.12) 

where il.(O) denotes the initial current through the inductor L. These equa­
tions can be rewritten as a system of three first order ordinary differential 
equations given by 

-1(1 I) 
~ "R."+ R2 

o '''. 
V 

"2 = ~:(~l + ~J (2.13) 

1 o O. 
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In order to complete the description of this circuit. we need 
to specify the initial data v1(0), V2(0), and V3(0). 

Since the system of equations (2.9) (obtained by Kirchhoff's 
voltage law) describes the same circuit as Eq. (2.13) (obtained by Kirchhoff's 
current law). one would expect that it would be possible to obtain Eq. (2.13) 
from (2.9), and vice ve~by means of an appropriate transformation. This 
is indeed the case. An inspection of Figs. 1.13 and 1.15 reveals that 

-V2 VI 
X3=--+-' Rz R2 

(2.14) 

If we combine (2.9) with (2.14) we obtain (2.13), and if we combine (2.9) with 
(2.13) we obtain (2.14). 

In Chapter 3 we shall obtain general results for linear equations 
which will show that the systems of equations (2.9) and (2.13) are represen­
tations of the same circuit with respect to two different sets of coordinates. 

D. Some Examples of Nonlinear Systems 

We now give several examples of systems which are described 
by some rather well-known differential equations which are not necessarily 
linear equations, as were the preceding cases. To simplify our discussion 
and to limit it to a manageable scope, we concentrate on second order 
differential equations of the form 

dX2 
dt2 + p(t,x,x') = q(t). t ~ 0, (2.15) 

where x(O) and x'(O) are specified, and where the runctions p(.) and q(.) are 
specified. If we let XI = X and x~ = X2' then Eq. (2.15) can equivalently be 
represented by 

[:;]=[ -P(t;I'X2)]+[q~)] (2.16) 

with [XI(O) X2(0)]1' = [x(O) x'(O)]1'. 

Example 2.S.An important special case of (2.15) is the. 
Uenard equation given by 

d2x dx 
dt 2 + f(x) Jt + g(x) = 0, (2.17) 
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where I: R .... Rand g: R .... R are continuously differentiable functions with 
I(x) ~ 0 for all x E R and with xg(x) > 0 for all x :F O. This equation can be 
used to represent, for example, RLC circuits with nonlinear circuit elements 
(R,L,e). 

An important special case of the Lienard equation is the van 
der Pol equation given by 

dlx z dx 
dt l - 6(1 - x ) dt + x = 0, (2.18) 

where r. > 0 is a parameter. This equation represents rather well certain 
electronic oscillators. 

Example 2.6. Another special case of Eq. (2.15) arising in 
applications is 

(219) 

where h > 0 and w~ > ° are parameters. If we define the sign function by 

{
+1' 

sgnO= 0, 
-1, 

then Eq. (219) can be written as 

0>0, 
0.=0, 
0<0, 

dlx 
dt2 + "sgn x' + Q)~x = o. 

(2.20) 

(2.21) 

Equation (2.21) has been used to represent a mass sliding on 
a surface and attached to a linear spring as shown in Fig. 1.16. The nonlinear 
term IIsgnx' represents the dry ji-ictioll force caused by the sliding of the 
mass on a dry surface. The magnitudes of II and Q)~ are determined by M, 
K; and the nature of the sliding surfaces. As usual, x represents the displace­
IDCntof the mass. 

FIGURE 1.16 
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Example 2.7. Another special case of Eq. (2.15) encountered 
in the literature is Rayleigh's equation, given by 

dlx [ I (dX)lJ dx (iii - B 1 - 3 dt dt + x = o. (2.22) 

Here Il > 0 is a parameter. 

Example 2.8. Another important special case of Eq. (2.15) is 
given by 

e/lx 
dtl· + y(x) = 0, (2.23) 

where g(x) is continuous on R and where xg{x) > 0 for all x.;: o. This 
equation can be used to represent a system consisting of a mass and a 
nonlinear spring, as shown in Fig. 1.17. Hence, we call this system a "mass 
on a nonlinear spring." Here, x denotes displacement and g(x) denotes the 
restoring force due (0 the spring. We shall now identify several special cases 
that have been considered in the literature. . 

If g(x) -1e(1 + a1r)x, where Ie > 0 and Ol > 0 are parameters, 
then Eq. (2.23) assumes the form 

(2.24) 

This system is ~called 'il mass OIl a liard, spring. [More generally, one may 
assQme only that g'(x) and.g"(x) are positive.] 

If g(x) = 1e(1 - alxl)x, where k > 0 and 0 2 > 0 are parameters; .. 
then Eq. (2.23) assumes the form 

(2.25) 

This system is referred to·as a mass 011 a soft sprillg. [Again; this can be 
gencralizcc.lto the requirement that g'{x) > 0 and g"(x) < 0.] _ 

FIGURE/.J7 

H 
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Equation (2.23) includes, of course, the case of a mass on-a 
linear spring, also called a harmonic oscillator, given by 

d2x 
dt2 + kx = 0, (2.26) 

where k > 0 is a parameter. 
The motivation for the preceding terms (hard, soft, and linear 

spring), is made clem: in Fig. 1.18, where the plots of the spring restoring 
forces verst,ls displacement are given. _ 

If g(x) = kZxlxl, where kZ > 0 is Ii parameter, then Eq. (2.23) 
assumes the form 

(2.27) 

This system is often called a mass on a square-law spring. 

Examp'e 2.9. An Iinportant special case of (2.23) is the equa­
tion given by 

(228) 

where k > 0 is a parameier. This equation describes the motion of a constant 
mass moving in a- circular path about the axis of rotation normal to a 

1(") 

... ft .prUI 

--------------------------------~~----------------------------~" 

FIGURE 1.18 
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constant gravitational field, as shown in Fig. 1.19. The parameter k depends 
upon the radius' of the circular path, the gravitational acceleration g, and 
the mass. Here x denotes the angle of deftection measured from the vertiCal. 

Example 2.10. Our last special case of Eq. (2.1 S) which we 
consider is the forced Doffing's equation (without damping), given by 

(2.29) 

where w~ > 0, h > 0, G > 0, and w. > o. This equation has been investigated 
extensively in the study of nonlinear resonance (ferroresonance) and can be 
used to represent an externaUy forced system consisting of a mass and 
nonlinear spring. as well as nonlinear circuits of the type shown in Fig. 1.20. 
Here the underlying variable x denotes the total instantaneous ftux in the 
core of the inductor. 

In the examples just considered, the equati·ons are obtained 
by the use of physical laws, such as Newton's second law and Kirchhoff's 
voltage and current laws. There are many types of systems. such as models 
encountered in economics, ecology, biology, which are not based on laws 
of physics. For purposes of ilIustration,we consider now some examples of 

+ 

FIGURE 1.20 
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Volterra's population equations which attempt to model biological growth 
mathematically. 

Example 2.11. A simple model representing the spreading of 
a disease in a given population is represented by the equations 

x', = -ax, + "x,x2 , 

.'(2 = -bX,.l2, 
(2.30) 

where .'(. denotes the density of infected individuals, X2 denotes the density 
of noninfected individuOlls. <lnd " > 0 lind " > () are pnrmncterli. Thc.o;e eqml­
tions arc valid. only for the case x, ~ 0 and X 2 ~ O. 

The second equation in (2.30) states that the noninfected in­
dividuals become infected at u rate proportional to X,X2' This term is a 
measure of the interaction between the two groups. The lirst equation in 
(2.30) consists of two terms: - a.'(, which is the rate at which individuals die 
from the disease or survive and become forever immune, and bx.xl which 
is the rate at which previously noninfected individuals become infected. 

To complete the initial value problem, it is necessary to specify 
nonnegative initial data .'(.(0) and x2(0). 

equations 
Example 2.12. A simple predator-prey model is given by the 

x', = -(/x, + b.l.Xl , 

xi = CX1 - dX,X1, 
(2.31) 

where x. ~ 0 denotes the density of predators (e.g., foxes), Xl ~ 0 denotes 
the density of prey (e.g., rabbits), and a > 0, b > 0, C > 0, and d > 0 are 
paramet~rs. 

Note that if X2 = 0, then the first equation in (2.31) reduces to 
xi = - ax •• which implies that in the absence of prey. the density of predators 
will diminish exponentially to zero. On the other hand, if Xl ¢ 0, then the 
first equation in (2.31) indicates that xi contains a growth term proportional 
to Xl' Note also that if x. = 0, then the second equation reduces to Xz = CX2 

and Xl will grow exponentially while when x. ¢ 0, Xz contains a decay term 
proportional to x •. 

Once more, we need to specify nonnegative initial data, x.(O) = 
x lO and xl(O) = x 20 • 

Example 2.13. A model for the growth of a (well-stirred and 
homogeneous) population with unlimited resources is 

x' = ('x, C>O, 
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where x denotes population density and c is a constant. If the resources 
for growth are limited, then c = c(x) should be a decreasing function of x 
instead of a constant. In the "linear" case, this function assumes the form 
0- bx where a, b> 0 are constants, and one obtains the Verbulst-Pearl 
equation 

Similar reasoning can be applied to population growth for two 
competing species. For example, consider a set of equations which describe 
two kinds of species (e.g.. small fish) that prey on each other. i.e., the adult 
members of species A prey o.n young members of species JJ, and vice versa. 
In this case we have equations of the form 

xi = axJ - bXJXl - cx~. 

Xl = dXl - exJxl - lxi, 
(2.32) 

where 0, b, c, d, e, and I are positive parameters, where XJ ~ 0 and Xl ~ 0, 
and where nonnegative initial data xl(O) = XIO and Xl(O) = XlO must be 
specified. 

E. Hamiltonian Systems 

Conservative dynamical S)'stellls are those systems which con­
tain no energy dissipating elements. Such systems, with" degrees of freedom, 
can be characterized by means of a HamDtoaian function H(p, q), where qT = 
(q I' ••• ,q.) denotes n generalized position coordinates and pT = (PI' ..• ,P.) 
denotes n generalized momentum coordinates. We assume Jl(p, q) is of the 
form 

H(p,q) = T(q,q') + W(q), (2.33) 

where T denotes the kinetic energy and W denotes the potenti,1 energy of 
the system. These energy teims are obtained from the path independent line 
integrals 

where Ji, i = 1, ... , II, denote generalized potential forces. 
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In order that the integral in (2.34) be path independent, it is 
necessary and sufficient that 

ap,(q,q')_ iJp}(q,q') 
i'Jqj - (1(t. ' 

;,j= 1; ... ,n. (2.36) 

A similar statement can be made about Eq. (2.35). 
Conservative dynamical systems are described by the system 

of 2n ordinary .differential equations 

, aH( ) ii, =;;- p,q, 
lJP, 

, aH() 1', = --;- p,q, 
"q, 

; = 1, ... ~, n 

(2.37) 

;= 1, •.• ,n. 

Note that if we compute the derivative of H(p, q) with respect 
to t for (2.37) [i.e., along the solutions q,(t), p/(t), i = 1, ... , n] then we obtaIn, 
by the chain rule, ... 

dH It aH " iJH 
-dt (P(t),q(t)) = L -;- (p,q)pj + L -:;- (p,q)qj ,= I up, 1= 1 oq, 

" aH aH ". iJH iJH = L --a (p,q)-a (p,q) + L-iJ (p,q)-;-(p,q) 
/=1 P, q, '-I q, "P, 

• aH iJll • iJH iJH 
= - r -iJ (p,q) ;, •• (p,(l> + L -iJ (p,q)-a (p,q) == O. '-I 1', '""II '-I '1', q, 

In other words, in a conservative system (2.37) the Hamiltonian, i.e., the 
total energy, will be constant along the solutions of (2.37). This constant is 
determined by the initial data (P(O), q(O». 

Example 2.14. Consider the system depicted in Fig. 1.21. The 
kinetic energy terms for masses M I and M 2 are 
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respectively, the potential energy terms for springs K., K 2 ,'K are 

W.(x.) = tK.x~. ~(X2) = tK2X~. W(X •• X2) = tK(x. - Xl)2, 

respectively. and the Hamiltonian function for the system is given by 

H(xl,x2. x'l.xl) = ![Ml(~jt + M2(xl)1 + KIXt + K2X~ + K(XI - x2f']. 

From (2.37) we now obtain the two second order ordinary differential 
equations 

or 

M lxi = -KIXI - K(xi - X2). 

Mzx'l = -K2X2 - K(xi - x2)(-I). 

M.x'; + Klx. + K(xi - X2) - 0, 
M 2x'l + K2X2 + K(X2 - Xl) = o. (238) 

If we let XI = YI' x'. = Y2' X2 = )'3. X2 = Y4' then Eqs. (2.38) 
can equivalently be expressed as 

[YI] [ 0 1 0 0] [Y ] Y: _ -(K. + K)/M. 0 KIM I 0)':. (2.39) 
Y3 0 0 0 1 Y3 

)'4 KIM2 0 -(K1 + K)/M1 0 Y4 

Note that ifin Fig. 1.5 we let B. = B2 = B = 0, then Eq. (2.39) 
reduces to Eq. (2.2). 

In order to complete the description ofthe system or Fig. 1.21 
we must specify the initial data XI(O) .. YI(O), xj(O) == )'1(0), X2(0) .. Y3(O), 
X2(0) = )'4(0). 

Enmpl.2.15. Let us consider the nonlinear spring-mass 
system shown in Fig. 1.22, where g(.~) denotes the potential force or the 

FIGURE 1.12 
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spring. The potential energy for this system is given as 

W{x, =f~~ 9{'I) J'l, 

the kinetic energy for this system is given by 

l'{x', = !M{X')2, 

and the Hamiltonian function is given by 

lI(x,x', = !M{X')2 + f: Y(IIlJ'1· 

I. II/troductiol/ 

(2.40) 

In view of Eqs. (2.37) and (2.40) we obtain the second order 
ordinary differential equation 

or 

!!.. (Mx') = - g(x) 
Jt 

Mx" + y(x' = O. (2.41) 

Equation (241) along with the initial data .~:(O) = X'O and x'(O) = XlO de­
scribe completely the system of Fig. 1.22. By letting x, = x and Xl = x', this 
initial value problem can be described equivalently by the system of equations 

xi = - ~ (g(Xl». 
(2.42) 

with the initial data given by x.(O) = X' O' xl{O) = Xlo. 
It should be noted that along the solutions of (2.42) we have 

d: (Xl'Xl ) = g(x,)xl + MXZ( - ~ 9(X.») = 0, 

as expected. 

The Hamiltonian formulation is of course also applicable to 
conservative rotational mechanical systems, electric circuits, electrome-
chanical systems, and the like. ,...-

F. Lagrange's Equation 

If a dynamical system contains elements which dissipate 
energy, such as viscous friction elements in mechanical systems, and resistors 
in electric circuits, then we can use Lagrange's equation to describe such 
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systems. For a system with" degrees of freedom, this equation is given by 

d (1~' ,). iJL , cD , 
dt cqj (q,q) - iJq, (q,q ) + cJqj (q) = Fi , i = 1, ... , I" (2.43) 

where qT = (q., ... ,q.) denotes the generalized position vector. The func­
tion L(q, q') is called the Lagrangian and is defined as 

L(q,q') = T(q,q') - W(q), 

i.e., it is the difference between the kinetic energy T and the potential energy 
W. 

The function D(q') denotes Rayleigh's dissipation fUDction 
which we shall assume to be of the form 

" " D(q') =! L L P,!liqj, 
,-. J-I 

where [P,j] is a positive ~definite matrix. The dissipation function D 
represents one-half the rate at which energy is dissipated as heat; it is pro­
duced by frictioll in mechanical systems and by resistance in electric circuits. 

Finally, F, in Eq. (2.43) denotes an applied force and includes 
all external forces which are associated with the q, coordinate. The force Fi 
is defined as being positive when it acts so as to increase 'the value of the 
coordinate ql .. 

Example 2.16. Consider the system depicted in Fig. 1.23 
which is clearly identical to the systelfl given in Fig. 1.5. For this system we 
have 

T(q,q') - !M .(xj)l + !M l(xi)2, 

W(q) = !K.x: + !Klxi + !K(xi - Xl)l, 
D(q') = !B.(xj)2 + iBl(xi)2 + iBex'. - xl)2, 

B 

'f' i; 77 7 77 i 77 7 7 /77 'l-r-r-r/-;,~ 
~ ~ 

FIGURE /.11 
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and 

The Lagrangian assumes the form 

L(q.q') =!M • (X\)l + IM1(xi)2 -lK.xf - lK2xl- i K(x. - X2)2. 

Wf; now have 

oL -M oJ ox. = .A .. 
I . 

:t(:~) = M.xi. 

oL 
-= -K.x. - K(x. - X2). ox. 

Oo~ = B.x. + B(x. - X2). ' 
XI 

oL 
- - - K1X2 - K(Xl - Xl). 
OXl 

:~ = B2xz + B(xi - X'.;' 
In view of Lagrange's equation we now obtain the two second order ordinary 
differential equations 

M.x'i + (B + B.)xj + (K + K.)x. - Bx'z - KX2 = 1.(1). (244) 

M2x'i + (B + B1)xi + (K + K 2).'tz - Bx~ - Kx. = -lz(I). 

These equations are clearly in agreement with Eq. (2.1), which was obtained 
by using Newton's second law. 

If we let Y. = Xl' 1z = x., 13 = xz. Y4 = xi. then we can ex­
press (2.44) by the system of four first order ordinary differential equations 
given in (2.2). 

ElUImpl.2.17. Consider the mass-linear dashpot/nonJinear 
spring system shown in Fig. 1.24, where g(.'t) denotes the potential force 
due to the spring and /(1) is an externally applied Coree. 

FIGlJ.RE 1.24 

t(t) 
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The Lagrangian is given by 

L(x, x') = !M(X')2 - f: g(,,) d" 

and Rayleigh's dissipation function is given by 

Now 

-"'-.' D(x') = !B(X')2. 

aL 
-;;-; = Mx, 
(IX 

iJL 
iJx = -g(x), 

~(ilL) = M " dl ax x, 

iJD 
-;;-, = Bx'. 
ox 

Invoking Lagrange's equation, we obtain the equation 

Mx' + Bx' + g(x) = /(1). 

31 

(2.45) 

The complete description of this initial value problem includes the initial 
data x(O) = XIO, x'(O) = X20. 

Lagrange's equation can be applied equally as well to rota­
tional mechanical systems. electric circuits. and so forth. This will be dem­
onstrated further in Section G. 

G. Electromechanical Systems 

In describing electromechanical systems, we can make use of 
Newton's second law and Kirchhoff's voltage and current laws, or we can 
invoke Lagrange's equation. We demonstrate these two approaches by means 
or two specific examples. 

Example 2.18. The schematic of Fig. 1.25 represents a sim­
plified model of an armature voltage-control1ed dc servomotor. This motor 
consists of a stationary field and a rotating armature and load. We assume 
that all effects ofthe field are negligible in the description orthis system. We 
now identify the indicated parameters and variables: ea, externally applied 
armature voltage; i., armature current; R •• resistance of armature winding; 
La, inductance of armature winding; e ... back emf voltage induced by the 
rotating armature winding; B, viscous damping due to friction in bearings, 
due to windage, etc.; J, moment ofinertia ~ armature and load; and 0, shaft 
position. 
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FIGURE 1.25 

The back emf voltage (with polarity as shown) is given by 

em = KO', (2.46) 

where 0' denoteS the angular velocity of the shaft and K > 0 is a constant. 
The torque T generated by the motor is given by 

(2.47) 

where KT > 0 is a constant. This torque will cause an angular acceleration 
0" of the load and armature which we can determine from Newton's second 
law by the equation 

JO" + BO' = T(t). (2.48) 

Also. using Kirchhoff's voltage law we obtain for the armature circuit the 
equation 

(2.49) 

Combining Eqs. (2.46) and (2.49) and Eqs. (2.47) and (2.48), 
we obtain the differential equations 

die R.. K dO e. -+-. +--=­
dt 4.. 4. dt L. 

...... -
and 

To complete the description of this initial value problem we need to specify 
the initial data 0(0) = 00 ,0'(0) = 0'0 and i.(O) = i.o. 

Letting XI = 0, Xz = 0'. Xl = i., we can represent this system 
equivalently by the system of first order ordinary differential equations given 



1.2 Examples of Illitial Value Problems 33 

by 

[Xi] [0 1 xi = 0 -B/J 
xj. 0 -K/L. 

with the initial data given by (X ,(0) X2(0) x,J(OW = (00 o~ iao)T. 

Example 2.19. Consider the capacitor microphone depicted 
in Fig. 1.26. Here we have a capacitor constructed from a fixed plate and a 
moving plate with mass M, as shown. The moving plate is suspended from 
the fixed frame by a spring which has a spring constant K and which also has 
some damping expressed by the damping constant B. Sound waves exerl 
an external force f(t) on the moving plate. The output voltage v., which 
appears across the resistor R, will reproduce electrically the sound-wave 
patterns which strike the moving plate. 

When f(t) == 0 there is a charge qo on the capacitor. This 
produces a force of attraction between the plates so that the spring is strctched 
by an amount XI and thc space between the plates is Xo. When sound waves 
exert a force on, the moving plate, there will be a resulting motion displace­
ment x which is measured from the equilibrium position. The distance 
between the plates will then be Xo - x and the charge on the plates will be 
%+4 '. -

The expression for the capacitance C is rather complex, but 
when displacements are small, it is approximately given by 

C = £A/(x~ - x) 

Moving plate 
with .... K --..... 

Fixed plate 

--
FIGURE 1.26 
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with Co == BAIxo, where B > 0 is the dielectric constant for air and A is the 
area of the plate. 

Oy inspection of Fig. 1.26 we now have 

T = iL(q')2 + iM(x,)2, 

1 1· ' 
W = 2C (qo + q)2 + !K(xi + X)2 = leA (xo - x)(qo + q)2 + !K(x\ + X)l, 

L = !L(q:2 + !M(X~)2 - ~A (xo - x)(qo + q)2 - !K(x~ + ~)2, 
and 

D == !R(q')2 + !B(.x')2. 

This is a two-degrce-of-freedom system, where one of the 
degrees of freedom is displacement x of the movins plate and the other 
degree of freedom is the current i - tI. From LalP'anse's equation we obtain 

or 

I ' 
M.x" + B.x' - leA (qo + q)2 + K(x\ + x) == J(t), 

1 ' 
Lq' + Rtf + BA (xo - x)(qo + q) =;: vo, 

M.x" + B.x' + Kx - clq - C2q2 == F(t), 

Lq' + Rq' + [xo/(£A)]q - CJX - C4xq == V. 
(2.50) 

where CI ... qo/(aA), C2 == 1/(2£A), CJ = qo/(aA), C4 - I/(eA). F(t) = f(t) -
Kx, + [l/(2£A)]qo, and Y == Vo - [l/(eA)]qo' '. 

If we let,. == x, Y2 = X, YJ -= q, and Y4 = q', we can represent 
Eqs. (2.50) equivalently by the system of equatipns .. . . 

[~:] [-:/M -~/M CI~M ~ ][~:] vJ == 0 0 0 1 Y3 
1'4 C3/L 0 - Yo/leAL) -R/L 14 

+ [(C'/~Yl] + [(I/~)F(tl]. 
(C4/L)YIY3 (llL)Y 

To complete the description ohhis initial value problem, we need to specify 
the initial data x(O) - YI(O), x(O) == Y2(O), q(O) - Y3(0), and tI(O) == ;(0) == 
Y4(0). 
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PROBLEMS 

1. Given the second order equation}'" + I(y)}" + g(y) = 0, write an equiv­
alent system using the transformations 

(a) XI ='.r. Xl =}", and 
(b) XI == y, Xl = y' + J~ I(s) ds. 

In how many different ways can this second order equation be written as an 
equivalent system oftwo first order equations? 

2. Write 

y" + 3 sin(zy) + r = cos t, r" + r' + 3y' + ry = t 

as an equivalent system of first order equations. What initial conditions 
must be given in order to specify an initial value problem? 

3. Suppose "'I and "'1 solve the initial value problem 

xi = 3xI +X2. 

xi == -XI + Xl' 

XI(O) == 1 

Xl(O) = -1. 

Find a second order differential equation which "'I will solve. Compute ""1(0). 

Do the same for "'2' 
4. Solve the following problems. 

(a) :t = X3, x(O) = 1; 
(b) :t' + X == 0, x(O) = 1, x'(O) == -1; 
(c) :t' - X == 0, x(O) == 1, x'(O) == -1; 
(d) x' == h(t)x, x(t) = e; 
(e) x' = h(t)x + k(t), x(t) = e; 
(f) X'I = -2xl' xi = -3xl; 
(g) :t' + x' + X = O. 

5. Let X = (qT,pT)T e R2• where p, qe R· and lelll(cl,p) = JxTSx where Sis 
a real, symmetric 2n x 2n matrix. 

(a) Show that the. corresponding Hamiltonian differential 
equation has the form :t = JSx, where J == [-1. g .. ] and E. is the n x n 
identity matrix. 

(b) Show that if y == Tx where T is a 2n x 2n matrix which 
satisfies the relation T* JT = J (where T* is the adjoint of T) and det 
T #: 0, then y will satisfy a linear Hamiltonian differential equation. Compute 
the Hamiltonian for this new equation. 

6. Write the differential equations and the initial conditions needed to 
completely describe the linear mechanical translational system depicted in 
Fig. 1.27. Compute the Langrangian function for this mechanical system. 
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If the damping coefficients BJ and B5 are zero, this system is a 
Hamihonian system. In this case, compute the Hamiltonian function. 
7 •. Write differential equations which describe the linear circuits depicted 

in Fig. 1.28. Choose coordinates and write each differential equation as a 
system of first order equations. 

8. Write differential equations which describe the linear circuit depicted 
in Fig. 1.29. Use the Maxwell mesh current method and then use the nodal 
analysis method. 

+ 

v 

2 

FIGURE 1.29 .. 

If v .= 0 and R, == 0 for i = 1 •... , 4, then the resulting system 
is a Hamiltonian system. Find the Hamiltonian. 
9. A block of mass M is free to slide on a frictionless rod as indicated in· 

the accompanying Fig. 1.30. The attached spring is linear. At equilibrium, the 
spring is not under tension or compression. Find the equation governing 
the motion of the block. 

FIGURE I.JO 
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10. A thin inelastic cable connects a point mass M to a linear spring-linear 
damper over a frictionless pulley with moment of inertia J (see Fig. 1.31). 
Find the equation governing the motion of this mass. Assume that the cable 
does not slip over the pulley. 

FIGURE I.JI 

- . 
It. A mass, linear spring, and linear damper are connected under the lever 
arrangement depicted in Fig. 1.32 Write the equation governing the motion 
ofthe mass M.· 

/ 
FIGUREI.J1 



FUNDAMENTAL THEORY 

2 

The purpose of this chapter is to present some basic results on 
existence, uniqueness, continuation, and continuity with respect to param­
eters for the initial value problem 

X' = I(t,x), x(-r) = e. (I) 

Related material on comparison theory and on invariance theorems will also 
he given. 

This chapter consists of nine parts. In Section 1 we establish 
some notation, we recall some well-known background material, and we 
establish some preliminary results which will be required later. In Section 2 
we concern ourselves with the existence of solutions of initial value problems. 
in Section 3 we consider the continuation of solutions of initial value prob­
lems, in Section 4 we address the question of uniqueness of solutions of such 
problems, and in Section S we consider continuity of solutions of initial 
value problems with respect to parameters. 

In order not to get bogged down with too many details at the 
same time, we develop all of the results in Sections 2-5 ror the initial value 
problem (1') characterized by the scalar ordinary differential equation (E' ). 
In Section 6 we first recall some additional facts from linear algebra. This 
background material makes it possible to extend all ofthe results of Sections 
2-5 in a straightforward manner to initial value problems (I) characterized 
by the system of equations (E). To demonstrate this, we state and prove some 

39 
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sample results for linear nonhol1lcgeneous systems (LN) and we ask the 
reader to do the same for initial value problems (I). 

In Section 7 we consider the differentiability of solutions of 
(I) with respect to parameters, and in Section 8 we present our first com­
parison and invariance results. (We shall provide further comparison and 
in variance results in Chapter 5.) This chapter is concluded in Section 9 with 
a brief discussion of existence and uniqueness· of holomorphic solutions to 
initial value problems characterized by systems of complex valued ordinary 
differential equations (C). 

2.1 PRELIMINARIES 

In the present section we establish some notation which will 
be used throughout the remainder of this book and we recall and summarize 
some background material which will be required in our presentation. This 
section consists of four parts. In Section A we consider continuous functions, 
in Section 8 we present certain inequalities, in Section C we discuss the 
notion of lim sup, and in Section' 0 we present Zorn's lemma. 

A. Continuous Functions 

Let J be an interval of real numbers with nonempty interior. 
We shall use the notation 

ClJ) = {f:l maps J into R andf is continuous}. 

When J contains one or both endpoints, then the continuity is one-sided at 
these points. Also, with k any positive integer, we shall use the notation 

C"(J) = {f: the derivatives fW exist and fUl e C(J) 

for j = O. 1, .. .• k. where f'!'!-= fl. 
If I maps J into C, the complex numbers, then f e e"(J) will mean that the 
real and complex parts of f satisfy the preceding property. Furthermore, if 
f is a real or complex vector valued function, then f e ct'(J) will mean that 
each component off satisfies the preceding condition. Finally, for any subset 
D of the '1 space Rft with nonempty interior, we can define C(D) and C(D) 
similarly. 
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A function Ie C(J) is called piccewisc-Ck if f E Ct-I(J) and 
1"'-1) has a continuous derivative for all t in J with the possible exception 
of a finite set of points where I"') may have jump discontinuities. 

Definlllon 1.1. Let {fm} be a sequence of real valued func­
tions defined on a set D eRN. 

(i) The sequence {f .. } is called a uniform Cauchy sequence if 
for any positive e there exists an integer M(e) such that when m > k ~ M 
one has l.f~(x) - I.(x)1 < £ for all x in D. 

(ii) The se'luence U;"} i!; !;aid il) conycrgc uniformly 011 D to 
a function f if for any c > 0 there exists M(c) such that when III > M one has 
IJ;"(x) - l(x)1 < e uniformly for all x in D. 

We now recall the following well-known results which we 
state without proof. 

Theorem 1.2. Let U;"} c C(K) where K is a compact (i.e., a 
closed and bounded) subset of RN. Then U;"} is a uniform Cauchy sequence 
011 K if and only if ther~exists a function I in C(K) such that U;"} converges 
to I uniformly Oil K. 

Theorem 1.3. (Weierstrass). Let u", k = 1,2, ...• be given 
real valued functions defined on a set D cR·. Suppose there exist nonnegative 
constants Ml such thatlul(X)1 ~ M" for all x in D and 

Then the sum L;='I Ul(X) converges uniformly on D. 

In the next definition we introduce the concept of equicon­
tinuity which will be crucial in the development of this chapter. 

Deflnillon ,: .... Let §' be a family of real valued functions 
defined on a set D eRN. Then 

(i). §' is called uniformly bounded if there is a nonnegative 
constant M such that I/(x)1 ~ M for all x in D and for all I in §'. 

(ii) , is called equicontinuous on /) if for any £ > 0 there is 
a ~ > 0 (independent of x, y and f) such that I/(x) - I(}')I < e whenever 
Ix - )'1 < ~ for all x and y in D and for all f in §'. 

We now state and prove the Ascoli-Arzela lemma which iden­
tifies an impOrtant property of equicontinuous families of functions. 
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Theorem 1.5. Let D be a closed, bounded subset of R" and 
let {fill} be a real valued sequence of functions in C(D).1f {fill} is equicontin­
uous and uniformly bounded on D, then there is a subsequence {mt} and a 
function I in qD) such that {f",.} converges to I uniformly on D. 

Proof. Let {ri} be a dense subset of D. The sequence of real 
numbers {f",(r,)} is bounded since {f",} is uniformly bounded ~n D. Hence, 
a subsequence will converge. Label this convergent subsequence {J,';'(r,)} 
and label the point to which it converges I(r,). Now the sequence {f,.(rl)} 
is also a bounded sequence. Thus, there is a subsequence {fz..} of {fl.} 
which converges at rl to a point which we shaD call I(rl)' Continuing in 
this manner, one obtains subsequences {JkIII} of t!i-I ... } and numbers I(r,,) 
such that I"",(r,,) ~ I(r,,) as m - 00 for k = 1, 2, 3, . •. . Since the sequence 
{h.} is a subsequence of all previous sequences {JjM} for 1 ~j ~ k - 1, it 
will converge at each point ri with 1 ~ j ~ k. 

We now obtain a subsequence by "diagonaJizing" the foregoing 
infinite collection of sequences. In Jioing so, we set 9. = 1_ for all m. If the 
terms !kIII are written as the elements of a semi·infinite matrix, as shown in 
Fig. 2.1, then the elements g .. are the diagonal elements oCthis matrix. 

I .. lu 113 I •• 
lu '/u III Iz. 
Il. In Ju Il. 
/41 14Z 1.3 J44 

FIGURE 2.1 Diagn"alizi"g a col/e("t/an. olseqUl.'n~s. 

Since {gIll} is eventually a subsequence of every sequence {hIlI}' 
then g .. (r,,) - fer,,) as m - 00 for k = 1, 2, 3, ... '. To see that g ... converges 
uniformly on D, fix t > O. For any rational ri there exists MJ(t) such that 
Io.(r}) - g,(ri)1 < t for all m, i ~ Mj(t). By equicontinuity, there is a ~ > 0 
such that Ig,(x) - gi(y)1 < t for all i when x, ye D and Ix - yl < ~. Thus for 
Ix - r~ < ~ and m, i ~ M i (£), we have 

Ig ... (x) - o,(x)1 s Ig",(x) - g ... (ri)1 + Ig.(r}) - g,(ri)1 

+ IYi(ri) - y,(x)1 < 3£. 

The collection of neighborhoods B(ri'~) = {zeR:lri - zl <~} covers·D. 
Since D is a closed and bounded subset of real n space R" (i.e., since D is 
cOmpact), by the Heine-Borel theorem a finite subset B(ri"~)"'" B(rJL'~) 
will cover D. Let M(£) = max {M}l(t), ... ,MJL(£)}' Umand i are larger than 
M(£) and if x is any point of D, then x E B(ri' ,6) for some I between I and L. 
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So \g.{x) - 9,(X)\ < 3£ as above. This shows that {gIll} is a uniformly Cauchy 
sequence on D. Apply now Theorem 1.2 to complete the proof. • 

B. Inequalities 

The following version of the Gronwall inequality will be re-
quired later. 

Theorem 1.8. Let r be a continuous, nonnegative function on 
an interval J = [a,b] c:: R and ~ and k be nonnegative constants such that 

ret) ~ ~ + f. kr(s)ds (f e J). 

- Then 

r(f) ~ ~exp[k(t - a)] for all tin J. 

Proof. Define R(t) = Ii + J~ kr(s)ds. Then R(a) = ~,R(t) ~ r(t), 
and 

R'(t) - kR(t) ~ R'(t) - kr(t) = O. 

Multiply this inequality by K{t) = exp[k{a - t)] to obtain 

K{t)R'{t) - kK(t)R(f) ~ 0 or [K(f)R(t)], ~ O. 

Since the integral from a to f of this nonpositive function is again non­
positive, then 

K(s)R(s)\~ = K(t)R(t) - ~ ~ O. 

Thus R(t) ~ Ii/K(f) or r(f) ~ R(f) ~ ~/K(f) as desired. • 

C. Lim Sup 

We let aD denote the boundary of a set D c:: RN and we let 
Jj = D u aD denote the closure of D. 

Given a sequence of real numbers {a.}, we define 

lim sup a. ~ Urn a", = inf (sup ale) ,.-co III-CC _2: t iit .. 

and 

lim inf a", ~ lim a", = sup (inc ale)' .-GO .-co _21 ~~ .. 
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u •• up u. lnf { • • • 

FIGURE 2.2 LimsupuIIJliminfo/.rt'IS. 

It is easily checked that - 00 S; lim inf a", S; lim su p a .. S; + 00 and that the 
lim sup and lim inf or a ... are, respectively, the largest and smallest limit 
points of the sequence {a .. }. Also, the limit of u .. exists if and only if the 
lim sup and lim inf are equal. In this case the limit is their common value. 

In the same vein as above, if f is an extended real valued 
function on D, then for any b E V, 

limsup/(x) = inf (sup {f(y):y ED, 0 < Iy - bl S; t}~ 
x-. c>O 

The lim inf is similarly defined. We call I upper semicontinuous if for each 
x in D, 

I(x) ~ lim sup I(y) . ., ... " 
Also, we call I lower semicontinuous if for each x in D, 

I(x) S; lim inf/(y). 
,-" 

Finally, if {D",} is a sequence of subsets of R·, then 

lim supD", = n (U D,,), and lim infD .. = n U Vt • 
.-GO .. = 1 liP:;_ ..... co at- 1 l;tM 

In Fig. 2.2 an example of lim sup and lim inf is depicted when the D", are 
intervals. . 4,-

D. Zorn's Lemma 

Before we can present Zorn's lemma, we need to introduce 
several concepts. 
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A partially ordered set, (A, ~), consists of a sct II and a relation 
:s; on A such that for any a, b, and c in A, 

(i) a:S; a, 
(ii) a:s; band b :s; c implies that a :s; c, and 

(iii) a:S; band b :s; a implies that a = h. 

A claain is a subset Ao of A such that for all a and b in Ao, either u ~ b or 
b ~ u. An upper bound for a chain Ao is an element ao E A such that b :s; ao 
for all b in Ao. A maximal element for A, if it exists, is an element a. of A 
such that for all b in A, a. :s; b implies a. = b. 

The next result, which we give without proof, is called Zorn's 
lemma. 

Theorem 1.7. If each chain in a partially ordered set (A,~) 
has an upper bound, then A has a maximal element. 

2.2 EXISTENCE OF SOLUTIONS 

In the present section we develop conditions for the existence 
of solutions of initial value problems characterized by scalar first order 
ordinary differential equations. In section 6 we give existence results for 
initial value problems involving systems of first order ordinary differential 
equations. The results of the present section do not ensure that solutions to 
initial value problems are unique. 

Let D c Rl be a domain, that is, let D be an open, connected, 
nonempty set in the (t,x) plane. Let / E C(D). Given (t,~) in D, we seek a 
solution ,p of the initial value problem 

x =/(t,x), x(t) =~. (I') 

The reader may find it instructive to refer to Fig. 1.1. Recall that in order 
to find a solution of (I'), it suffices to find a solution of the equivalent integral 
equation 

,pIt) = ~ + 5.' /(.~, q,(s»d.~. (V) 

This will be done in the following where we shall assume only that / is I 
continuous 011 D. Late~. on, when we consider uniqueness of solutions, we 
shall need more assumptions on /. 

We shall arrive at the main existence result in several steps. 
The first of these involves an existence result for a certain type of approximate 
solution which we introduce next. 
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FIGURE 2.1 (a) Case c = blM. (b) eMU: = a. 

Dellnltlon 2.1 An £-approximate solution of (I') on an interval 
J containing t is a real valued function t/J which is piecewise CIon J and 
satisfies t/J(t) = ~,(t,t/J(I» e D for all I in J and which satisfies 

!t/J'(t) - I(t, t/J(I»! < a 

at all points I of J where t/J'(t) exists .. 

Now let S = {{I,X):!t - t! ~ a,!x -~! ~ b} be a fixed rectangle 
in D containing (t, ~). Since I e C(D), it is bounded on S and there is an 
M > 0 such that !/(t,x)! ~ M for all (I, x) in S. Define 

c = min {a, hiM}. (2.1) 

A pictorial demonstration of(2.1) is given in Fig. 2.3. We are now in a position 
to prove the following existence result. 

Theorem 2.2. If Ie C(D) and if c is as defined in (2.1), then 
any a > 0 there is an a-approximate solution of (I') on the interval 
It-t! ~c. 

. Proof. Given a > 0, we shall show that there is an F.-approxi-
mate solution on [t. t + c]. The proof for the interval [t - L·, y] is similar. 
The approximate solution will be made up of a finite number of straight 
line segments joined at their ends to achieve continuity. 

Since I is continuous and S is a closed and bounded set, 
then I is uniformly continuous on S. Hence, there is a (; > 0 such that 
I/(t.x) - l(s.)')1 < £ whenever (I.X) and (s.y) are in S with I' - sl s Ii and 
Ix - yl ~ 8. Now subdivide the interval [t. t + c] into m equal subintervals 
by a partition i = to < tl < tl < ... < I. = t + c. where ')+1 - t) < min 
{8.8/M} and where M is the bound for I given above. On the interval 
.10 ~ t ~ t •• let t/J(I) be the line segment issuing from (t.~) with slope I(t.~). 
On tl ~ t ~ '1. let t/J(t) be the line segment starting at (t .. "'(II» with slope 
1(11."'(11». Continue in this manner to define t/J over to ~ r ~ I ... A typical 
situation is as shown in Fig. 2.4. The resulting'" is piecewise linear and hence 
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L-__________________________ ~T+C 

FIGURE 2.4 Typical &-oppro.'finlOle soilltion. 

piecewise C' and 4>(t) = ~. Indeed, on IJ SIS 'J+' we have 

4>(1) = 4>(tj ) + /(IJ,4>(IJ))(t - IJ). (2.2) 

Since the slopes of the linear segments in (2.2) arc bounded between ±M, 
then (I, 4>(t)) cannot leave S before time I .. = or + c (see Fig. 2.4). 

To see that 4> is an 8-approximate solution, we use (2.2) to 
computc 

14>'(1) - /(t, 4>(1»1 = 1/(tJ,4>(tj )) - /(I,4>(t»1 < 1:. 

This inequality is true by the choice of lJ, since Itl - 'I S Itl - tJ+ ,I < () and 

14>(t) - 4>(tJ)1 S Mit - tll S M(lJ/M) = 6. 

T~is completes the proof. • 

The approximations defined in the proof of Theorem 2.2 are 
called Euler polygons and (2.2) with t = tJ+ I iscaUed Euler's method. This 
technique and more sophisticated piecewise polynomial approximations are 
common in determining numerical approximations to solutions of (I') via 
computer simulations. 

Theorem 2.3. If/ e C(D)and(t,~) e D, then (I') has a solution 
defined on It - orl S c. 

Proof. Let £,. be a monotone decreasing sequence of real 
numbers with limit zero, c.g., 8 .. = 11m. Let c be given by (2.1) and let 4>", 
be the 8,.-approximate solution given by Theorem 2.2. Then 14> .. (t) - 4>",(s)1 S 
Mit - sl for all t, s in [t - c, or + c] and for an m ~ 1. This means that 
{4> ... } is an equicontinuoussequence. The sequence is also uniformly bounded 
since 
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By the Ascoli-Arzela lemma (Theorem 1.5) there is a subsequence {4> ... } 
which converges uniformly on J = [T - C, T + c] to a continuous function 4>. 

Now define 

E .. (I) = 4>;"(1) - 1(1,4> .. (1)) 

so that E ... is piecewise continuous and IE .. (I)1 !S: £., on J. Rearranging this 
equation and integrating, we see that 

4> .. (1) = e + S; [I(S,4>",(5)) + E.,(s)]ds. . (2.3) 
.;...It: ., 

Now since 4> ..... tends to '" uniformly on J and since I is uniformly continuous 
on S, it follows that 1(1,4>",.(1)) tends to I{t, 4>(1» uniformly on J, say, 

sup 1/(1,4> .... (1» - 1(1,4>(1»1 = IX" -+ 0 
,eI 

as k -+ 00. 

Thus, on J we have 

If.' (f(s, 4> ... .<s)) + E"",(s)] ds - f.' I(·~, 4>{s» dsl 

~ If.' I/(s, 4>,..(5» - I(·~, 4>(·~»1 dsl + If: IE ... (s)1 dsl 

~ If.' IX. dsl + If.' &",. dsl !S: (IX" + & .... )C -+ 0 

as k .... 00. Hence, we can take the limit as k -+ 00 in (2.3) with m = m,. to 
obtain (V) •• 

As an example, consider the problem 

x(t) = o. 
Since X l13 is continuous, there is a solution (which can be obtained by sepa­
rating variables). Indeed it is easy to verify that 4>(1) = [2(1 - T)/3]3/2 is 
a solution. This solution is not unique since 1/1(1) == 0 is also clearly a solu­
tion. Conditions which ensure uniqueness of soluubl1S of (I') are given in 
Section 2.4. 

Theorem 2.3 asserts the existence of a solution of (1') "locally," 
i.e., only on a sufficiently short time interval. In general, this assertion cannot 
be changed to existence of a solution for all I ~ T (or for all t ::; T)as the 
following example sbows. Consider the problem 

X(T) = ~. 



2.3 Contilluatioll of Solutiolls 49 . 
By separation of variables we can compute that the solution is 

4>(t) = ~[1 - ~(t - r)] -I • 

This solution exists forward in time for ~ > 0 only until, = t + ~ -I. 
Finally, we note that when f is discontinuous, a solution in 

the se!lse of Section 1.1 mayor may not exist. For example. if sex) = 1 for 
x ~ 0 and .~(x) = - I for x < 0, then the equation 

x' = -sex), x(r) = 0, t ~ T, 

has no C· solution'. Furthermore, there is no elementary way to generalize 
the idea of solution to include this. example. On the other hand, the equation 

x' = sex), x(t) = 0 

has the unique solution 4>(t) = t - t for t ~ r. 

2.3 CONTINUATION OF SOLUTIONS 

Once the existence of a solution of an initial value problem 
has been ascertained over some time interval, it is reasonable to ask whether 
or not this solution can be extended to a larger time interval in the sense 
explained below. We call this process continuation of solutions. In the 
present sC(!lion we address this problem for the scalar initial value problem 
(1'). We shall consider the continuation of solutions of an initial value 
problem (1), characterized by a system of equations, in Section 2.6 and in 
the problems at the end of this chapter. 

To be more specific, let 4> be a solution of (E') on an interval 
J. By a continuation of 4> we ~ an extension 4>0 of 4> to a larger interval 
Jo in such a way that the extenSion solves (E') on Jo. Then 4> is said to be 
continued or extended to the larger interval J o' When no such continuation 
is possible (or is not possible by making J bigger on its left or on its right), 
then 4> is called IIODcontinuabie (or. respectively, noncontinuable to the left 
or to the right). 

The examples from the last section illustrate these ideas 
niccly. 

For x' = Xl, the solution 

4>(1) = (1 - t)- J . on -1 < t < 1 

.• is'continuable forever to the left but it is noncontinuable to the rigbL 
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For x' = x l/J , the solution 

!/I(I) == 0 on -1<t<O 

is continuable to the right from zero in more than one way. For example, 
both !/Io(t) == 0 or !/Io(t) = (21/3)l!l for t > 0 will work. The solution !/I is 
also continuable to the left using !/Io(t) = 0 for all t < - 1. 

Theorem 3.1. Let leC(D) with I bounded on D. Suppose 
t/J is a sollltion of 

x' = 1(I,x) 

on the interval J = (a, b). Then 

(i) the two limits 

lim t/J(t) = t/J(o+) 
1-,.+ 

exist; and 

and 

(E') 

lim t/J(I) = (/J(b-) , ... ,,-

(ii) if (a.t/J(a+» (respectively, (b,t/J(b-» is in D. then the 
solution t/J can be continued to the left past the point t = 0 (respectively, 
to the right past the point t = b). 

Proof. We consider the endpoint b. The proof for the end 
point Q is similar. 

Let M be a bound for I/(t,x)1 on D, fix TEJ, and define ~ = 
t/J(T). Then for T < I < II < b the solution t/J satisfies (V) so that . 

I~(rl) - 4>(1)1 = Is.u I(S,4>(S» clSI 

~ flf(s, 4>(s»1 cis ~J: Mds = M(u - I). (3.1) 

Given any sequence {I .. } C (T,h) with 1M tending monotonically to b, we see 
from the estimate (3J) that {4>(t .. )} is a Cauchy sequence. Thus, the limit 
';(b -) exists.. 

If (b,4>(b-» is in D, then by the local existence theorem 
(Theorem 2.3) there is a solution 4>0 of (E') which satisfies epoCh) = 4>(h-). 
1be solution 4>o{l) wiU be defined on some interval b ~ t ~ b + c for some 
c > o. Define 4>o(t) = t/J(t) on a <: t < h. Then 4>0 is contimious oil a <:: I < 
b + c and satisfies" 

a<t<b, (3.2) 
• 
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and 

b~t<b+c. 

The limit of (3.2) as t tends to b is seen to be 

Thus 

t/J(.b;) = ~ + f f(·!,t/Jo(·!))ds. 

t/Jo(/) = ~ + f f(s,t/Jo(s»ds + S;f(s,t/>o(s»ds 

= ~ + S: f(s,t/Jo(s»ds 
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on b ~ t < b + c. We see that t/Jo solves (V) on a < I < b + c. Therefore, 
. t/Jo solves (1') on a < I < b + c. • 

As a consequence of Theorem 3.1, we have the following 
result. 

Coroll.,y 3.2. If f is in C(D) and if t/J is a solution of (E') 
on an interval J, then t/J can be continued to a maximal interval J* ::> J in 
such a way that (I, t/J(t)) tends to iJD as t ..... oj· (and It I + 1t/J(t)l ..... 00 if iJD 
is empty). The extended solution t/J* on J* is noncontinuable. 

Proof. Let t/J be given on J. The gnph of t/J is the set 

Gr(t/J) = {(/,t/J(t)):teJ}. 

Given any two solutions t/Jl and t/J,. of (E') which extend t/J we define cPt ~ t/J,. 
.if and only if Gr(t/J.) c:: Gr(t/Jz), i.e., if and only if t/>1. is an extension of tfJt. 
The relation ~ determines a partial ordering on continuations of q, over 
open intervals. If {q, .. :txeA} is any chain of such extensions, then 
U{Gr(t!> .. ):txeA} is the graph of a continuation which we can call t!>A. This 
tP,. is an upper bound for the chain. 8y Zorn's lemma there is a muximlll 
element q, •. Clearly q,* is a noncontinuable extension ofthe original solution 
q,. 

Let J* be the domain of q,*. By Theorem 3.1 the interval 
J* = (a,b) must be open-otherwise q,* could not be maximal. Assume 
that b < 00 and suppose that (r, q,*(/» does not approach i)D on any sequence 
,m ..... b-. Then (/,q,*(t)) remains in a compact subset K of D when t runs 
over the interval [c,b) for any ce(a,b). Since f must be bounded on K, 
then by Theorem 3.1 we can continue q,* past b. But this is impossible since 
q,* is noncontinuable. Thus (I, q,*(/)) must approacb.iJD on some sequence 
I ....... b-. 
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x 

21: 

FIGURE 2.5 

We claim that {I,cP*(t)) ..... iJD as t ..... b-. For if this is not the 
case, there will be a sequence t"' ..... b- and a point (b,~) ED such that 
</>*(t"') ..... ,. Let t be one third of the distance from (b, {) to iJD or let t = 1 if 
iJD = cP. Without loss of generality we can assume that t. < I", < t",-t" 
(t .. ,,p*{t .. )) E B((b,~),£). and (1",.cP·(I"," j N A B((b,~),2I.:) for all m ~ I (see 
Fig. 2.5). Let M be a bound for II(I, .x)1 over N. Then from (E') we see that 

t :S 1</>·(1",) - </>*(t .. )1 = Is.: !(U,</>.(U»dUI S M(t", - 't.). 

Thust. - t. ~ tiM for allm. Butthisisimpossiblesincet ...... b- andb < 00. 

Hence, we see that (I, </>*(l)) ..... iJD as I ..... b -. A similar argument applies to 
the endpoint L = Q. • 

We now consider a simple situation where the foregoing result 
can be applied. 

Theorem 3.3. Let h(t) and g(x) be positive, continuous func­
tions on 10 :S 1 < 00 and 0 < .x < 00 such that for any A > 0 

hOI - = +00. . iB "X 
B-... A g(x) 

(3.3) 

Then all solutions of ..... -
x' = h(I)g(x), x('t) = { (3.4) 

with 1 ~ to and , > 0 can be continued to the right over the entire interval 
1 S t < 00. 

Proof. If the result is noltruc, then there is a solution ,,(t) and 
~ T> f such that </>(1) = { and such lhat c/>(I) exists on 1 :S t < T but cannot 
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be continued to 'I". Since c/> solves (3.4). ,p'(,) > 0 on t ~ , < T and ,p is 
increasing. Hence by Corollary 3.2 it follows that c/>{t) -+ + 00 as t -+ T-. 
By separation of variables it follows that 

f.' lI(s)ds - f.' c/>'(t)dt dt = C·") dx • 
I I g(c/>(t» J( g(x) 

Taking the limit as t -+ T and using (3.3), We sec that 

00 = lim r"" d(X = f.T lI(s)ds < 00 • 
• -T J( g x) • 

This contradiction completes the proof. • 

As a specific example, consider the equation 

x' == h(t)x-, X(T) == ~, (3.5) 

where ex is a fixed positive real number.lfO < «S I, then for any real number 
t and any e > 0 the solution of (3.S) can be continued to the right for all 
t ~ t. 

From this point on, when we speak of a solution without 
qualification, we shall mean a noncontinuable solution. In all other circum­
stances we shall speak of a "local solution" or we shall state the interval 
where we assume the solution exists. 

2.4 UNIQUENESS OF SOLUTIONS 

We now develop. conditions for the uniqueness of solutions of 
initial value problems involving scalar first order ordinary ditferential 
equations. Later, in Section 6 and in the problems, we consider the uniqueness 
of solutions of initial value problems characterized by systems of first order 
ordinary differential equations. 

We shaJl require the following concept. 

Definlflon 4.1. A functionf E qD) is said to satisfy a Lipschitz 
condition in D with LiPscbitz cODStant L if 

If(t, x) - f(t, )')1 S Llx - )'1 
for all points (I, x) and (I,),) in D. In this case /(1, .~) is also said to be UpsdIitz 
continuous in x. 
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For example, if I E qD) and if Of/ax exists and is continuous 
in D, then I is Lipschitz continuous on any compact and convex subset 
Do of D. To see this, let Lo be a bound for liif/(lXI on Do. 1f(1, x) and (I, y) are 
in Do, then by the mean value theorem there is a Z on the line between x and y 
such that 

I/(t,x) - l(f,y)1 = lix (f,Z)(X - y)1 S 1.olx - yl· 

We are nOw in a position to state and prove our first uniqueness 
result. 

Theorem 4.2. If IE qD) and if I satisfies it Lipschitz condi­
tion in D with Lipschitz constant L, then the initial value problem (I') has at 
most one solution on any interval It - tl S d. 

Proof. Suppose for some d > 0 there are two solutions ~I~and 
~2 on It - tl S d. Since both solutions solve the integral equation (V), we 

.. have on t S t S t + d, . 

~I(I) - ~2(1) = l' [J(S'~I(S» - l(s''''2(s))]~s 
and 

!"'I(t) - "'2(1)! S f.' I/(s, ~I(S» - I(s, "'2(S» I ds 

sf.' LI"'I(s) - "'2(s)!ds. 

Apply the Gronwall inequality (Theorem 1.6) with 6 = 0 and k = L to see 
that !"'l(f) - "'2(t)1 SOon the given interval. Thus, "'l(t) = "'2(t) on this 
interval. A similar argument works on t - d S t S f. • 

Corollary 4.3. If I and ilfli)x are both in C(D), then for any 
(fIC) in D and any interval J containing t, if a solution of (I') exists on J, it 
must be unique. 

The proof of this result follows from the comments given after 
Definition 4.1 and from Theorem 4.2 We leave the details to the reader. 

The next result gives an indication of how solutions or(l') vary 
with~ and I. . 

Theorem 4.4. Let I be in qD) and let I satisfy a Lipschitz 
condition inD with Lipschitz constant L. If '" and !/I solve (E') on an interval 
It - tl S d with !/I(t) = Co and ~(f) = C, then . . 

I",(t) -1/1(1)1 S I( - Colexp(Llt - tl)· 
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Proof. Consider first t ~ t. Subtract the integral equations 
satisfied by t/J and '" and then estimate as follows: 

1"'(1) - "'(1)1 s I~ - ~ol + f.' I/(s,"'(s)) - I(s, "'(s» I (I.' 

s I~ . ." ~ol + f.' LI"'(s) - "'(s)1 ds. 

Apply the Gronwall inequality (Theorem 1.6) to obtain the conclusion for 
Os t-tSd. 

that 

and 

Next, define "'o(t) = "'( - I), "'0(1) = "'( - f), and to = - t, so 

"'0(1) = ~ - r' I( -s,"'o(s»Js, to SIS to + d, Jro 

. "'o(t) = ~ - r'/(-s,"'o{s»ds, Jro to SIS to +d. 

Using the estimate established in the preceding paragraph, we have 

1"'( - t) - "'( - 1)1 s I~ - ~olexp(L(t + I» 
on - t S t S - t + d. • 

The preceding theorem can now be used to prove the following 
continuation result. 

Theorem 4.5. Let IE C(J x R) for some open interval J c: R 
and let I satisfy a Lipschitz condition in J x R. Then for any (t,~) in J x R, 
the solution of (I') exists on the entirety of J. 

Proof. The local existence and uniqueness of solutions 
",(t, t,~) of (1') are clear from earlier results. If "'(I) = ",(t, t,~) is a solution 
defined on t S I < c, then'" satisfies (V) so that 

(/1(1) - ~ = f.' [.f(s,tJ>(:.» - I(s,~)]ds + J: .r(s.~){I ... 
and 

1"'(1) - ~I S f.' LI"'(s) - ~I ds + (j, 
where (j = max{l/(s,~)I:t S s < c}(c - t). By the Gronwall inequality, 
1"'(1) - ~I S (jexp[L(c - T)] on t S I < c. Hence 1"'(1)1 is bounded on [t,c) 
for all c > t, C E J. By Corollary 3.2, tfJ(l) can be continued for all I E J, I ~ t. 
The same argument can be applied when I :S t. • 

If the solution ",(t, T,~) of (1') is unique, then the £-approximate 
solutions constructed in the proof of Theorem 2.2 will tend to '" as £ -+ 0 + 

(cr. the problems at the end of this chapter). This is the basis for justifying 
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Euler's method-a numerical method of constructing approximations to tP. 
(Much more emcient numerical approximations are available when I is very 
smooth.) Assuming that I satisfies a Lipschitz condition, ali alternate classical 
method of approximation, relah .. 'lIto the contraction mapping theorem, is the 
metllod of successh'c approximations. Such approximations will now be 
studied in detail. 

Let I be in C(D), let S be a rectangle in D centered at (f, ~), and 
let M and (.' be as defined in (2.1). Successive approximations for (1'), or 
equivalently for (V), are defined as follows: 

<Pu(l) = ~, (4.1) 

c/J".+ 1(1) = ~ + s: I(s, tP .. (·~»ds (m = 0, 1,2, ... ) 

for I' - TI :s; c. It must be shown that this sequence {".} is well definqi on 
the given interval. 

Theorem 4.6. U I is in qD) and if I is Lipschitz continuous 
on S with constant L, then the successive approximations " .. , III = 0, I, .•• , 
given by (4.1) exist on II - fl ~ c, are continuous there, and converge uni­
formly, as m ..... 00, to the unique solution of(I'). 

Proof. The proof will be given on the Interval f S t S f + c. 
The proof for the interval [f - C, f] can then be accomplished be reversing 
time as in the proof of Theorem 4.4. 

First we need to prove the following statements: 

(i) tP", exists on [f, f + c], 
(ii) c/J", E C1[f, f + c], and 

(iii) 1"".(1) - ~I s M(t - f) on [t, f + (.] 
for all III ~ O. We shall prove these items together using induction on the 
integer m. 

Each statement is clear when m = O. Assume that each state­
ment is true for a fixed integer '" ~ O. By (iii) and the choice of c, it follows 
that (I,"".(I))E S c lJ for all 1 E [f, f + c]. Thus 1(1,4>",(1» exists and is 
continuous in I while I/(t, "",(t»1 ~ M on the interval. This means that the 
integral ...... -

"",+l(I) = ~ + J.' I(s,,,,,,(s»ds 

exists, ,,'" + 1 E C1 [f, f + (.']. and 

lc/Jm+.(I) - ~I = Is: f(.~'4> ... (S))dsl S M(t - f). 

This completes the induction. 
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Now define ~",(t) = 41",+ .(t) - 41",(1) so that 

1cJ)~(I)1 S J.' II(s, t/J",(s)) -l(s,t/J",- .(s»1 ds 

s J.' LI41 .. (s) - 41 .. :".(s)lds = L J.' cJ)._I(s)ds. 

Notice that 

TIJCSC two ,,-stimalCS can be combined to sec that 

that 

I4'z(t)Ls L t[LM(s - trI12!]ds S L2M(1 - t)3/3!, . 

8ml by induction tbat 

\4»..(t)1 ~ ML"(t - t,.,+ '/(111 + I)!. 
Hence. the mth term of the series 

!II 

~O<I) + L [41H,(I)"";' 4>,(1)] 
_=0 

is bounded on [t, t + c] by . 

Since 

M (Lc)·+' 
L (m + l)r 

!II 

~ = L (Lc)'lkl < 00, 
1-0 . 
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(4.2) 

it follows from the Weierstrass comparison test (Theorem 1.3) that the series 
(4.2) converges uniformly to a continuous function 4>. This means that the 
sequence of partial sums .. 

4>0 + L (4)H. - 4>.) = 4>0 + (4). - 410) + ... + (4) .. +. - 4> .. ) = 4> ... +, .-0 
tends uniformly to 4> as III -+ 00. Since the bound (iii) is true for all 4> .. , it is 
also true in the limit, i.e., 

14>(1) - ~I s AI(t - f). 
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Thus,l(t,q,(t)) exists and is a continuous function of I. As in the proof of 
Theorem 2.3, it now follows tlmt 

41(1) = lim 41",+1(1) = ~ + lim f,'l(s,q,,,,(s))ds 
.~oo .~m r 

= ~ + f.' l(s,q,(s))ds, t S t S t + c. 

Hence, 41 solves (V). .-

As a specific example, consider the initial value"problem 

X'=X+I, X(O) =~. 

The first three successive approximations are 

410(1) = ~, 

411(1) = ~ + S~ [~ + s] ds = ~(J + I) + 12/2, 

412(1) = ~ + S;[W + s) + $2/2 + sJds 

= ~(l + 1 + 12/2!) + (/2/2 + 13/3!). 

The reader should try toflnd the fonnula for the general term 41",(1) and the 
form of the limit of ,p,. as m ..... 00. 

2.5 CONTINUITY OF SOLUTIONS WITH RESPECT TO PARAMETERS 

The discussion in Chapter I clearly shows that in most appli­
cations one would expect that (I') has a unique solution. Moreover. one 
would expect that tbis solution should vary continuously with respect to 
(t, ,) and with respect to any parameters of the function f. This continuity 
is clearly impossible at points where the solution of (I') is not unique. We 
shall see that uniqueness of solutions is not only a necessary but also a 
sufficient condition for continuity. The exact statements of such results must 
be made with care since different (noncontinuable) solutions will generally 
be defined on different intervals. 

In the present section we concern ourselves with sCalar" initial 
value problems (I'). We shall consider the continuity of solutions with 
respect to parameters for the vector equation (I) in Section 2.6 and in the 
problems given at the end of this chapter. 
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In order to begin our discussion of the questions raised pre­
viously, we need a preliminary result which we establish next. Consider a 
scquence of initial value problems 

x(t) = ~III + Sc'l",(s,x(s»ds (5.1) 
~. -'''-'. 
with noncontinuable solutions rP",(t) defined on intervals J m' Assume that I 
and I", e C(D), that e", -+ e as m -+ 00 and that f ... -+ I uniformly on compact 
subsets of D. 

Lemma 5.1. Let D be bounded. Suppose a solution cP of (I') 
exists on an interval J = [f,b), or on [f,b], or on the "degenerate interval"' 
[f, T], and suppose that (I, rP(t» does not approach aD as t -+ b - , i.e., 

dist({t,cp(l)),aD)Ainf{j1 - sl + Icp(l) - xl:(s,x) ¢ D} ~ 'I > 0 

for all t e J. Suppose that {b",} c J is a sequence which tends to b while the 
solutions cp",(I) of (5.1) are defined on [T, b",] c J", and satisfy 

cJ)", = sup{/cp",(t) - cp(t)I:T ::s; I ::s; bIll} -+ 0 

as In -+ 00. Then there is a number b' > b, where b' depends only on 'I, and 
there is a subsequence {cp",J such that cp .... , and cp are defined on [T,b'] and 
CPmJ -+ cp asj -+ 00 uniformly on [T,b']. 

Proof. Define G = {(t,cp(l»:t e J}, the graph of cp over J. By 
hypothesis, the distance from G to aD is at least '1 = 3A > O. Define 

D(b) = ({I,x) e D:dist«t,x), G) ::s; b}. 

Then D(2A) i§ a compact subset of D and I is bounded there, say If(t,x)1 ::s; M 
on D(2A). Since I", -+ I uniformly on D(2A), it may be assumed (by increasing 
the size of M) that 1/",(t,x)1 ::s; M on D(2A) for all nI ~ 1. Choose nlo such 
that fo~ nI ~ '"0' cJ)", < A. This means that (l,cp",(t» e D(A) for all In ~ 1110 

and r e [f,b",]. Choose nI\ ~ nlu so that if III ~ m .. then b - b. < A/(2M). 
Define b' = b + A/(2M). 

Fix m ~ m \. Since (t, CP .. (t» e D(A) on [T, bill], then 14>:"(1)1 ::s; M 
on [T,b",] and until such time as (I,cp",(t)) leaves D(2A). Hence 

Icp",(t) - cp .. (b .. )1 ::s; Mit - b ... 1 ::s; MAIM = ~ 

for so long as both (l,cp .. (l»e D(2A) and It - b .. l::s; AIM. Thus (I,cp",(r»e D(2A) 
on T ::s; I ::s; b .. + AIM. Moreover b .. + AIM> b' when III is large. 

Thus, it has been shown that {cp ... : m ~ m I} is a uniformly 
bounded family of functions and each is Lipschitz continuous with Lipschitz 
constant M on [T, b']. By Ascoli's lemma (Theorem J .5), a subsequence {rP"'J} 
will converge uniformly to a limit cpo The arguments used at the end of the 
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proof of Theorem 2.3 show that 

J~~ f.' /(s.t/J"'J(s»ds = f.' /(s.t/J(s»ds. 

Thus. the limit of 

t/J",P) = ';"'J + S: /(s,t/J"'J(s»d.~ + S:U .. J(s,t/JlftJ(S» - /(s.t/J"'J(s»]ds 

asj ..... 00, is 

t/J(l) = .; + f.' /(s,(fo("i))(/.~. • 

We are now in a position to prove the following result.. 

Theorem 5.2. Let /. /'" E CCD). let .;'" ..... .;, and let /'" ..... / uni­
formly on compact subsets of D. If {I/> .. } is a sequence of noncontinuable 
solutions of (5.1) defined on intervals J., then there is a subsequence {ml} 
and.a noncontinuable solution I/> of (I') defined on an interval J o containing 
T such that 

(i) lim infJIRJ ;:) Jo, and 
I-co 

(ii) t/J"'J ..... tP uniformly on compact subsets of J o asj ..... 00. 

lf in addition the solution of (1') is unique, then the entire sequence {t/J",} 
tends to tP uniformly for t on compact subsets of Jo. 

Proof. With J = [T, T] (a single point) and b", = T for all 
m ~ 1 apply Lemma 5.1. (If Dis not bounded, use a subdomain.) Thus, there 
is a subsequence of {tP ... } which converges uniformly to a limit function tP 
on some interval [T. b'], b' > T. Let B I be the supremum of these numbers b'. 
If BI = +00, choose b, to be any fixed h'. If B, < 00, let.h l be a number 
b' > T such that BI - b' < 1. Let {tPI"'} be a subsequence of {tP",} which 
converges uniformly on [T,b l ]. . . 

Suppose for induction that we are given {,p ... }, bt , and BI; > bl; 
with I/> ........ ,p uniformly on [T,b.] as m ..... 00. Define Bu 1 as the supremum 
of all numbers b' > b" such that a subsequence of {,p"",} will converge 
uniformly on [T, b']. Clearly bl; ~lJ .. I ~ B •. If B .. I = + 00, pick b .. \ > 
b" + I and if B .. 1 < 00, pick b .. 1 so that b" < b .. \ < B .. I and hI:+, \ > 
B .. , - I/(k + I). Let {tPUI.,,} ~ a subsequence of {,p" ... } which converges 
uniformly on [T, bu \] to a limit 1/>. Clearly, by possibly deleting finitely 
many terms of the new subsequence, we can assume without loss of generality 
that It/Ju 1.",(1) - (~(I)1 < liCk + 1) for t E [r,btu] and m ~ k + 1. 

Since (hlJ is monotonically increasing, it has a limit h S + fY.). 

Define J o = [r,b) . . The diagonal sCCluence {I/>_} will eventllally become a 
subsequence of each sequence {I/> ... }. Hence c/J_ ..... I/> as m ..... 00 with conver-
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gence uniform on compact subsets of Jo. Oy the argument used at the end 
of lhe proof of Lemma 5.1, the limit q, must be a solution of (I'). 

If b = 00, then q, is clearly noncontinuable. If h < 00, then this 
means that B" tends to b from above. If q, could be continued to the right 
past b, i.e., if (/,q,(/» stays in a compact subset of D as t -+ b-, then by 
Lemm:.& 5.1 there would be a number b' > h, a continua·tion of q" and a 
subsequence of {q, ... ",} which would converge uniformly on [f,b'] to q,. Since 
b' > band B" -+ b +, then for sufficiently large k (i.e., when b' > Bk), this 
would contradict the definition of Bk • Hence, q, must be noncontinuable. 
Since u similar argument works for I < t, parts (i) and (ii) are proved. 

Now assume that the solution of (I') is unique. If the entire 
sequence {q,,,;} does not converge to q, uniformly on compact subsets of Jo, 
then there is a compact set K c Jo, an £ > 0, a sequence {/,J c K, and a 
subsequence {q,,,,.l such that 

\q,m.Ct,,) - q,(tk)\ ~ £. (5.2) 

By the part of the present theorem which has already been proved, there is 
a subsequence, we shall still call it {q,m.} in order to avoid a proliferation of 
subscripts, which converges uniformly on compact subsets of an interval J' 
to a solution 1/1 of (I'). By uniqueness J' = Jo and q, = 1/1. Thus q,m. -+ q, as 
k -+ 00 uniformly on K c J 0 which contradicts (5.2). • 

In Theorem 5.2, conclusion (i) cannot be strengthened from 
"contained in" to "equality," as can be seen from the following example .. 
Define 

f(/, x) = x 2 for t < 1 

ultd 

for I 2! 1. .. 
Clearly f is continuous on R2 and Lipschitz continuous in x on each compact 
subset of &2. Consider the solution q,(/,e) of (I) for t = 0 and 0 < e < 1. 
qearly 

on -00 < t ~ 1. 

By Theorem 2.3 the solution can be continued over a small interval I :s; t :s; 
1 ,.: c. By Theorem 4.5 the solution q,(t, e) can be continued for all t ~ J + c. 
Thus, for 0 < e < J the maximum interval of existence of q,(t, e) is R = 
(- 00, (0). However, for 

x' = f(t,x), x(O) = J 

the solution q,(t, I) = (1 - t) - I exists only for - 00 < t < 1. 
As an application of the Theorem 5.2 we consider an autono­

mous equation 

x' = O(x) ,'.3) 
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and we assume that/(t,x) tends to g(x) as t -+ 00. We now prove the following 
result. 

Coroll.ry 5.3. Let g(x) be continuous on Do, letl E C(R x Do), 
and let I(t, x) -+ g(x) uniformly for x on compact subsets of Do as t -+ 00. 

Suppose there is a solution q,(t) of (I') and a compact set D. C: Do such that 
q,(t) E D. for all t ~ 'C. Then given any sequence tm -+ 00 there will exist a 
subsequence {tIllJ } and ~ solution'" of (5.3) such that 

as j-+oo (5.4) 

with convergence uniform for t in compact subsets of R. 

Proof. Define q,,,,(I) = q,(1 + 1m) for m = I, 2, 3, ... and for I ~ 
'C - 1m' Then q,1II is a solution of 

x' = I(t + t"" x), x(O) = q,(t",). 
... 

Since ~'" = q,(t",) E D. and since D\ is compact, then a subsequence {~"'} ~i11 
converge to some point ~ of D •. Theorem 5.2 asserts that by possibly taking 
a further subsequence, we can assume that q, .. P) -+ "'(t) asj -+ 00 uniformly 
for t on compact subsets of J o. Here'" is a solution of (5.3) defined on J o 
which satisfies ",(0) =~. Since q,(t) E D. for all t ~ t, it follows from (5.4) 
that "'(I)E D. for IE R. Since Dl is a compact subset of the open set Do, 
this means t,hat ",(t) does not approach the boundary of Do and, hence, can 
be continued for all I, i.e., J 0 = R. • 

Given a solution q, of (1') defined on a half line ['C,oo), the 
po$itiYe limit set of q, is defined as 

0(4))= {~:there is a sequence t .. -+ 00 such that q,(t",) -+ ~}. 

[If'; is defined for t !So: 'C, then the negative limit set A(rfJ) is defined similarly.] 
A Set M is called ......... at with respect to (5.3) iff or any ~ E.M and any t E R, 
there is a solution", of (5.3) satisfying "'('t) = e and satisfying "'(t) E M for 
all t e R. The conclusion of Corollary 5.3 implies that O(q,) is invariant with 
respect to (5.3). This conclusion will prove very useful later (e.g., in Chapter 5). 

Now consider a family of initial value problems 

.. x' = l(t,x,A), x('C) = ~ (I A) 

where I maps a set D x DA into R continuously and DA is an open.set in 
R' space. We assume that solutions of (IA) are unique. Let q,{t, 'C,~, A.) denote 
the (unique and noncontinuable) solution of (IA) for (t,e) e D and), E D A on 
the intervallZ(t,':,).) < , < fl('C,':,).). We are now in a position tb prove lhe 
following result. 



2.6 Systems 0/ Equalions 

Corollary 5.4. Under the foregoing assumptions. define 

!/ = Ht. T.~.A):(t.~) e D.l E DA.IX(T.e.A) < t < /J(T,e.A)}. 
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Then 4>(1. T.e.l) is continuous on !/. IX is upper semicontinuous in (t.~.A). 
and P is lower semicontinuous in (t.e.l) e D x D).. 

-,~ 

Proof. Define "'(I. t.e.A) = 4>(t + 'to T. e.l) so that", solves 

y' = J(t + t. y.l). y(0) = e. (J~) 

Let (t",.'t",.e",.A",) be a sequence in!/ whieh tends to a limit (to. 'to. eo.Ao) 
in !/. By Theorem S.2 it follows that 

as m ..... oo 

uniformly for t in compact subsets oflX('to.eo,Ao) - 'to < t < p(To.eo.Ao)­
'to and in particular uniformly in m for t = t",. Therefore. we see that 

14>(t",.TIII.e ... l.,) - 4>(10 , 'to. eo.lo)1 :s: 14>(tlll •. 'tIll'~I10')'.,) - q,(t .. ,'to• eo. lo)1 

+14>(t ... To.eo.lo)-4>(lo.To,eo,lo)l ..... o as m ..... oo. 

This proves that 4> is continuous on !/. 
To prove the remainder of the conclusions. we note that by 

Theorem S.2(i), if Jill is the interval (1X('t .. ,~ .. ,llll)' fI('tIll'~III'A",)), then 

lim infJ .. :;) Jo. 
"--CD 

The remaining assertions follow immediately. • 

.. As a particular example. note that the solutions of the initial 
value problem 

1-2 

X' = L lrJ + sin(l,_lt + A,), x(t) = ~ 
J= I 

depend continuously on the parameters (AI, A2 , ••• , )." T. e). 

2.6 SYSTEMS OF EQUATIONS 

In Section 1.1D it was shown that an nth order ordinary 
differential equation can be reduced to a system of first order ordinary 
differential equations .. In Section l.lB it was also shown that arbitrary 
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systemS of n first order differential equations can be written as a single 
vector equation 

x' =/(I,X) (E) 

while the initial value problem for (E) can be written as 

x' = /(I,X), x(t) =~. (I) 

The purpose of this section is to show that the results of Sections 2-5 can 
be extended from the seulur case [i.e., from (E') and (I')] to the vector case 
[i.e .• tn eE) and (I)] with no es.'lential changes in the proofs. 

A. Preliminaries 

In our subsequent development we require some additional 
concepts from linear algebra which we recall next. 

Let X be a vector space over a field :F. We will require that § 
be either the real numbers R or the complex numbers C. A function H:X-+ 
R+ = [0.00) is said to be a norm if . 

(i) Ixl ~ 0 for every vector x e X and Ixl = 0 if and only if 
x is the null vector (i.e., x = 0); 

(ii) for every scalar IX e g; and for every vector x eX, I/XXI = 
1IXllxl where lal denotes the absolute value or IX when g; = Rand lal denotes 
the modulus of a when g; = C; and 

(iii) for every x and y in X,lx + yl S; Ixl + Iyl. 
In the present chapter as well as in the remainder of this book, 

we shall be concerned primarily with the vector space R" over R and with 
the vector space C" over C. We now define an important class of norms on R". 
A similar class of norms can be defined on C" in the obvious way. Thus, 
given a vector x = (X I ,X2"" ,X,,)T e R",let 

( " )1/" Ixl" = L IXII" :..._ I S; P < 00 
1= 1 

. and let 
.; 

Ixl,", = max {jXIj:t s; i S; rI}. 

It is an easy matter to show that for every p, I S; P < 00, 1-1" is a norm on 
R" and also, that 1'100 is a norm on R". Of particular interest to us will be the 
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cases p = 1 and ~,i.e., the cases 

" 
1·'<1. == L IXil lind 

I-I 

The latter is called the Euclidean norm. 
The foregoing norms on R" (or on C") are related by various 

inequnlities, including the relations 

Ixl . ., S; Ixl. s; nlxL ... 

Ixl~, s 1·>:11 s JUI·'<I (,. 
Ixl1 s Ixl. s JUlxlz· 

The reader is asked to 'verify the validity orthese formulas. These inequalities 
show that from the point of view of convergence properties, the foregoing 
norms are equivalent (i.e., one norm yields no different results than the 
others). Thus, when the particular norm being used is obvious from context, 
or when it is unimportant which particular norm is being used, we shall 
write Ixl in place of Ix~ or Ixl;J)' 

Using the concept of norm, we can define the distance between 
two vectors x and y in R" (or in C", or more generally, in X) as J(x, J') = 
Ix - }'I. The followinsthree fundamental properties of distance are true: 

(i) Ix - yl ~ 0 for an vectors x, J' and Ix - yl = 0 if and only 
ifx= y; 

(ii) Ix - YI = /y - xl for all vectors x,y; and 
(iii) . x - zl s x - Jt + Iy - zl for all vectors x, y, z. 

We can now define a spherical neighborhood in R" (in C") with 
center at Xo and with radius 'I > 0 as 

B(xo,'I) = {x E R":lx - xol < h}. 

If in particular the center of a spherical neighborhood with radius II is the 
origin, then 

B(h) = {x E R":lxl < h}. 

We shall also use the notation B(xo, II) = {x E R":lx - xol S h} and B(II) = 
{x E R":lxl S; h}. . 

We can also define the norm of a matrix. Let Rift x " denote the 
set of all real valued m x n matrices and let C'" x. denote the set of all complex 
m x n matrices. We define the norm of a matrix A E Rift." by the function 
1'1, where 

IAI = sup{lAxl:x E R" with Ixl = I}. 
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The norm of A e 0""" is defined similarly. It is easily verified that 

(M 1) Axl:s; IAllxl for any x e R· (for any x e C"), 
(M2) A + B\ :s; lAI + IBI, 
(M3) «AI = «IIAI for all scalars «, 
(M4) AI ~ 0 and IAI- 0 if and only if A is the zero matrix, 
(MS) AGI:s; IA(GI, and 

(M6) _IAI:s; t max la,J):S; t ± la'JI 
I-I IsJs. Iml }-I . 

where A,B are any ~trices in R"'''. (in 0"".) and G is any matrix in R""·. 
Properties (M2)-(M4) clearly justify the use of the term matrix norm. 

We can now also consider the convergence of vectors in RN 
(in C"). Thus, a sequence of vectors {x..} = {(XI.,X2.,' •• ,X" .. )T} is said to 
converge to a vector x, i.e., x .... x, if 

lim Ix .. - xl '7 O. 
. "'''GO 

Equivalently, x ..... x if and only if for each coordinate k = I, ... , " one has 

Next, let get) = (gl(t), ••• ,g.,(IW be a vector valued function 
defined on some interval J. Assume that each component of 9 is differentia­
ble and integrable on J. Then differentiation and integration of 9 are defined 
componentwise, i.e .. 

g'(t) = (oi(I), ... ,O~(t))T 

and 

S: g(t)dt = (S: 91(I)dl, ... , S:g.,(l)dl r 
It is easily verified that for b > u, 

II: Y(I)drl :s; I: 10(1)1 tit. 

Finally, if D is an open connected nonempty set in the (I,.\:) 
space R x RN and if j:D -+ RN, then j is said to satisfy a UpschJtz condition 
with Lipschitz constant L if and only if for all (I, x) and (I, y) in D, 

II(I, x) - f(t, y)1 :s; Llx - )11. 

This is an obvious extension of the scalar notion of a Lipschitz condition. 
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B. Systems of Equations 

Every result given in Sections 2-5 can now be stated in vector 
form and proved, using the same methods as in the scalar case and invoking 
obvious modifications (such as the replacement of absolute values of scalars 
by the norms of vectors). We shall aslC'fhe reader to verify some of these 

'results for the vector case in the problem section at the end of this chapter. 
In the following result we demonstrate how systems of equa­

tions are treated. Instead of presenting one of the results from Sections 
2-5 for the vector case, we state and prove a new result for linear non­
homogeneous systems 

X' = A(t)x + g(t), (LN) 

where xe R-; A(l) = [a'i(t)] is an /I x n matrix, and g(t) is an It vector valued 
function. 

Theorem 8.1. Suppose that A(t) and g(t) in (LN) are defined 
and continuous on an interval J. [That is, suppose that each component 
Q,j(t) of A(t' and each component g,,(t) of g(t) is defined and continuous on an 
interval J.] Then for any tin J and any': e R-, Eq. (LN) has a unique solution 
satisfying X(T) = e. This solution exists on the entire interval J and is con­
tinous in'(t, T,~). If A and 9 depend continuously on parameters .te R', then 
the solution will also vary continuously with .t. 

Proof. First note that I(f,x) ~ A(t)x + g(t) is continuous in 
(f,X). Moreover, for t on any compact subinterval J o of J there will be an 
Lo ~ 0 such that 

I/(t, x) - I(f, )')1 = IA(t)(x - )')1 S; IA{f)llx - yl 

S; (t max IOli(t,I)lx - )'1 S; Lalx - yj. 
1= I I sis- , 

Thus I satisfies a Lipschitz condition on J 0 x R-. The continuity implies 
existence (Theorem 2.3' while the Lipschitz condition implies uniqueness 
(Theorem 4.2) and continuity with respect to parameters (Corollary 5.4). 
To prove continuation over the interval J 0, let K be a bound for J: Ig(s)1 ds 
over Jo. Then 

Ix(t)1 s; lei + s: (IA(s)llx(s)1 + Ig(s)l)ds s; (lei + K) + S: Lalx(.y)1 ds. 

By the Gronwall inequality, Ix(t)1 s; (lei + K) exp(Lolt - tl' for as long as 
x(t) exists on J o. By Corollary 3.2, the solution exists over all of J o. • 
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For example, consider the mechanical system depicted in 
Fig. 1.5 whose governing equations are given in (1.2.2). Given a~y con­
tinuous functions h(l), i = 1,2, and initial data (XIO,X'IO,XlO,X20)T at TE R, 
there is according to Theorem 6.1 a unique solution on - 00 < t < 00. This 
solution varies continuously with respect to the initial data and with respect 
to all parameters K, Kit 8, B/, and M/ (i = 1,2). Similar statements can be 
made for the rotational system depicted in Fig. 1.7 and for the circuits of 
Fig. 1.13 [see Eqs. (1.2.9) and also (1.2.13)]. 

For a nonlinear system such as the van der Pol equation 
(1.2.18), we can predict that unique solutions exist at least on small intervals 
and that these solutions vary continuously with respect to parameters. We 
also know that solutions can be continued both backwards and forwards 
either for all time or until such time as the solution becomes unbounded. 
The question of exactly how far a given solution or a nonlinefr system can 
be continued has not been satisfactorily settled. It musl be argued separately 
in each given case. 

That the fundamental questions of existence, uniqueness, and 
so forth, have not yet been dealt with in a completely satisfactory way can 
be seen from Example 1.2.6, the Lienard equation with dry rriction, 

x" + h sgn(x') + w~x = 0, 

where II > 0 and Wo > o. Since one coefficient of this equation has a locus 
of discontinuities at x' = 0, the theory already given will not apply on this 
curve. The existence and the behavior or solutions on a domain containing 
this curve of discontinuity must be studied by different and much more 
complex methods. 

2.7. DIFFERENTIABILITY WITH RESPECT TO PARAMETERS 

In the present section we consider systems of equations (E) 
and initial value problems (I). Given / E qD) with / differentiable with 
respect to x, we definine the Jacohin matrix h = a/lux as the n x n matrix 
whose (i,i)th element is t¥.laxj , i.e., 

In this section, and throughout the remainder of this book, E will denote 
the identity matrix. When the dimension of E is to be emphasized, we shull 
write E" to denote an n x n identity matrix. 
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In the present section we show that when I" exists and is 
continuous, then the solution q, of (I) depends smoothly on the pnrameters of 
the pr,?blem. 

Theorem 7.1. Let /eC(D), let Ix exist and let /",eC(D). If 
q,(t, t,e) is the solution of (E) such thnt q,(T, T,e) = e, then'" is of class Cl 
in (I, T, e). Each vector valued function fltP/fl~i or UtPlUT will solve 

(7.1) 

as a function of t while 

and f'tP ae (T, T, e) = Ell' 

Proof. In any small spherical neighborhood of any point 
(T,e)eD, the function I is Lipschitz continuous in x. Hence q,(I,T,e) exists 
locally, is unique, is continuable while it remains in D, and is continuous in 
(t, T,e). Note also that (7.1) is a linear equation with continuous coefficient 
matrix .. Thus by Theorem 6.1 solutions of (7.1) exist for as long as ",(t,T,e) 
is defined. 

Fix a point (t,T,e) and define e(II) = (el + II, ez, ..• ,ell)T for 
all It with \11\ so small that (T,e(ll»e D. Define 

z(t,T,e, lI) = (tP(t,T,WI)) - ",(t,t,WIII, II.; O. 

DitTerentiate z with respect to J and then apply the mean value theorem to 
each component z., I ~ i ~ n, to obtain 

zj(/,T,e,h) = [i;(/, ",(t, T, WI))) - i;(r,tP(t,T,en]111 

where 

eli; iii; 
Pi)(/, T, e,ll) = ~- (I, iPl) - -i) (I, q,(/, t, e» 

u."C} x) 

and ifil is a point on the line segment between ",(I, T, e(ll» and q,(I, T, e). 
The elements p.} of the matrix P are continuous in (I, T, e) and as h ... 0 
Pij(t, T, e,lJ) ... O. Hence by continuity with respect to parameters, it follows 
that for any sequence h" ... 0 we have 

lim Z(/, T, e,II,,) = y,(I. T. ,). 
""0 
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where )'1 is that solution of (7.1) which satisfies the initial condition 
YI(t,t,e) = (1.0, ... ,0)1". A similar argument applies to ot/J/aet for k = 2, 
3, ... , II and for the existence of i)c/J/ot. To obtain the initial condition for 
. oq,/iJt, we note that 

[c/J(t, T + la, e) - c/J(t, t,e)]/II = [c/J(t, t + la, e) - e]/IJ 

= la-I J.t I(s, c/J(s, t + If, mds 
t+l. 

as If-+O .• 

A similar analysis can be applied to (IA) to prove the next 
result. 

Theorem 7.2. Let I(t,x,;.) be continuous on D x Dol and let 
Ix and iJI/i)). .. 1 S; k S; I exist and be conunuous on D x Dol' Then the 
solution c/J(t, t, e, l) of (IA) is of class C l in (t, t, e, ).). Moreover, oc/J/olt solves 
the initial valu.e problem 

y' = J~(t, c/J(t, t, e, l), l)y + I Ar.(t, ,p(t, t, e, l), ).), y(t) = o. 

Proof. This result follows immediately by applying Theorem 
7.1 to the (II + I)-dimensional system 

x' =/(t,x,).), ).' =0. • 
The reader is invited to interpret the meaning of these results 

for some of the specific examples given in Chapter 1. 

2.8 COMPARISON THEORY 

, This is the only section of the present chapter where it is crucial 
iii our treatment ofsome results that the differential equation in question be a 
scalar equation. We point out that the results below on maximal solutions 
could be seneralized to vector systems, however, only under the strong 
assumption that the system of equations is quasimonotone (sec the problems 
at the end of the chapter). . 

Consider the scalar initial value problem (1') Whore IE C(D) 
and D is a domain in the (f,X) space. Any solution of (1') can be bracketed 
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between the two special solutions called the maximal solution and the 
minimal solution. More precisely, we define the maximal solution tPM or(1') to 
be that noncontinuable solution of (I') such that if tP is any other solution of 
(1'), then q>M(I) ~ tP(l) for as long as both solutions are defined. The minimal 
solution tPm of (1') is defined to be that noncontinuable solution of (I') such 
that if tP is any other solution of (1'), then tPm(l) =:;; tP(t) for as long as both 
solutions are defined. Clearly, when tPM and tPm exist, they are unique. Their 
existence will be proved below. 

Given G ~ 0, consider the family of initial value problems 

X' = f(t,X) + G, X(t) = ~ + &. (8.s) 

Let X(t,s) be any fixed solution of(8.s) which is noncontinuable to the right. 
We are now. in a position to prove the following result. 

. Theorem 8.1. Let f e qD) and let 8 ~ O. 

(i) If SJ > &2' then X(t,&l) > X(t,s:z) for as long as both 
solutions exist and t ~ t. 

(ii) There exist p as well as a solution X* of (1') defined on 
[t, fJ) and noncontinuable to the right such that 

lim X(I,S) = X*(t) 
1-0+ 

with convergence uniform for I on compact subsets of [t, P). 
(iii) X* is the maximal solution of (1'), i.e., X* = tPM' 

• Proof. Since X(T,SI) = ~ + £1 > ~ + £2- X(,r,s:z), then by 
continuity X(t,sJ) > X(t,Sl) for t near T. Hence if(i) is not true, then there is a 
first time t > T where the two solutions become equal. At that time, 

X'(t,t J) == f(t,X(t,Gd) + &J = f(t,X(t,£:z» + Sl 

> f(t,X(t,S2» + S:z = X'(t,Gl)' 

This is impossible since X(S,SI) > X(S,8:z) on T < S < I. Hence (i) is true. 
To prove (ii), pick any sequence {s,..} which decreases to zero 

and let X",(t) = XCt.I' .... ) be defined on the maximal intervals [t.P .. ). By 
Theorem 5.2 there isa subsequence of {X .. } (which we again label by {XIII} 
in order to avoid double subscripts) and there is a noncontinuable solution 
X* of (1') defi11ed on an interval [T, 11) such that 

[r,p> c lim inf[r,I1",), X*(t) = lim X.(l) 
"' ...... 

with the last limit uniCorm Cor t on compact subsets OC[T,P). 



12 2. Fundamental Theory 

For any compact set J c [t.P). J will be a subset of [t.P",). 
where m is sufficiently large. If e .. +. < e < elll • then by the monotonicity' 
proved in part (i). X",+ .(t) < X(/.e) < X ... (t) for I in J. Thus, X(/.e) .... X*(t) 
uniformly on J as m -+ 00. This proves (ii). 

To prove that x· = t!> .. let t!> be any solution of (I'). Then t!> 
solves (8.e) with e = O. By part (i), X(/. e) > t!>(t) when e > 0 and both solutions 
exist. Take the limit as e .... 0+ to obtain X*(t) = limX(/.e) ~ t!>(t). Hence 
x· =t!> .... 

The minimal solution of (I') is the maximal solution of the 
problem 

y' = - f(/. - y). yet) = -~ (y = -x). 

Hence. the minimal solution will exist whenever f is continuo'!s. The maximal 
solution for t < 't can be obtained from 

y' = - f( - s, y). y( -'t) = ~. s ~ -'t(s = -t). 
Given a function x e C(<<, P), the upper right Dini derivative 

D + x is defined by . 

D+ x(/) = lim sup[x(t + h) - x(tnlh. 
i-O+ 

Note that D+ x is the derivative of x whenever x' exists. With this notatiqn 
we now consider the differential inequality 

D+x(t) ~f(/.x(t». (8.1) 

We call any function X(/) satisfying (8.1) a solution of (8.1). 
We are now in a position to prove the following result. 

Lemma 8.2. If X(/) is a continuous solution of (8.1) with x(t) 
~ ~, if f e C(D), and if",.. is the maximal solution of (1'). then x(t) ~ t!>..(t) 
for as long as both functions exist and t ~ t. 

Proof. Fiu > o and let X(/, e) solve (8.e). Clearly x(t) < X(/.e) 
at I = t and hence in a neighborhood of t. It is claimed that X(/, e) ~ x(t) for 
as long as both exist. If this wercAot the case. then there would be a first time 
t when it is not true. Thus, there would be a decreasing sequence {h ... } with 
X(I + h",) > X(I + h"" e). Clearly X(/) = X(I,e) so that 

D+x(t) = lim SUp[X(1 + h) - x(tnlh ~ lim sup[x(t + h,J - x(/)]lh ... 
..... 0· .~co 

= lim SUp[X(1 + h.) - X(t e)]/h ... ~ lim [X(I + h .... e) - X(t,e)]/h •• 
... -ao • -00 
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Thus 

D+x(t):<:! X'(t,t) = f(t,x(t,I:» + I: 
= f(t,x(t» + I: > f(r,x(t» :<:! D+ x(t), 

a contradiction. 
Since K(r,t) :<:! x(r) for all t> 0, we can let t --- 0+ and use 

Theorem 8.1 to obtain the conclusion. • 

We are also in a position to prove the next result. 

Lemma B.3. Let IMI) he " vector valued and assume that 
t#E C1(a.,/I). ~en D tlq,(t)1 ~ 1q,'(I)1 for all tE(a.,/I). 

. Proof. By the triangle inequality, if II > 0, then 

[It/J(t + 11)1- 1t/J(t)I]III :s; I[ t/J(t + II) - t/J(t)]/IJI· 

Take the lim sup as I, .... 0+ on both sides of the preceding inequality to 
complete the proof. • 

The foregoing results can now be combined to obtain the 
following comparison theorem. 

Theorem B.4. Let feC(D) where D is a domain in the (I,x) 
space R x R· and let t/J be a solution of (I). Let F(t, v) be a continuous function 
such that If(t,x>1 :s; £It,lxl) for all (t,x) in D. If '1 :<:! 1t/J('r)1 and if VM is the 
maximal solution of 

Vet) = 'I, 

then 1t/J(t)1 :s; VM(t) for as long as both functions exist. 

Proof. By Lemma 8.3 it follows if vet) = ItJl(t)I, then 

D+v(t) = D+It/J(t)l:s; W(t)1 = If(t,t/J(t»1 

:s; F(t,It/J(t)j) = F(t, v(t». 

By Lemma 8.2 it follows that VM(t) :<:! vet) = 1t/J(t)l. • • 

(8.2) 

For example, ifjf(t,x)l:s; Alxl + B for teJ, xeR", then (8.2) 
reduces to 

v' = Av + B, Vet) = 'I. 

Thus, VM(t) = exp[A(t - t)]('1 - BIA) + BIA. Since I'M exists for all te J, then 
so do the solutions of (E). From this example it should be clear that the 
comparison theory can often be useful in obtaining continuation results 
and certain types of solution estimates. However, we note that in Theorem 
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8.3 it is necessary that F be nonnegative. This severely restricts the use of 
the comparison theory, particularly in analyzing stability properties of 
solutions of (E) (see Chapter 5). 

2.9 COMPLEX VALUED SYSTEMS· 

Systems of n complex valued ordinary differential equations 
of the form 

z = I(t,%,).) (C) 

were introduced in Section l.lE. Since (C) can be separated into its r.eal 
and imaginary parts to obtain a real 2rr-dimensjonal system, the theory of 
such systems has already been covered. What has riot been addressed is the 
natural question of when solutions of (C) are holomorphic in t or in the 
parameter .t This is the topic of the present section. 

A function F(w) defined on a domain D in complex n space 
C' with w = (WI' ••• , W.)T is called holomorphic: in D if each component F, 
of F is continuous on D and if for each Wo e D there is a neighborhood 
N = {w: Iw - wol < &} in which F, is holomorphic in each. w" separately 
(with all other \VJ,j ~ k, held fixed). If F is holomorphic in D, then for each 
Wo = (Wl0' ••• ,waa)T there is a neighborhood N in which F can be expanded 
in a convergent power series in the " variables, 

00 "" 00 

F(w""" ,w.) = L L'" L A(k1,··· ,k.)(w, - w,o)"· .... 
i •• O ".- 0 1n = 0 . 

Thus, F has pattial derivatives of all orders whieh are also holomorphic 
functions in D. Furthermore, recall that if {J..} is a sequence of functions 

. which are holomorphic in D and if {j~} converges uniformly on compact 
subsets of D to a limit I, then I must also be holomorphic in D. 

As can be seen from the examples in Chapter 1, it is a common 
. situation for (1.1) that l(t,x,A) is holomorphic in (x,A) or even in (l,x,A). In 
order to emphasize that t is allowed to become complex, we replace I by z 
and (C) by 

dw/dz = fez, w, ).), (C"J 
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-where f is holomorphic on a domain D in complex (I +" + I) space. Let 
(zo, wo,Ao) be a point in D,let S be a rectangle 

Iz - %01 ~ a, Iw - wol ~ b, IA - Aol ~ c 
in D with III ~ M on S, and let d be the minimum of a and biM. Then one 
can construct the successive approximations 

wo(z) == Wo and W",+I(Z) = Wo + f~/(u,wlII(u),A)du 

where the integral is the complex contour integral taken along the straight 
line from Zo to z. By arguments similar to those used to prove Theorem.4.6, 
the following can be proved. 

Theorem 9.1. If I, S, and d are defined as above, then the 
successive approximations w",(z) given above are well defined on Iz - zol ~ d 
and converge to a solution w(z, Zo, wo, A) as m -+ 00. This solution of (C.J is 
unique once initial conditions Zo and Wo are fixed. Moreover, w(z,zo, wo,A) 
is holomorphic in (z, Zo, wo, A). 

If in (C) I is only continuous in t for t real but is holomorphic 
in (z,A), then the solution will be holomorphic in (~,A) (see the problems at 

. the end of this chapter). 

PROBLEMS 

I. Let J be a compact subinterval of R and let' be a subset of C(J). Show 
that if each sequence in , contains a uniformly convergent subsequence, 
then !F is both equicoDlinuous and uniformly bounded. 

Z. (Grollwull ;lIequulily) Let r, k. and I be real and continuous. functions 
which satisfy ret) ~ 0, k(l) ~ 0, and 

r(I):S 1(1) + f: k(s)r(s)ds, a ~ t :S b. 

Show that 

ret) :S f: I(S)k(S)exp [ f.' k(u)du JdS + I(t), a:S t :S b. 

3. Show that the initial value problem x' = x l/3, x(O) - 0, has infinitely 
many dilTerent solutions. Find the maximal and the minimal solutions. 
(Remember to consider t < 0.) 
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4. (a) Carefully restate and prove Theorems 2.2 and 2.3 for a system (I) 
of rJ real equations. 

(b' In the same way, restate and prove Theorems 3.1 and 4.2. 
s. Show that if 0 E CI(R) and I E qR), then the solution yet, T, A, B) of 

y" + I(y»)" + g(y) = 0, )'(T) = A, i(T) = B 

exists locally, is unique, and can be continued so long as y and y' remain 
bounded. 1Iint: Use a transformation. 
6. Let IE qD), let (T,~) E D, and let (1') have a unique solution q,. For 

each r. with 0 < /: < I, aliliume that (I') has an r.-approximate solution tP" 
defined on I' - tl :$ (0, where (' is given as ill (2.1). Show that 

lim t/J.(t) = t/J(t) 
e~O+ 

uniformly in t on compact subsets of It - TI < c. 
7. Let 1(I,x,l) and F(t,v,l) be continuous functions on R x R" X R' 

and R x R x R' with F(I,O,l, = 0 and assume that I/(t, x, l) - 1(1,.1',1)1 :$ 

F(r, Ix - }'I ,l). Assume that for any (T,C) with c ~ 0 the solution of 

v' = F(t,v,l), VeT) = c 

is unique. Show that solutions t/J(t,'t,~.l) of (IA) vary continuously with 
(t, T, e.A). 

8. Show that for any q, E CrT, (0) the positive limit set satisfies 

O(t/J) = n {t/J(s):s ~ I}. ,>. 
Show that if the range of t/J is contained in a compact set K c R", then O(t/J) 
is nonempty, compact, connected, and t/J(t) ... Q(q,) as t ... 00. . 

9. (a) Show that for x E R" (or x E en), 

Ixl", :s; Ix" :s; nlxl"". 
14., :s: Ixl2 :s; Jiilxl,,,, 
Ixl2 :s; Ixla :s; Jiilxl2' 

(b) Given x = (Xl •••• ,X.)T andy = (YI"" ,y")T in R", show 
that D= I .''iJ'j :$lxl2bk ',-

(c, Show that l'llt 1'11, and 1'1 ... each define a norm. 
10. Let I E qD) and let I have continuous partial derivatives with respect" 
to x up to and including order k ~ 1. Show that the solution t/J(t. T." of (E) 
has continuous partial derivatives in I, T, and e through order k. 
11. Let hand 9 be positive, continuous, and real valued functions on O:s; 
I :$ 00 and 0 < x < 00, respectively. Suppose that (3.3) is true. 
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(i) If $:;' 11(1) tit < 00, show that any solution of (3.4) has a 
finite limit as t - 00. 

(ii) If 

. f.t dx hm --= +00, 
£--0' • g(x) 

(10.1) 

show that all solutions of (3.4) with x(t) > 0 can be continued to the left 
until t = O. 
12. Let 1 e C(R x R") with 1/(I,x)1 ~ 1J(I)g(lxj). Assume that II and g are 
positive continuous functions such tlmt (33) and (10.1) are true.lffi;· II(I)el, < 
00, then any s~lution t/J of (E) with T > 0 exists over the interval 0 < I < 00 

and has a finite limit at I = 0 and at t = 00. 

ll. Consider a 2n-dimensional Hamiltonian system with Hamiltonian func­
tion H e C2(R· x R"). Suppose that for some fixed k the surface S ~efined 
by H(x, y) = k is bounded. Show that all solutions starting on the surface S 
can be continued for all t in R. 
14. Show that any solution of 

x" + x + Xl =0 

exists for all t e R. Can the same be said about the equation 

x" + x' + x + Xl = 07 

IS. Let x(t) and y(l) denote the density at time t of a wolf and a moose 
population, respectively, sa)' on a certain island in Lake Superior. (Wolves 
eat moose.) Assume that the animal populations are "well stirred" and that 
there are no other predators or prey on the island. Under these conditions, 
a simple model of this predator-prey system is 

x' = x( - a + by), 

y' = y(c - dx), 

where a, b, c, and d are positive constants and where x(O) > 0 and yeO) > O. 
Show that: • 

(a) Solutions are defined for aliI ~ O. 
(b) Neither the wolf nor the moose population can die out 

within a fillite period of time. 
16. Let/:R _ R with 1 Lipschitz continuous on any compact interval K c 
R. Show that )( = I(x) has no nonconstant solution t/J which is periodic. 
17. A function 1 e qD) is said to be quasimonotone in x if eaph component 
j;(I,Xt, ... ,x.) is nondecreasing in xi for j = 1, ... , i-I, I + 1, ...• n. We 
define the maximal solution "'M of (I) to be that noncont·inuable soh~tion 
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which has the following property: if cJ> is any other solution of (I) and if cJ>Mi 
is the jth component of q,M' then cJ>,.Ii(I) ~ q,i(l) for all t such that both 
solutions exist, j = I, ... , II. 

Show that if I e qD) and if I is quasi monotone in x, then 
there exists a maximal solution cJ>M for (I). 
18. Let f e qD) and let f be quasimollotolle ill x (sec Problem 17). Let .'\:(t) 
be a continuous function which satisfies (8.1) component wise. If xlr) ~ q,M;('r) 
for; = I, ... , II, then X~I) ~ q,MI(t) for us long as t ~ t and both solutions 
exist. 
19. Let I:R x D ..... R" where D is all open subset of Rn. Suppose for each 
compact subset KeD, f is uniformly continuous and bounded on R' x K. 
Let cJ> be a solution of (1) which remains in a compact subset K leD for all 
t ~ T. Given any sequence t ... ..... 00, show that there is a subsequence t" •• ..... 00, 

a continuous function 9 e C(R x D), and a solution '" such that 1/1(1) E K I 
and 

I/I'(t) = y(l, 1/1(1», -00 ~ 1< 00. 

Moreover, as k ..... 00, I(t + I .... , x) ..... g(I, x) uniformly for (tx) in compact 
subsets of R x D and q,(t + t .... ) ..... 1/1(1) uniformly for t on compact subsets 
ofR. 
20.· Prove Theorem 9.1 
21.· Suppose I(I, x, l) is continuous for (I, x. A.) in D and is holomorphic in 
(x, A) for each fixed t. Let cJ>(t, t,~, i.) be the solution of (1 A) for (t, {, A.J in D. 
Then for each fixed I and t, prove that cJ> is holomorphic in {~,l). 
22.· Suppose that cJ> is the solution of (1.2.29) which satisfies 4>(t) = ~,and 
,p'(t) = 'I. In which of the variables I, t, e, 't, Wo, WI' h, and G does q, vary 
holomorphically·l 
23. Let Ie C(Do), Do c R", and let f be smooth enough so that solutions 
q,(t, t,~) or ' , 

x' =f(x), X(t) = e " (A) 

are unique. Show that cJ>(I. t, {) = q,(1 - t, 0, ~) for all e e Do, all t E R, and 
all I such that q, is defined. 
24. Let f e qD), let f be periodic with period T in t, and let f be smooth 
enough so that solutions cJ> of (1) are unique. Show that for any integer III, 

cJ>(I, t, e) = cJ>(t + /liT, t + /liT, ~) 

for all (t, {) E D and for all t where q, is dcfincd. 

The next four problems require the notion of complete metric 
space which should be recalled or leurned by the reader at this time. ' 
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25.· (Banach }i:ted po;'" theorem) Given a metric space (X,II) (where p 
denotes a metric defined on a set X), a contraction mapping l' is a function 
'f:X -+ X such that for some constant k, with 0 < k < 1, I,(T(X), T(}·)).s; . 
kp(x, y) for al1 x and y in X. A fixed point of T is a point x in X such that 
T(x) = x. Use successive approximations to prove the fol1owing: If T is a 
contraction mapping on a complete metric space X, then T has a unique 
fixed point in X. 
26.· Show that the following metric spaces are all complete. (Here (X is 
some fixed real number.) 

(a) X=C[a,b] and p(f,g)=max{lf(t)-g(t)Ie""-"':a.s; 
t ~ b}. 

(b) X = {f e C[a, oo):tt'f(t) is bounded on [a, oo)} and 
. p(f,g) = sup{llll) - g(t)Ie"':a ~ t < OCI}. 
27.· Let I E C{R + x Rft) and let f be Lipschitz continuous in x with Lipschitz 
constant L. In Problem 26(a), let a = t, lX = L, and choose b in the interval 
T < b < 00. Show that 

(Ttf»)(t) = e + L' f(s,tf»(s»ds, t.~l~b, 

is a contraction mapping on (X,p). 
28.· Prove Theorem 4.1 using a contraction mapping argument. 



LINEAR SYSTEMS 

3 

Both in the theory of differential equations and in their 
applications, linear systems of ordinary dill'erential equations are extremely 
important. This can be seen from the examples in Chapter 1 which include 
linear translational and rotational mechanical systems and linear circuits. 
Linear systems of ordinary differential equations are also frequently used 
as a "fint approximation" to nonlinear problems. Moreover, the theory of 
linear ordinary differential equations is often useful as an integral part of 
the analysis of many nonlinear problems. This will become clearer in some 
of the subsequent chapters (Chapters 5 and 6). . 

In this chapter, we first study the general properties of linear 
systems. We then turn our attention to the special cases of linear systems 
of ordinary differential equations with constant coefficients and linear 
systems of ordinary differential equations with periodic coefficients. The 
chapter is concluded with a discussion of special properties of nth order 
linear ordinary differential equations~ 

3.1 PRELIMINARIES 

In this section, we establish some notation and we' summarize 
certain facts from linear algebra which we shall use throughout this book. 

80 
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A. Linear Independence 

Let X be a vector space over the real or over the complex 
numbers. A set of vectors {v,. V2 • •.• ,",,} is said to be linearly dependent if 
there exist scalars IX" 1X2' •••• O(ft,not all zero, such that 

0(,", + 0(2"2 + ... + O(,,"n = O. 

If this inequality is true only for 0(, = 0(2 = ... = IX" = 0, then the sel {v" 
I'z •...• I'n} is said to be linearly independent. 

If II, = [x Jl. Xu • ...• xn,]r is a rcal or complex" vector. then 
[",.I'z,." ,l'ft] denotes the matrix whose ith column is Vh i.e., 

[
XII X\2 ... X'''J 

[1'I;Vl ... · ,I'ft] =:: :. 
x,,, Xft2 x,," 

In this case, the set {V I ,I'2 •••• ,v,,} is linearly independent if and only if 
the determinant of the above matrix is not zero, i.e., 

A basis for a vector space X is a linearly independent set of 
vectors suth that every vector in X can be expressed as a linear combination 
of these vectors. In R" or C", the set 

o 

o 
o 

is a basis called the natural basis. 

B. Matrices 

t!2 = 

0 0 
1 
0 , ... . e. = (1.1) 

0 
0 

Given an m x /I matrix A = [aij], we denote the rank of A by 
p(A) and the (complex) conjugate matrix by if = [al}]. The transpose of A 
is AT = [ella and the adjoint is A* = ifI", A matrix A issymmetrie if A = AT 
and self-adjoint when A = A*, 
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C. Jordan Canonical Form 

Two" X II matrices A and B are said to be similar if there is 
a nonsingular matrix P such that A = P- I BP. The polynomial lI(l) = 
det(A - lEn) is called the characteristic polynomial of A. (Here En denotes 
the n"Ox II identity matrix and A is a scular.) The roots of p(A) are called the 
eigenvalues of A. By an eigenvector (or right eigenvector) of A associated with 
the eigenvalue A, we mean a nonzero oX e C" such that Ax = .h. 

Now let A be an'l x II matrix. We may regard A as a "mapping 
of C" with the natural basis into itself, i.e., we may regard A: C" -+ C" as a 
linear operator. Tobcgin with, let us assume that A has distill'" f!illf!lIva/ues 
AI, .. .• An' Let v, be an eigenvector of A corresponding to A/o ; = 1 •... , tI. 
Then it can be easily shown that the set of vectors {"" ...• Vn} is linearly 
independent over C, and as such, it can be used as a basis for cn. Now let 
A be the representation of A with respect to the basis {"" ...• I'n}' Since 
the Hh column of A is the representatiOil of A,,; = Ai'" with respect to the 
basis {t'I •...• l1n}. it follows that 

[
AI A2 0 ] 

A = 0 ).n· 

Since A and A are matrix representations of the same linear transformation. 
it follows that A and A are similar matrices. Indeed. this can be checked by 
computing 

A = p-IAP. 

where P = ["'" ..• v.] and where the "i are eigenvectors corresponding to 
A. .. i = I ...... II. 

When a matrix A is obtained from a matrix A via a similarity 
transformation P, we say tha.t matrix A has be9diagonalized. Now if the 
matrix A has repeated eigenvalues, then it is not always possible to diag­
onalize it. In generating a "convenient" basis for C" in this case, we introduce 
the concept of generalized eigenvector. Specifically, a vector" is called a 
generalized eigenvector of rank kof A, associated with an eigenvalue A if 
and only if 

(A .;... AE,;t" = 0 and 

Note that when" k = I, this definition redul.'Cs to the precet!ing definition 
of eigenvector. 
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Now let v be a generalized eigenvector of rank k associated 
with the eigenvalue.t. Define 

v" = V, 

V"-l = (A - ).E.!')~ = (A - .tE,,)v., 
v" _ Z = (A - .tE,,)Zv = (A - .tE,,)l'. _ •• (1.2) 

Then for each i, I ~ i ~ k, VI is a generalized eigenvector of rank i. We call 
the set of vectors {v ..... , v,,} a chain of generalized eigenvectors. 

For generalized eigenvectors, we have the following important 
results:-

(i) The generalized eigenvectors v" ... , v" defined in (1.2) 
are linearly independent. 

(ii) The generalized eigenvectors of A associated with 
differcnt eigenvalues are linearly ind~pendenl 

(iii) If" and V are generalized eigenvectors of rank k and I, 
respectively, associated' with the same eigenvalue A., and if "I and vJ are 
defined by 

"I = (A - .tE.'f-Iu, 
Vj = (A - .tE,j-Jv, 

; = 1, ... , k, 

j = I, ... , I, 

and if " • .and VI are linearly independent, then the generalized eigenvectors 
"1'" ., "., VI' •••• V, are linearly independent. 

These results can be used to construct a new basis for C" 
such that the matrix representation of A with respect to this new basis. is 
in the Jordan canonical form J. We characterize J in the following result: 
For every complex II x II matrix A there exists a nonsingular matrix P 
such that the matrix 

is in the c.'monica! form 

]. (1.3) 
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where Jo is a diagonal matrix with diagonal elements l., ... , A." (not 
necessarily distinct). i.e., 

Jo = [l. . .. 0]. 
o l. 

and each J p is an lip x I.p matrix of the form 

[

A.UP I . 0 
_ 0 lllp I 

J p -: : •• . . . 
o 0 ... 

p = I •... , s, 

where ).up need not be different from ~'l+4 if p:l: q and k + nl + ... + 
n. = /I. The numbers ).it i = I, ... , k + s, are the eigenvalues of A. If )., 
is a simple eigenvalue of A, it appears in the block Jo. The blocks Jo• J I , • •• , 

J. are called Jordan blocks and J is called the Jordan canonical form. 
Note that a matrix may be similar to a diagonal matrix without 

having simple eigenvalues. The identity matrix E is such an example. Also. 
it can be shown that any real symmetric matrix A or complex self·adjoint 
matrix A has only real eigenvalues (which may be repeated) and is similar 
to a diagonal matrix. 

We now give a procedure for computing a set of basis vectors 
which yield the Jordan canonical form J of an II x /I matrix A and the 
required nonsingular transformation P which relates A to J: 

l. Compute the eigenvalues of A. Let ). ..... ,;.,. be the 
distinct eigenvalues of A with multiplicities n •• •••• n"" respectively. 

2. Compute n. linearly independent generalized eigenvectors 
of A associated with ).. as follows: Compute (A - l.En)' for i = 1,2, ... 
until the rank of (A - ).\ En)· is equal to the rank of (A - ).. E"t +I. Find a 
generalized eigenvector of rank k, say u. Define ", = (A - )..E .. )"-'." 
; = I, ... ,k. If k = " •• proceed to st~f_ 3. If k < II" find another linearly 
independent generalized eigenvector With the largest possible rank; i.e., try 
to find another generalized eigenvector with rank k. If this is not possible, 
try k - I, and so forth. until n \ linearly independent generalized eigenvectors 
are determined. Note that if peA - ).,E..) = r, then there are totally (II - r) 
chains of generalized eigenvectors associated with ).,. 

3. Repeat step 2 for ).2, •.• , ;.,.. 
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4. Let "1' ... , "i, ... be the new basis. Observe, from (1.2), 
that 

Au, = A,u, = [u,u, ..• u • •.. ) [fJ' 

A"z =". + Al"] = [II I I1Z·· ."" ••• J I • 
AI 
o 

o 

o 

)., - kth position, 
o 

o 

which yields the representation of A with respect to the new basis 

J= 

o It 
o AI I I 
,----------'-~-I 

k I I 
'---"'I 

Note that each chain of generalized eigenvectors generates a Jordan block 
whose order equals the length of the chain. 

S. The similarity transformation which yields J = Q-l AQ is 
given by Q =[U., ... ,u" •.. . J. 
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6. Rearrange the Jordan blocks in the desired order to yield 
(1.3) and the corresponding similarity transformation P. 

Example 1.1. The characteristic equation of lhe matrix 

3 -1 0 0 
-1 -1 0 0 

.A = 0 0 2 0 1 1 
0 0 0 2 -1 -1 
0 0 0 0 
0 0 0 0 

is given by 

det(A - AE) = (.l. - 2)5.l. = O. 

Thus. A has eigenvalue 12 = 2 with mUltiplicity 5 and eigenvalue A.1 = 0 
with mUltiplicity 1. 

Now compute (A - A.2Ei, i = 1, 2, ...• as rollows: 

1 -1 0 0 
1 -1 -1 -1 0 0 

(A - 2E) = 
0 0 0 0 1 

and p(A - 2E) = 4. 
0 0 0 o -1 -1 
0 0 0 o -I 
0 0 0 0 I -1 

0 0 2 2 0 0 

0 0 2 2 0 0 

(.4 - 2E)2 = 
0 0 0 () () () 

p(A - 21W = 2, 
0 () 0 0 

and 
0 0 
0 0 0 0 2 -2 
0 0 0 o -2 2 

0 0 0 0 0 0 
0 0 0 0 0 0 

(A - 2E)3 = 0 0 0 0 0 0 
and p(A - 2E)3'= I. 

0 0 0 0 0 0 
0 0 0 o -4 4 

0 0 0 0 4 -4 
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0 0 0 0 0 0 
.0 0 () 0 0 0 

(A - 2£)4 = 0 0 0 0 0 0 
and p(A - 21::)4 = I. 

0 0 0 0 0 0 
0 0 0 0 8 -.8. 
0 0 0 o -8 8 

Since II(A - 2£)3 = p(A - 2£)4, we stop at (A - 21::)3. It can be easily 
verified that if u = [0 0 1 0 0 O]T, then (A - 2£)3U = 0 and (A - 2£)2U = 
[2 2 0 0 0 O]T =f:. O. Therefore, u is a generalized eigenvector of rank 3. So 
we define 

"I A (A - 2E)2U = [2 2 0 0 0 oy, 
u2 A (A-2£)II=[1 -1 () 0 0 0]1", 

UJ A U = [0 0 1 0 0 O]T. 

Since we have only three generalized eigenvectors for ).2 = 2 
and since the multiplicity of ).2 = 2 is five, we have to find two more linearly 
independent eigenvectors for ).2 = 2. So let us try to find a generalized 
eigenvector of rank 2. Let v = [001 -I ttY. Then (A - 2£)v = 
[002 -20 oy =f:. 0 and (A - 2E)2V = O. Moreover, (A - 2E)v is linearly 
independent of "1 and hence, we have another linearly independent gener­
alized eigenvector of rank 2. Define 

V2 A v = [0 0 1 - 1 I]T 

and 

1'1 = (A - 2E)v = [0 0 2 - 2 0 O]T. 

Next, we compute an eigenvector associated with A I = O. Since 
w = [00001 _1]1" is a solution of (A - A1E)w = O. the vector w will do. 

Finally, with respect to the basis WI' "l> "2. U3, vlt V2, the 
Jordan canonical form of A is given by 

J= 

~J_~-~--l!.l 0 0 3!.f'!>--"!!"-_<!'., 0 0 
o I 2 1 0 I 0 0 0 1).2 1 0 I 0 0 
o I 0 2 1 1 0 0 = 0 I 0 A2 1 I 0 0 

o Ll!._~ __ ~l~ __ O... 0 l.!1---l!.-~!tt-Q--~-l 
o 0 0 0 12 11 0 0 0 0 f A,2 I I 
o 0 0 0 I 0 21 0 0 0 0 I 0 A,21 
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and 

0 2 I 0 0 0 
0 2 -I 0 0 0 

p= [w vz] = 0 0 0 
II. liZ 113 v. 

0 0 0 
1 2 
o -2 -I 

0 0 0 0 
-1 0 0 0 0 

The correctness or I' is easily checked hy t:omputing I'} = AI'. 

3.2 LINEAR HOMOGENEOUS AND NONHOMOGENEOUS SYSTEMS 

In the present section, we consider linear homogeneous systems 

X' = A(I)x (LH) 

and linear nonhomogeneous systems 

X' = A(t)x + ge,). (IN) 

In Chapter 2, Theorem 6.1, it was shown that these systems, subject to initial 
conditions x(t) = {, possess unique solutions for every (r, {) E D, where 

D = {(I,X):t E J = «(I, b). x E R" (or x E C")}. 

These solutions exist over the entire interval J = (a, b) and they depend con­
tinously on the initial conditions. In applications, it is typical that J = ( - 00,­

(0). We note that t/1(I) == 0, for all t E J, is a solution of (LH), with t/1(t) = o. 
We call this the trivial solution of (lH). 

Throughout this chapter we consider matrices and vectors 
which will be either real valued or cp!Dplex valued. In the fonner case, 
the field of scalars for the x space is the field of real numbers (F = R) and 
in the latter case, the field for the x space is the field of complex numbers 
(F= C). 

Theorem 2.1. The set of solutions of (lH) on th~ interval J 
forms an II-dimensional vector space. 
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• 
Proof. Let V denote the set of all solutions of (LH) on J. Let 

a •• a2 E F and let"',,"'1 E V. Then a."'. + a2tf12 E V since 

jl- [IX."'.(t) + IX2t/l2(/)] = a. dl "',(1) + IX2 dd t/l2(t) 
,t ~t 1 

= IX1A(t)t/l.(t) + IX2A(t)t/l2(t) = A(t)[a."'I(t) + IX2"'2(/)] 

for aliI E J. Hence. V is a vector space. 
. To complete the proof. we must show that V is of dimension 

n. This means that we must find n linearly independent solutions t/ll' ...• t/l. 
whidl span V. To this end. we choose a set of" linearly independent vectors 
~., •••• ~n in the n-dimensional x SplU."C (i.e .• in RIO or C"). Uy the existence 
results of Chapter 2, ih e J, then there exist Il solutions t/l ...... t/l. of (LH) 
such that t/l.(T) = ~I".' • t/J.(T) = ~". We first show that these solutions are 
linearly independent If on the contrary these solutions are linearly depen­
dent, then there exist scalars IXI ••••• IX. e F, not all zero. such that 

II 

L IX""I(t) = 0 
. 1=. 

for all 1 e J. This implies in particular that 

" II L IX,tfI,(T) = L 1X,e, = o. 
,~. 1=. 

But this contradicts the assumpti<;!n that {e •• ••.• ':,,} is a linearly indepen­
, dent set. Therefore. the solutions ", ...... t/J" are linearly independent. 

Finally. we must show that the solutions ", ...... t/l. span V. 
Let t/l be any solution of (lH) on the interval J such that t/l(T) = ,:. Then 
there exist unique scalars IX ..... , IX" e F such that 

since by assumption, the vectors':., ...• ,:" form a basis for the x space. Now 
II 

t/I = L IX,4I, 
1=. 

is a solution of (lH) on J such that t/I(T) = ,:. But by the uniqueness results 
of Chapter 2, we have 

II 

t/l = t/I = L IX,"'I· ,-. 
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Since 4> was chosen arbitrarily, it follows that the solutions 4> It ••• ,4>. span 
v .• 

Theorem 2.1 enables us to make the following definition. 

Def/nll/on 2.2. A set of " linearly independent solutions of 
(LH) on J, {4>I"" ,4>,,}, is called a fundamental set of solutions of(LH) and 
the II x II matrix 

c1> = [4>1 tbz'" 4>1f] 
is called a fundamental matrix of (LH). 

In the sequel, we shall find it convenient to use the notation 

[
tbll 4>12 ..• 4>1"] 

ell = [4>1 4>1 ... tbJ= 4>fl 4>fl ... 4>f" 

,p". 4>"z 4>." 
for a fundamental matrix. Note that there are infinitely many different 
fundamental sets of solutions of (LH) and hence, infinitely many different 
fundamental matrices for (LH). We shall first need to study s,?me basic 
properties of a fundamental matrix. " 

In the following result, X = [xlj] denotes an n x "matrix and 
the derivative of X with respect to t is defined as X' = [x;J]' If ACt) is the 
" x " matrix given ill (LH), then we call the system of ,,1 equations 

X' = A(t)X (2.1) 

a matrl'x (differential) equation. 

Theorem 2.3. A fundamental matrix ell Qf (LH) satisfies the 
matrix equation (2.1) on the interval J. .. 

Proof. We have 

ell' = [4>'.,4>i, ... ,tb~] = [A(t)4> .. A(t)tbz.··· ,A(t)tblf] 

= A(t)[tb •• tbl,'" ,tb .. ] = A(t)c1>. • 

The next result is called Abel's formula. 

Theorem 2.4. If c1> is a solution of the matrix equation (2.1) 
on an interval J and if t is any point of J, then 

det c1>(t) = det c1>(t)exp[ f.' tr A(S)JSJ for every t'e J. 
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Proof. 1fcJ) = [q,IJ and A(t) = [aiAt)], then 
• 

q,;J = L ail(t)q,lJ. 

Now 

q,i I q,iz 

~ [det~(t)] = !ZI q,zz 
dt : 

q,"1 q,.z 
q,,, q,12 

+!lI q,zz 

.. • 

k=l 

lPi.. q,,, 1/112 
!z. + !21 q,2Z 

q,,.,; q,,,1 q,ltZ 

q,1" 
t/1ZIt 

" L au(t)q,u L au;(t)q,u L 
1=1 1;"1 i-I 

q,ZI q,zz 

q,,,1 q,.z 
q,,, q,12 

It It 

L a21(t)q,u L a21(t)q,u 
i=1 II" I 

+ q,31 q,32 

q,,,, q,,.z 

4'11 q,u 
q,lI q,zz 

+ q,"-1.1 q,"-I. Z 
.. • L a •• (t)q,u L a",,(t)t/>u 

l'" 1&=1 

a .. (/)I/I.".(t) 

q,z. 

q,,.. 

q,1" 

" L a21(t)q,'1t 
."1 

q,31t 

q,,,. 

4,," 
q,Zft 

q,.-,." 

" L alll(l)q, .. .-1 

91 

+ ... 

The first term in the foregoing sum of determinants is unchanged if we 
subtract from the first row 

(au times the second row) + (au times the third row) 

+ ... + (a," times the 11th row). 
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This yields 

4>'11 4>'12 lP'lft °11(t)lP •• 01l(t)lPu UII(t)lPlft 

q,21 4>22 4> 2ft 4>21 lPu lP2. = 
4>.1 lPn2 cpu lPn. cPlI2 cPu 

= 0ll(t)det eIl(t). 

Repeating this procedure for the remaining terms in the above sum of deter­
minants. we have 

II 
dr [detell(t» = o,l(t)detell(t) + Ull(t)detell(t) + ... + a,..(t)detell(t) 

= [trace A(t)] det cJl(t). 

But this implies that 

detell(t) = detell(t)exp[f: traceA(s)dSl • 

It follows from Theorem 2.4. since t is arbitrary. that either 
det eIl(t) .;: 0 for each t E J or that det eIl(t) = 0 for every t E J. 

The next result allows us to characterize a fundamental matrix 
as a solution of (2.1) with a nonzero determinant for all t in J. 

Theorem 2 5. A solution ell of the matrix equation (2.1) is a 
fundamental matrix of (LH) if and only if its determinant is non7.ero for all 
t E J. 

Proof. Suppose that ell = [4>1.4>2 •... ,4>,,] is a fundamental 
matrix for (LH). Then the columns of ell. 4>1' ...• 4> •• form a linearly inde­
pendent set. Let lP be a nontrivial solution of (LH). By Theorem 2.1 there 
exist unique scalars a I' •..• IX" E F, not all zero. such that 

or 

where aT = [al' ...• aft]. Let t = t E J. TpJ'n we have 

4>(t) = cJl(t)a, 

a system of n linear (algebraic) equations. By construction, this system of 
equations has a unique solution for any choice of q,(t). Hence. del eIl(t} :/= O. 
It now follows from Theorem 2.4 that detell(t):/= 0 for any t e J. 

Conversely, let ell be a solution of the matrix equation (2.1) 
and assume that det cJl(t) :/= 0 for all t E J. Then the columns of~, 4>1' ... ,4>., 
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are linearly independent (for all t E J). Hence, cJ) is a fundamental matrix 
of(LH) .• 

Note that a matrix may have its determinant identically zero 
on some interval, even though its columns are linearly independent. For 
example, thc columns of the matrix 

[
' t t2] 

cJ)(t) = 0 2 t 

000 

arc lincarly independent, yet det '''(t) = 0 for ;111 t c (- 00, (XJ). According to 
Theorem 2.5. this matrix $(t) cannot be a solution of the matrix equation 
(2.1) for any continuous matrix A(t). 

we have 

Example 2.1. For the system of equ;llions 

.'t', = Sx, - 2x1 , 

xl = 4.'(, - Xl. 

[s -2] A(t) E A = 4 -1 for all t E (- 00, (0). 

Two linearly independent solutions of (2.2) are 

"'.(t) ... [:::} "'2(t) = [2~J. 

(2.2) 

The reader should verify that ",. and "'1 are indeed solutions of (2.2). We 
now have 

$(t) = [::: 2~J 
which satisfies the matrix equation $' = A$. Moreover, 

det$(t) = e4 • #: 0 for all t E (- 00,.(0). 

Therefore, CfJ is a fundamental matrix of (2.2) by Theorem 2.5. Also, in view 
of Theorem 2.4 we have 

det$(t) = detCfJ(T)exp[S: tmceA(S)t/S] 

= e4r exp[ f.' 4'1.~] = e4re41.-r) = (.'4' 

for alit E (- 00, (0). 
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we have 

Example 2.1. For the system of equations 

. A(t) = [~ !] 
-

X~ = Xz, 
xi = I.'(z, 

for all t E (- 00, (0). 

Two linearly independent solutions of (2.3) are 

[f.' t!"/z dl,] 
q,z(t) = r • 

cI'/2 

The matrix 

fb(t) = [ 1 f.' e"l/: dl,] 
o e'l/Z 

satisfies the matrix equation fb' = A(f)fb and 

det 4»(1) = e"/2 for all 1 E ( - 00, (0). 

(2.3) 

Therefore, fb is a fundamental matrix of (2.3). Also, in view of Thcorem 2.4, 
we have 

detfb(t) = detfb('f)exp[f.' traceA(S)dS] 

= e.'/Zexp[S: I,dl,] = e,'/ze'1/Ze-·'/2 = e'1/2 

for aU t E ( - 00, (0). 

Theorem 2.8. If fb is a fundamcntal matrix of (LH) and if C 
is any nonsingular constant. " x " matrix. then fbC is also a fundamental 
matrix of (LH). Moreover, if 'I' is any other fundamental matrix of (LH), 
then there exists a constant II x II nonsingular matrix P such that'll = fbP. 

Proof. We have 

. (fbC)' = fb'C = (A(t)fb)C = A(r}(fbC) 

and hence, fbC is a solution of the ~atrix equation (2.1). But 

det(fbC) = del fb det C '" O. 

By Theorem 2.S, fbC is a fundamental matrix. 
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Next, let 'JI be any other fundamental matrix. Consider the 
produ(.i cI»-I'JI. Notice that since det cI»(t) ,p 0 for all t E J. then 0- 1 exists 
for all t. Also, coo-- I = E so by the Leibnitz rule cI»'<J,I- 1 + cI»(0 - 1)' = 0, or 
(<1,-1)' = _<J,I-I$'<J,I-I. Thus, we can compute 

($ - I 'JI)' = <J,I- I 'JI' + (<J,I-I)''JI = <J,I- 1 A(I)'JI - (<lI- 1 <J,I'<J,I- I)'JI -'. 
= <lI-IA(t)'JI- (<l>-lA(t)«lKb-I)'JI = 0- I A(I)'JI- <lI-IA(t)'JI = O. 

Therefore 

<lI-I'JI=p or 'JI = <liP. • 
Example 2.9. For the system of equations (2.2) given in Exam­

ple 2.6, we call find the fundamental matrix 'JI which satisfies the initial 
condition. 

'JI(O) = [~ ~J = E 

as follows. To fino e such that 'JI = <lie, we must have '11(0) = E = <lI(O)C 
or e = 0- 1(0). Thus, for (2.2) take 

e = [1 IJ-I = [ 2 -IJ 
1 2 -1 1 

ano 

[ (2e3' - e') ( - e31 + e') J 
'JI(t) = (2e3' _ 2e') ( _ e31 + U) . 

We are now in a position to study the structure of the solutions 
of (LH). In doing so, we need to introduce the concept of state transition 
matrix. In the following definition, we use the natural basis {e It t'l' ...• e.} 
,which was defined in (1.1) in Section 3.1. 

Definition 2.10. A fundamental matrix $ of (LH) whose col­
umns are determined by the linearly independent solutions tPl ••.• ' r!I. with 

r!ll(t) = el.' .. , tb.(t) = e., tEJ, 

is called the state transition matrix $ for (LH). Equivalently, if '" is u"Y 
fundamental matrix of (LII), then the matrix <lI determined by 

<J,I(I. 't') A 'JI(t)'JI-1('t') for all t. 't' E J, 

is said to be the state transition matrix of (LH). 
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Example 2.11. For system (2.2) of Example 2.6, a fundamental 
matrix is given by 

and [
2 -3, 

'f'-I(I)= e_, 
-e 

The state transition matrix of (2.2) is now given by 

-3'J -e 
e-' . 

[
2e3/1-I) - (/-1 _el('-I) + (/-1 ] 

cI>(t, t) = 'f'(t)'f'-I(t) = 2e31.-r) -.2(/-' _ell'-I) + 2(/-1 . 

Notc tim I lhe st:ltc transitioll matrix of (LH) is uniquely 
determined by the matrix A(t) and is independent of the particular choice of 
the fundamental matrix. For example, let '1'1 and 'f' 2 be two different fun­
damental matrices for (LH). Then by Theorem 2.8, there exists a constant 
" x II nonsingular matrix P such that 'f' 2 = '1'1 P. By the definition of the 
state transition matrix, we have 

q,(t,t) = 'I'2(t)['I'2(t)]-1 = 'f'1(t)PP-I['f'I(t)]-1 = 'I'1(1)[t/lI(t)]-I. 

This shows that cI>(t, t) is independent of the fundamental matrix chosen. 
We now summarize some of the properties of a state transi­

tion matrix and we give an explicit expression for the solution of the initial 
value problem (LH). 

Theorem 2.12. Let T e J, let t!>(T) = ~, and let cI>(t, t) denote 
the state transition matrix for (LH) for all t e J. Then 

(i) l»(t, t) is the unique solution of the matrix equation 

iJ 
~ q,(t, t) AcI>'(t, t) = A(t)q,(t, t) 
(It 

with cI>(t, t) = E, the II x II identity matrix, 
(ii) l»(t, t) is nonsingular for all t e J, 

(iii) for any t, U, T e J, we have 

q,(t, t) = cI>(t, u)cI>(u, T), 

(iv) [cI>(t,t)]-1 AcI>-l(r;'t) = q,(t,l) for all I, t e J, 
(v) the unique solution ,p(I, t,~) of (LH), with ,pet, T,~) = ~ 

specified, is given by . 

t/I(I, t,~) = q,(t, T)~ for all t eJ. (2.4) 

Proof. (i) Let 'I' be any fundamental matrix of (LH). By 
definition, we have cI>(t, t) = '1'(1)'1'- I(T) (independent of the choice of'll) . 
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and 

Furthermore, ct>(1',1') = '1'(1')'1'-1(1')'= E. 
(ii) Since for any fundamental matrix 'I' of (LH) we have 

det '1'(1) oF 0 for all I e J, it follows that 

det cD(I, 1') = det '1'(1)'1'-1(1') = det 'I'(I)det 'I'-I(t) oF 0 

for all t. r f' J. . 
(iii) For any fundamental matrix 'I' of(LH) and for the slate 

transition matrix cJ) of (LH), we have 

ct>(t,1') = 'I'(I)'I'-I(t) = 'I'(I)'I'-I(O')'1'(O')'I'-I(t) = $(t,O')ct>(O'.1') 

for any I, a, l' e J. 
(iv) For any fundamental matrix ct> of (LH) and for the state 

transition matrix ct> of (LH). we have 

[ct>(I,1')]-1 = ['1'(1)'1'(1')-1]-1 = 'I'(t)'1,-I(I) = ct>(1',t) 

for any t. l' e J. 
(v) By the uniqueness results in Chapter 2, we know that 

for every (t,~) e D, (LH) has a unique solution </J(t) for all 1 e J with </J(t) = ~. 
To verify that (2.4) is indeed this solution, note first that q,(t) = ct>(t, 1')~ = ~. 
Differentiating both sides 0[(2.4), we have 

</J'(I) = $(1, 1')' ~ = A(I)ct>(I, t)~ = A(t)</J(t) 

which shows that (2.4) is the desired solution. • 

In engineering and physics applications, </J(I) is interpreted as 
representing the "state" of a (dynamical) system represented by (LH) at 
time I lind </J(t) = ~ is interpreted as representing th~ "state" at time 1'. 
In (2.4), ct>(I,t) relates the "states" of (lH) at 1 and t. This explains the name 
"state transition matrix." 

Example 2.13. For system (2.3) of Example 2.7 a fundamental 
matrix is, given by 

[
I f: e"'/l (111] 

ct>(t) = . 

o e'l/l 
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Therefore 

_e-,lll f.' f!l l il d"J. 
e-,lll 

The state-transition matrix for (2.3) is now given by 

Now suppose that "'(t) = ~ = [I, I]T. Then 

Finally note that 

In the next result, we study the structure of the solution of the 
linear nonhomogeneous system 

x' = A(I)x + g(I). . (LN) 

Theorem 2.14. Let"t E J, let (T,~) ED, and let cJ)(I, T) denote 
the state transition matrix for (LH) for all t E J. Then the unique solution 
"'(t, t, e) of (LN) satisfying "'(t, T, e) = e is given by 

",(I, T, e) = cJ)(I, t)~ + f.' cJ)(t, ',)g"" (/". (2.5) 
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. Proof. We prove the theorem by first verifying that f/l given 
in (2.5) is indeed a solution of (LN) with (Mf) = ~. DilTerentiating both sides 
of (2.5) with respect to t we have 

q,'(t, t,~) = ct>'(t, t)e + ct>(t,t)g{t) + f.' ct>'(t,'OO('OcJ'l 

= A(t)ct>(t, t)~ + y(l) + f.' A(r)ct>(t,'"Y('lJd'l 

= A(l)[ct>(t, t)~ + f.' ct>(I,")9('Od'lJ + y(l) 

= A(I)q,(I, T,~) + get). 

From (2.5) we also note that 4>(t, t,~) = ~. Therefore, q, given in (2.5) is a 
solution of (L;N) with q,(-r) = e. By uniqueness it follows that q, is in fact the 
unique solution. • 

Note that when ~ = 0, then (2.5) reduces to 

q,p(l) = S: ct>(t,II)Y('Od" 

and when ~ '# 0 but y(l) == 0, then (2.5) reduees to 

4>,,(1) = ct>(t, t)~ .. 

Therefore, the solution of(LN) may be viewed as consisting of a component 
which is due to the initial data e. and another component which is due to 
the "forcing term" yet). This type of separation is in genera) possible only 
in linear systems of dilTerential equations. We call t/J,. a partieular solution 
of the nonhorrwgenous system (LN). 

We conclude this section with a discussion of the adjoint 
equation. Let ct> be a fundamental matrix for the linear homogeneous system 
(LH). Then 

(fIJ- J), = -ct>-lct>'ct>-J = -ct>-lA(I). 

Taking the conjugate transpose of both sides, we obtain 

(fIJ* - J)' = - A *(r)cI>* -1 • 

This implies that fl,· -I is a fundamental matrix for the SysteJ11 

y' = -A*(t)y, 1 eJ. 

We call (2.6) the adjoint to (LH), and we call the matrix equatIon 

Y' = -A*(t)Y. t e J, 

the adjoint to the matrix equation (21). 

(2.6) 
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Theorem 2.15. lfCf) is a fundamental matrix for (LH), then'!' 
is a fundamental mutrix for its adjoint (2.6) if and only if 

'I'*tl) = C, (2.7) 

where C is some constant nonsingular matrix. 

Proof. let tl) be a fundamental matrix for (lH) and let'!' be a 
fundamental matrix for (2.6). Since tl)*-I is a fundamental matrix for (2.6), 
then by Theorem 2.8 there exists a constant n x n nonsingular matrix P 
such that 

Therefore 

'I'.Cf) = p. ~ C. 

Conversely, let tl) be a fundamental matrix for (LH) which 
satisfies (2.7). Then 

'1'. = Ctl)-l or 

~y Theorem 28, 'I' is a fundamental matrix of the adjoint system (2.6). • 

3.3 LINEAR SYSTEMS WITH CONSTANT COEFFICIENTS 

For the scalar differential equation 

x' = ax, x(t) =~, 

the solution is given by cf>(t) = e""-~)~. In the present section, we-show that 
A ,similar result holds for the system of linear equations with constant 
c:oefficien ts, 

x'=Ax. (l) 

Jpecifically, we show that (l) has a solution of the form cf>(t) = eA('-~)~ with 
t!>(t) = ~. Before we can do this, howcw,;' we need to define the matrix eA. 

and discuss snme of its properties. We first require the following result. 

Theorem 3.1. Let A be a constant n x n matrix which may 
be real or complex. let SN(I) denote the partial sum of nlatrices defined by 
the formula 
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Th~n each element of the matrix SN(r) converges absolutely and uniformly 
on any finite I interval ( - II, tl), II :-> 0, us N -+ ,1). 

Proof. The properties of the norm given in Section 2.6 imply 
that 

or. 

:$; n + L (aIAltlk! = (II - t) + exp(aIAI)· 
lK I 

. , 
By the Weierstrass M test (Theorem 2.1.3), it follows that SN(I) is a Cnuchy 
sequence uniformly on ( - a, al. • 

Note that by the same proof, we obtain 

S'~l) = ASN-I(l) = SN_I(t)A. 

Thus, the limit of SN(t) is a C l function on (- to, to). Moreover, this limit 
commutes with A. . 

In vieW.ofTheorem 3.1, the following definition mak~s sense. 

Deflnillon 3.2. Let A be a constant If x If matrix which may 
be real or complex. We define eA' to be the matrix 

GO t1 
eA'=E+ L -At 

1=1 k! 
for any - to < t < to. 

We note in particular that eA'I,.o = E. 
In the special case when A(t) == A, system (LH) reduces to 

system (L). Consequently, the results of Section 3.2 are applicable to (L) as 
well as to (Ui). However, because of the special nature of (L), more detailed 
information can be given. 

Theorem 3.3. Let J = (-~,to), l' E J, and let A be a given 
constant n x II matrix for (L). Then 

(i) <P(t) A eA' is a fundamental matrix for (L) for r E J. 
(ij) The state transition matrix for (L) is given hy 

<P(I,T) = e-4('-" A «D(I- 1'), t E J. 

(iii) eA'IeA'1 = eA('1 +'1) for all 'I' t 2 E J. 
(iv) AeA' = ('AlA for all t E J. 
(v) (eA~-I=e-AlforaIlIEJ. 

(vi) The unique solution t/J of (L) with t/J(1') = ~ is given by 

(3.1). 
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Proof. By Definition 3.2, we have 

... ,i 
eA,= E+ L _Ai 

'=1 k! 
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for any t E ("- 00, (0). By Theorem 3.1 and the remarks following its proof, we 
may differentiate this series term by term to obtain 

dd reA'] = lim ASN(r) = lim SN(t)A = AeA' = eA'A. 
I N~"" N""" 

Thus, cIt(l) A eA' is a solution of the matrix equation 

$'=A4». 

Next, observe that cIt(O) = E. It follows from Theorem 2.4 that 

det [eA'] = e'.eect"') ¢ 0 for all t E ( - 00, (0). 

Therefore, «Il(,) = eA' is a fundamental matrix for (L). This proves parls (i) 
and (iv). 

In proving (iii). note that for any t" t 2 E R we have. in view of 
Theorem 2.12 (iii) that 

cIt(I" (2) = cIt(1 ,. 0)$(0, (2)' 

By Theorem 2.12(i) we see that cIt(l. t) solves (L) with «Il(t. t) =z E. It was 
just proved that '1'(1) - eAC'-:-1) is also a solution. By uniqueness, it follows 
that CIJ(I.t) = eA('-Y). For I = I,. or = -12, we now obtain 

eAt" ·,z) = cIt(t 10 - 1 z) = CIJ(I ,)$( - ,2)-1. 

and for r = I,. t = 0, we have 

cIt(II'O) = eA" = cIt(II)' 

Also, for, = O. t = -':z. we get 

Thus 

cIt(O, - (2) = e'zA = cIt( -/2)-1. 

eAt •••• z) = ("A"eA,z for all 11.12 E R. 

To prove the second part, note that by (iii) 

.., (I - tt 
cIt(I. t) A eAt'-f) = E + L _. -j _. At = cII(t - t} 

'=1 k. 
is a fundamental matrix for (l) with cIt(t, t) A «Il(O) = E. As such, it is a state 
transition matrix for (L). 
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Part (v) follows immediately by observing that 

eA'eAt-') = eA('-1) = E. 

To verify (vi), differentiate both sides of (3.1). Then 

q,'(t) = [eA(I-r)]'~ = AeA~::.r'~ = Aq,(e), 
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and "'('r) = E~ = ~. This shows that (3.1) is a solution of (L). It is unique 
by the results of Chapter 2. • 

Notice that the solution (3.1) of(L) such that q,('r) = ~ depends 
on t and 't only via the difference I - 'to This is the typical situation for gen­
eral autonomous systems which satisfy uniqueness conditions. Indeed, if 
q,(t) is a solution of 

X' = F(x), x(O) =~, 

then clearly "'(t - 'f) will be a solution of 

x' = F(x), x('f) =~. 

Next, consider the "forced" system of equations 

x' = Ax + get) (3.2) 

.where g:J ..... RR is continuous. Clearly, (3.2) is a special case of (LN).In view 
of Theorem 3.3 (vi) and Theorem 2.14. it follows that the solution of (3.2) 
is given by 

"'(I) = eA1,-r'q,('f) + f: eA1'-"g(")d,, 

= eAI'-r'~ + eA' f: e-A'g(,,)d1l. (3.3) 

While there is no general procedure for evaluating the state 
transition' matrix for a time-varying matrix A(t). there are several such pro­
cedures for determining eA' when A(I) == A. We devote the remainder of this 
sectiQn to this problem and to solving (L) and (3.2). 

We assume that the reader is familiar with the basics of Laplace 
transforms. If f(l) = [11(0 • ... ,f,.{t)]T. where J.: [0. (0) ..... R. i = I •...• n. 
and if each Ji is Laplace transformable, then we define the Laplace transform 
of the vC(."tor f componentwise, i.e .• 

l(s) = [f1(S) •• •. • J..(sW. 
where 

l,(s) = 2'[1,(1)] ~ fo"" Ji(t)e-51 de. 

We define the Laplace transform of a matrix C(t) = [c,,,(t)] 
similarly. Thus. if each c/j:[O. (0) ..... Rand if each c,;is Laplace transfonilable. 
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then the Laplace transform of C(t) is defined by 

C(s) = ~[clj(t)] = [..2'c,j(t)] = [c,j(s)]. 

Now consider the system 

X' = Ax, x(O) =~. (3.4) 

Taking the Laplace transform of both sides of(3.4), we obtain 

siCs) - ~ = Ai(s) or (sE - A)i(s) = ~ 
or 

xes) = (sE - A) -I~. (3.5) 

It can be shown by analytic continuation that (sE - A)-I exists for all s, 
except at the eigenvalues of A. Taking the inverse Laplace trllnsform..of(3.5), 
we obtain for the solution of (3.4), 

tb(t) = ~-I[(sE - A)-I]~ = 4'(t,O)~ = eA'~. (3.6) 

It follows from (3.4) and (3.6) that 

&(5) = (sE - A)-I (3.7) 

and 
(3.8) 

Finally, note that when the initial time T ::F 0, we can immediately compute 
4'(t. T) = 4'(t - T) = eA,,-r). 

Exampl_ 3.4. For the initial value problem 

x'i = -XI + X2' 

.~i = -2X2' 
we have 

and 

and 

(sE - A) = [s +0 1 -I ] 
s+2 

[ 

1 
s+l 

&(s)=(sE-A)-I= 0 

XI(O) = 1, 

X2(O) = 2, 

1 1] S+~+2 

s+2 
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Therefore 

"'(/) = [<!J.(I)] = [e-' e-' - e-l'][l] = [3e-' - 2e- Z
'] 

.,' <!Jz(l) 0 e- z, 2 2e- z•• 
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Now if we replace the original initial conditions by x.{l) = I, 
Xl(l) = 2, then we obtain for the solution 

= [<!JI(t)] = [e-I'-l) e-(l-I) - e- 2(1-I'][1] 
4>(1) <!Jl(l) 0 e-1', -I) 2 

= [3/.-"-1) _ 2,.-ZIl-II] 
2e-zll- II • 

Next, let us consider a "forced" system of the form 

X' = Ax + ge,), x(O) =~, (3.9) 

and let us assume that the Laplace transform of g exists. Taking the Laplace 
transform of both sides of (3.9), yields 

s_~(s) - ~ = Ax(s) + O(s) or (sE - A)X(s) = ~ + O(s) 

or 

xes) = (sE - A) - I ~ + (.'iE - A) - 10(S) = ~(s)~ + ~(s)O(s) 
A ~.(s) + ~,,(s). (3.10) 

Taking the inverse Laplace transform of both sides of (3.1 0) and using (3.3), 
!'Ie obtain .. 

<!J(t) = 4>,,(1) + <!J,,(t) = .2'-I[(sE - A)-I]~ + .2'-I[(sE - A)-IO(s)] 

= cIl(t,O)~ + f~ cIl(t - ")g(,,)d,,. 

Therefore, 
4>,(t) = fo tI)(1 - ")g(,,)d,,, 

as expected (i.e., convolution of tI) and 9 in the time domain corresponds to 
multiplication ofc) and 0 in the s domain). . 

where 

Example 3.5. Consider the "forced" system of equations 

X'I = -XI + Xl. 

xi = - 2Xl + U(I). 

XI(O) = -I, 

xz(O) = 0, 

U(I) = 1 

=0 

for 1>0, 
elsewhere. 
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In view of Example 3.4, we have 

~.(t) = [e~' e-'e-=Z~-Z'][ -~] = [ -~-J 
Also. in view of Example 3.4. we have 

and 

[~ + le-z, - e-'] 
tP,(t) = ! _ !e- 2, • 

Therefore. 

[1 - 2e- I + !e- 1'] 
tP(t) = tP.(t) + tP,(t) = ! _ !e-1, • 

We now present a second method or evaluating eA, and of 
solving initial value problems (L) and (3.2). Th"is method involves the trans­
formation of A into a Jordan canonical form. 

Let us consider again the initial value problem (3.4). Let P be 
a real n x n nonsingular matrix, as in Section I.e on the Jordan Corm, and 
consider the transCormation x = Py or equivalently. y = p- I x. Differen­
tiating both sides with respect to t. we obtain 

y' = P-'x' = P-'AP), = Jy, 

The solution of (3.11) is given as 

y(t) = P-'~. (3.11) 

!/I(t) = .!('-·'P-'~. (3.12) 

Using (3.12) and."C = Py, we obtain for the solution or(3.4), 

tP(t) = ptI('-·'p-I"~. (3.13) 

" Now let us first consider the case when A has II diStinct eigen-
values .t, •...• A". If we choose P = [PIoP2 • ••• ,PIIl in such a way that 
PI is an eigenvector corresponding to the eigenvalue Ai' i = I, .. " ,i; then 
the matrix J = P-' AP assumes the rorm 

[A,. 0'] 
J= '. . 

o A~ 
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Using the power series representation 

00 I"J" 
r'=E+ L -kl ' " .. , . 

we immediately obtain the expression 

[
el" -'r 0] 

tI' . 
= 0 '. eA.", • 

We therefore have the following expression for the solution of (3.4): 

[
e-l",-t) 0 ] 

t/J(t) = P ". p-I~. 
o eA.,,(,-t) 
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(3.14) 

(3.15) 

In other words. in order to solve the initial valuc\problem (3.4) by the prescnt 
method (with all eigenvalues of A assumed to be.distinct). one has to deter­
mine the eigenvalues of A. compute fI eigenvectors corresponding to the 
eigenvalues, form the matrix P, and evaluate (3.15). 

In the general case when A has repeated eigenvalues, it is no 
longer possible to diagonalize A (see Section I). However, we can generate /I 
linearly independent vectors "It .... ""and an" x n matrix P = ["I' "1' ...• ".] 
which transforms A into the Jordan canonical form. Thus J = p- I AP. Here 
J is block diagonal of the form 

J =[JO JI OJ. 
o J. 

J 0 is a diagonal matrix with diagonal elements .A I ••••• A" (nol necessarily 
, distinct), and each J I is an n, x II, matrix of the form 

AJt+1 
AJt+1 

J, = 
0 
0 0 

0 
1 

0 

o 
o 

where AJt+ I need not be different from AJt+ J if i '1= i, and where k + "I + 
... + fl. = fl. 
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Since for any block diagonal matrix 

[CI. 0] 
C= '. 

o C, 
we have 

C" = [C~ . . . 0], 
o cr 

k = 0,1; 2, •.. , 

it follows from the power series representation of~' that 

[

flo, 

eI'= 

o 
As before, we have 

Notice that ror any J" i = 1, ... , S, we have 

J, = Au,E, + Nit 

- 00 < t < 00. 

(3.16) 

where E, is the n, x ", identity matrix and N, is the", x n, nilpotent matrix 
given by ... -

N,- [I I Il 
Since Au/E, and N, commute, we have 

eI" = eA .... "' ... 
Repeated multiplication or N, by it;ii shows that N: = 0 ror all k ~ ",. 
Therefore, the series defining e'N. terminates, and we obtain 

(
I t I",-I/(n,- 1)1] 
o 1 1,,·-2/(n,-2)! 

e'/. = eA, .. I' . . .• . . . . . . 
o . 1 

i = I, ... ,s. 
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From (3.13) it now follows that the solution of (3.4) is given by 

[
e'OI'-.' e',I'-f' 

t/J(t) = P 

o 

o 

] P-I~. 
e'.('-rI 

.. 

(3.17) 

Example 3.6. For the initial value problem of Example 3.4, 
we have· 

A=[-! -!J 
with eigenvalues AI = -I and Az = - 2. A set of corresponding eigenvectors 
is 

and therefore y - Px will diagonalize the equations. Here 

p.=[~ -!J. P~I=[~!J. and J=[-~ -~l 
Using x(O) = [XI(O) Xl(O)]T = [1, 2]T as in Example 3.4, we have 

[::~~~J=Pe'lp-I~=I~ _!J[~-' ~-l,J[~ !JGJ 
= [3e-. - 2e- 21J 

2e- 11 • 

This checks with the answer obtained in Example 3.4. 

Example 3.7. Consider the initial value problem 

X' = Ax, 

where 

-1 o -1 1 3 0 
0 0 0 0 0 0 
2 1 2 -1 -1 -6 0 

A= -2 o -1 2 3 0 
0 0 0 0 0 0 
0 0 0 0 0 1 0 

-1 -1 0 1 2 4 
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Evaluating the characteristic polynomial or A we have ptA) - (I - ~t)'. Fol­
lowing the procedure outlined in Section I to generate the Jordan canonical 
rorm, we obtain 

J = P-1AP, 

where 

I 
I -I 01 0 0 0 0 
o .1 I 10 0 0 0 

=[:' ]-~_'-<> __ !~.!> __ ~_ 0 0 
J2 J= o 0 011110 0 

o 0 0 L~L.L~Q. ... 0 
J, 

o 0 0 0 0 Ll 10 
0 0 0 0 o oTI 

-1 0 o -2 1 0 
0 0 1 0 0 0 3 
1 1 0 2 o -1 1 

P= -1 0 o -2 o -:-2 o , 
0 0 0 0 0 0 
0 0 0 0 0 0 1 
o -1 o -1 0 0 0 

and 

0 0 2 1 4 -2 2 
0 0 1 1 3 -1 0, 
0 0 0 o -3 () 

p-l_ 0 o -1 -1 -3 1 -1 
1 0 o -1 -2 -I 0 
0 0 0 0 .1 0 0 
0 0 0 0 0 1 0 

Then 

... =€[~ t "~] ~2=e'U ~J. 1 , , 
0 1 

0 

e'JJ _ e', 'e'J. _ e', 
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and 

Other methods of computing eAr motivated by such results as 
Sylvester's theorem or the Cayley-Hamilton theorem have been developed. 
We shall give a third method-'of computing eAr which illustrates the use of 
algebraic techniques. Let {A •• Az .... ,l.} be an enumeration of the eigen­
values of A where the AI>' ", l. need not be distinct. Define Af = A-'- AfE 
for i = 1, .•. , n. Now we guess that eA' can be written in the form 

• 
eA' = L P'_lW,(t), (3.18) 

f-I 

where Po = E, PH 1 = A/+ I Pit and the w, are scalar functions to be deter­
mined. Differentiating (3.18), we see that we need to choose the Witt) so that 

• • L wj(t)P'_l = A L w,(t)P'_l' 
f-I i"l 

By the definition of the P,'s and by the Cayley-Hamilton theorem, we have 

i=2,3 •.•• ,n. 
and 

AP._ I = A.P.- It p.=O. 

Thus, we need to choose the w,(t) so that 

• • L w,(t)Pi_ I = L W/(t)(AiPi_ 1 + f',), 
'~I /~I 

or 

for i = 2, 3, ... , '1. 
Also notice that ifw1(O) = 1 and W,(O) = 0 for i ~ 2, then 

• L W,(O)P,_1 = Po = E. 
i-I 

This determines the W, precisely. Indeed, 

wl(t) = ell', WI(t) = I"' el,(r-a'w,_I(s)ds Jo -
for i = 2, 3, ... , II. 



112 3. Linear Systems 

3.4 LINEAR SYSTEMS WITH PERIODIC COEFFICIENTS 

I n the present section, we consider linear homogeneous systems 

x' = A(t)x, -00 < t < 00, (P) 

where the elements of A are continuous functions on R and where 

A(t) = A(t + T) (4.1) 

for some T > O. System (P) is called a periodic system and T is called a 
period of A. 

The proof of the main result of tbis section involves the con­
cept of the logarithm of a matrix, which we introduce by means of the next 
result. 

Theorem 4.1. Let B.be a nonsingUlar n x n matrix. Then there 
exists an n x n matrix A, called the logarithm of B, such that 

eA =B. (4.2) 

Proof. Let ii be similar to B. Then there is a nonsingular 
matrilt P such that p-. BP = ii. If eA = ii, then . 

B = PBP- I = PeAp- i = erAr-'. 

Hence, PA p-. is also a logarithm of B. Therefore, it is sufficient to prove 
(4.2) when B is in a suitable canonical form. 

Let A., ... , At be the distinct eigenvalUes of B with multi­
plicities n., ... , nt. respectively. From above we may assume that B is in 
the form 

Clearly 10gBo is a diagonal matrix with diagonal elements equal to logA,. 
Ir EftJ denotes the nJ x nJ identity matrix, then (B) -l~.J'1 = O,} = 1, ... , k, 
and we may therefore write .. ,_ . 

BJ = lJ( E.J + lJ Ni). Njl == O. 
Note that l) :F 0, since B is nonsingUlar. Next, using the power series ex­
pansion 

.. ( 1)'+1 
)og(1 + x) - I: - x,. ,-I P 

loll < 1. 
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we formally· write 

A) = 10gB} = E"jlog),) + 10g(E"j + ~) N)) 

= E"jlogA) + L .., . ,#:, (-I)P+I (NJ)P 

p=1 P IL) 

j = I, ... ', k. (4.3) 

Note that 10gAJ is defined, since AJ >1= O. Recall that e 101(1 hI = 1 + x. If we 
perform the same operations with matrices, we obtain the same terms. and 
there is no convergence problem, since the series (4.3) for AJ = 10gB) ter­
minates. Therefore we obtain 

Now let 

where AJ is defined in (4.3). We now have the desired result 

eA = [eAO 
• • • 0] = [BO '. 0] = B . 

o eA. 0 B. 
• 

CJ~arly, A is not unique since for example eA+2 .. 'E = eAez", = 
eA for all integers k. .. 

Theorem 4.2. Let (4.1) be true and let A e C( - 00, (0). If 4)(t) 
is a fundamental matrix for (P), then so is 4)(t + T), - 00 < r < 00. More­
over, corresponding to everyg», there exists a nonsingular matrix P which is 
also periodic with period-r'and a constant matrix R, such that 

4)(t) = p(t)e'R. 

Proof. Let '1'(1) = 4)(t + T), - 00 < t < 00. Since 

4)'(1) - ..4(1)4)(1), -00 < t < 00, 
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it follows that 
I 

'P'(t) = «1»'(' + T) = A(t + T)«I»(t + T) "A(t)«I»(t + T), - 00 < t < 00. 

Hence, 'P is a solution of (P), indeed a fundamental matrix, since «I»(t + T) 
is nonsingular for all I E ( - 00, (0). Therefore, there exists a constant non­
singular matrix C such that 

«I»(t + T) = «I»(t)C 
-

(by Theorem 2.8) and also a constant matrix R (by Theorem 4.1) such that 

eTR. = C. 

Therefore 

«I»(t + T) = eD(t)eTR.. 

Now define a matrix P by 

pet) = «I»(t)e-Ul• 

Using (4.4) and (4.5), we now obtam 

pet + T) = «J)(t + T)e-(IH)R. = «I»(i)eTR.e-CI+T)R. = «I»(t)e-IR = pel). 

(4.4) 

(4.5) 

Therefore pet) is nonsingular for all t e ( - 00, (0), and periodic. This con­
cludes the proof. • 

Now suppose that «I»(t) is. known only over the interval 
[tu• 10 + T]. Since «I»(t + T) = «lIlt)C, we have by selling t = to, C = 
«I»(lo)-l«1»(to + T) and R is given by T-1log C. pet) = «I»(t)e-1R. is now 
determined over (0, T). However. P(I) is periodic over ( - 00, (0). Therefore. 
«1»(1) is given over (- 00, (0) by «J)(t) = P(t)e'R. In other words, Theorem 4.2 
allows us to conclude that the determination of a fundamental matrix «lI 
for (P) over any interval of length T, leads at once to the determinatiol} of 
«lI over ( - 00, 00 ). 

Next, let «1»1 be any other fundamental matrix for (P) with 
A(t + T) = A(t). Then «I» = «I»lS for some constant nonsingular matrix S. 
Since «I»(t + T) = «I»(I)eTR, we have eD.(t + T)S = «I»l(t)SeTIl, or 

«I»J(t + T) = eD 1(1)(SeTRS- 1) = eD.(I)eT(SRS-'). (4.6) 

Therefore, every fundamental matrix «111 determines a matrix SeTRS-· which 
is similar to the matrix eTIl. 

Conversely, let S be any ,"'Onstant nonsingular matrix. Then 
there exists a fundamental matrix of (P) such ibat (4.6) holds. Thus, although 
«I» does not determine R uniquely, the set of all fundamental matrices of 
(P), and hence of A, determines uniquely all quantities associated with 
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eTlC which are invariant under a similarity transformation. Specifically, the 
set of all fundamental matrices of A determine a unique s~t of eigenvalues 
of the matrix eTR, l" ... , All' which are called the mUltipliers associated 
with A (or sometimes, the Floquet multipliers associated with A). None of 
these vanish since n l, = det eJ'll =F O. Also, the eigenvalues of R are called 
the characteristic exponents. -". 

Next, we let Q be a constant nonsingular matrix such that 
J = Q - , RQ, where J is the Jordan canonical form of R, i.e., 

[

JO 0 

J = ~ J, 

o 0 

Let t1J, = 4»Q and P, = PQ. From Theorem 4.2 we have 

«1»,(1) = P,(I)e'J and P,(r + T) = P,(t). (4.7) 

Let the eigenvalues of R be p" ... , P •• Then 

[~JO ~JI ~ ] 

e'J = . , 
o 0 iJ· 

where 

... L] 
and 

,2 1"-' 
"2 (r, - I)! 

",-1 • e'J, = e'p." 0 1 
(r, - 2)! 

, i = 1, ... ,.~, q + L r, = n. 
/-1 

0 0 0 

Now l, = eTp,. Thus, even though the P, are not uniquely determined. their . 
real parts are. In view of (4.7), the columns 1/1" ••• ,41. or cD. are linearly 
Independent solutions of (P). Let Ph' .. ,P. denote the periodic column 
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vectors of p •. Then 

tPl(t) = e'Plp.(t), 

tP2(t) = e'PJpz(t), 

tP,(t) = e'p.p,,(t), 

tP,,+ .(t) = e'''+ I P,,+ l(t), 

tP,,+2(t) = e'P4' '(tpt+ l(t) + p,+z(t)), 

q,,.(t) = e,p·+·(r~r~ :)' ~~-r.+ 1(r) +: .. + tP,,_l(t) + p..{t»). 

(4~8) 

From (4.8) it is now clear that whenRe p, ~ IX, < 0, orequiv­
alently, when Ilil < I, then there exists a k > 0 such that 

ItP~t)1 S ke'"" -+ 0 as t ..... + co. 

In other words, if the eigenvalues Pit i-I, ...• n, of R have negative real 
parts, then the norm of any solution of (P) tends to zero as t -+ + co at an 
exponential rate. . 

From (4.5) it is easy to see that AP - 1" = PRo Thus, for the 
transformation 

x = P(t)y. (4.9) 

we compute 

x' = A(t)x = A(t)P(t)y = 1"(t)y + P(t)" = (P(t)y), 

or 

,. = p-l(t)(A(t)P(tt= P'(t))y I: P-I(t)(P(t)R)y = Ry. 

This computation shows that the transformation (4.9) reduces the linear, 
homogeneous, periodic system (P) to 

,. = Ry. 

a linear homogeneous system with constant coefficients. Also note that even 
if A(t) is real (so that C is real). the matricesP(t) and R may be complex. 
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However, if C is real, then C2 does have a real logarithm (refer to the prob­
lems at the end of the chapter). 

Now if (4.1) is true for T, then it is true for 2 T and 

«1>(1 + 2T) == «I>(/)«I>(T)2 == CIt(/)C2• 

By the previous results, there is a real, 2T-periodic matrix S(/) and a real 
constant matrix Q such that 

CIt(/) = S(/)e-Qt. 

Moreover, the real trunsrormation .\" = S(/)y reduces (P) to the real system 

y'= Q) .. 

3.5 LINEAR nth ORDER ORDINARY DIFFERENTIAL EQUATIONS 

In this section, we consider initial value problems described 
by linear nth order ordinary differential equations given by .. 

1'''' + a._.(t)y'"-II + ... + al(l)y(1) + aoCI)Y = b(t), (5.1) 

y'.' + Q,,_ ,(/)Y'''- n + ... + ".(I)y(l' + ao(I)Y = 0, (5.2) 

and 

y'''' + a"-Ay"-II + ... + a.1'11 + aoY = O. (5.3) 

In (5.1) and (5.2) a1 e C(J) and b ee(J) and in (5.3), a1 e R, k = 0, 1, .•.• 
n - 1. If we define the linear differential operator L" by 

d" ,/,,-1 d 
L" = dIn + a,,_.(t) dt"-' + ... + a.(t) dt + ao(t), (5.4) 

then we can rewrite (5.1) and (5.2) more compactly. as 

L"y == bet) (5.5) 
and 

. . ~=~ M 
res~tively. We .can rewrite (5.3) similarly ~y defining a differential operator 

,L in the obvious way. 
Following the procedure given in Chapter I, we can reduce 

the study of Eq. (5.2) to the study of the system of n first order ordinary 
differential equations 

x' == A(I~~! 
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where 

0 0 0 
0 0 0 

A(t) - (5.7) 

0 0 0 
-ao(t) -al(t) --al(t) -a._,(t) 

The matrix given '- (5.7) is frequently called a companion matrix (or.A is 
said to be in companion form). 

Since A(t) is continuous on J, we know that there exists a 
unique solution </1, for all t e J, to the initial value problem 

x' = A(t)x, x(T) = ~, T e J, 

where e = (elt ... ,e.)T e R". The first component of this solution is a 
solution of L"y = 0 satisfying yeT) = elt y'(.r) = ~l' ... , yI"-II(T) = e •. 

Now let </1 It •.• , </1. be n solutions of (5.6). Then we can easiiy 
show that the matrix 

«Il(t) = [~; ~~ . . . ~~] 
</1\""-') </1';"-') •.• </1~,,"-l) 

is a solution of the matrix equation 

X' = A(t)X, (5.8) 

where A(t) is defined by (5.7). We call the determinant of «Il the Wronskian 
Cor (5.6Twith respect to the solutions </11t ••• , </1. and we <;Ieno(e it by 

~I ~l ~" 
</1', t/I'z t/I~ W(t/I" •.. ,</1J = : 

41\" - 1) t/I'r II t/I~. - l) 

Note that, W(</11' ••• ,t/lJ(t) depends on t e J. Since «Il is a solution of the 
matrix equation (5.8), then by Theorem 2.4 we have Cor any T e J, and for 
any t eJ, 

W(</1" ••• ,~J(t) = dct«ll(t) - detCll(f)CXP[J.' tr A(s)ds ] 

== W(</1, •. .. ,~J(T)exp{f. -u._,(S;tts}. (5.9) 
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Before we state and prove our first result, we consider a 
specific example. 

Example 5.1. Consider the second order differential equation 

12y" + Iy' - Y = 0, 0 < t < 00, 
-'r 

which can equivalently be written as 

y" + (111)y' - (1It2)y = 0, 0< 1 < 00. (5.10) 

The functions t/JI(I) = t and t/Jl(t) = lIt are clearly solutions of (5.10). We 
now form the matrix 

cIJ(t) = [t/JI t/J2] = [t lIt J. 
r/J, r/J;' 1 -1/t2 

This yields 

W(r/J I, "'2)(/) = det $(t) = - 2/t, t > o. 
In the notation of (5.7) we have al(/) = lIt, aJI) = -l/t2 and thus a.(s) =;: 

lIS. In view of (5.9), we have for any t > 0, 

W(r/Jhr/J2)(t) = detCl>(t) = W(r/J .. r/J2)(t)exp{s.' -al(S)ds} 

= -(2It~,*/1) - -2/1, I> 0, 

as expet.'ted. 

Theorem 5.2. A set of n solutions of (5.6), r/J •••..• t/J •• is 
linearly independent on J if and only if W(t/J .... • ,q,J(t) =1= 0 for all t E J. 
Moreover, every solution of (5.6) is a linear combination of any set of n 
linearly independent solutions. 

Proof. The firSt assertion is a restatement, for the nth order 
equation, of Theorem 2.5. The second assertion is a restatement or (2.4) in 
TIleorem 2.12 • 

Theorem 5.2 enables us to make the following definition. 

De'/nlllon 5.3. A set ofn linearly independent solutions of(5.6) 
on J, t/J I, ...• t/J". is called a fundamental set of solutions for (5.6). 

Next. we turn our attention to nonhomogeneous linear nth 
order ordinary differential equations (as 'We saw in Eq. (5.1» of the form 

j,(III + a,,_I(t)y(II-1) + ... + al{t)Y·' + ao{I)Y = bet), 
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As shown in Chapter I, the study of (5.1) reduces to the study of the system 
of n first order ordinary differential equations 

x' = A(t)x + g(t), (5.11 ) 

where A(t) is given by (5.7) and get) = [0, ... ,0,b(t)Y. Recall that for given 
r E J and given x(r) = ~ E R", Eq. (5.11) has a unique solution given by 
4> = 4>" + 4>, where t/J,,(t) = 4>(t, t)'; is a solution of (LH), cl>(t, r) denotes the 
state transition matrix of A(t), and 4>, is a particular solution of (5.11), 
given by 

"',.(t) - f.' el'(t, .~)(/(s)d.~ .,.., ((J(t) f.' cr)-I{s)(/(s)(I.~. 
We now specialize this result from the n-dimensional system 

(5.11) to the nth order equation (5.1). . 
Theorem 5.4. If t/> I, •.• , t/J,. is a fundamental set for the equa­

tion L"y = 0, then the unique solution 1/1 ofthe equation L.y = bet) satisfying 
I/I(t) = .;" ... ,1/I1·-II(t) = .;,. is given by 

I/I(t) = I/I.(t) + I/I,(t) 

= 1/1,,(1) + f t/J,,(t) J: ''Yt(4),, ...• 4>,,)(.) b(s)ds. 
t .. , • W(4),, ••• , t/J.)(s) 

Here 1/1" is the solution of L"y = 0 such that I/I(t) =.;" I/I'(r) = ';2" •• , 
I/I,,,-n(t) = ~" and W.(t/>I' •.• ' 4>,.)(t) is obtained from W(t/J" ••• , 4>,,)(t) bY' 
replacing the kth column in W(t/J .... • ,4>,,)(1) by (0, ... ,0, W. 

Proof. From the foregoing discussion, the solution of (5.11) 
with yet) = 0 is 

4>,(t) = <I»(t) f.' <I»-'(s)g(.'i)ds = f. <I»(t)<l»- I(s)g(s)ds 

A f.' ')'(t,s)g(s)ds, get) = [0, ...• O,b(t)Y. 

The first component of I/I,,<t). which is the solution of L,.y = bet) with ~1 = 
0, ... , C;,. = 0, is J~ ')' ... (t,s)b(s)ds, where 

}lln(r, s) = t <l»u(t)<I»;"(:i-= t 1/1.(/) W(I/I i$",,(s) t/»( )' 
1-1 l-1 It .. ·, • 5 

Here i$a:.. is the cofactor oftbe knth element of<l»T, i.e.,;Pa:.. is the cofactor of 
the element I/I~"- I I in <1». Therefore, 

" W(t/JI ••.• ,4>.)(S"I.(t,S) "" L t/>,,(t)"Yt(I/I, ••••• I/I.)(s). 
1:-' 
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where. H)(", " •.. ,tPn)(S) is defined as in the statement of the theorem. 
Therefore, the solution "'pof L"x = h(t) satisfying "'(r) = 0, .•. , ",(.-I'(T) = 0, 
is given by 

"',,(t) = f "'.(t) f.' {Wt("'h ... ,,,,,,)(S)}b(S)dS • 
• =1 • W("'I'" ·,tPJ(s) 

The conclusion of the theorem is now obvious. • 

Example 5.5. Consider the second order ordinary differen-
Ii,,) Ctlt1ation 

. )I' + (1/I)Y' - (y/tz) = bet), o <t < 00, 

where b is a real continuous function for all t > O. From Example 5.1 we 
have "'I (I) = I, "'z(l) = 1/1. and .W(",,, "'z)(t) = -2/t, t > O. Also, 

W2C"'h tf>z)(t) = It 0 = I. 
I I 

o lIt 

"'.(4)., "'2)(t) = = -""i' 
I -1/12 

. From Theorem 5.4 we have 

"'(t) = I/I,,(t) + "',(1) = "',,(1) + "'I(t) f: w.~::::;~; b(s)d.~· 
+ tP:z(t) f.' ~(tPl.tP~~:!l "(.~)ds 

• W('" I, "'2)(S) 

t f.' I f.' = "'.(1) + 1: • b(s)ds - 21 • slb(s)ds. 

Next, we consider nth order ordinary differential equations 
with constant coefficients, as was seen in Eq. (5.3): 

L"y A yin' + a,,_ly(n-1) + ... + alyi) + aoy = O. 

Here we have J = ( - 00, 00). We call 

pCA) =)." + a,,_IAn- 1 + ... + alA + 00 (5.12) 

the characteristic polynomial of the differential equation (5.3), and we call 

pCA) = 0 (5.13) 

the characteristic equation of (5.3). The roots of pCA) are called the 
tharacteristic roots of (5.3). 
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We see that the study of Eq. (5.3) reduces to the study of the 
system of first order ordinary differential equations with constant coef­
ficients given by x' = Ax, where 

o ] o . . 
-~"-I 

(5.14) 

The foHowing result connects (5.3) and x' = Ax with A given 

by (5.14). 

Theorem 5.6. The characteristic polynomial of A in (5.14) is 
precisely the characteristic polynomial peA) given by (5.12). 

Proof. The proof is by induction. For k = I we have A = -1.10 

and therefore det(AE I - A) = A + 1.10 and so (5.12) is true for k = 1. Assume 
now that the result is true for k = " - 1. Then 

1 -1 0 0 0 
0 A -1 0 0 

det(lE" - A) = : 
0 0 0 A -1 

1.10 al az a,,-z i. + 1.1,,_1 

-1 0 0 o ·0 
1 -1 0 o 0 

= ldet(lE._ 1 - A.) + (_I),,+I UO 0 1 -1 o 0 

0 0 0 1 -I 
where 

A. - [ ~ 
1 0 0 

o ] 0 1 0 0 . . 
-a. -az -aJ -~"-J 

Therefore 

del(.\E" - A) = 1 del(lE,,_1 - A I) + Clu 
= 1(.\,,-1 + a,,_,.\,,-2 + ... + a',) + 1.10 

= A" + 1.1,,_11"-1 + ... + all + ao •• 

Our next result enumerates a fundamental set for (5.3). 
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Theorem 5.7. Let At> ... , Aa be the distinct roots of the char­
acteristic equation 

peA) = A" + a._IA·- 1 + ... + alA + 00 == 0 

and suppose that AI has mUltiplicity nih i = 1, ... , s, with I1 ... nlj = II. Then 
the following set of functions is a fun'd:lmental set for (5.3): 

k = 0, I, ... , m,- 1, i = I •... ,s. (5.15) 

Example 5.8. If 

peA) = (A. - 2)(1 + J>Z(1 + ileA - 1)(1- 4", 

then n = 9 and e2" e- 3, .. te- 3" e-", e+ I,. e"', te4" t2e4 " and t 3e4 ' is a funda­
mental set fur the differential equation corresponding to the cbaracteristic 
equation. 

Proof of Theorem 5.7. First we note that for the function eA, 

we have Ln{eA') = p{A)eA,. Next, we observe tbat for tbe function tleA' we have 

1 At ( al At) at A, a" [ 1_1,] L,,(' e ) = L. iJll e = all L,,(e ) = al" p(A)e--

= pll}(A)eA' + kpll-lI(l),eA' + ... + kp'(l)tl-1eA, + p(l)tl eA'. 

Now let A = A,. Then we have 

for k = 0, 1, ... ,In - 1, j = 1, ... ,s. (5.16) 

Here we have used the fact that p is a polynomial and A, is a root of p of 
multiplicity m, so that plll(,t,) = 0 for 0 ~ k ~ Inl - 1. We have therefore 
shown tMt the fUllctions (5.15) are indeed solutions of (5.3). We now must 
show that they are linearly independent. 

Suppose the functions in (5.15) are not linearly independent. 
Then there exist constants Cil. not all zero, such that 

• ....-1 
I L el"t"e)." = 0 for all t e (- 00, (0). 
i-I ""0 

Thus 

• L P/(t)eA" = 0, 
/=1 

where the P,(t) are polynomials, and (1 ~ s is chosen so that p. ¢ 0 while 
p.+,(t) == 0, i ~ 1. Now divide the preceding expression by eA" and obtain 

• 
P 1(') + L Pi(t)eIA• - A,II = O. 

'=2 
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Now differentiate this expression enough times so that the polynomial PI(r) 
becomes zero. This yields 

" L Q/(r)e"" = 0, 
/~:z 

where Q,(I) has the same degree as p,er) for i ~ 2. Continuing in this manner, 
we ultimately obtain a polynomial F .,(t) such that 

F,,(t)e"-' = 0, 

where the degree of F" is equal to the degree of P .,(t). Rut this means that 
'.'.(1) i:: O. This is impossible, since a non:t.cro polynomial can vanish only 
at isolated points. Therefore, the indicated solutions must be linearly inde- .• 
pendent .• 

Consider again the time varying. linear operator J;,. defined in 
(5.4). Corresponding to L. we define a second linear operator L: or order n, 
which we call the adjoint or Ln, as follows. The domain of L: is the set or 
all continuous functions defined on J such that [aj(l)y(t)] has j continuous 
derivatives on J. For each function y, define. 

L: y = (_I)nyln, + ( -lr-l(a._ly)ln-U + ... + (-l)(aIY)' + aoY· 

The equation 

L:y= 0, teJ, 

is called the adjoint equation to L.y = O. 
When (5.6) is written in companion form (LH) with A(t) given 

by (5.7), then the adjoint system is ~ = -A*(t)z, where 

o 0 0 -ao(l) 
1 0 O· -'ill(t) 

A*(I) = 0 1 0 -a:z(t) 

o 0 1 -'il.-l(t) 

This adjoint system can be written in component form as 

z', = ao(I):., 

zj = -Zj-t + aj-t(t):. (2 ~j ~ n). 
(5.11) 

If 1/1 = [1/1 " I/I:z, ... ,I/I.]T is a solution of (5.17) and if aj/J. has j derivatives, 
then 

and 
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or 

"'; - \a.-I"'.)' + (U.-2"'.) = "'.-2· 
Continuing in this manner. we see that "'. solves L:", = O. 

125 

The operators L. and L: satisfy the following interesting 
identity called the Lagrange Identity. 

Theorem 5.9. If at are real valued and ale E Ct(J) for k = 
O. 1 •...• n - 1 and if u and v E C(J), then 

vL.u - uL:v = P(u,v)', 

where "(x,:) represent!! the bilinear coocomilant 
• t-I 

P(II, v) = L L (- 1 )Ju(t-J- I ~atV)'J). 
Ie= I J=O 

Proof. For k = 0, I, 2, ... , n - 1 and for any pair of smooth 
functions f and g .• the Leibnitz formula yields 

(to (-1 >1'Ie- j)gl})), = pH IIg + (-l)rg,H I). 

This and the definitions of L. and L: give 

• 
vL.1I - uL:v = L (vale)u't) + (-Ir I(aleii),t,u 

" .. \ 
= :tJJot-I)J1,c,,-j-I'(aleii)(J) J = [P(II,lI)]'. • 

An immediate consequence of Theorem 5.9 is Green's formula. 

Theorem 5.10. If ale are real Cle functions on J for O:s; k :S; 
n - I and if II and ve C"(J). then for any I and or in J, 

S: (vL.Il- ilL: v) t1s = P(Il,v)I~. 

Proof. Integrate the Lagrange identitifrom or to t. • 

3.6 OSCILLATION THEORY 

In this section, we apply some of the theory developed in the 
foregoing sections to the study of certain oscillation properties of second . 
order linear systems of the form 

y" + a,(t)y' + a2(t)y = 0, ;(ijj 
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f"lGURE J,I Lineur muss-spring s.,'stem. 

H 

where QI and Ql are real valued runctions in CV). Our study is motivated 
by the linear mass-spring system depicted in Fig. 3.1 and described by . 

my" + ky = 0, (6.2) 

where m and.k are positive constants. The general solution or (6.2) is y = 
A cos(wt + B) where w1 - kIm and where A and B are arbitrary constants. 
Note that for the soiutions,. - A. cos(wt + B.) and Y2 = Az cos(wt + B) 
with A • .;:. 0, Az .;:. 0, and B. :;. B2 the CQDSeCutive zeros or the solutions are 
interlaced, i.e., they alternate along the real line. Also note that the number 
of zeros in any finite interval will increase with k and decrease with "'~ i.e .• 

·the frequency or oscillation or nontrivial solutions or (6.2) is higher for 
stiffer springs and higher for smaller masses. Our objective will be to gen-
eralize these results to general second order equations. 

Note that if (6.1) is multiplied by 

k(t) - e~p(S: "I(S) JS), 
then (6.1) redua;s to 

(k(f)""" + g(/), = 0, (6.3) 

where g(t) = k(/)az(t). This form or the second order equation has the ad­
vantage that (for C2 smooth k) the operator L and its adjoint L +, 

Lu = ku" + k'u' + gu, . L +" = (k,,)" - (k'p)' + II". 
are the same. Also note that for (6.3), the identity (5.9) reduces to 

W(c/>., c/>z)(/) = W(c/>" c/>z)(t)exp s: (k'(u)/k(u»du 



3.6 Oscillatioll Theory 1Z7 

or 

(6.4) 

for alit E J, any fixed T in J and all pairs {</J" q,z} ofsolutions of (6.3). 
Note also that if q, solves (6.3) and if q,(I) rI- 0 on J, then any 

zero I. of rP must be a simple zero. Assu..me that this is not the case, i.e., 
assume y(I.) == 0 and also y'(t.) == O. But the unique solution of (6.3) for 
these initial data at time t I is </J(I) == O. Since </J(I) rI- 0, then yet I) and y'(1 I) 
cannot simultaneously vanish. 

We can now state and prove our main oscillation results. 

Theorem 6.1. Let 411 be a nonconstant solution of (6.3) on 
J == (a. b) with consecutive zeros at points t I and '2 of J and I. < t z. If </J2 
is a second solution of (6.3) 011 J, then either </Jz == C~I for some constant c 
or else tP 2 has one and only one zero in the interval (t I' I z). 

Proof. There is a constant c with tPz == ctP. if and only if the 
Wrollskian W(tPI.</JZ) == O. If W(</JI'q,Z) rI- 0, then by (6.4) we have 

-k(t l >tP'I(II)tP2(/2) == k(t,)W(</J,.</Jz)(t , ) 

== k(12)W(</J1'~2)(tZ) == -k(t2)~~(t2)4>Z(ll)' 

Since </J.(t) is of one sign on (/1./z). then ~'I(II>tP'I(tz) < O. Also. since k(t) > 0, 
we see that </Jz(t .)4>z(lz) < O. Hence, </Jz has at least one zero in (I It Iz). If </Jz 
had two or more zeros there, then by reversing the roles of </JI and </Jz we 
would see that tP 1 had a zero in (1 1• t z). This is impossible. Hence, the zero 
of rPz is unique. • . 

Theorem 6.2. Let k E C·(a, b) and 91 E C(Q, b) for j == 1,2 with 
YI(t) < 9z(t) alid k(t) > 0 on J == (a,b). Let q,i be a solution of 

(k(/)y')' + g,(t)y = 0, t E J. 

for; == I, 2. If,. and '2 are consecutive zeros of",. on J, then", 2 must vanish 
at some point ':& between I. and I z. 

Proof. For purposes of contradiction, suppose that ~2(/) is 
never zero on (t1./l ). Without loss of generality we may assume that both 
"'1 and ~z are positive on this interval. Multiplying the equation for rP, by 
~J and subtracting the two resulting equations, we obtain ,. 

(kq,'.)'</Jz - (kq,~)'q,. == (92 - 9.)4>.</Jl· 

Since the term on the left is [kW.4I Z· - q,~q,.)]' and since "'1(t I) == q,.(lz) == 0, 
then on integrating we have 

f,'l [!l2(S) - 9 • (s)]'" I(S)</JZ(s) ds == k(s)[ ""I(S)</JZ('~) - </J~(s)~.(s)]I~: 
I, 



128 3. Linear Systems 

and 

k('2)q,'.('z}4lZ('2) - k.(t.W.(t.)q,z(t.) > O. 

But tP2(t2) ~ 0 and q,'.(,z) sO while tPz(t.) ~ 0 and tP'l(t.) ~ O. Tlius, 

Os k(t.W.('.)tPz(t.) < k(lzW,(tZ)tP2(l z) S 0, 

a contradiction. • 

For example, if k(l) == ko > 0 and 0 < 90 S get) s g" then 
consecutive zeros 1 1 and t z of 

koy" + yC')y = 0 

must satisfy x(kO/g l)I/2 S t z - tl S x(kO/gO)I/2. This is seen by comparison 
with the constant coefficient equations . 

koY" +g,y= 0 

whose solutions are easy to compute. 
When k(l) is also allowed to vary, a somewhat different 

analysis is needed. 

Theorem 6.3 (Sturm-Picone). Let g, e C(J). Ie, e C'(J) with 
gl < g2 and k, > kz > 0 on J. Let tP, be a solution on J of 

(k,y')' + g,y = 0 

and let t 1 and 1 z be two consecutive zeros of tP I' Then tP2 has at least one 
l.cro in the interval (I. , '2)' 

Proof. The proof is by contradiction. So assume that tP2 has 
no zero in the interval (t"t2) and without loss of generality, assume that 
tPz(t) is positive on this interval. Compute 

{(tP./tPz)(k.q,'I'Pz - k2tPJtP~)}' 
= tPl(k1tP'tl' - (tPUtP2)(k2tPiY + (tP,ltP2)(k, - k2)tP~tP~ 

- (tPltP'z - tP~tP2)(k,tP',tP2 - k2</>,tPi)/tP~ 
= (g2 - gJ)tP~ + (k, - k2>Wa)2 + k2(</>',tP2 - </>I</>W/</>~· 

The last term is defined and continuous at the endpoints t. and t 2 of the 
interval if "'2(t) #:: 0 at , = '. and t = t2• If tlJ2(t) is zero at t1• then </>'z(t I) #:: 0 
and by I'Hospital's rule we have 

</>'.(t)tP2(t) - "'.(t.""i(l) -..1.' (t ) _ .I.' (t ) = 0 
</>1(1) Y'1 1 Y", 
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. 
as I -+ t: . ~imilarly. if q,2(t 2) = O. then 

IimCt!>I(/)/tPz(t)) = Iim(tP'I(r)/(~~(/» ;I: 0 (/-+ It). 

So 

::~~~ (k l(/)q,'I(/)t!>2(t) - k2(t)q,I(/)q,~(,» -+ O. 

In any case, the third term in the last equation above is integrable. Integrating 
from 'I to ' 2 • we have 

«(/).ttP7J(k.q,'.tP2 - k2rb~rbl)I:: 

= f,'J {CCJ2 - Ol)rb~ + (k , - k2)(rbi)2 + k2Wlrb2 - tPltP2)2/tPn(/.~. (6.S) 
I •• 

Since tP I (I t) = tP I (I 2) = O. then the terms on the left are zero while the 
integrdl on the right is positive. This is a contradiction. • 

Note that the conclusion of the above theorem .remains true 
if k. ~ klt 02 ~ 0 •• and at least one ofthe 01 - 9. and kl - k2 is not identi­
cally zero on any subinterval. The same proof as in Theorem 6.3 works in 
this case. 

Corollary 6.4. Let 0 E C(J) and k E e'(J) with g increasing 
and k positive and decreasing in , E J. Let q, be a solution of (6.3) on J with 
consecutive zeros at points 'I. where 

a<t. <11<···<I,,<b. 
, Then 

'2-1. >13- 12>"'>1.-1,,- •. 

Proof. Let 0.(/) = g(1 + 'J), g2(1) = get + 'J+ I) with k. and k2 
defined similarly. Apply now Theorem 6.3 with rb.(I) = tP(t + tj) and tP2(1) = 
rb(1 + 'j + .) to complete the proof. • 

We note that in the above result the terms "increasing" and 
"decreasing" can be weakened. If 0 is nondecreasing and 7c is non increasing, 
then the inequalities in the conclusion of the above corollary are no longer 
strict. But if at least one of the 0 and k is strictly monotone, then the original 
conclusion still holds. 

Example 6.5. Consider a nontrivial solution on 0 < I < 00 of 

y" + (I ± (B/I)2)y = 0, B>O. 

Irthe plus sign is used. then (I j +. - tj ) is decreasing as)-+ 00 with limi~ K. 

Irthe minus sign is used. then (I j +. - 'i) increases to 1r as) -+ 00. 
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PROBLEMS 

1. Using the J~rdan canonical form compute the solution of 

[ I -4 -I] 
x'= -4-2 4x, 
• -1.4 1 

x(t) =~. 

What c;m you say in general about how one computes eA' when A is an . 
II X n selfadjoint matrix? 
1. (a) Compute eA' when 

A=[_~ !] 
(i) by first computing the! Jordan canonical form of A; 
(ii) by first computing P'_I and Witt) as in (3.18). 

(b) Repeat the above problem when 

[ 3 2 1] 
A=-1 32. 

1 -3 -2 

3. Let Ii be a constant'l x ,. matrix. Define (1 = max {Re A.: A. is an eigenvalue 
of A}. Show that for any 8 > 0 there isa K such that 

'it leA'l ~ Ke«-+&)I 

for all t C!: O. Show by example tbat in general it is not possil?le to find a K 
which works when 8 = O. 
4. Show tbat if A and B are two constant II x II matrices whicb commute, 

then etA +8)1 = eA' e'I'. 
S. Suppose for a given continuous function f(t) the equation 

x' = [=! ~]x + f(t) 

has at least one solution rfJ,,(t) which satisfies 

sup{lq,(t)I:T ~ t < oo} < 00. 

Show tbat' all solutions satisfy this boundedness condition. State and prove 
a generalization of this result to the II·dimensional system (3.2). 
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6. Let A be a continuous n x n matrix such that the system (LH) has a 
uniformly bounded fundamental matrix ~(t) over 0 ~ I < 00. 

(i) Show that all fundamental matrices are bounded on 
[0, (0). 

(ii) Show that if 
-"" ... 

lim infRe['" tr A(S)dsJ > - 00, 
'''110 Jo 

then ~-l(t) is also uniformly bounded on [0, (0). Hint: Use Theorem 2.4. 
(iii) Show that if the adjoint (2.6) has a fundamental matrix 

'I'(t) which is uniformly bounded, then for any ~::/: 0 and any t e R the 
solution of (LH) satisfying x(t) - ~ cannot tend to zero as t - 00. 

7. Show that if aCt) is a bounded function, if a e e[O, (0) and if </1(t) is a 
nontrivial solution of 

y" + a(t)y = 0 (7.1) 

satisfying </1(t)- 0 as t - 00, then (7.1) has a solution which is not bounded 
over [0, (0). 

8. Let 9 be a bounded continuous fUtlction on ( - 00, (0) and let Band - C 
be square matrices of dimensions k and II - k all of whose eigenvalues have 
negative real parts. Let 

A-I: ~J and 

so that (3.21 is equivalent to 

xi = BXI + 91(t), 

Show that the Cunctions 

tPl(t) = foz. ell(,-s'y,(s)ds, 

get) == [91(t)J 
9z(t) , 

x~ = CX2 + 9i(r). 

are defined Cor all t e R and determine a solution oC (3.2). 
9. Show that iC 9 is a bounded continuous Cunction on RI and if A has no 

eigenvalues with zero real part, then (3.2) has at least one bounded solution. 
IUm: Use Problem 8. 
10. Let A(t) and B(t) be e[o, 00) with $0' IB(t)1 dt < 00. Let (LH) and its 
adjoint (2.6) both have bounded Cundamental matrices over [0,00). Show 
that all solutions of 

y' = A(t)y + B(t)y (7.2) 
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are bounded over [0,00). Hilll: First show that any solution of (7.2) also 
satisfies 

yet) = x(t) + f:cJ>(t,.~)n(.~h·(s)ds, 

where cJ> is the state transition matrix for (LH). Then use the Gronwall 
inequality, cf. Chapter 2, problems. 
11. In Problem 10 show that given any solution X(I) of (LH) there is a 
unique solution yet) of (7.2) such that 

lim [x(t) - yet)] = O. (7.3) 
,."", 

Hint: Try yet) = X(I) - It cJ>(t,s)B(s)y(s)ds on IX S; t < 00 and IX large. 
1:2. In Problem 11 show that given any solution Y(I).of(7.2) there is a unique 
solution x(t) of (LH) such that (7.3) holds. 
13. Let w > 0, b e C[O, 00) and I: Ib(t)1 tit < 00. Show that ylt + (w2 + b(t»y = 
o has a solution fjJ such that 

[fjJ(t) - sinU?t]2 + [fjJ'(t) - w cos wt]2 -+ ° 
as 1-+00. 

14. Let A = P- • J P be an n x n constant matrix whose Jordan form J is 
diagonal. Let B(t) e qo, (0) with I: IB(I)I dl < 00. Let A and v be an eigen­
value and corresponding eigenvector for A, i.e., Av = AV, Ivi :#= O. Show that 

x' = Ax + B(t)x 

has a solution q,(t) such that e-l1fjJ(t) -+ vas t -+ 00. lIint: For IX large, use 
successive approximations on the integral equation 

fjJ(t) = el·v + s: X ,(t - s)B(s)f/J(s)ds - f,"" X 2(t - s)B(s)fjJ(s)d.~ 
for ex S; I < 00. The matrices X, are chosen as X,(t) = pil" p-l, where J = 
J I + J 2, J. contains all eigenvalues of J with real parts less than Re A, and 
J 2 contains all other eigenvalues of J. 
15. Let g e C[O, 00) with If tlg(I)ldt < 00. Show that ylt + g(l)y = 0 has 
solutions fjJ,(t) and fjJ2(t) such that 

fjJ.(t) -+ 1, fjJi(t} -+ 0, fjJ2(t)/t -+ 1, fjJ2(t) -+ I 

as t -+ 00. Hint: Use successive approximations to prove that the following 
integral equations have bounded solutions over ex S; I < 00, 

y.(I) = I + J."" (t - s)g(s)y.(s)ds, 

)'2(t) 0: t + f.' Sg(S)Y2(.'I)ds + f,21 tg(s)Y2(s)ds .... . 
when ex is chosen sufficiently large. 
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16. Let g e C[O, (0) with fI" t210(1)1 dl < 00. Show that )"" + O(t)y = 0 has 
solutions t/I. which satisfy 

as t .... 00. 

qll(') -+ I, 

tP2(t)/t -+ 1, 

tP3(t)/12 -+ I, 

4>'I(t) -+ 0, 

4>i(t) -+ I, 

tPj(t)/(2t) -+ I, 

q,'j(t) -+ 0, 

q,2(t) -+ 0, 

q,l(t) .... 2 

17. Let ao<t) and al(t) be continuous and T-periodic functions and let q,l 
an~ 4>2 be solutions of y" + al{t)y' + ao(t)y = 0 such that 

lIvO) A [rfl 1(0) q'2«())] = [I O]AE 
., q,'1 (0) q,i(O) 0 I 2 . .. 

Show that the Floquct multipliers l satisfy l2 + ocA + " = 0, where 

«= -[tPl(T) + q,i(T)], II = exp [- s: Ol(t)dt]. 

18. In Problem 17 let "I == O. Show that if -2 < tJ! < 2, then all solutions 
yet) are bounded over - 00 < t < 00. If tJ! > 2 or tJ! < - 2, then y(t)2 + 1'(t)2 
must be unbounded over R. If tJ! = - 2, show there is at least one solution 
yet) of period T while for tJ! = 2 there is at least one periodic solution of 
period 2T. 
19. Let A(t), B(t)e C(R I ), A(t) T periodic, and J~IB(t)ldt < 00. Let (LH) 
have" distinct Floquet multipliers and e"'p(l) be a solution of(LH) with pet) 
periodic. Show that there is a solution X(I) of (7.2) such that 

.'t(t)e-P' - pet) -+ 0, t .... 00. 

20. If a I and a2 are constants, find a fundamental set of solutions of 

0< t < 00 • 

.Ilill;: Use the change of variables x = logr. 
21. If a. are real constants, find a fundamental set of solutions of 

"y'''' + a,,-l,"-Iy'''-II + ... + all,.-+ aoy = 0 

on 0 < 1 < 00. 

ll. Assume that the eigenvalues lit i = 1,2, ... , n, of the companion matrix 
A given in (5.7) are relll and distinct. Let V denote the VanliermOl,de matrix 

Ll 
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(a) Show that det V = O,>,,{A,- A). Hence det V:rI= O. 
(b) Show that V-I A V is a diagonal matrix. 

23. Write y'" - 2y" - y' + 2y = 0 in companion form as in (5.7). Compute 
all eigenvalues and eigenvectors for the resulting 3 x 3 matrix A. 
24. Leet A = AE + N consist of a single Jordan block [see (3.16)]. Show that 
for any IX> 0 A is similiar to a matrix B = AE + IXN. Hill!: Let P = [IX'-lcS,)] 
and compute p- I AP. : 
25. Let A be a rear;. x II matrix. Show that there exists a real nonsingular 
matrix P such that p- I AP = B has the real Jordan canonical form (1.3), 
where J. is given as before for real eigenvalues 1) while for complex eigen­
values 1 - IX ± ifJ the corresponding J. has the form 

J. = [~l ~l ::: ~: ~:]. 
O2 O2 •• ~ O2 A 

Here O2 is the 2 x 2 zero matrix, Ez the 2 x 2 identity matrix, and 

26. Use the Jordan form to prove that all eigenvalues of A2 have the form 
A,2, where A is an eigenvalue of A. 
27. H A = C2 in Problem 24, where C is a real nonsingular n x II matrix, 
show that there is a real matrix L such that e'- - A. Hint: Use Problems 25 
and 26 and the fact that if A ... IX + ifJ - rell, then 

A -expeo:r I~~J. 
28. In (6.1) make the change ofvariables x = F(t), where 

F(t) = exp( - J: a,(u)dU). 

and let t = f(x) be the inverse transformation. Show that this change of 
variables transforms (6.1) to 

d2y 
dx2 + g(x)y = 0, 

a2(f(x» 
where g(x) = F'(f(x»2' 

29. In (6.1) make the change of variables 

w = yexp ( i f~ al(U)dU). 
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Show that (6.1) becomes 

dZw 
JtZ + [al(t) - a.(1)1/4 - a'.(t)/2]w = O. 

135 

30. Let tP. solve (k(/)y')' + g.(I)y = Q.(or ; = 1, 2 with gl(t) < gl(e) Cor all 
t e (a, b), k(t) > 0 on (a, b), and 

4>1(t l ) = 4>Z('l) = 0, 4>i('.) = 4>;('1) > 0 

at some point tl e (a,b). Let 4>l increase from 'l to a maximum at t1 > t 1. 
Show that 4>z must attain a maximum somewhere in the interval (t.,tz). 
31. If a nontrivial solution 4> of y" + (A + Bcos2t)y = 0 has 2n zeros in 
( - n/2, n/2) and if A, B > 0, show that A + B ~ (2n - 1 )1. 
31. If koy" + g(t)y = 0 has a nontrivial solution 4> with at least (n + 1) zeros 
in the interval (a, b), then show that 

sup{g(e):a < t < b} > (,;':' ar ko• 

If inf{g(t):a < t < b} > [nn/(b - a)JZko, show tbat there is a nontrivial so­
lution with at least n zeros. 

, 33. In (6.3) Jet x = F(t) (or t = f(x» be given by 

x = ! f. [g(u)/k(u)] I/Z du, K = .r: [g(u)/k(u)] liZ Ju (g(t) t= 0) 

and let Y(x) = [g(f(x»k(f(x»]I/4y(f(X». Show that this transformation 
reduces (6.3) to 

d1 y 
dxz + (KZ - G(x»Y = 0, 

where G(x) is given by 

G(x) = [g(f(x»k(f(x))] -1/4 ::z [g(f(x»k(f(X»]1I4. 

34. (Sturm) Let 4>. solve (k,(t)y'), + g,(t)y = 0 where k,e Cl[a,b], 91 E 

C[a,b], k. > kl > 0, and gl > gl' Prove the following statements: 
(a) Assume 4> I (a)t!Jz(a) ~ 0 and k.(a>4>'l(a)/4>l(a) ~ kz(a)4>'z(a)/ 

tPz(a). If 4>l has n zeros in [a,b], then 4>1 must have at least" zeros there 
and the kth zero of 4>1 is larger than tbe kth zero of 4>z. 

(b) If tP.(b)4>z(b) ~ 0 and if k,(bW,(b)/4> l(b) ~ kz(b)4>;(b)/ 
4>z(b), then the conclusions in (a) remain true. 
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35. In (6.3) assume the interval «(I,b) is the real line R and assume that get) < 
o on R. Show that any solution t/J of (6.3) with at least two distinct 7.eros 
must be identically lero. 
36. For r a positive constant, consider the problem 

y' + rye) -::- y) = 0, (7.4) . 

with yeO) = yen) = O. Prove the following: 
(i) If r < 1. then t/J(t) 55 0 is the only nonnegative solution 

of (7.4). 
(ii) Ir r ~ I, then there is at most one solution of(7.4) which 

is positive on (0, n). 
(iii) If r > I, then any positive solution t/J on (O,n) must have 

a maximum ifi which satisfies 1 - r- s < q; < 1. 
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BOUNDARY VALUE 
PROBLEMS * 

In the present chapter we study certain seIr-adjoint boundary 
value problems on finite intervals. Specifically, we study the second order 
case in some detail. Some generalizations and refinements of the oscillation 
theory from the last section of Chapter 3 will be used for this purpose. We 
will also briefly consider nth order problems. The Green's function is 
constructed and we show how the nth order problem can be reduced to an 
equivalent integral equation problem. 

A small amount of complex variable theory will be required in 
the discussion after Theorem 1.1 and in the proofs of Corollary 4.3 and 
Theorems 4.5 and 5.1. Also, in the last part of Section 4 of this chapter, the 
concepts of Lebesgue integral and of L 2 spaces as well as the completeness 
of U spaces will be needed. If background is lacking. this material can be 
skipped-it will not be required in the subsequent chapters of this book. 

4.1 . INTRODUCTION 

Partial dilTerential equations occur in a variety of applications. 
Some simple but typical problems are the wave equation 

02U IJ ( (iU) 
ve2 = ax k(x) (1x + g(x)u, 
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and the diffusion equation 

ov a ( av) 
at - ax k(x) ax + g(x)v. 

Here t E [0,(0), x E [a, b], and g and k are real valued functions. In solving 
these CQlJ1!.tions by separation of variables, one guesses a solution of the form 

u(t,x) - e''''t/J(x) 

for the wave equation, and one guesses a solution of the form 

V(l, x) - e-"·'.(x) 

for the diffusion equation. In both cases, the function t/J is seen to be a solution 
of the differential equation 

! (k(X) ~~) + (g~) + ,,2) = o. 

This equation must be solved for " and t/J subject to boundary conditi()ns 
which are specified along with the original partial differential equations. 
Typical boundary conditions for the wave equation are 

u(t,a) = u(I,b) = 0 

which leads to «/I(a) .. «/I(b) ... 0; and typical boundary conditions for the 
diffusion equation are 

AU 
IX ax (t, a) = !Jv(t, a), 

ilv 
y ox (l,b) = c5v(t,b) 

which leads to tXc/I'(o) - pt/J(o) = 0 and y«/l'(b) - c5f/J(b) ... 0, where IX, /1, ,', and 
c5 are constants. The periodic boundary CO,Jditions 

.(0) = «/I(b) and t/J'(a) = t/J'(b) 

will also be of interest. 
With these examples as motivation, we now consider the real, 

second order, linear differential equation 

Ly = - Ap(l)" 0 s. t S. b, (1.1) 

where 

Ly = (k(I)Y')' + g(t)y (1.2) 

and the prime denotes differentiation with respect to I. We assume throughout 
for (1.1) that g and P E C[a,b], k E C'[a,b], g is real valued, and both k and 
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p are everywhere positive. For boundary ~ilditions we take 

L1y A «.r(a) - py'(a) = 0, Lzy A ')'y(b) - ~y'(b) - 0, (BC) 

where all constants are real, «z + pz oF 0, and ')'Z + ~z oF O. Boundary 
conditions of this form are calledseparatedbouadary eondltlons. Occasionally 
we shall ~e the more general bolih'dary conditions 

M.y A dlly(a) + d12y'(a) - cuy(b) - cuy'(b) - O~ 
Mzy A dzly(a) + d22y'(a) - c21y(b) - c22y'(b) = O. 

Now define the two real (2 x 2) matrices 

C _ [CJl cn ]. 
C21 Czz 

(BC,) 

It is assumed that M IY = 0 and M zY = 0 are linearly independent conditions. 
Thus, either det D oF 0 or det C oF 0 or else, without loss of generality, we can 
assume that dZI = d22 = CII = en = 0 so that (BC.) reduces to (BC). It is 
also assumed that 

k(b)detD = k(a)detC. (1.3) 

This condition will ensure that the problem is self-adjoint (see Lemma 1.3). 
Notice that if D = C = Ez, then (BC,) reduces to periodic boundary condi­
tions and (1.3) reduces to k(a) = k(b). Notice also that (BC) is a special case 
of (BC,). 

Example 1.1. Consider the problem 

y" + A.y = 0, yeO) = yen) = O. 

This problem has no nontrivial solution when A oF mZ for m = 1, 2, 3, .... 
When A = mZ it is easy to check that there is a one-parameter family of 
solutions yet) = A sinmt. 

Theorem 1.2. Let t/J I and t/Jz be a fundamental set of solutions 
of Ly = 0 and let 

Then the problem 

Ly=O, Mly=MzY=O 

has a nontrivial solution if and only if 

A(t/JI , t/Jz) A det(l)<J)(a) - Ccf)(b» = O. 
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If l1(tP1>tP2):F 0, then for any I E C[a,b] and for any p and q the problem 

Ly = I, M lY = p, and M 2Y = q 

has a unique solution. 

Proof. There is a nontrivial solution tP of I.y = 0 if and only 
if there are constants ("I and C2' not both zero, such that q, = Clt/ll -+ ("21>2 and 

i = 1,2. 

A nontrivial pair Cl and C2 will exist if and only if 

[ MltPl MltP2] 
<let M2tPl M2tP2 = I1(tPl,tP2) = o. 

If l1(tP1> 1>2) :F 0 and if I, p and q are given, define 

tP,(t) = s.: [tPl(t)tP2(S) - q,2(t)tPl(S)] [J(s)!w(tPlt tP2)(S)] ds. 

Then by Theorem 3.5.4, tP p is a solution of Ly = I. We must now pick C1 
and C2 such that 

tP = (CltPl + C2tP2) + tPp 

satisfies condition (BCal, i.e .. 

CI M ltPl + C2M ltP2 + M ItP" = p, 

Since l1(tP .. tP2):F 0, this equation is uniquely solvable, and we have 

[ C1]_[MltPl Mr.tP2]-I[p-MltP,,] • 
C2 - MZtPl M2tPZ q-M2tP,,' 

Equation (1.1) together with the boundary conditions (BC) 
will be called problem (P) and Eq. (1.1) with boundary conditions (BC.) will 
be called problem (p.). Given any real or complex l,let tPl and tP2 be those 
solutions of (1.1) such that 

tPl(a,l) = 1, tP'l(a,l) = 0, tP2(a.l) = 0, tPi(a.l) = 1. 

Clearly cf>1 and tP2 make up a fundamental set ofsolutions of(1.1). Let 
~.-

l1(l) = det[M1tP.{-.l) M1tPz{-,l)]. (1.4) 
M2tPJ(·,l) M 2tPz(',;') 

Then, according to Theorem 1.2, problem (P.) has a nontrivial solution if 
and only if 11(.1.) = O. Since 11(;') is a holomorphic function of;' (by Theorem 
2.9.1; see also Problem 2.21) and is not identically zero, then A(l) = 0 has 
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solutions oniy at a countable., isolated (and possibly empty) set of points 
{A.",}. The points 1", are called eigenvalues of (P.) and any corresponding 
nontrivial solution q,,,, of (P.) is called an eigenfunction of (P,). An eigen­
value lIft is called simple if there is only a one-parameter family {t'q,,,,:O < 
lei < oo} of eigenfunctions. Otherwise, A", is called a multiple eigenvalue. 

Given two possibly complex functions )' and z in C[tl. b]. 
we define the function (., . )~C[a.b] x C[a. h] .... C by 

(y. z) = S: y(t)z(t)dt 

for all .1',· z e C[a, b]. Note that this expression defines an inner product on 
C[lI,h]. since foral.ly, z, we C[a,h] and for aU complex num~rSOf. we have 

(i) (y + z. w) = (.I'. w) + (z, w), 
(ii) (O!y.z) = O!(Y,z), 

(iii) (z,y) = (y,z), and 
(iv) (y,y) > 0 when y #= O. 

Note aiso that if p is a 'real. positive function defined on [a. h], then the 
function ( .•. ) p defined by 

(.v.z)p = S: Y(I)Z(I)p(l)c!t 

" determines an inner product on C[a, b] provided that the indicated integral 
exists. 

Next, we define th,e sets ~ and !}'). by 

!:» = fye C1[a, b]: LiJ' = L2 y = O} 

and 

!!}. = lye C1[a.b]:Mt.l' = M1y = OJ. 
We call problem (P.) a self-adjoint problem if and only if 

(Ly,z) = (y,Lz) 

for all.V. z e ~ •. As a special ease. problem (P) is a self-adjoint problem ifand 
only if 

(Ly.z) = (y.Lz) 

for all ~'. z e !:». 
. We now show that under the foregoing assumptions. problem 

(P.) is indeed a self-adjoint problem. 

Lemma 1.3. Problem (P.) is self-adjoint. 
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Proof. The definition of L and integration by parts can be used 

to compute the Lagrange identity given by 

I A f: [(Ly)! - y(U)] ds = f: [(ky)'! - (kZ")' y] ds 

= [ky'l" - kf'y]: = k(b)detCl»(b) - k(a)detCl»(a), 

where CI» denotes the ~atrix 

If det C :1= 0, then since! and y satisfy the boundary conditions, we- have 
CCI»(b) = l)cI)(a). Thus, . 

1= :e~~ [detC4»(b)] - ~(a)detCl»(a) 

= :e~b~ [detDCI»(a)] - k(a)detCl»(a) 

= [k(b)detD _ k(a)]detCl»(a) = 0 
detC 

by (1.3). If det C == det D ... 0, then without loss of generality, problem (PI) 
reduces to problem (P). Thu~ «2 + III :F 0 while . 

[:~:~ = Z~:~J = Cl»(a)T[ -:J = [~J 
Thus, del CI»(a) == O. Similarly, det CI»(b) == 0 so that I = O. • 

We are now in a position to prove the following result. 

Theorem 1.4. For problem (P,> the following is true: 

(i) All eigenvalues are real, 
(ii) Eigenfunctions t/I. and t/J. corresponding to distinct 

eigenvalues 1 .. and l.,respeaively, are orthogonal, i.e .. (t/I., t/I.)" = O. 

that 

Also. for problem (P), all eigenvalues are simple. 

Proof. Since LtJI .. - -l,.t/I",p and Lt/I. = -l.t/I"p, it follows 

l..(t/I .. ,t/I.)" = (J.";pt/l",,t/I.) = -(LtJI .. ,t/I.) = -(t/I .. ,L,p.) 
= (t/J .. ,l,.pt/J .. ) = l"(t/I""t/I.),,. 
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To prove (i), assume that m = n. Since (t/J .. ,t/J",), + 0, we see 
that A", = 1",. Therefore A. .. is real. 
- To prove (U), assume- that ~ + n. Since A.. = 1., we see that 

(A. .. - A.J(t/J .. ,t/J.), = o. 
But A. :;: 1., and so (t/J., 1/1 .. )" == o. -~-

For problem (P) an eigenfunction must satisfy the boundary 
condition exy(a) - p1'(a) = O. If ex = 0, then yea) = o. If ex "1= 0, then y'(a) = 
+(p/a)y(a). In either case/(a) is determined once yea) is known. Hence, each 
eigenvalue of problem (P) must be simple. • 

Example 1.5. In problem (P J it is possible that the eigenvalues 
are not simple. For example, for the problem 

. y" + 1y ... 0, y(O) = y(2x), 1'(0) = 1'(2x), 

we have A", = m2 form = 0, 1,2, ... witheigenfunctionst/Jo(t) == Aandt/J .. (t) = 
A cos mt or B sin mt. 

Note that by Theorem 1.4, the eigenfunctions of problems (P J 
and of (P) can be taken to be real valued. Henceforth we shall assume that 
these eigenfunctions are real valued. 

4.2 SEPARATED BOUNDARY CONDITIONS 

• _ • In this section we study the existence and behavior of eigen­
values for problem (P). Our first task is to generalize the oscillation results of 
Section 3.6. 

Given the equation 

(k(t)y')' + g(t)y = 0 

and letting x = ke'ly', we obtain the first order system 

l' = x/k(t), 

x' = -g(t)y. 

(2.1) . 

(2.2) 

(Reference should be made to the preceding section for the assumptions on 
the functions k and g.) We can transform (2.2) using polar coordinates to 
obtain . 

x' = r' cosO - (rsinO)O' = -g(t)rsinO,-

l' = r'SillO + (rcosO)O' = rcosO/k(t), 
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or 

r' = [1/k(l) - g(I)]rcosOsinO, 

0' = oCt) sin" 0 + cos" O/k(I). 
(2.3) 

If y oF 0, then}' and y' cannot simultaneously vanish and r" = x" + y" > O. 
Thus we can take r(l) as always positive [or else as ret) == 0]. Therefore, 
Eq. (2.1) is equivalent to Eq. (22) or to Eq. (2.3). 

We now state and prove our first result. 

Theorem2.1. Let kjE=C\[a,hl and a.ECru,h] for;= 1,2 
with 0 < k" !5: kl .an~ gl !5: 0". Let tflj be a solution of (k.y'), + 9.y = 0 and 
let r, and 0, satisfy the corresponding problem in polar coordinates. i.e., 

r; = [1/k,(I) - gM)]r, cos 0, sin 0" 
0; = g,(t) sin" OJ + cos" O,/k,(t). 

IfO.(a)!5: O,,(a), then 01(t)!5: O,,(t) for all IE J = [utb]. Ifin addition g" > 01 
on J, then 0,(/) < 0,,(1) for all t E (a, h]. 

Proof. Define 0 = 0" - 61 so that 

If = [g,,(I) - g\(I)] sin" 0" + [l/k,,(t) - l/k l (I)] cos" 0" 

+ {O\(t)[sin" 0" - sin" 0\] + [l/kl(I)][COS" 6" - cosz OJ]}. 

Define 

I,(t) =[0,,(1) - 9 \ (I)] sinz 0" + [1Ik,,(I) - l/kl(I)] cos" Oz 

and note that in view of the hypotheses, h(l) ~ O. Also note that 

{gl(I)[sin20" - sin2 Oa + [1/kl(t)][COS2 0" - cos" OJ]} 
= [g1(1) - 1/k l (t)][sin"02 - sin20 I ]. 

This term can be written in the form 1(1,01,02)0 where 

{
[gl(t) - 1/k1(t)](sinu l + sinu,,)(si~uz - sinuI)/(uz - UI) 

l(t,ul,u,,).= If u".p UI, 

[g I (t) - 1/k.(I)]2 sin Ul cos Ul if Uz = Ul' 
.~ ... -

This means that 

v' = 1(I,OI(t),62(t»~ + h(t), veal ~ O. 

If we define F(I) = I(t, 01(1), 6,,(t)). then 

vet) = exp[.r.: F(S)d.'Jv.(a) + f: exp[f: F(u)du }(S)dS ~ 0 
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for r E J. If g; > gl' then II> 0 except possibly at isolated points and so 
t'(l) > 0 for r > a. • 

In problem (P) we consider the first boundary condition 

Lly = o:y(a) - PiCa) = O. 

There is no loss of generality in assuming that 0 S; 10:1 S; I, 0 S; p/k(a) S; I, 
and (X2 + p2/k(a)2 = 1. This means that there is a unique constant A in the 
range 0 =s;; A < 1t such that the expression Lly = 0 can be written as 

cos A .v(a) - sin A k(a)i(a) = O. (2.4) 

Similarly, there is It B in the runge 0 < B =s;; 1t such that L 2 y = 0 can be 
written as 

cos By(b) - k(b) sin By'(b) = o. (2.5) 

Condition (2.4) will determine a solution of (1.1) up to a multiplicative 
constant. Irl\ nontrivial solution also satisfies (2.5), it will be an eigenfunction 
and the corresponding value of l will be an eigenvalue. 

Theorem 2.2. Problem (P) has an infinite number of eigen­
values Pnt} which satisfy ).0 < A.I < A.:z < ... , and A.", ...:. 00 as m -+ 00. Each 
eigenvalue A.,. is simple. The corresponding eigenfunction t/J ... tias exactly 
m zeros in the interval a < t < h. The zeros of t/Jnt separate those of t/J ... + I 
(i.e., the 1.eros of tfJ .. lie between the zeros of t/J ... + I)' 

Proof. Let tfJ(t, A.) be the unique solution of (1. 1 ) which satisfies 

tfJ(a, A.) = sin A, k(a)tfJ'(a, l) = cos A. 

Then t/J satisfies (2.4). Let r(I,A.) and O(t, 1) be the corresponding polar form 
oft he solution tfJ(t, A.). The initial conditions are then transformed to O(a, l) = 
A, r(cl,1) = 1. Eigenvalues are those values 1 for which tfJ(t,1) satisfies (2.5), 
that is, those values l for which O(b, A.) = B + m1t for some integer m. 

By Theorem 2.1 it follows t~at for any t E [a, b], OCt, A.) is 
monotone increasing in 1. Note that 0(1, l) = 0 modQlo 1t if and only if 
tfJ(t, l) is zero. From (2.3) it is clear that 0' = l/k > 0 at a zero of tfJ and 
hence O(t,..l) is strictly increasing in a neighborhood of a zero. 

We claim that for any fixed constant c, a < c S; b, we have 

lim O(c, A.) = 00 and lim B(c, A.) == O. 
A~-co 

To prove the first of these statements, note that O(a, A) = A ~ a and that 
0' > 0 if' 0 = o. Hence Oft, A) ~ 0 for all I and A. Fix Co E (a, c). We shalt 
show that O(e,..l) - O(co, A) -+ 00 as A -+ 00. This will suffice. . 
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Pick constants K, R, and G such that k(t) ~ K, p(t) ~ R > 0, 
and g(t) ~ - G. Consider the equation 

Ky" + (lR - G)y = 0 (l > 0) (2.6) 

with y(co) = t/J(co,l), Ky'(co) = k(co),p'(co,l). If ",(t,l) is the solution of 
(2.6) in its corresponding polar form, then by TIleorem 2.1 and the choice 
of K, R, and G, it follows that O(t,A) ~ ",(t,l) for Co < t ~ c. Since O(co,l) = 
"'(co, l), this gives 

The successive zeros of (2.6) are easily computed. They occur at intervals 
T(l) = ,,[K(AR - G)-1)'/2. Since T(l) ..... O as l ..... 00, then for any integer 
j> 1, '" will have j zeros between Co and c for A large enough, for example, 
for (c - co) ~ T(A)j. Then ",(c,l) - ",(co,l) ";?j". Since j is arbilary, it 
follows that O(c, l) - O(co, l) - <X) as l ..... 00. 

To prove that O(c, l) - 0 as l'::' - 00, first fix £ > o. We may, 
without loss of generality, choose s so small that " - s > A ~ O. Choose 
K, R, and G so that 0 < K :s; k(t), 0 < R :s; pet), and G ~ Ig(t)l. If A < 0, 
A > 8 and 8 :s; O:S; " - 8, then 

O'(I,l) ~ G + lR sin2 8 + l1K:S; - (A - s)/(c - a) < 0 

as soon as l < {(A - 8)/(a - c) - G - t/K}(R sin2 sr I < O. Since O(a, A) = 
A > 8, then for - l sufficiently large, 

O(t,l) ~ A - [(A - s)/(c - a)](t - a), 

for as long as OCt, A) ~ 8. Let I = c to see that 0(1, A) must go below £ by the 
time t = c. If 0 starts less than £ or becomes less than F .. then 0'(1,).) < 0 
at 8 == 8 guarantees that it will remain there. 

With these preliminaries completed, we now proceed to the 
main argument. Since 0 < B :s; ", since O(b, l) - 0 as l ... - 00' and since 
Ott, l) is monotone increasing to + <X) with l, then there is a unique A = lo 
at which O(b,l) = B. Notice that 0 < A = O(a,Ao) and B == O(b,).o):S; "while 
OCt, lo) is increasing in a neighborhood of 0 = 0 and 0 = Jr. Hence 0 must 
satisfy 

0< O{I,lo) < " when a < t < b. 

Thus, ,poet) = ,p(t,lo) is not zero on a < t < b. 
Let l increase from ,1.0 to the unique AI where O(b,ll) == B + Jr. 

Since A = O(a, ll) < " < O(b, ll) = B + "and since O'(t I,ll) > OJlt any point 
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'. where O(tl.A..) = K. then ~I(t) - ~(t.A.I) will have exactly one zero in 
" < t < b. Continue in this manner to obtain l,. where O(b, A.) = B + mn 
and ~.(t) = ~("A..J. That the zeros of~. and ~.+ I interlace follows imme­
diately from Theorem 3.6.1 •• 

... _ ....... ' 

4.3 ASYMPTOTIC BEHAVIOR OF EIGENVALUES 

In the present section we shall require the notation 0(') and 
o( • ) encountered in the calculus. Recall that for a function g: R - R, and for 
fJ ~ ~, the notation g(x) = O(lxll) as Ixl- 00 means that 

lim sup Ig(x]1 < 00. 
l.xl~'" Ixl 

Also, recall that g(x) = o(lxl-) as lxi- 00 means that 

r Ig(x)1 - 0 
l.x~'" Ixll - . 

If in the above, the continuous variable x is replaced by an integer valued 
variable In ~ 0. then 9(m) = O(mI) as m - 00 and g(m) = 0(".') as m - 00 are 
defined in the obvious way. 

In this section we study in detail the behavior as m - 00 of the 
eigenvalues A. and eigenfunctions ~. of problem (P). We assume here that 
k, pe C3[a,b], 9 e C1[a,b] and that the constants fJ and ~ in (BC) are not 
zero. 

Let K be the constant defined by 

K = K-·.f: [p(v)/k(v)]I'z dv. 

Then under the Liouville fnnsformation 

Eq. (1.1) assumes the form 

(dZ Y/dsZ) + [pZ - q(s)] Y ... o. (3.2) 

Here QI = (pk)·'·, Qz = g/p (expressed as functions of s), and q =< (Qi/Q.) + 
Qz. The boundary conditions (BC) have the same general form. Hence we 
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shall use 

czY(O) - fJY'(O) = 0, yY(n) - cSY'(n) = O. (3.3) 

We are now in a position to prove the following result. 

Theorem 3.1. Let q E C1 [0, n] and let fJeS "" O. Then there is 
a j ~ 0 such that for all large m 

P .. +} = m + e/(mx) + O(m-2), 

and 

Y .. +}(s) = (cosm.~)"[l + O(m- 2)] + (sinm~)lll(s)/m + O(m 2)]. 

Expressions for H(.~) and e are specified in the proof. 

Proof. If (3.2) is written as 

(d 2YIJs2) + p2y = q(s)Y, 

then by Theorem 3.5.4 the solution satisfying YeO) = 1, Y'(O) = czlfl is 

Yes) = cosps + CZ(flp)-1 sin ps + p-l f: sinp(s - vlq(v)Y(I1)dl1. (3.4) 

The solution is continuous on [O,n] so that IY(s)1 s M on [o,n] for some 
constant M. Hence 

IY(s)1 S [1 + cz2(flp)-2]1I2 + p-1M f:lq(v)ldl1. 

Since I YI attains its upper bound, we can replace I Y(s)l by M and solve for . 
M. This yields, for Jl large, 

M S [1 + CZ2(flp)-2]1/2(1- p-. J:lq(I1)ldl1r1. 

The solution of(3.4) will automatically solve the first boundary 
condition in (3.3). In order to solve the second boundary condition, it is 
necessary and sufficient that p solve the equation 

(3.5) 

where 

and 
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Since I Y(.~)I s M = 1 + 0(,,- I). then both S 1 and S2 are bounded for p 
sufiiciently large. Also. the bound on M and Eq. (3.4) yield 

yes) = COSJIS + 11-1 D(S.I'). 

where D is bounded ror 0 S S S 7t and I' large. Use this in (3.4) to see that 

Yes) = cos ItS {I - I' - I I: sin pv[ cos pv + p - I D(v. p)]q(v) dV} 

+ sin JL~ {a(/1I,)-1 + 1,-1 I: cos pv[cos pv + p-I D(V.P)]q(V)dV}. 

Note that by a trig9nometric identity and integration by parts 

I: sinIWCOS/lvq(v)tlv =! I: sin(2Iw)q(v)dv 

= -(4/,)-1 cos(2pv)q(v)l~ + (4,,)-1 I: cos(2I1V)Q'(v}tlv = O(p-I). 

Similarly 

I: cos2 pvq(v)dv =! I:(I + cos(2I1V))q(v)dv = t I: q(v)dv+ 0(/,-1) 

and so 

Yes) = (COSIL~)[l"+ 0(p-2)] + (sin ps) [ ap-I +! I: q(V)dV]p-1 +0(p-2»). 

This can be used in SI and S2 aGove to see that 

51 = a/p - y/lJ +! Io· q(v)dv + 0(/,-1). 

Thus Eq. (3.5) has the rorm 

tan 117t = [c + O(J,-I)]/[,I + 0(11- 1)]. 

where c = a/p - y/lJ + ! J~ q(v)tlv. 
Equation (3.2) can be rewritten as 

(t1 2 Y/ds2) + [jl2 - (Q(.~) + L)] Y = O. ijl = pl + i... 
for any L > O. Hence it is no loss of generality to assume that 

(! I: q(s) tiS) ((y/(5) + c) > O. 

Since 

(3.6) 
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then by the same type or argument as above, 

(1'- S2)-1 dSI/dl' = y/(2lJI') f: q(s)ds + 0(1'-2). 

Similarly. 

dS2 /dl' - VIf'!1J: q(s)ds + 0(1). 

so that 

~ (_ S 1 _ \ =.-!L _ SI(1 - S2) _ (1.. r- (S)dS)(! + c) + 0(1'-2). 
dl' \jJ - S;) I' - S2 (I' - S2l2 21' Jo q ~ 

Thus ror I' sufficiently large, the curve y - SI(I'- S2)-1 is monotone. This 
proves that there is an integer j ~ 0 such that for all integers m sufficiently 
large, ihere is one and only one eigenvalue J.I.+J - m + 0(1) (see Fig. 4.1). 

Near I' - m we can expand tan "I' in the series 

tan 7C1' - K(I'- m) + (,,'/3)(1'- m)3 + 0(1l- m)'. 

Since 1' ... + J is near m, this means that 

tanKI''''+J- K(I''''+J- m) + O(J.I.+J-m)l __ c_+ 0(1',;2)=.E... + 0(m-2). 
. J.I.+J m 

Thus 

Il...+J - m = c/(MI) + 0(m- 2 ). 

The expression ror I''''+J can be used to estimate the shape of 
the eigenfunction Y.+J as follows: 

and so 

where 

COSI'",+p - (cosms)[l + 0(m-2)] - (sinms)[cs/m + 0(m-2)]. 

sinl'.+P - (sinms)[1 + 0(m-2)] + (cosms)[cs/m + 0(m-2)]. 

Y .. +Js) = (cosms)[1 + 0(m-2)] + (sinms)[H(s)/m + 0(m-2)]. 

H(s) =:= a./P + ! f: q(v) dv - cs. • 

The analysis can be modified to cover the case in which P or 
6 or both are zero. This will be left to the reader in the problems at the end 
of the chapter. When we refer to Theorem 3.1 we have in mind this extension 
of the theorem. 
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As a simple example consider 

y" + AY = O. y(O) = O. yen) = )I'(n). 

Then q,(t) = A sin Jlt where Jl is a solution of tan nJl = Jl and Jl2 .= A. From 
a plot of y = tan nJl superimposed over y = Jl, it is clear that Jl .. + J = m + . 
1 + 0(1). Thus we see that Theorem 3.1 must be slightly modified if IJ or " 
is zero. 

Another example which illustrates this extension of Theorem 
3.1 is 

y" + (A/(l + t)2) ... = 0, yeO) = y(1) = O. 

Solutions of this dilferentjl equation are of the form Y = (1 + It. It is easy 
to compute that d = (1 ± 1 - 4A)/2. Upon working through the boundary 
conditions, one finds that 

A .. = m2n2(log2)-2 + i. 
and 

tP",(I) = A ... (l + 1)1/2 sin[mn 10g(1 + t)/log 2]. 

4.4 INHOMOGENEOUS PROBLEMS 

In this section we study inhomogeneous second order bound­
ary value problems. We begin with the consideration of 

Ly = -(APY + f), (4.1) 

Hen: L I • L 2 , k. P. and 9 are real valued and satisfy the hypotheses of Section 1 
while I can be complex valued. Let y, and yz be the solutions of L)' = -Apy 
satisfying 

y,(a,l) = I, i,(a,l) = 0, Y2(a,A) == 0, Yi(a, l) = 1. (4.2) 

Thcn PYI + acY2 will satisfy IJIY = O. The~!genvalucs of problcm (P) exist 
whcn L 2(fJy, + acY2) = 0 also, i.c., when 

A(l) = /JLz(Y,) + exLZ(Y2) = 0, 

where A is the function defined by (1.4). 

Theorem 4.1. Problem (4.1) has a solution when l .. is an 
eigenvalue if and only if I is orthogorull to the corresponding eigenveL10r 
q,., i.e., ifand only if (/,q, .. ) = O. 
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:.Proof. Let YI and Y1 be the solutions determined by (4.2) and 

let Cl and Cl be arbitrary constants. (Since A will be fixed, the dependence of 
YI on A will be suppressed.) Try a solution Y of the form " 

f., I(s) jb I(s) 
yet) = C1YI(t) + C2Y2(t) - Yl(t) • Y2(S) k(a) ds - Y2(1) J, YI(S) k(a) ds. (4.3) 

Clearly Ly = -(Apy + f). In order to satisfy the boundary conditions 
LI(y) = L 1(y) = 0, it is necessary and sufficient that 

aCI - Pe2 = -P(y"/)/k(a), 

L 2(YI)c1 + L1(Y1)C2 = L1(Yl)(Y2,/)/k(a). 
(4.4) 

Now A", is an eigenValue. so 4(A,J = 0 and there is an eigenvector fill = 
PYI + «Yl' Hence. IXL2(Y2) = -{JL2(Yl)' i.e .• the determinant of the matrix 

,on the right side in (4.4) is zero. Then (4.4) will have a solution if and only if 
the matrix 

[ a -P -P(Yl.f) ] 
L2(YI) L1(Y2) L2(YI)(Y2./) 

has rank one. This requirement can be checked by cases. For a :;: 0 we use 
4(A.,J = 0 to see that the second row ofthe matrix is [L2(Yl)' -L2(Yl)(p/a), 
L 2(Yl)( Y2,/) ].If L 2(Yl) =0, then since a :;: 0 and 4(A...) =Owe get L 2(Y2) =0. 
Thus . 

By (3.6.4) the determinant of the coefficient matrix is k(b)/k(a):;: O. Thus 
L2(,Vl):;: 0 and the rank one condition reduces to 

a(/. Y2) = - P(/, Y2) or (/,rplll) =0. 

If a = 0, then L2(Yl) = 0 and PYI = rp ... Since the eigenvalue A .. is simple, 
Y2 is not an eigenfunction. i.e., L 2(Y2):;: O. The rank one condition is 
P(/. y) = 0 or I .J.. y, (i.e .• I is orthogonal to y,). • 

Corollary 4.2. For any eigenvalue A .... 4'(A,J =I: O. 

Proof. Consider the problem 

Ly = -(Apy + prp,J. 
By Theorem 4.1 there is a solution of (4.5) if and only if 

f: p(t)[t/>".(t)]2dt = O. 

But this is impossible. 

(4.5) 
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From A(A) - L2(4)(',A)), where t/J - PYI + IXY2, we compute 

A'(A.) = L2(~~ (.,A.»). 
If A'(A.) = 0, then yet) = at/J(t, A.)/aA will solve (4.S). But (4.5) has no solution. • • 

Corollary 4.3. Let <I, t/J.> = 0 for all eigenfunctions t/J •. Then 
(4.1) has a solution y(t,A) which is an entire function of A for each fixed 
t E [a,b]. -

Prool. For A #= A,. try a solution of the form (4.3). Then in 
order to solve the boundary conditions [i.e., solve (4,4)], one must have 

cl(A) = P( - L2(y,')<I, YI> + L2(YI)(f, Y2»/[4(A)k(a)] 
and 

By Theorem 2.9.1, CI(A) and C2(A) are holomorphic functions except possibly 
when A(A) #= 0, i.e., except possibly when A is an eigenvalue. At A = A. the 
numerator is zero since by Theorem 4.1 <I,t/J.> - 0, t/J. = IXY2 + PYlt and 
IXL2(Y2) + /lL2(YI) = O. Since the zero of A(l) at 1. is simple, by Corollary 4.2, 
then C1(A) and c2(A) have removable singularities at A,.. • 

Before proceeding further, we need to recall the following 
concepts from linear algebra. . 

Deflnillon 4.4. A set {.; .. } of functions, .;.: [a, b] -+ R, is called 
Orthopaal (with respect to the weight p) if the constant defined by 

<.;.,';.>,. = s: ';.(t)~p(t)dt 
is zero when m #= k and positive if m = k. An orthogonal set {.;.} is ortho-
1l01'III81 if <tit., t/I.>,. = 1 for all m. An orthogonal set {';M} iscmnplete if no 
nonzero function I is orthogonal to all elements of the sel 

Now let {t/J.} be the set of eigenfunctions for problem (P). 
These functions are orthogonal by Theorem 1.4. Moreover, since the function 
"'. can be multiplied by the nonzero constants <",.,,,,.>;1/2, there is no 
loss of generality in assuming that they are orthonormal. Finally, we note 
that under the Liouville transformation (3.1), we have 

s: y(t)z(t)p(t)dt = S: [KI/2Y(t)(pk)li4][Kl'2~(t)(pk)1/4][(p/k)t'2K-l dt] 
• 

= So- Y(s)Z(s) ds. (4.6) 
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Thus, the Liouville transformation preserves the inner product and, in 
particular, it preserves the orthonormality of the transformed eigenfunctions· 
{Y.}. For this reason it is enough to prove completeness for (3.2) and (3.3) 
rather than for problem (P). 

Consider the problem 

(d3'j1ftlt2) + (1 - q(t»y = 0 (4.7) 

and 

«y(O) - fly'(O) = 0, yy(K) - ,si(K) = o. (4.8) 

where q E C· [0, K]. Let this problem have eigenvalues A.. and eigenfunctions 
"' •• We are now in a position to prove the following result. 

Theorem 4.5. The set {"'.} is complete. 

Proof. Suppose f is real valued and <f. "'.> = 0 for all eigen­
functions "'. and consider 

(d2v/dt2) + [1 - q(t)]v = -f(t) 

with boundary conditions (4.8). By Corollary 4.3 this problem has a unique 
solution v(t.A) which is an entire function of A for each t E [O,K]. Thus we 
can expand v in a convergent power series 

v(t,1) = vo(t) + Av.(t) + 12v2(t) + ... , (4.9) 

where the functions v,(t) satisfy 

v'o - q(t)vo = - f(t) or vi' - q(t)v, = - V'_I' i = 1,2, 3, .•. , 

Ilnd the boundary conditions (4.8). Thus 

S:(I'.+IV~ - v"v:+.)dt = S:[vOl+.(qV" - v .. _.) - v .. (qV .. +l - v .. >ldt 

= S:(-V.+I".-I + v.I'.)dt. 

On the other hand, the left side reduces to 

by (4.8). Thus 

s: v .. + .(t)v._I(t)dt = S: v .. (t)v.(t)dt •. 

i.e., the value orthe integral depends only on the sum m + koCthe subscripts. 
Call this common value l(k + m). The expression 

So·CAv .. - 1 + Bv .. + .)2 tit = 1(2m - 2)A2 + 21(2m)AB + 1(2m + 2)B2 
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is a positive semidefinite quadratic form in A and B. Thus 1(2," + 2) ~ 0, 
1(2", - 2) ~ 0 and 

1(2",)2 - 1(2", + 2)/(2m - 2) ~ o. (4.10) 

We see from this and a simple induction argument that either 1(2,") > 0 for 
all In ~ 0 or else 1(2m) = 0 for all m ~ 1. 

Suppose 1(2111) > O. By (4.10) we have 

1(2)//(0) S 1(4)/1(2) S 1(6)/1(4) S . . . . (4.1 J) 

From (4.9) we see that 

S: vo(t)v(t,l)dt = 1(0) + .tI(1) + A,2 /(2) + ... 

is an entire function or 1. Hence 

1(0) + 1(2».2 + 1(4».4 + ... 

is also an entire function. We can use the lim sup test to compute the radius 
of convergence of this function. However, the ratio test and (4.11) imply that 
the radius of convergence is at most (/(2)/1(0»-1/2 < co. This contradiction 
implies that 1(2) = 1(4) = ... = O. In particular, 1(2) = 0 means vl(t) = 0 on 
o S t S 71:. Since Vo = qVI - v~ and I = quo - vo, then I = 0 on 0 ~ t S 71: • 

• 
We also have the following resulL 

COlollal, 4.6. The sequence {4>.} of eigenfunctions for prob­
lem (P) is complete with respect to the weight p provided 1, p e C l [ a, b Jand 
ge CI[a,b]. 

We shall define L2«a,b),p) as the set of all complex valued 
measurable functions on (a,b) such that (/,/)p < co, where 

(/,/)p = S:I/(t)j2p(t)dt 

denotes a Lebesgue integral. For such an I we define the function 11,11 by 

11/11 = <1.J)1j}.· 

Note that the function 11'11 is a norm, since it satisfies all the axioms of a norm 
(sec Section 2.6).lt is known that L2«a,b),p) is cOmplete in this norm. Also, 
we define the generalized Fourier c:oellieients of I as 

1m = <1,fP ... )p = s: l(t)4).(t)p(t)dt 
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. 
and we define the generalized Fourier series for I as 

GO 

I(t) - r I",f/J".(t) . 
.. =0 

We shall require the following results. 

Lemma 4.7 (Bessel illeqUlJlity). If IE L 2«ll,b),p), then 
.., 
L 1/ .. 12 s; 11/112. 

111-0 

we have 

for any integer M ~ I. • 

Theorem 4.'. If Ie L 2( (a, b), p), then the generalized Fourier 
series for I converges to I in the L 2 sense, i.e., . 

lim III - f 1 .. 4> .. 11 = o. 
JI~co .. -0 

Proof. Define S., = r::-o 1.4> •. Then S., is a Cauchyose-
'!uence since for M > N, ~ 

., "" 
liS., - SNII2 = r 1/ .. 12 S; r 1/ .. 12 ~ 0 

.-N+I .-N+I 

as N, M -+ co by Lemma 4.7. By the completeness of the space L2«ll,b),p), 
there is a function 9 e L2«a,b),p) such that 

9 = lim S.,. 
"--IID 

But «I - g).4>.)p = 0 for all eigenfunctions 4>._ Since {4>.} is complete, 
l-g=O .• 

Let us now return to the subject at hand. 

Theorem 4.9. For problem (P) let k, p E C1[a,b] and let 
gee· [a, b]. If Ie C2[ a, b] and if I satisfies the boundary conditions (BC), 
then the generalized Fourier series for I converges uniformly and absolutely 
to I. 
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Proof. Since LI is defined and continuous on [tI, h], then for 
any eigenfunction (~m we have 

(LI,t/l .. ) = (I, Lt/l .. ) = (I, -A""~m)p = -A",lm' 

Here we have used the fact that L is self-adjoint. Since the coefficients 
ex .. = (L/,q, .. ) are squnre sum mabIe (by Lemma 4.7), then this sequence is 
bounded, say I(LI,c/> .. )1 :s; M for all 111. By Theorem 3.1, ) ... = 0(",2) so that 

1/",1 ~ 1(l/,q, .. )/A.I:s; Maim! 

for some constant M I' Again by Theorem 3.1 the eigenfunctions t/l",(/) ure 
uniformly bounded, say l,p",(t)1 ~ K for all m and alii. Thus 

I",~o 1 .. t/l",(/)I ~ 1/01 + "t (M .Iml)K < 00. 

The Weierstrass test (Theorem 2.1.3) completes the proof. • 

We now give the last result of this section. 

Theorem4.10. Let k,peC3[a,h] and let geC1[a,h]. For 
any I e C[tI, h] lind for any complex). not an eigenvulue, the problem 

Ly = -p().}' + n, (4.12) 

has a unique solution y. This solution can be written liS the uniformly Hlld 
absolutely convergent series 

. ., 
r(t) = L j;"(A", - A)- 1t/l ... (I). (4.13) 

... =0 

Proof. The series (4.13) is derived by assuming that 
;x, 

)' = L Y",tP .... 
",=0 

putting these series into Eq. (4.t'2), and solving for .l' .... Sim:e the 1/'.,(/) arc 
uniformly hounded and A", = 0(",2), the proof that the series converges­
uniformly and absolutely follows along similar lines as the proof of Theo­
rem 4.9. By Theorem 1.2, problem (4.12) has a unique solution zIt). Thus, 
for any m we have 

0= (Lz + p().:: +.n, t/J .. ) = (Lz.t/l ... ) + ).(::,41",)" + (.r.t/J",),. 

Since L is self·adjoint. it follows lhut 

(L::,t/l ... ) = (Z,LIPm) = (z, -A.,pt/J .. ) = -).",{::"P ... ),,· 
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Thus we can solve for <z, tP .. > p and find thut 

<z, 'PHI> P = IINO .... - i.) -, = r .. · 
Since z and r have the same Fourier coeflicients, then, hy compll!teness, 
they nre the snme function. • 

For the problem 

y" + A.\' = 0, y(O) = .v(x) = 0 

it is easy to compute that Am = ",2 and tP ... (I) = .{i71tsin 1111, III = 1,2,3, .... 
These eigenfunctions form a complete set on (0, n). Moreover, if f(l) - .J~:,n 
L:=, I ... sin lilt, then for A#: ",2, 

J'" + lJ' = - I(t), .1'(0) = r(n) = 0 

has the solution 

.\'(t) = ::. L l~ sin"". J! I. /, 

n .. = I /I. - III 

For the problem 

J'" +)..\' = 0, l(OI = len) = () 
it is easy to compute i .... = /11 2 for /II = 0, I, 2, ... while 

"',,(I) = I/,fir. und t/J",(t) = Jilircosml (ill ~ II. 

These eigenfunctions nlso form u complete set on (0, n). 

4.5 GENERAL BOUNDARY VALUE PROBLEMS 

Many of the results of the previous section can be generalized 
to a wide class of houndary v~llue prohlems. The generalization is made hy 
transformin~ these hnundary value prohlems into integral equations. These 
eqmltions can then be studied using integral et)uations or even functional 
analytic techniques. The price paid for this generality is that the information 
obtained is not so detailed as in the second order problem (P). 

On a finite interval [a, b], let a j E Ci[ ~//J] be given for.i = 0, 
1,2, ...• " with a.(t) > 0 for aliI. Consider the 11th order lineur dilTl!rcntial 
operator dcline{1 hy 

Lr = a.yI·' + a._,.I"·-1I + 1I._2y'·-21 + ... + t/,y' + lIu.r~ 
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Let U be the boundary operator defined by 

" 
U iY L L ':I.ijy,j "(a) I /lij.l'1i 1I{lI)J 

j~ I 

fur; = I. 2 ....• /I and 

U.\" = [U 1.1'. U 2.\"' .••• U nrJ. 
Let II E C[!I.b] be a lixcd positive function. Consider the boundary vulue 
pmblem 

L.I' = -)"'.\". U.I'=o. (5.1 ) 

If for some i. there is a nontrivial solution q, of (5.1). then we 
sh~11I call i . • 111 cigem'alue of (5.1) and 4) an eigenfunction of (5.1). Clc.trly. for 
any scalar !X t- 0, '1.1/1 is also an eigenfunction of (5.1). • 

We shall take the point of view that the opemtor L is not 
cOlllpletely sJlccified until ils dUlIlain ami range are givcn. The range will 
be the set CL a. II] while the duma in will be 

!/ = (.I' E ("'[!I.b]: U)' = o}. 

Problem l5.1) will be called self-adjoint if (L),. =) = (y. Lz) 
fur all y. : E 'l. Here we usc the notation 

f." -(.1'.:) = II .r(I)Z(I)JI. 

and 

f.b -
<'r.::)p = .. .1'(1):(1),,(1),11. (5.2) 

as before. For example. if L + denotes the adjoint of L. then by the Lagrange 
identity (sec Theorem 3.5.9) we have 

(Ly.=) = (J.L+z) + p(y.z)I:. 

So L will be self-adjoint. for example, if L = L + and PCr.;:)I: = 0 for all 
.".:: e'/. 

By the same proof as in SeCl;un 4.1. if l~ is sclf-udjoint. thell 
all eigcnvalues arc real und all eigenfullctions corresponding to distinct eigen­
values are orlhllgol1ul with respect to th,e inner product (5.2). 

Thc inhomogencous problem 

L.r + lpy + .r = o. Uy=o (5.3) 

will be solved by cunstructing a Grecn's function. 
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Theorem 5.1. Suppose there exists at least one complex 

number )'(1 which is not an eigenvalue of (5.0. Then there is a unique func­
tiull CI(I, s. A) which is defined for /I ::; I. S ::; /I and for all complex numbers 
A which are 110t eigenvalues. and which has the following properties: 

(i) ,1i GI('t} exists and is continllous on the set S. where 

S = ({t. T.A):a ~ I. s ~ b.). not an eigenvalue} 

for j = 0, I. 2 •...• '1 expect on the line' = s when j = II - I and II. 
(ii) The (II - l)st derivative has a jump discontinuity at 

I = ... such that 

(iii) As a functiun of I. r(l) = G(I • . ~. A) satisfies U.I' = 0 and 
also Ly + AI'J' = 0 for a !S: I !S: I). 1 :F s. 

The solution of (5.3) .11 any A not an eigenvalue is 

(5.4) 

Proof. Let tb j(I. A) be the solution of L.1' + AI'Y = 0 which 
satisfies the initial conditions 4,n I (a, A) = t5. j for 0 ~ j. k ~ II - 1. Here t5 jj 

denotes the Kronecker delta. i.e .• 15jj = 0 when i :F j and 15 ji = I when i = j. 
Deline 

Il(I. s. A) = det 

fjJ I(S. A) 

fjJ'I('~' A) 

tb\lt- 2'(.'f.,1) 

4> l(t.,1) 

q'II(S, A) 

fjJ',.(.~, A) 

fjJ~.- z'(s. A) 
4,.(1. A) 

+ {a,,(s)W(<PI.··· • <Pn)(s)} 

for I ~ sand 11(1 •• 'f.,1) == 0 if I < s. Sincc the Wronskian satisfies 

W(fjJ •• 4>2'·· •• 4>.)(.~) = exp f: -[tln_l(s)/an(s)]ils. 

the denominator is never zero. 
Clearly i'li I II,'I} = 0 for j = 0, 1.2, ...• II and for (I ~ t ~ s. Also 

a determinant is zero when two rows are equal. Hence Nli/il,) exists for 
tI ::; 1 ~ S and is 7£ro lit I = .~ for j = O. I, 2 •... ," - 2. When j = II - 1. 

~:~~~~ (.~+ ..... A) - ("~~It (s- ,s. ).) = _~!:_(q,I' .:.:~,,)(s) .- - 0 = CI.(S)-I. 
( t (1, WI'" I' ..• ,4>,,)(.'1)tt,,(s) 
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Thus 1-1 satisfies (i) (iii) of the theorem expect UIl(· •. ~.).) = n. It will need 
modifiQltion in order 10 snlisfy this last property. 

Define G(I •. ~.).) = II(I,s,A) + ri-. ('flIP. i.), where "j = eJdl 
are to be chosen luter. We need 

n 

U,G = Ull + L CPII~J = n 
JQ 1 

or 

" L CP"!>j = - U,II(· •. ~, A). (5.5) 
j~ • 

Since the determinant A(A) of the matrix [Unj(',A)] is 1111 entire function 
of A and since it is not zero at the value Ao, then A().)-' is a memomorphic 
function. Hence (5.5) has a unique and continuous solution set ('j(s, A) for 
a 5, S 5, b and all). with A(A) ~ O. . . • 

Finally, we note tllat by Theorem 3.5.4 

f. t ~.(t,A)It{(~"", .~,,)(s) (-/(S»)IIS 
• l=1 W(~ ...... ~,,)(s) ".(s) 

is a solution of Ly + ).py = - /. Since 

t 1'.(~.A)IV.(4!~.:.~.J(~~ = 1I(1,5,A) 
l; 1 [H (1/>\, ••• • I,h,,)(.~)]tl.(.~) 

when s :s; t, we see that y defined ns 

Y(l) = - f: G(I.s,i.I!(s)t1s = - £II(I,.~,A)/(.~)"S 

-t(f: c'l~, ).I/(s) t1'~)(Pj(" A) 
j .. t 

consists of a solution of the inhomogeneous prohlem I .. i· ... J.,,}, = - / lind 
a solution of the homogeneous problem Ly + A"-,, = O. HelU.-e .I' solves the 
inhomogeneous problem. Moreover 

J." f." . U.I' = - " l.IG(· •• ~,A)f(s)".~ = - a O· f(s) lis "" n . • 
We note thut the vulues A where A().) = 0 iire Ihe eigenvalues 

of I.. Since A is ~1.Il entire function of i. (cf. Section 2.91. there is at must 1I 

countable set I A", I of eigenvalues, tmd these eigenvtllues cannot duster at 
,lIny finite value in the complex plane. Note also that if L. is self-adjoint, then 
the existence of i.n in Theorem 5.1 is triviul- any AII"with nmlJ:cro inmginary 
purl will do. 
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and 

The function G(I. t.l) mllst have the form 

" 
(i(l.s.).) = L Al~,).)(IIP.i.). 

) _. J 

H 

G(t •. ~.).) = L Bl ... i.)4>p.i.). Ii < I ~ h. 
J~ J 

16.1 

The conditions of the theorem cun he used to determine .4) and nj • For 
example. at ). = 0 the problem 

y" = -f(l). yeO) = .\'(1) = 0 

has the Green's function 

{(.~ - 1)1. 
G(I,s.O) = ( I .u- ), 

O~I~.~. 

.~SIS I. 

If f(l) == I. then the solution (5.4) has the form 

y(l) = S; (1 - t}·if(s)ds + f t(1 - s)f(s)els 

= (I - I) S~ .~d ... + If (I - s)c/s = 1(1 - 1)/2. 

In the self-adjoint case we shall have (l~)'.::) = (J'. Lz) fnr all 
.l'. z E ~. At a given A.let)' = 'J' ,d and:; = !9 A" where ~q isthe integral opemtor 
de6ned in (5.4) and A is any complex number which is not an eigenvalue. 
Then L." + A,,), = f and Lz + APZ = II so that 

(f,!9A") = (LJ' + ).PJ',z) = (y, Lz + All:) = «(lJd.h) 

for any f, " E C[a. b]. This can be written as 

f." f." (;(I,s~~)f(I)/,(.~i,ls(11 = f./o s." (i(I,s,).)fh)/,(tldscil. 
.. ". fI • • 

Interchanging the order of integration in the first integral. we see that 

S: S: G(s,I,I.)f(s)II(I),/.Hlt = S: S: G(I,s.A.).f(.~)II(I)d.~dt. 
Since I and I, can run over Illl continuous functions. one cun argue in a \'uriety 
of ways thllt this implies that 

G(t ..... A) = G( .... r.'-i. 
The Green's function provides un inverse for 1. in the sense 

that 1$/ = f and "I . .\' = .I' for 1111 y in ~ and all f in e[/,."l (We Ilre as­
suming wilhoutloss of generality that i." = 0.) Using (ll at i. = n. the boundury 
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value problcm (5.31 may be rcstatcd in the cquivalcnt form 

.r + ;$(.I"p) = F. 

where F = ~t;f. This opcmtor equation can also be written ns the integral 
ClllHltiun 

.r(l) = F(I) - A s: G(I,s.O)p(.~)y(.~)(I.~. (5.6) 

In case L is self-adjoint. (5.6) ,-"Un be modified to preserve lhe symmetry of 
thc tcrms multiplying .r(.~) under the integral sign. Let ::(1) = Jii(i)y(t), 
Illultiply (5.(,) hy ./,,111. and ~III11Jlllte 

:(1) = J,I(I)F(I) -;, s: G(t,s,O)Jil(l)ii(~j:(.~)(/s. (5.7) 

Now 

fur ,/ :::;; I •. ~ :5; /I. 
The intcgrul cquation (5.6). and even more so, the symmetric 

case (5.7). can l11ust cm~icl1t1y bc studicd under rather weak Us."ulllptioIlS 
on G using intcgral cquation techniques and/or functional analytic tech­
niques. Since no morc theory con,--crning dilTercntial equations is involved. 
wc shall not pursue this subje~t further. 

PROBLEMS 

I. Let k E CI[CI."] nnd fiE C[a.b] be real valued functions and let a./I, 
}". and ~ in (BC) be complex numbers. Show that problem (P) is self-adjoint 
if and only if ap = fJ2 and j'"J = r~. Show that this ·condition is true if and 
only if (P) is equivalent to n problem with all coefficients real. 
2. For what values of a and b, with 0 S a < b S n, is the problem 

[(2 + sin I),I"T + (cos I)y = 0, r(u)..'S y(b), it'll = lIb) 
sclf-ndjoint? 
3. Find all eigcnvalues and eigenfunctions for the problem 

J(O) = J(I) = O. 

IJiIll:Try}'=(l + I)i'<'= (cos[exlog(l + t)]+isin[al()g(l +/)])(1 +IY. 
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4. Suppose the boundary conditions (BC.) are such Ihal 

S:(k}")'.I'clI = - S: k(.I"lzclI 

for all y E '.1*. Show thai there exists a constant G > 0 such that A", ~ - G 
fur all eigenvalues. 

S. Show that for any! E CEO, It 1 

lim fa (sin At)!(t)til = lim fIC (cos AII!IIlclI = o. 
A-t",Jo A-,,)Jo 

iii",: .r ~'all he IIl1if'lrInly Ilpp~mdlllated by functiuns fmm Cl [0. It]. 
6. In Theorem 3.1 show that if g E CEO. n]. then 

I~m = III + 0(1 I. 

7. In Theorem 3.1 show that 

(a) if ~~ = 0 or /1 = 0 but not both. then Ilm+) = III +! + 
O(l/m), and 

(b) if c~ = II == O. then I'", + J == III + I + O(l/m). 
(c) Compute the asymplolic form 1;" .. J('~) for both cases. 

8. (Rtly1eiIJ" tllWliellls) Define 

V = {cP E CZ[(I,b]: L1cPLzci' = O. (cP, ci')" = I:. 
Let h,l' E C3[a, hl and g E Cl[a,b]. Show that 

~ 

inf{ ( -1..1',.1'):)' E "} = ; . .,. 

the smullcst eigelivalue. Hilll,: Use Theorem 4.9. 
9. Find the asymptotic form of the eigenvalues and the eigenfunctions of 

the problem 

J.(1) = .1'(21 = o. 
10. Find the Green's function at .1. = 0 for 

(a) Ly = y", )'(0) = j"(l) = O. 
(b) ~.I' = y", yeO) = y'(O), r(l) = - y'(I). 
(c) Ly = )''', reO) + .1'(1) = 0, J'tO) + j"(l) = 0, and 
(d) Ly = i' + Ar, )'(0) = yen) = 0, A > O. 

II. Show Ihat i. = 0 is not an eigenvalue for 

)'", + .1.)' = 0, yeO) = .1"(0) = .r"( I) = O. 

At .1. = 0, compute Ihe Green's function. Is this problem self-adjoint'! 
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12. In problem (P), suppose that II = "I = O •• 1I1d suppose that A. = 0 is not 
an eigenvalue. let G(/ •. ~) be the Green's function at A. = O. Prove the fol­
lowing: 

(a) "(/) A vG(/, {/)/I1.~ solves I." = 0 on a < I < IJ. wilh lI(a t) = 
- k(lI) - I, I/(b) = O. 

(h) "(I) A 11G(/.h)f(I.~ solves 1.1' = 0 on II < I < h, with 1)(11) = 
0, /l(b -) = k(l,r l • 

- (c) For any J e C[tI, h] and any constants A and n. the 
solution of L.I' = - J. J.d' = A. Lz.l' = B is 

J.• tlG (10 
.1'(1) = - G(I,.~)J(.~)tls - Ak(lI) -:;-- (I,ll) + Bk(") ..; (I,ll). 

" (IS ('.~ 

13. Solve)'" = -I, .1'(0) = 3, ,1'(1) = 2. 
14. For the problem 

(ky')' + g(I)Y = -/(/), d < I < I" 

show that if A = 0 is not an eigenvulue and if p~ :# 0, then 

J.• ~~ kW . 
y(/) = - d G(I,s,Ol.f(s)II.~ - -If AG(I,tl,O) + -lIlG(I,II.O) 

is the unique solution. Solve ,," = - I, 1/'(0) = - 2, 11'(1) + 11(1) = 3 by this 
method. 

15. Solve y" = -I, .I~O) = 2. y'(1) + .1'(1) = 1. 
16.' (S;IIYllltlr problem) Show thut A. = 0 is not an eigenvulue of 

1.1''' + .1" + A.I' :.: 0, .1'(1) buunded as , --0 (\ t', .1'( I) = O. 

Compute the Green's function at A. = O. 
17. Prove tha t the set {I, cos I, sin I, cos 21, sin 21, •.. I is complele over the 
interv.1I [ -It, 7l]. II;",: Usc the two exumples at the end of Sectioll 4. 

lS.let keCI[a,h] 'lOd I/eC[II"h] with both functions complex valued 
ntlll with k(l) ~ () for all t. Let a,lt, l', nnd ,'I he complex numbers. Show Ihal 
if (P) is self-adjoint, then 

(il k(11 and 11(1' are real valued, and 
(ii) ap = /lii, 1,3 = 'fIt 



STABILITY 

5 

In Chapter 2 we established sullident cl)l1(lilions fnr the exis­
tence. uniqueness, and continllolls dependence on initi .. 1 dala of solutions 
to initial value problems described hy ordinary dill"erenliul equations. In 
Chapter J we derived explicit closed-form expressions for the solutinn of 
linear systems with constant coellicients and we tktennined the gencntl 
form and properties of linear systems with time-varying coellicients. Since 
there are no generlll rules for determining explicit formulas for the solutions 
of such equations, nor for systems of nonlinear cquatiolls. Ihc analysis of 
initial value pmblems of this type is usually accomplishcd allln!,! tWIl lincs: 
(a) a qUllntitative approach is used which usually invulves the numerkal 
solution of such equations by means of simulatinn!> on a dillital computer. 
lind (b) a 1I1mlitative approach is used which is uSllally concerned with the 
behavior of families of solutions of a given differential cqllCltion lind which 
usually docs not seck spccilie explicit solutions. III applicatiolls. bllih ap­
proaches arc usually employed to complement each other. Since Ihere lire 
many excellent texts on the numerical solution of ordinary dillcrential 
equations, and sim:e a treatment of this subject is beyond the scope of this 
book, we shall not pursue this topic. The principal re~;ults of the qualiwtive 
apprmlch include stability properties of an equilibrium point (rcst position) 
and the boundedness of solutions of ordinury dillcrential equations. Wc 
shHII consider these topics in the present chapter and the ncxt chapter. 

In Section I, we reeull some essential notal ion th'll we shull 
usc throughout this chapter. In Section 2, we introduce the concept of an 
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equilibrium poin!. while in Section 3 we define the various types of stability. 
instahility. (lnd hllllndedness concepts whieh will be the basis of the entire 
develupmcnt of the prescnt chapter. In Scction 4. we discuss the stilhility 
properties of autonomous lind periodic systems. and in Sections 5 and 6 we 
discuss thc stahility properties of linear systems. The main stability results 
of this dmpter invulve the existence of cert.ain re.al v.alued fUllctions (called 
LYilpunov functions) which we introduce in Section 7. In Sections 8 and 9 
we prcscnt thc main stahility, instability. illld bounded ness results which 
con~titute the direct method of Lyapunov (of stability .analysis). Lincar 
systcms <Ire discllsscd <I/,!<Iin in Section to. this time in the context of the 
I.yapllllll\· thl·my. /;,tcllsions ami improvcll1ents (If the I.yaplln(lv theory 
arc prcscntcd 111 Sedillns II (illvariance theorems) and 12 (extent of asymp­
hltic stability). The stability results. as given ill Section 9, cOllstitutesulliciellt 
t;llllditions. It turns out that some of these results are illso necessaryeolllji­
tions. This is demonstrated in Sl'l"Iion I J. where a sample result ofa so-called 
CllIl\'crsc thcllrem is prcsented. Comparison theorems, as they arise in the 
CIIntcxt or stability thcory, arc treated in Section 14. In Section 15, the 
stahility pfllperties of'lI1 illlpOJ'tant dass of pwblcms thaturisc ill 'Ipplic~l­
tions (regulator systems) arc discussed. 

5.1 NOTATION 

We begin by recalling some of the notation which we shall 
rcyuin: throughout this chapter. 

If x E R", thcn Ixl wiII denote the norm of x. where 1'1 reprcscnts 
anyone of the equivalent norms 011 R". Also, if A is any real (or complex) 
1/1 x " matrix. then 1..11 wiII denote the norm of the matrix of A induced by 
the norm· on I~". i.c., 

IAxl I" xl IAI = Slip IAxl = sup -I~-I = sup --1-:-1-
1,'1=1 O<I,'lsl x .• .,.0.\ 

(sec Sectilln 2.6 for further details). Nute in plitticular that 

Recall also that IJ(x". II) and 8(11) denote the spheres with 
r;ldius" > 0 ;\Ill! centers .X = XI) lind x = O. respccthcly, i.e .• 

8(xo./') = Ix E W:lx - xol < /1) and 8(", = {x E R":I.\'I < Ill. 



5.2 711t? Concept of an Equilibrium Point . 
5.2 THE CONCEPT OF AN EQUILIBRIUM POINT 

We com:ern ourselves wilh systems of equal ions 

x' = I(I, x). 
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(E) 

where x E R". When discussing global results. such as global asymptotic 
stability, wc shull always assume that I: n· x I~" .... n". On Ihe other hand. 
when considering local results, we shall usually assume that f: I~ + x BIII)-+ 
n" for somc II > O. On some occClssiuns we may assul1lc Ihal I € It rather 
than I Eo U I • Unlcss otherwise sl:ltcd, wc shall assullIe thut fC.H every (I u, ~), 

'0 E R •• the initial value problem 

x' = I(t.x), x(to) = ~ (I) 

possesses u unique solution ql(t,'O'';) which depends continuously on the 
initial dala (1 0 , ';). Since it is very natural in this chuptcr to think of I us 
reprcscnting timc, we shall usc the symbol tn in (I) to represent the initial 
timc (rather than using T as was done earlier). Furthcrmorc, wc shall fre­
quently usc the symbol Xo in place of'; to represent the initial state. This 
nomenclature is standard in the literature on stability. 

Definillon 2.1. A point Xc E R" is culled an equilibrium point 
onE) (at time I· E I~ +) if 

f(t, x.) = 0 for all I ~ ' •. 

Other terms for equilibrium point include .~lCIlhm(lry I'oilll, 
si/l(/lll(/r I'oilll, criliml poim.and rest po.~iliuil. Note thai if x. is an equilibrium 
point or(E) at I·, then it is an equilibrium point at ~III T ~ I·. Note also that 
in the case of autonomous systems 

x· = I(x) 

and in the ease of T-periodic systems 

x' = I(t,x), I(I,x) = !(I + T,x). 

(A) 

(P) 

a point X. E I~n is an equilibrium at some time ,. if und only if it is an equi­
librium point at all times. Also note thai if x. is <Ill clJuilibrium (at I·) of 
(E), Ihen the trallsforJllutioll .~ = I - ,. reduces (E) to 

dxjds = I(s + t·. x), 

and x. is lIll equilibrium (at s = 0) of this system. For this reuson, we shall 
henceforth assume thut I· = 0 in Definition 2.1 Ullc.I we shall not mcnt.ion C·' 
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further. Note also thnt if .\". is lin equilibrium point of (E). then for any to;;:: 0 

for all t;;:: ' 0 • 

i.e .• x. is a unique solution of (E) with initial dllta given by (/I(lo.lo,X.) = Xe' 

Example 2.2. In Chapter I we considered the simple pendu­
lum described by the equations 

.\"', = X z• 
Xl = -ksinxt, k >0. 

(2.1) 

Physically, the pendulum has two equilibrium points. One of these is located 
liS shown in Fig. 5.1 a and the second point is located as shown' in Fig. 5.1 b. 
However, the moe/el of this pendulum. described by Eq. (it), has Countably 
infinitely many equilibrium points which are located in RZ lit the pOints 
(nll,O), II = 0, ± I. ±2.... . ' 

DelinllJon 2.3. An equilibrium point x. of. (E) is called an 
Isolated equillbrlmn point if there is an r > 0 such that B(.t., r) c I~" contains 
no equilibrium points of (E) other than x. itself. 

Both equilibrium points in Example 2.2 are isolated l.'quilib­
rium points in R!. Note however that none of the equilibrium points in our 
next example are i:>ol&lted. 

(.) 4(b) 

FlGURf.· 5.1 Equilibrilnll pohll~.if Q pendulum. 



5.2 Tile COIU'''P' oj till Equilibrillm Poi", 171 

Example 2.4. In Chupter I we considered a simple epidemic 
model in u given popuhltion descrihed hy the equations 

x'. = -tlx. + I1X.X2. 
(2.2) 

where a> 0, h > o are constants. [Only the case x. ~ 0, Xl ~ 0 isofphysicul 
interest, though Eq. (2.2) is mathematictllly well defined on all of R2.] In 
this case, every point on the positive X2 axis is an equilibrium point for (2.2). 

There are systems with no equilibrium points at all. as is the 
case, e.g., in the system 

:<'1 = 2 + sin(xl + X2) + '~I' 
xi = 2 + sin(xl + X2) - XI' 

(2.3) 

We leave it to the reader to verify the next two exumples. 

Example 2.5. The linear homogeneous system 

x' = A(t)x (LH) 

has a unique equilibrium which is at the origin if A(to) is nonsingular for 
all 10 ~ O. 

Example 2.6. Assume that for. 

X' = I(x), (A) 

I is continuously dilTerentiable with respect to all of its arguments, and let 

J(x.) = t?~~~1 ' 
(.\; x=x.. 

where Nli1x is the II x II .JacClbian matrix defined hy 

If I(x.) = 0 lind J(xc ' is nonsingular, then x. is an isolated equilibrium of (E). 

Unless st;tted otherwise, we shall as.'IllOle throughout this chap­
ter that 1I given equilihrium point is an isolated equilibrium. Also, we shull 
usually find it extremely useful to assume thut ina given discussion, the 
equilihrium of interest is located at the origin of RH. This assumption can 
he made without IIny loss of generality. To see this, ussume that x. '# () is 
an equilihrium point of 

.'1:' =I(t,.x), (E) 
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i.e., I(t,x.) = 0 for all t ~ O. Let", = x - XC. Then", = 0 is an equilibrium 
of the transformed system 

w' = F(t, no). (2.4) 

where 

F(t. w) = f(I. 1\1 + xc). (2.5) 

Since (2.5) establishes a one-to-one correspondence between the solutions of 
(E) and (2.4), we may assume henceforth that (E) possesses the equilibrium 
of interest located at the urigin. This equilibrium x = () will sometimes be 
referred to as the Iridal solution of (El. 

5.3 DEFINITIONS OF STABILITY AND BOUNDEDNESS 

We now givc precise definitions ofscveral stability, instability. 
and boundedness concepts. Throughout this ~1ion, we consider systems of 
equations (E), 

x' = f(t,x), (E) 

and we assume that (El possc.",scs an isolated equilibrium at the origin. Thus, 
1(1.0) = 0 for all t ~ o. 

Defin/';on 3.1. The equilibrium x = 0 of (E) is stable if for 
every 11 > 0 and any,o E R+ there exists a ~(f..to) > 0 such that 

foraU , ~ to (3.1) 

whenever 

I~I < (~(f." 0). (3.2) 

Note that if the equilibrium point x = 0 satisfies (3.1) for a 
single '0 when (3.2) is true. thcn it also satisfies this condition at every initial 
time to > to, where a different value of (~ may be required. To see this, we 
note that the spherical neighborhood B(r5(&, to» is mapped by the solutions 
~(r.to.':) onto a neighborhood of the origin at to. This neighborhood con­
tains in its interior a spherical neighborhood centered at the origin and with 
a radius /,.. If we choosc f E B«(5'), then (3.1) implies that 1",(,.,',':')1 < 11 for 
all , ~ '0' Hence, in Definition 3.1 it would have been enough to take the 
single value to = 0 in (3.1) and (3.2). 
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In Fig. 5.2 we depict the behavior of the trajectories in the 
vicinity of a stable equilibrium for the case x E RI. By choosiilg the initial 
points in a sufficiently small spherical neighborhood, we can force the graph 
of the solution for , ~ '0 to lie entirely inside a given cylinder. 

In Definition 3.1, (j depends on e and '0 [i.e., I) = I)(e"o)]. If b 
is independent of to, i.e., if I)' = 1)(1:), then the CtJuilibriulll x = () of (EI is said 
to be uniformly stable. 

DefinlUon 3.2. The CtJuilihriull1 x = 0 of (EI is asymptotically 
stable if 

(i) it is stable. IIl1d 

(ii) for every '0 ~ 0 there exists un '1(t0) > 0 such thut 
lim, ..... 4»(','0 .') = 0 whenever I~I < '1. 

The set of all, E R· such thut 4*, '0' e) -+ 0 as' -+ 00 for some 
to ~ 0 is called the domain of auraction of the equilibrium x = 0 of (E). 
Also. if for (E) ,-'Ondition (ii) is true, then the equilibrium x = 0 is said to be 
aUractive. 

DelinlUon 3.3. The equilibrium x = 0 of (E) is uniformly 
asymptotically stable if 

(i) it is uniformly stable, and 
(ii) there is a ')0 > 0 such that for every I: > 0 and for any 

to E R +, there exists a T(e) > 0, independent of '''' such tlmt 

14»("'0,~)1 < e for all t ~ to + 'f(,:) whcnevcr I~I < I)". 

In Fig. 5.3 we depict property (ii) of Dcfinition 3.-' pictorially. 
By choosing the initial points in u sumciently small spherical neighborhood 
at t = '0. we can force the gruph of the solution to lie inside a given cylinder 
for all t > to + T(I:). Condition (ii) can be paraphrased hy saying th<lt there 
exists a 150 > 0 such that 

lim 1/* + ' 0 • ''''~) = 0 

uniformly in (to.~) for to ~ 0 and for I~I S; ,50' 
Frequently, in applications, we lire intercsted in the following 

special case of uniform asymptotic stability. 

Dellnllion 3.4. The equilibrium x = 0 of (E) is exponentially 
litable if there exists <In 0[ > (I. and fur every I: > n. there exists <I 15(/:) > 0, 
such that 

IcP(t"o.e)l:s: /:(,-."-111' 

whenever I~I < I)(r.) and t 0 ~ o. 
fur all I ~ '" 



.. 
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FIGURE '.4 

In Fig. 5.4, the behavior of a solution in the vicinity of an 
exponentially stable equilibrium x = 0 is shown. 

DelinlUon 3.5. The equilibrium . ..: = 0 of (E) is unstable if it is 
not stable. In this case. there exists a 10 ~ 0 and a sequence C: .. -+ 0 of initial 
points and a sequence {t.,} such that 14>(10 + t •• '0. ~.)I ~ B for all m. f. ~ O. 

If x = 0 is an unstable equilibrium of (E). it still can happen 
that all the solutions tend to zero with increasing I. Thus. instability and 
attractivity are compatible concepts. Note that the equilibrium x = 0 is 
necessarily unstable if every neighborhood of the origin contains initial 
points corresponding to unbounded solutions (i.e .. solutions whOse norm 
Itb(I,lo.C:)1 grows to infinity on a sequence f.-+ 00 (d. Definition 3.6). How­
ever. it can happen that a system (E) with unstable equilibrium x = 0 may 
have only bounded solutions. 

The preceding concepts pertain to local properties of an equi­
librium. In the following definitions. we consider some global characteriza­
tions of an equilibrium. 

Definition 3.8. A solution tb(f. '0. C:) of (E) is bounded if there 
exists a fJ > 0 such that Itb(/,to.e)1 < fJ for aUf ~ to. where fl may depend 
on each solution. System (E) is said to possess Lqrange stablUty if for each 
to ~ 0 and t! the solution tb(t.to,e) is bounded. 
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Detlnlrlon 3.7. The solutions of (E) are uniformly bounded if 
for any tt > 0 and '0 E R of, there exists a P = /I(tt) > 0 (independent of (0 ) 

such that if/el < tt, then 1",(I.lu.e)1 < /1 for all I ~ ' 0 , 

Dellnlrlon 3.8. The solutions of (E) are uniformly ultimately 
bounded (with bound B) if there exists a B > 0 and if corresponding to any 
ex > 0 and 10 E R + • there exists a l' = T(a) > 0 (independent of to) such that 
l~l < a implies that 1",(I,lo.e)1 < B for all 1 ~ 10 + T. 

In contrast to the boundednes. .. properties defined in Defini­
tions 3.6-3.R. the concepts intmdu~:cd in Del1nitions 3.1--3.5 as well as those 
to follow in Definitions 3.9 3.11 are usually referred to as stability (respec­
tively. instability) in the selL<;C of I..yapunov. 

Definition 3.9. The equilibrium .x = 0 of (E) is asymptotically 
stable in the large if it is stuble and if every solution of (E) tends to zero as 
I ..... 00. 

In the case of Definition 3.9, the dunmin or Illtl1lclion of the 
equilibrium x = 0 of (E) is lIlI of R". Note that in this case, x = 0 is the ollly 
equilibrium of (E). 

Definition 3.10. The equilibrium x = 0 of (E) is uniformly 
asymptotically stable in the large if 

(i) it is uniformly stable. and 
(ii) for any tt > 0 and any r. > O. and toE R +, tilere exists 

T(c, a) > 0, independent of ' 0 • such that iq~1 < oc, then 1"'(t,lo,~)1 < c for all 
1 ~ 10 + T(e,ex). 

Dellnlfion 3.11. The equilibrium .'( = 0 of (E) is exponentially 
stable in the large if there exists ex> 0 and for any fJ > 0, there exists k(ll) > 0 
such that 

\q,(I,lo.e)1 ~ k(fJ)lele-d"-'Ol 

whenever lei < I'· 
for all t ~ to 

We conclude this section by considering a few examples. 

Example 3.12. The scalar equation 

:,,'=0 (3.3) 

has for any initial condition x(O) = c the solution ';(I,O,C) = c, i.e., all solu­
tions are equilibria of(3.3). The trivial solution is stable; in fac..1, it is uniformly 
stable. However, it is nut asymptotically stable. 
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Example 3.13. The se.lIar ClllUtlion 

x' = ax, a> 0, (3.4) 

has for every x(O) = c the solution I/J(/,O.d = ('(,0' and x = 0 is thc only 
equilibrium of (3.4). This cquilibriulll is unstable. 

Example 3.14. The scalar equation 

x' = -ax. a>O, (3.5) 

has for every x(O) = c thc solution 1/>(1,0,1') = ('e-'" and x = 0 is the only 
cquilibriulll of (3.5). This cquilihrium is cxpunenti;,lIy stahle in thc large. 

Example 3.15. The sc"l"r cquation 

-I 
t' = ..... t 
. t + I· 

has for cvery X(lo) = (', 10 ~ 0, a unillUC sulutiun or the rurm 

1 
q,(I. 10 , '" = (I +I"k----I· 1+ 

(3.7) 

and x = 0 is the only cquilibrium or (3.6). This equilibrium is uniformly 
stahle and asymptotieally stable in the large, but it is not uniformly asymp­
totically stable. 

Example 3.1S. As mentioned before. a system 

.t' = f(l.x) (E) 

can have all solutions approaching its critical point x = 0 without the critical 
point being asymptotically stable. An example of this type of behavior is 
given by the system 

, x:(x2 - x.) + xi x - ------ ...... - ._.-. -.. --
• - (x~ + x~)ll + (x~ + X~)2]' 

, .X~(X2 - h.> )( = .. _-_... _. . ......... -
. 2 (x~ + xNI + (.x~ + ,xWl 

For a detailed discussion of this system. sec thc book by Hahn [17, p. 84]. 

We shall consider the stability propertics of higher order 
systems in much greater detail in the subsequent sections of this chapter 
and the next chapter, after we have developed the background required to 
analY7.e such systems. 



178 

5.4 SOME BASIC PROPERTIES OF AUTONOMOUS 
AND PERIODIC SYSTEMS 

5. Stability 

In this sect ion, we show that in the case of autonomous systems 

x' = f(x) (A) 

and periodic systems 

x' = fCr, x), f(t, x) = f(t + T, x), (P) 

stability of the equilibrium x = 0 is equivalent to uniform stability, and 
nsymptotic stability of the equilibrium x = 0 is equivalent to uniform 
asymptotic stability. Since an autonomous system may be viewed as a 
periodic system with arbitrary period, it suffices to prove these statements 
only for the case of periodic systems. 

Theorem 4.1. If the equilibrium x = 0 of (P) [or of (A)] is 
stable, then it is uniformly stable. 

Proof. For purposes of contradiction, assume that the equilib­
rium x = 0 of (I» is not uniformly stable. Then there is an I: > 0 and sequences 
{to .. 1 with tlllll ~ 0, gill}' and {till} such that ~III -+ 0, I. O!!: to., and !tIl(t •• 
I n ... e .. )!:2: I:. Let In .. = k .. T + t .. , where k .. is a nonnegative integer and 
o ~ Tnt < .,. and define ': = r .. - k",''':2: T ... Then by uniqueness and period­
icity of (P), we have tf!(1 + k", T, ' 0 .. , e .. ) == tIl(t, T""e.) since both of these 
solve (P) and satisfy the initial condition X(T .. ) = e •. Thus 

!,p(r:, Till' e .. )1 :2: E. (4.1) 

We claim that the sequence ,! -+ 00. For if it did not, then by 
going to a convergent subsequence and relabeling, we could assume that 
T .. -+ t* and ': -+ ' •• Then by continuity with respect to initial conditions.. 
tf!(r!, t .. ,e",) -+ tf!(,., t*,O) = O. This contradicts (4.1). 

Since x = 0 is stable by assumption. then at to = T there is a 
~ > 0 such that if lei < r, then It/J(t, T. e)1 < t for t O!!: T. Since e. -+ 0, then by 
continuity with respect to initial conditions.ltIl(T, T •• e.)1 < ~ for all m ~ 
m(~). But then by the choice of {, and by (4.1). we have 

t > It/J(t!. T. t/J(T, till' e.»! = !,p(,!. T., e.)1 ~ £. 

This contl'"cldiction completes the proof. • 

Theorem 4.2. If the equilibrium x = 0 of (P) [or of (An is 
asymptotically stable, then it is uniformly asymptotically stable. 
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Prool. The uniform stability is already proved. To prove at­
tractivity, i.e .. lkfinition 3.3 (ii), fix I: > O. By hypothesis. there is an ,,(T) > 0 
and a I(e, T) > 0 such that if I~I S; ,,(1'). then 14'(1. 'l·.~)1 < I: for all t ~ T + 
1(1:. 'f). Uniform stability and atlractivity imply 1(1:. T) is independent of 
lei s; ". By continuity with respect to initial conditions, there is a II > 0 such 
that 1t/l(T, t, e)1 < ,,(T) if I~I < II and 0 S; t S; T. So 1t/l(1 + T. t, ~11 < B if 
I~I < fl, 0 S t S T, and I ~ t(£, T). Thus for 0 S r S T, I~I < II and I ~ 
(T - t) + I(B, n, we have It/l(t + t, t, ~)I < B. Put 6(£) = II and r(e) = 
I(t, T) + T. IfkT S; t < (k + I)T, then t/l(I, t,~) = t/l(1 - kT, t - kT, ~). Thus, 
if lei < 15(,:) and I ~ t + t(B), then r - kT ~ t - kT + r(E) and 

1t/l(I, t,~'1 = 1t/l(I - kT, t - kT, ~)I < t. • 

5.5 LINEAR SYSTEMS 

In this section, we shall first study the stability properties of 
the equilibrium of linear autonomous homogeneous systems 

x' = Ax, I ~O. (L) 

and linear homogeneous systems [with A(t) continuous] 

x' = A(')~. , ~ '... ' .. ~ o. (LH) 

Recall that .~ = 0 is always an equilibrium of (L, and (UI) and that x - 0 
is the only equilibrium of (LH) if A(r) is nonsingular for all t ~ O. Recall 
also that the solution of(LH) for xClo' = ~ is ofthe form 

where «I» denotes the state transition matrix of A(t). RecaIJ further that the 
solution of(L) for xClo) = ~ is given by 

t/l(I.lo,~} = «I»(t,Io~ = cJ)(I- lo~ = eA('-IO.~. 
We first consider some of the properties of system (LH). 

Theorem 5.1. The equilibrium x = 0 of (LH) is stable if and 
only if the solutions of (LH) are bounded. Equivalently, the equilibrium 
x = 0 of (LH) is stable if and only if 

sup IcJ)Cl, (0)1 A c(to) < 00, 
12:'0 

where 1«1»(1.10 )1 denotes the matrix norm induced by the vector norm used on 
Ra• 
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Proof. Suppose that the elluilibriullI .\" = 0 of (LU) is stable. 
Then for any '02:0 and for e = 1 there is a (~= (~(ro.l) > 0 such that 
14>(1. '0 • ~)I < I for alii ~ 10 and all ~ with lei ~ (~. But then 

1q,('.lo.e)1 = 1<b(I.lo)~1 = IcJ*.lo)(~(i)/I~II(I~I/(~) < 1~1/6 
for all e#:O and all I 2: ' 0 , Using the definition of matrix norm (see Section 
2.6 or 5.1). we see thut this is equivalent to 

1<b(I,lo)1 ~ c)-I. 12: 10 ' 

Conversely. suppose that all solutions "'(1. lel'~) = CIJ(I,lo>e 
arc bounded. Let le'I" .• • e.} be the natural basis for" SJll1CC and let Iq,(" I", 
ei)1 < Ilj for alii ~ ' 0 , For any vcctor e = D= I rx.'i we have 

1"'(I,lu,~)1 = Ii rx.J'/J(I"e .. ei)l~ t 1rx.~Pi ~ (maxPJ) t 100il S; Klel 
i=1 i"'. ~ J ial 

for some constant K > 0 when 12: I". Given e > O. we choose ~ = r./K. If 
lei < (~, then 1"'(/. '0 , e)1 ~ Klel < r. for all I ~ ' 0 , • 

Theorem 5.2. The equilibrium x = 0 of (LH) is _fonaly 
stable if and only if 

sup dlo) A sup (sup l<b(l, 10)1) A Co < 00. 
'o~O '''~O 12:,'0 

The proof of this theorem is very similar to the proof of The­
orem 5.1 and is left to the reader as an exercise. 

For the asymptotic stability oNhe equilibrium x = 0 of (LH) 
we have the following result. 

in the large. 

Theorem 5.3. The following statements are equivalent. 

(i) The equilibrium .'1( = 0 of (LH) is asymptotically stable. 
(ii) The equilibrium .'1( = 0 of (LH) is asymptotically stable 

(iii) limlell(/.1 u)1 = O. 
'_'~.1 

Proof. Suppose (i) is true. Then there is an "('0) > 0 such that 
when lei ~ "('0)' then qJ(t,lu.~) - 0 as 1- 00. But then we have for any 
~ #: 0, 

t/J(I,IO.e) = "'(/"o.I'(lo~/lel)(I~I/I'(lo))-+O 
as I - 00. Therefore (ii) is true. 

Next, assume that (ii) is true and fix '0 ~ O. For any,; > 0 
there must exist a T(e) > 0 such that for alit ~ '0 + T(l:), we have ''''(1, 10 , ~)I = 
j4t(I"o)el < c. To see this, let teJ} be the natural basis for R-. Thus for ~ome 
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fixed constant K > O. if e = «x I' (X2' •••• a.) ,. and iq~1 s I. thcn ~ = Lfn ~ I a l'j 
and Lj=,laJ~:S: K. For each j therc is a 1"j{l:, such Ihat 1q,(t./o)('J < elK 
and I ~ to + Tj(e). Define T(c) = mux{Tj(c):j = I •...• 111. For lei :S: I and 
t ~ '0 + T(r.), we have 

1q,(t,to)~1 = IJt. aJq,(I,tO)('JI ~ J.laJj(cIK) ~ e. 

By the definition of the matrix norm, Ihis mcans that IC"(/, ,0 )1 ~ I: fur t ~ 
to + T(£). Hence (iii) is true. 

Assume now that (iii) ill true. Then ICI)"./II'I ill ho.unclcd in I 

for 1 ~ ' 0 , Oy Theorem 5.1 the triviul solutilln is stahle. To prove 
asymptotic stability, fix,o ~ 0 and c > O. Iqel < 1/('0) = J, then 11/1(/. 'II' e'l ~ 
ItIJ("'o)II~I"" 0 as , .... CFJ. lIence (i, is true. • 

For the exponential stability of the equilibrium.\: = Oof(UI). 
we have the following result. 

Theorem 5 .... The equilibrium .\: = 0 of (LU) is uniformly 
asymptotically stable if and only if it is exponcntially stable. 

Proof. Exponential stability implies uniform asymptotic stu­
bility orthe equilibrium x = 0 for all systems (E) and hence fur systems (LB, 
in particular. 

For the converse, assume that the trivial solution of (LII) is 
uniformly asymptotically stable. Thus there is a (j > 0 and aT> 0 such 
that if I~I :S: ,$, then 

Iq,(, + '0 + T. '0)~1 < ('5/2 

for all '. '0 ~ O. This means that 

1$(1 + '0 + T, '0)1 ~! if t, '0 ~ O. (5.1) 

Since by Theorem 3.2.12. (D(I,s) = (JI(I, t)clJ(t,.~) for any I •. ~, and t. thcn 

Iq,(t + 10 + 2T, ' 0 )1 = 1q,(1 + '0 + 2'1'. I +. 1(1 + T)(\I(I + I" + T. ,11,1 :os; l 
by (5.1.). By induction for I, 10 ~ 0 we huve 

1«1'(1 + 10 + liT. ' (1 )1 ~ 2 -n. (5.2) 

Let IX = log2lT. Then (5.2) implies that for 0 ~ I < T wc h<lvc 

II/J(I + '0 + liT, ' 0 , ~)I ~ 21el2 -Cn + II = 2Ic;le- o,n + liT ~ 21*- 0'" nn. • 

In the next theorcm. wc summ:lrizc thc principlll stahility 
rcsults of lincar autonOlllUUS homogencous systems (L). 

Theorem 5.5. (i) The cquilihrium x = () of (L) is slable if all 
eigenvalues of A have nonpositive real pllrts lind every eigenvalue of A 
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which has a zero real part is a simple zero of the characteristic polynomial 
of A. 

(ii) The equilibrium x = 0 of (L) is asymptotically stable if 
and only if all eigenvalues of A have negative real parts. In this case, there 
exist constants k > 0, a > 0 such that 

\(Il(I,to)\ :S; k exp[ - a(t - to)] (10 :S; , < 00), 

where <))(t, to) denotes the state transition matrix of (L). 

Proof. We shall have to make reference to the discussion in 
Section 3.3 concerning the use of the Jordan canonical form J to compute 
exp(AI). Let p-I Ai> = J and define x = P,. Then 

y' = P- I APy = Jy. 

Note that x = 0 is stable if and only if y = 0 is stable, and furthermore, x = 0 
is asymptotically stable if and only if y = 0 is asymptotically stable. Hence, 
we can assume without loss of generality that the "system matrix A" is in 
Jordan canonical Corm, i.e., A is in block diagonal form 

;J = diag(Jo,J I' •.. ,J.), 
where 

and 

for the Jord.m hlocks J I, ... , J •. 
As in (J.3.17) we see that 

(5.3) 
and 

[

I I t 1 .. , ,.'- 1/(11, - I)!] 
o 1 t ••• ,.,-1/(11,_ 2)! 

eJ" = (!Ak' II • • • . . . 
o 0 0 I 

(5.4) 

for; = I, ... , s. Clearly Ie-''''I = O(~') if Re)./:s; II for all i. Also \e-"'\ = 
O(t"'-I~') = O(e'''+I'') for any I: > 0 when /1 = Re).H/' 

From the foregoing statements, it is clear that if Re)./ :S; 0 for 
1 :S; i :S; k and if Re)., +l < 0 Cor 1 :S; i :S; s, .then leA' I :S K for some constant 
K > O. Thus 1(Il(t"o)1 = le .. ('- .... I :S K Cor t ~ 10 ~ O. Hence, by Theorem 5.1, 
y = 0 (and therefore x = 0) is stable. The hypotheses of part (i) guarantee 
thut the eigenvalues )./ satisfy the stated conditions. 

If all eigenvalues of A have negative real parts, then from the 
Jlreceding discussion. there is a K > 0 and an ex > 0 !Ouch that 
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Hence J' = 0 (and therefore x = 0) is exponentially stable. Conversely, if 
there is 1m eigenvalue Ai' with nonnegative real part, then either one term 
in (5.3) does not tend to zero or else a term in (5.4) is unbounded as t ... 00. 

In either case, exp(JI)~ will not tend to zero when ~ is properly chosen. 
Hence, y = 0 (and therefore .~ = 0) cannot be asymptotically stable. • 

It can be shown that the equilibrium x = 0 of (l) is stable if 
and only if all eigenvalues of A have non positive real parts and those with 
zero real part occur in the Jordan form J only in J 0 and not in any of the 
Jordan blocks J.. lSi S s. The proof of this is left as an exercise to the 
reader. 

We shall find it convenient to use the following convention. 

Definition 5.6. A real n x " matrix A is callC:d stable or a 
Hurwitz matrix if all of its eigenvalues have negative real parts. If at least 
one of the eigenvalues has a positive real part, then A is called unstable. 
A matrix A which is neither stable nor unstable is called critical and the 
eigenvalues of A with zero real parts are called critical eigenvalues. 

Thus, the equilibrium x = 0 of (l) is asymptotically stable if 
and only if A is stable. If A is unstuble, then oX = 0 is unstable. If A is critical, 
then the equilihrium is stable if the eigenvulues with zero real parts corre­
spond to a simple zero of the characteristic polynomial of A; otherwise, the 
equilibrium may be unshlhle. 

Next, we consider the stahility properties of linear periodic 
systems 

x· = A(I)X, A(t) = A(t + T), (Pl) 

where A(t) is a continuous real matrix for all I E R. We recall from Chapter 3 
that if I))(t,'o) is the stute transition matrix for (Pl), then there exists a 
constant" x " matrix R and an " x '1 matrix '1'(1,10 ) such that 

I))(t,to) = 'I'(I,lo)exp[R(I- ' 0 )]' (5.5) 

where 
'I'(t + T, to) = '1'(t, to) for all I ~ o. 

Theorem 5.7. (i) The equilibrium x = 0 of(Pl) is uniformly 
stable if ull eigenvalues of R [in Eq. (5.5)] have nonpositive real parts and 
any eigenvalue of R having 7ero real part is a simple zero of the characteristic 
polynomial of R. 

(ii) The equilibrium x = 0 of (Pl.) is uniformly asymptotically 
stable if and only if all eigenvalues of R have negative real parts. 

Proof. According to the discussion at the end of Section 3.4, 
the change of variables oX = '1'(1, to)}' transforms (Pl) to the system y' = RJI. 
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Moreover. '1'(1.10)-1 exists over 10 ~ I ~ I" + l' so thut the equilibrium 
x = 0 is stuble (respectively. usymptoticully stahle) if und only if y = 0 is 
also stable (respectively. lIsymptoticully stuble). The results now follow from 
Theorem 5.5, applied to y' = R.I'. • 

The finul result of this section is known us the Ruutll-ll...witz 
criterion. Ilupplies to 11th order linear autonomous homogeneous ordinary 
differential equations of the form 

Uo #0, (5.6) 

where the c(lcOicicnts "", .... tin arc all rc;.1. We rccall from Chapter I thut 
(5.6) is equivalcnt to thc sy!.tclll uf lirst tlfllcr OIdinary dilTcl'cntiul cquntions 

x' = Ax. (5.1) 
where A denotes thc compunion-form mutrix given by 

-LJ l 0 

I 0 

A = ~ 0 

-II~/"O -11.- 1/"0 

To determine whether or not the equilibrium x = 0 orc5.1) is 
asymptotically stable, it suOices to determine if all. eigenvalues of A have 
negative real parts. or what amounts to the same thing. if the roots or the 
polynomial 

(5.8) 

all have negative rcal parts. Similarly as in Definition 5,(1. we shall find it 
convenient to usc the following 1l0l1lenclnture. 

Definition 5.8. An 11th order polynomial pIs) with real coef­
ficients [such as (5.8)] is called sta~le if all zeros of ,,(s) have negative real 
parts. It is called unstable if at least one of the 7.cros of pis) has a positive 
real part. It is culled critical' if ,,(.~) is neither stable Itor unstuble. A stahle 
polynomial is :.150 culled u Itlurwitz polyoonalal. 

It turns out that we QlO determine whether or not a polynomiul 
is Hurwitz by examining its coefficients without actually solving for the 
roots of the polynomiul explicitly. This is demonstrated in the final theorem 
of this section. We first state the following necessary conditions. 

Theorem 5.9. For (5.4) to be a Hurwitz polynomial, it is 
necessary thut . 

(1 1/110 > O. (12/(10> 0, ...• tI./tlo > O. (5.9) 

The proof of this result is simple and is left as an exercise to 
the reader. 
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Without loss of gcncrality. we ussume in the following thut 
ao > O. We will require the following urmy, cullcd &I Rout .. array. 

el O ="0 ('ZII = "Z ('ll) = ". 1"411 = (/6'" 

('11 = "I ('ZI = tlJ ('JI = liS ("41 = ('7'" 

bz = "o/al ('11 = Qz - bl~IJ I"zz = "4 - "l"~ '·.n = II" - "z'h 
hJ = (',.i(·u 1'\3 = ('ZJ - hJ('zz ('ll = I'll - "J('JZ ,'lJ = "4' - ")1"4Z 

h, __ ~'_,j-z , 
e" = Cit I., 1 - ',", 1\., I' 

"1./ I 
j = 1.2 .... : i ~ 2.:1 .... 

Note that ifn = 2m, then we have ('m·1 1.11 = e",. 1.2 = "ft' (·m. I. I = ('m + I. 3 = n. 
Also, if n = 2m - I, then we have C",o = 11ft _ I' "m' = 11ft' ('m2 = ('",3 = O. The 
roregoing array terminates aftcr " - I stcps if allthc numbers in ('jj arc not 
zero and the last line determines Clft' 

In addition to incqualitics (5.9). wc IIlmll I'c4uirc in thc ncxt 
resulL Ihe inequalities 

CII > 0, ('12 > 0, .... Clft > O. (5.10) 

Theorem 5.10. The polynomial/,(,~) givcn in (:'i.H) is a Hurwitz 
polynomial if and only if the inequalitics (5.9) and (5.10) hold. 

The usual proof or this result involves somc background from 
c;omplex variables and an involved algcbraic urgumcnt. Thc proof will not 
be givcn here. Thc reader should refcr to thc book by II"hn [ 17. pp. 16 22] 
for a proof. 

An alternate form of thc foregoing criterion can be givcn in 
terms of the Hurwitz determinants dcfincd by 

['" 
IIJ a,] 

D, =al' [LII ('3]. DJ = det (I" Dz = det "2 ('4 , ... , 

_ "" II 2 _ 
0 "I fl., 

CIt ClJ CIS "2. -, 
Llo Cl2 Ll4 "U-2 

D. = det 
0 at a3 ClU- 3 

() all "2 lila ·4 

0 0 0 ". 
where wc take tlJ = 0 if j > II. 
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Corollary 5.11. The polynomial pes) given in (5.8) is a II urwitz 
polynomial if and only if the inequalities (5.9) and the inequalities 

for j = 1, ... , II (5.11 ) 

are true. 
For example, for the polynomial pes) = S6 + 3s5 + 2s4 + 

9sJ + 5s2 + 12.~ + 20, the Routh array is given by 

1 2 5 20 

3 9 12 0 

-1 1 20 

12 72 0 

1 20 

264/1 0 

20 

Since - 1 < 0, the polynomial ph) has a root with positive real part. 

5.6 SECOND ORDER LINEAR SYSTEMS 

In the present section, we study the stability properties of 
second order linear autonomous homogeneous systems given by 

or in matrix form 

where 

x', = "IIX, + 11I2X2, 

xi = "z,X, + l'UXZ 

X' = Ax, 

A = [tI'l au]. 
C/:u tlu 

(6.1) 

(6.2) 

(6.3) 

Recall that when del A ~ 0, the system (6.1) will have one and only one 
equilibrium point. namely x = O. We shall classify this equilibrium point 
[and hence, system (6.1)] ~l(:cording to the following cases which the eigen-
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values AI. Al of A can assume: 

(a) ..lit Al are real and AI < 0').2 < O:x = 0 is a stable node. 
(b) AI' A2 are real and ).1 > 0').2> O:x = () is an unstable 

node. 
(e) AI' A2 are real and AIAz < O:x = 0 is a saddle. 
(d) AI' Al are complex conjugates and Re).1 = Re A2 < 

0: x = 0 is a stable focus. 
(e) AI' Az are complex conjugates and Re AI = Re Az > 

O:x = 0 is an unstable focus. 
(0 A I. Al are complex conjugates and Re A I = Re A2 = 

O:x = 0 is a center. 

The reason for the foregoing nomenclature will become clear 
shortly. Note that in accordance with the results of Section S. stable nodes 
and stable foci are asymptotically stable equilibrium points, centers are 
stable equilibrium points (but not asymptotically stable ones), and saddles. 
unstable foci. and unstable nodes are unstable equilibrium points. 

In the following, we let P denote a real constant nonsingular 
2 x 2 matrix and we let 

(6.4) 

Under this similarity transformation. system (6.2) assumes the equivalent 
form 

y' = Ay., (6.5) 

where 

(6.6) 

Note that if an initial condition for (6.2) is given by x(O) .... ~o. then the 
corresponding initial condition for (6.5) will be given by 

(6.7) 

We shall assume without loss of generality that when A,.A.z are real and 
not equal. then AI > A2 • 

We begin our discussion by assuming that AI 01111;'2 are real 
and Ihtl' A can he! dilllllllllllized, so that . 



N .. 

... 
~ , 

\ 
\ 
\ 
\ 
\ 

... 
N 

.... ... 

e 



5.6 Se('olld Order Lillear Spt('III.~ 189 

where the AI' Az are not necessurily distinct. Then (6.5) assumes the form 

il = A,.!' •• 

.l'i = ,:[2.1'Z· 
(6.8) 

For a given set oriniliul condition!! 1.1'1\1' .1'201 = (y.(OI • .1'2(0», 
the solution of (6.8) is given by 

.\"1(/) ~ rPl(t,O, .1"10) = .1',oeA", 

'\'1(/) ~ tPl(t, O. J'zo) = YlOe1". 
(6,9) 

We cun study Ihe qucllitiltive properties of the equilibrium of 
(6.8) [resp., (6.1)] by considering a family of sulutions of (6.8) which have 
initial points near the origin. By eliminating t in (6.9). we can express (6.9) 
equivalently' as 

«(dO) 

Using either (6.9) O.r (6.10), we c.1n skctch families of trajectories in the 
Yd'z plane for a stable node (Fig. 5.5a), fur nn unstable node (Fig. S.6a), 
and for a saddle (Fig. 5.7a). Using (Cl.4) ill conjunction with (6.9) ur (6.10), 
we can sketch corresponding families of trajectories in the .~ ,.'( 2 plane. I n all 
of these figures, the arrows signify increasing time t. Note that the qualitative 
shapes of the trajectories in the )'1."1 plane and in the XI.'(z plane are the 
same, i.c., the qualitative behavior of curresponding trajectories in the .I' • .I'z 
plane and in the xlXZ plane has been preserved under the similarity trans­
formation (6.4), However, under a given transformation. the tmjecturies 
shown in the (canpnical) YI.VZ coordinate frame are gencnllly subjected to' 
a rotation and distortions, resulting in curresponding trajectories in the 
original x I x z coordinate frame. 

Next, let us assume that malrix A 11U,~ 1\\'0 relll rel1f!Olec/ eigclI­
values, AI = Az = A, and that A is in the Jurdan canunical form 

In this case, (6.5) assumes the furm 

il = A.I'I + }'z, 

J'i = A,l'z, 

Fur an initial point, we obtain fur (6.11) Ihe solution 

YI(t) A q,,(/. 0, .1'10' .I'zo) = .\"'0(')' + .I'zo/(')', 

.\'z(t) A tPz(/, 0, .V10) = .\'zoeA', 

(6.11 ) 

«(l.12) 



(.) 

FIGURE 5.6 j 

(a) 

FIGURE 



(1)) 

"rfljeClories near QI/ unstable node. 

5.7 Trajectories near 0 saddle. 

(b) 
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As before. we can eliminate the parameter I. and we can plot tmjectories in 
the Yd'z plane (rellp .• XI'~Z plane) for different sets of initial data near the 
origin. We leave these details as an exercise to the reader. In Fil. S.8 we 
have typical trajectories near a stable node (A < 0) for repeated eigenvalues. 

Next. we consider the case when matrix A has two complex 
conjugate eigenvalues 

)'1 =!5 + if, Az =!5 - it. 

In this case.. there existll a similarity transformation P such that the matrix 
1\ = p- I AI' 311l1UmClI the form 

so that 

1\ = [ cS fJ 
-f cS 

.1", = IS.I'I + f.l'Z' 

,\'2 = -f.I·, + c'i.I'z· 

The solution for the case cS > O. for initial data (.1'10' .I'zo) is 

,l'1(t) = f/l1(t,O. )'10' )'zo) = e"[YloCOS ft + Yzosinft]. 

.I'z(I) = tfJz(t. O. )'10' .I'zo) = e"[ - 'v1osin ft + J'zocos ft]. 

'z liZ 

(.) (1) 

F/GU RE J.R 1'l'fIjc'c·/"rir.f ,wor 0 .,/abI" milk (""pM/"d riurRl'CI/1/(' m,w). 

... 

(6.13) 

(6.14) 

(6.1 S) 

.... .Ir', -
....... 

.... 
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Letting fI = cd" + r~o)1/2. cos a = .1'111/'" and sin IX = .1'111/'" we can rewrite 
(6.15) as 

Yl(t) = ql l(I.O • .1'111' .\'2(1) = e"',lcos(tI - al. 

.1'2(1) = ql z(I,O,.I'10' .I'zo) = -('~'llsin(r1 - a). 
«(>.16) 

Jrwe let r and (I he the polar coordinates')'1 = rcosO and.l'2 = rsinO. we 
may rewrite the solution as 

r(I) = fle~', 0(1) = - (rl - a). (6.17) 

Jr. as bdore. we eliminate the parameter t. we ohtain 

r = Cexp( -,5/r)/I. (6.1 H) 

For different initial conditions ncar the origin (the origin is in this case an 
unstahle fOClIS), Eq. (6.1 H) yields a family of tra.jectories (in the form of 
spirals tending away from the origin as I incrcases) as shown in Fig. 5.9 
(for r > 0). 

When (~ < O. we obtain in a similar manncl". for dilTcl"cnt initial 
conditions ncar the origin. a family of trajcctorics as shown in Fig. 5.10 
(for t > 0). In this case, the origin is a stable focus and the trajectories arc 
in the form of spirals which tend toward the origin as I increases. 

Finally, if ;; = O. the origin is a center and the preceding 
formulas yield in this case. for different initial data ncar the origin. a family 
of concentric circles of radius I', as shown in Fig. 5.11 (for the case r > 0). 

---------+--~~~--~--------.. yl 

FIGURE 5.9 Trajf'(-t"rJ'II£'ar all ""stahl£, fi',,"'-
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f'/(;VRt: 5.11 Traj,·,·'ur.l· ,wa' a ,wll.:,. 

5.7 L YAPUNOV FUNCTIONS 

In Scclil)n 9, we shall present stahility results for the equi­
librium x = 0 of a systc!m 

x' = f(I, x). (E) 
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Such resultli involve tht: existence of real valued functiuns 1':0 -. R. In the 
case of local results (e.g., stability. instability, ~lsYlllptotic litability, and 
exponential stability results), we shall usually only require that 0 = B(IJ) c R" 
for some II> 0, or 0 = R + x B(II). On the other hand. in the case of global 
results (e.g., asymptotic stahility in the I~lrge. ellp()nenti~11 stahility in the 
large, und uniform hounded ness of solutions), we have to assume that 
o = R" or 0 = R + x U". Unless· stated otherwise, we shall always assume 
that tl(I.O) = 0 for all I E R + [resp., 1,(0) = 0]' 

Now let I/> be an arbitrary solution of (E) and consider the 
function 11-+ 11(/,//1(1)). If I' is continuously dilferentiahle with respect to all 
of its arguments, then we obtuin (hy the chain rule) the derivative of I' with 
respect to I along the solutions or(E~ II;E" as ,. E"')h'(/~~.J). .. '~i" 'II~ 

(111 
11;,:,(/,//1(1» = ~i (/,1/>(1)) + VII(/,I/>(IWf(I,.p(/)). 

Here VII denotes the gradient vector of I' with respect to x. For a solution 
.p(I.lo.~) ofm). we Imve 

II(I.tI'(I)) = 11(III,~1 + rl ";':I(r./"'r.III,~)lI/T. J, .. 
These ohservutions lead us to the following definition. 

DeflnlUon 7.1. Let II: R + x R" -. R r resp .• I': R' x B(IJ) -. R] 
he continuously dillerentiahle with respect to ull of itli <trguments und let Vv 
denote the grudient of I' with respect to x. Then /';.,,: I~' x I~" -. R [rc:sp .• 
II;E,: R + x IJ(/,I ~ R] is defined by 

(111 ft (1" 
";",(I,X) = -;1 (I,X) + L :\-: (I.X)};(/. xl 

(I I~ 1 (Xi 

(," 
= " (I, x) + Vt'(I. xlTnl, x). 

/'1 . 
(7.1) 

We call 11;1i, the derivative of v (with respect to I) along the solUlions of (E) 
[ur along Ihe trajectories of (En. 

, It is important to note that in (7.1), the derivative of v with 
respect to I, along the solutions of (E). is evaluated "';11101/1 luwillg to .m/lle 
Eq. (EI. The signilicance of this will become dear in the next few sections. 
We also note that when II:R" ~ R [resp .• ,,:B(lI) ~ R]. then (7.1) reduces to 
";mCI, x) = VI'CX)~"(I. xl. Also, in the case of autonomolls systems. 

x' =.I"(xl. 

if v:R" ~ R [resp., I': B(IJ) ~ R]. we have 

II;Aj(X) = VI'(xl~f(x). 

(A) 

(7.2) 
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Occasionally we shall only require that II be continuous on 
its domain of definition and that it satisfy locally a Lipschitz condition with 
respect to :to In such cases we define the upper right-hand derivative or u 
with respect to t aloog the solutiOllIll or (E) by 

U;F.,(I, x) = lim sup( I/O){ 1.'(1 + lI, fIJ(1 + lJ, I, x)) - V(I. xl} 
8· .. n· 

= lim sup(l/lIH,I(1 + 0. x + o· f(I,x» - v(',x)}. (7.3) 
.-0" 

When v is continuously dilTerentiable. then (7.3) reduces to (7.1). Whether 
v is continuous or t:ontinuously differentiable will either be clear from the 
context or it will be specilied. 

We now give several importunt properties which v functions 
may possess. 

Definition 7.2. A continuous function M': R" ... R [resp., 
w:B(II)'" R] is said to be pClsiUve dclillite if 

(i) w(O) = n, and 
(ii) "'Ix) > () for all x ~ () [resp., 0 < Ixl ~ r for some r > 0]. 

Dellnitlon 7.3. A continuous function w; R" ... R is said to be 
radially unbounded if 

(i) w(O) = 0, 
(ii) ",(x) > 0 for a\l .'t E R" - {O}, and 

(iii) ",(x) ... 00 as I.'tl ..... 00. 

Definition 7.4. A function w is said to be negative definite if 
- w is a positive definite function. 

Definition 7.5. A continuolls function \\':R" ..... R [resp., 
w: 8(11) ..... R] is said to be indefinite if 

(i) w(O) = 0, and 
(ii) in every neighborhood of the origin x = 0, w assumes 

negative and positive values. 

Definition 7.S. A continuous function w:R" ... R [resp., 
w: B(II) ... R] is said to be posith"c semidefinite if 

(i) w(O) = O. and 
(ii) wlx) ~ () for ull x E H(r) for some r > n. 
Definil#on 7.7. A function \\' is said to be neaative lIlemidefinite 

if -w is positive semidefinite. 

Next, we consider the CUBe I': J( + x '(" ..... R, rcsp .• I': R + x 
B(lI) ..... R. 
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Deflnllion 7.8. A continuous function I': U + x U" [resp .• 
v: R + )( 8(1,)] - U is said to be positive delinile if there exists u positive 
definite function w: U" -. U [resp .• 11': /J(II) -. I~] such thut 

(i) 1'(1,0) = 0 for all I ~ n. and 
(ii) 1'(1, x) ~ \\'(x) for all t ~ 0 and for all x E H(,.) for some 

r > O. 

Deflnilion 7.9. A continuous function Id~ + x W -. R is ra­
dially unbounded if there exists a radially unbounded function 11': W -. R 
such that 

(i) V(I,O) = 0 for aliI:? O. and 
(ii) V(I, .\") :? I\'(.\') for <1111 ~ () <lnd for all x E W. 

Definllion 7.10. A continuous function ,': n + x n" -. U rresp .• 
I': I~ + x 8(1,) -. R] is said to be decresccnt if there exists II positive definite 
function w:U" -. R [resp., w:/J(1,) -. R] such thllt 

1"(/, ·ql ~ \\'(x) for all I:? 0 alld for all xc /1(,.) 

for some /. > O. 

The delinitiolls of posith'e ~lIIidefinite. nl'~ath'e semidelinile. 
and ncgative definite. when I': n + x no - R or ,,: n + x H(1,'- It involve 
obvious modifications of Definitions 7.4. 7.6. and 7.7. 

Some of the pr~ceding characterizations of " functions (and 
w functions) can be rephrased in equivalent :lI1d very useful ways. In doing 
so, we employ certain comparison functions which we introduce next.. 

Definlrion 7.11. A continuous function ~/:[(),".l-+ U+ [resp,. 
y,: [0, (0) -+ R +] is said to belong to class K. i.e., '" E K. if ~/(()) = 0 :lI1d if '" 
is strictly increasing on [0,,'.] [resp .. on [0, (Y'J)),lf "':/~' -+ I~ I. if'" E K. 
and if lim r _ ... "'(r) = IX), then", is said to helong to ChlS.'I K R 

We are now in a position to state allli prove the following 
results. 

Theorem 7.12. A continuous function 1': I~ + x no -+ R [resp., 
v: U + )( B(/,) -+ R] is positive definite if and only if 

(i) "(1,0) = 0 for aliI ~ 0, and 
(ii) for uny /. > 0 [resp" some /. > 01 there exists u V' E K such 

that V(I, x) ~ "'(Ixl) for all I ~ 0 lind for lIlI x E H(,.), 

Proof. If 1'(1, x) is positive delinite, then there is a function 
",(,~) satisfying the conditions of Definition 7.2 such that ()(/,X) ~ w(,~) ror 
I ~ 0 and 1.\'1 ~ r. Define "'o(s) = inf{w(x):.f ~ Ixl :s; rJ for 0 < s ~ r. Clearly 
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"'II is a positive and nondecreasillg function such that "'IIQxl) ~ w(x) on 
0< Ixl ~ ". Since "'0 is ('olllinuous, it is I~iemann integrable. Deline the 
function", hy .p(O) = 0 and 

o ~ 1/ ~ r. 

Clearly 0 < "'(II) :5: "'0(11) :5: lI'(x) :5: "~If, x) if f ~ 0 and Ixl = II. Moreover, '" 
is continuous and incrl!llsing by cOllstruction. 

Conversely, assume that (i) and (ii) are true and define w(x) = 

We remark that hoth of the equivalent definitions of positive 
delinite just given will he used. One of these forms is often easier to use in 
specific examples (to establish whether or not a given function is JlOsitive 
definite), while the second form will be very useful in proving stability results. 

The proofs of the next two results are similar to the foregoing 
proof and arl! left as an exercisl! to the readl!r. 

Theorem 7.13. A continuous function IJ:R+ x R" --. R is ra­
dially uubOlmdcd if .lIld £lnly if 

(il I'(f,O) =- 0 for all f ~ n, and 
(iiI there exists a '/' E I\I~ sueh that "(f,.\") ~ "'(Ixll fur all 

f ~ II .lIld for all x E W'. 

Theorem 7.14. A l'untinnous flllu:tioo I': R+ x I~· --. R [resp .• 
1': I~' x IJ(III--. 1<] is dccrt.'SCcnt if and only if there exists a '" E K such that 

Hf, .\"11 :5: l/llixl) fur all , ~ 0 and for all x E B(r) 

for some r > O. 

We now consider severul specific cases to illustrate the pre­
ced i ng cllncepts. 

Example 7.15. (u) The function w:R l .... R given by W(.\"I = 
xTx = xi -1 x~ + x~ is positive definite und radially unhounded. 

(h) The functionll':R l --. R given hy w(x) = x~ + (x2 + xJ)z 
is positivI! semiddinite. It is not positive definite since it vanishes flU all 
x E I<J such that x. = 0 and X z = -x.,. . 

(c) The function I\':Rl--. R given hy w(x) = x~ + x~ -
(xf + x~IJ is positive delinite (in the interior of the unit circle given hy 
xi + x~ < I); h£lwever, it is n£lt radially unbounded. In fact. if xTx > I. 
thell lI'(xl < O. 

(d) The function 11': I~l --. J( given by w(x) = xi + xi is posi­
tive scmidelinite. It is not positive definite. 
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(e) The function \1': R2 ~ R given by ",(x) = xt/( I + xt) + x~ 
is positive delinite but not radially unbounded. 

Note that when w: R- ~ R [resp .• 8(1,) -0 R] is positive or 
negative definite. then it is also decrescent. for in this case we can always 

find "'I' "'2 E K such that 

""elxl):s: Iw(x)\:s: "'2(1-'1) -for all x E B(r) for some r> o. 
On the other hand. in the case when v:R + x R- -0 R [resp .• v:R + x B(h)~ R]. 
care must be taken in establishing whether or not v is decrescent. 

Example 7.16. (a) For the function 11:R+ x R2-+R given 
by 11(/. x) = (1 + COS2/)X~ + 2x~. we have 

"'llIxl) A xTx:s: (I(X):S: 2xTx A "'A~j). "'I' "'2 e KR. 

for alit ~ O. x e R2. Therefore, I' is positive definite. decrescent. and radially 
unbounded. 

(b) Fortl:R t x R2 -+ R given by I'(/,X) = (x~ + X~)COS2/. we 

!/Ie K. 

for all x E R2 and fur .1111 ~ o. Thus, I' is positive semidefinite and decrescent. 
(c) Forl,:R' x Rl ~ Rgiven by tl(t.X) = (I + I)(xi + xi). we 

have 

",eKR, 

for alit ~ 0 and for all x e /(2. ThllS, I' is positive definite and radially un­
bounded. 11 is not decrescent. 

(d) FOfl1: R t X R2 ..... R given by 11(/, xl = xi/(I + I) + xL we 
have 

"'E KR. 

Hence. l' is decrescent and positive semidefinite. It is not positive definite. 
(e) The function II: R t X R2 -+ R given by 

tl(/,X) = (Xl - X,)2(1 + ,) 
is positive semidelinite. 11 is not positive definite nor decrescent. 

We close the present section with a discussion of an important 
class of l' functions. let x e R"; let B = [bi)] be a real symmetric n x II 

matrix. and consider the quadratic form ":R" .... R given by 
.. . 

I'(X) = xTBx = L bi1XiXl. 
i,l= l 

(7.4) 
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Recall that in this cuse. B is dingonizable and all of its eigenvalues are real. 
We state the following results (which are due to Sylvester) without proof. 

Theorem 7.17. Let 11 be the quadratic form defined in (7.4). 
Then 

(i) 11 is positive definite (and radially unbounded) if and only 
if all principal minors of B are positive. i.e .. if and only if 

del: : >0 [hll ... hu] 
i"1 i'll • 

Ii = I ... .• n. 

(These inequalities are called the Sylvester inequalilies.) 
(ii) I' is negative definite if and only if 

[hll ... hU] 
(-I)'det : : > 0, 

/Ill h .. 
k = I, ... , fl. 

(iii) 11 is definite (i.e., either positive definite or negative 
definite) if and only if all eigenvalues are nonzero and have the same sign. 
(Thus. 11 is positive definite. if and only if all eigenvalues of B are positive.) 

(iv) 11 is semidefinite (i.e .. either positive semidefinite or nega­
tive semidefinite) if and only if the nonzero eigenvalues of B have the same 
sign. 

(v) If AI' ... , A" denote the eigenvalues of B (not necessarily 
distinct). if A", = min, A,. if A.A' = max, A" and if we use the Euclidean norm 
<Ixl .. (:cT.'c)I1Z). then 

A",lxl2 ~ 11(.X) ~ AMlxlz for all x e R". 

(vi) 11 is indefinite if and only if B possesses both positive and 
negative eigenvalues. 

The reader will find the following example very instructive. 

Example 7.11. The purpose of this example is to point out 
some of the geometric prnpcrlie5 of (twu-dimensionul) quudratic forms. Let 
B be a real symmetric 2 x 2 matrix and let 

I1(X) = xTBx. 

Assume that both eigenvulues of B are positive so that 11 is positive definite 
and radially unbounded. In R·'.let us now consider the surface determined by 

Z = I1(X) = .xTB.x. (7.S) 
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7. 

H(iURE 5.12 

Equation (7.5) describes a cup-shaped surface as depicted in Fig. 5.12. Note 
that corresponding to every point 011 this cup-shapcd surface there exists 
one and only one point in the X,X2 plane. Note also that the loci defincd by 

(cj = consl) 

determine closed curves in the X.X 2 plane as shown in Fig. 5.\3. We call 
these curves level curns. Note thut en = {OJ corresponds to the case when 

FI<iURr: 5./.1 
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:: = ('" = O. Note also that this function I' can be used to cover the entire 
U 2 plane with dosed curves hy sekcting for: all values in l~ I • 

In the case when I' = .\Tllx is a positive definite quadratic form 
with \" to W, the pn:l'cding comments are still true; however, in this case, the 
dosed curves C, I1lllst he replaced hy closed hypersurfaces in Uti and a simple 
geometric visualization as in Figs. 5.12 and 5.13 is no longer possihle. 

5.B L YAPUNOV STABILITY AND INSTABILITY 
RESULTS: MOTIVATION 

Hefore we state and prove the principal Lyapunov-type of 
stahility and instahility results, we give a geometric interpretation of some 
of these results in R2. To this end, we consider the system of equations 

x'. = .1.1." I' Xl)' 

.\~ = .I~(x I' x 2), 
(K.I) 

and we assume that II and.l~ are such that for every (/ 0 , xo), '0 ~ 0, Eq. (IU) 
has a uniqu.! solution 1Jl(/, I (I, x()) with 1/'(1 (1,1", xo) = Xo' We also assllme that 
I." 1"\ 2)" = (0,0)1 is the only elluilihrinm ill n(l,) for some Ir > O. 

Next, let /' he a positive ddinite, continllously dilrerentiahle 
function with nonvanishing gradient Vt> on 0 < \x\ ~ It. Then 

,,(x) = (. (e ~ 0) 

ddines for sulliciently small constants e > 0 a fumily of closed cUlves C j 

which cover the neighborhood H(II) as shown in Fig. 5.14. Note that the 
origin.\ = 0 is localed in the inlerior of each such curve and in fact Co = IO}. 

Now suppose th,1I all trajectories of (tU) originating from 
points on the circular disk Ixl ~ '. < I, cross the curves ,,(x) = c from the 
exterior toward the interior when we proceed along these trajectories in the 
direction of increasing values of I. Then we can conclude that these trajec­
tories approach Ihe origin as I increases, i.e., the equilibrium x = 0 is in this 
case asymptotically stable. . 

In terms of the given I' runction, we have the fnll"wing inter­
pretation. For a given solulionlMl,lu, xu) to cross the curve ,,(x) ='," = I'(xo), 
the angle hetween the outward normal vector Vt>(xu) and the derivative or 
1/'(/, 10,Xu) all = '0 must he greater th,1/\ 1£/2, i.e., 
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2 Co • I.La IV(X) • 0) 

\ 

o • "0 < "1 < "2 < ") < ''', 

HGURI:.' J.N 

For this 10 happen ut all points, we must have 1';811(X) < 0 for 0 < Ixi Sri' 
The slime result cun he .arrived ilt from an an:llytic point of view. The function 

1'(/) = 1'(III(/,/ .. ,x,,1) 

decreases monotonically as , increllscs. This implies that the derivative 
"'(IN/,I",X,,)) along the solution (/1(" 10 , XII) must be negative definite in B(r) 
for /. > 0 sulliciently' small. 

Next, let us assume thllt (IU) has only one equilibrium (at 
x = 0) and Ihal v is positive deli nile and r4ldially unbounded. It turns oul 
thai in this case, the relalion I'(X) = (', (. € R .. , clin be used to cover all of Rl 
by closed curves of the type shown in Fig. 5.14. If for arbilrary (1 0 "\'0), the 
corresponding solution of (8.1), I/I(I,lo,Xo), behuves as already discussed, 
then it follows that the derivative ofll along this solution V'(tP(I, 10 , xo)), will 
be negative definite in Rl. 

Since the foregoing discussion WilS given in terms of an arbi­
trary solution of (8.1), we may suspect that the following results are true: 

I. If there exists a positive definite function IJ such thilt 1';11.11 
is negative definite, then the equilibrium x = 0 of(8.1) is asymptotically stable. 

2. If there exists a positive definite and radially unbounded 
funclion I' such that 1';8.1, is negative definite for all x € R2, then the equi­
lihrium x = () of(R.I) is asymptotically stable in the large. 
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In the next section we shall state and prove results which 
include the foregoing conjectures as special cases. 

Continuing our discussion by making reference to Fig. 5.15, 
let us assume that we can find for Eq. (8.1) a continuously differentiable 
function ,': R2 ~ R which is indefinite and which has the properties discussed 
below. Since" is indefinite, there exist in each neighborhood of the origin 
points for which I' > O. II < O. and 1'(0) = O. Confining our attention to B(k), 
where k > 0 is sufliciently small. we let D = {x e B(k): ,·(x) < OJ. The bound­
ary of D, (ID, which may consist of severnl subdomains. as shown in Fig. 5.15, 
consists of points in i)B(k) und of points determined by v(.~) = O. Assume 
that in the interior uf /), " is bounded. Suppose ";".,,(x) is negative definite 
in D and thut x(l) is a trajectory of(S.I) which originates somewhere on the 
boundary of I) (.\'(Iu) e ,'0) with "(.\'(Iu)) = O. Then this trctjectory will pene­
trate the boundary of I) ut points where " = () as t increases and it can never 
again reach a point where (' = O. In fact. as t incrcases, this trajectory will 
penetrate the set of points determineli by Ixl = k (since by assumption. 
"i8.11 < 0 along this trajectory and " < () in D). But this indicates that the 
equilibrium .~ = 0 of(8.1) is unstuble. We are once more IetJ to a conjecture 
(which we shall prove in the next section): 

3. Let a functiun v: 1~2 ~ R be given which is continuously 
differentiable and which has the following properties: 

(i) There exist points .~ arbitrarily close to the origin such 
that v(x) < 0; they form the domuin D which is bounded by the set of points 
determined by I' = 0 and the disk 1.\'1 = k. 

o 

------4---~~~--~------... xl 

H(i{IRE .us 
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(ii) In the interior of D, v is bounded. 
(iii) In the interior of D, '·is.1I is negative. 

Then the equilibrium x = 0 of (8.1) is unstahle. 

5.9 PRINCIPAL LYAPUNOV STABILITY 
AND INSTABILITY THEOREMS 

205 

We arc now in a plIsitionto give precise statements and proofs 
of some of the more important shlbility. instahility. Hml hounlledncss rcsults 
for the system of equations givcn by 

x' = I(t.x). (E) 

These results com prise the dired mel hod of l.yapulI01'. which is also sometimes 
called the second method of I.yapwlov. The reason for this nomenclature is 
clear: results of the type presented here allow us to make qUlllitative stllte­
ments IIbout whole families of solutions of (E), without actually solving this 
equation. 

As already mentioned, in the case of local stability results, we 
shlill require that x = 0 is an isolated equilibrium of (E). and in the case of 
global stability results. we shall require that x = 0 is the only equilibrium 
of (E). 

The results given in this section require the existent."C of func­
tions 1': R· x B(/I) -d( Cresp., v: R· x n" -.. R) which arc assumed to be 
c,JlltilluolI.dJ' ,lifjeremialJle with respect to all arguments of 11. H~ emplwsize 
tlwl tlle.~e results call he gelleralized to Ille Ct,.~e wl,ere I' i.~ (111), CI1lI,;,n,Ous ,1/1 

it.~ doma;II IIf I/ejillitioll Cllld wlrere v ;s "el/lfired to st,lisfy /o("(llly II Lipschitz 
collditioll witll re.~pect to x. In this case, ViEI must be interpreted in the sense 
of Eq. (7.3). 

A. Stability 

I n our first two results, we cont."Cm oursClvC5 with the stability 
lind uniform stability of the equilibrium x = 0 of (E). 

Theorem 9.1. I f there exists a continuously differentiable pos­
itive definite function I' with a neglltive semidefinite (or identically zero) 
derivutive ";,;,_ then the equilibrium x = 0 of (E) is 5lable. 
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Proof. According to Delinition 3.1, we IIx I: > 0 and '0 ~ 0 
and we seek a (~ ~ () such that (.1.1) and (3.2) arc satislled. Without loss of 
genentlity, we can assume that I: < II,. Since 1'(1, x) is positive definite, then 
hy Theorem 7.12 there is a function '" E K such that IJ(t, x) ~ "'IIXI) for 
o ~ Ixl :s; II" I?: O. Pick (~> () so small that IJ(to,xu) < "''';) if Ixo ~ (5. 

Since 11;",(/,.\:) ~ 0, then I'(/,(!'(I,/o,Xo)) is monotone nonincreasing and 
1'(1, ("",In, x,,)) < "'(I:) fur all I ~ In. Thus,l(MI, to, xull cannot reach the value 
I:, since this would imply that "(,, (W,'o, xo)) ~ "'II<P(I, to, xo)l) = "'(I:). • 

Theorem 9.2. If there exists a continuously difterentiable, pos­
itive dennite, decrcscent function IJ with a negative semidefinite derivutive 
";101' then the elJuilihrium .X' = () of (E) is uniformly stable. 

Proof. By Theorems 7.12 and 7.14,there ure two functions "', 
and", 2 E I\. SIKh that ~/I lI,x\1 ~ 1'(', x) ~ '" AX'\) for alii ~ 0 and for all x with 
Ixl ~ II,. Fix /:in the range () < I: < II,. Pick ,~ > () so small that", 2(J) < '" ,(I:). 
If '" ~ 0 and if Ix,,1 ~ ;i, then ""'" x,,) ~ '" 2(;i) < '" ,(I:). Since IJiEI is nonposi­
tive, then I'It,(/II',/",Xo)) is monotone nonincreasing. Thus V(/,4>(/,/o ,Xo)) < 
'" 1(/:) for all I ~ I". lienee, '" ,11,/*, '0 , x,,)\) < '" Itt) for aliI ~ ' 0 , Since "', is 
strictly increusing, then 1<P(t,tn,xu)1 < I: for nil I ~ ' 0 , • 

Let us now consider some SllCcific examples. 

Example 9.3. Consider the simple pendulum (see Chapter I 
and Example 2.2) 

x', = X2. 

xi = -I.: sill.\' ,. 
(9.1 ) 

where I.: > 0 is " consulIlt. As noted before, the system (9.1' has an isolated 
equilibrium Ilt .~ = O. The total energy for the pendulum is the sum of tbe 
kinetic energy and potential energy, given by 

"(X) = i.xi + k f:' sin"t/" = lxi + k(l - cos x,). 

Note that this function is continuously differentiable. that v(O) = 0, and that 
l' is positive definite. Also, note that 0 is automatically decrescent, since it 
does not depend on t. 

Along the solutions of (9.1) we have 

0;9.,,(X) = (k sin x,)x', + xlxi = (ksinx,)x2 + x2(-ksinx,) = O. 

In nccordanc.:e with Theorem 9.1, the equilibrium x = 0 of (9.1) is stable, 
and in accordance with Theorem 9.2, the equilibrium x = 0 of (9.1) is uni­
formly stable. 

Note that since l';9.11 = 0, the totlll energy in system (9.1) will 
be constunt for n given set of initial conditions for aliI ~ O. 
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There are in general no specific rules which tell us how to 
choose a v function in a particular problem. This is perhaps the major 
shortcoming of the results that comprise the direct method of Lyapunov. 
The preceding example suggests that a good choice for a v function is the 
total energy of a system. It turns out that another widely used class of II 
functions consists of quadratic forms defined by (7.4). 

Example 9.4. Consider the second order system 

(9.2) 

Letting x = x •• x' = '~l' we can express (9.2) equivalently by 

x'. =X2, 

Xl = -Xl - e-'x •. 
(9.3) 

This system has an isolated equmbrium at the origin (.'<., Xl) = (0,0). In 
studying the stability properties ofthis equilibrium,let us choose the positive 
definite function 

.'(XI'X1) = x~ + xi. 
Afong the solutions of (9.3), we have 

1119.l~"''<'''~1) = 2X1X2(1 - ",-') - 2x~. 

Since for this choice of II function neither of the preceding two theorems is 
applicable, we can reach no conclusion. So let us choose another .' function, 

,'(I,X •• X2) = x~ + e'xi. 

(n this case, we obtain 

1I;9.3,(I,X.,X2) = -e'xi. 

This II function is positive definite and 11;9.31 is negative semidefinite. There­
fore. Theorem 9.1 is applicable and we conclude that the equilibrium x = 0 
is stablc. However, since I' is not decrescent, Theorem 9.2 is not applicable 
and we cannot conclude that the equilibrium x = 0 is uniformly stable. 

Example 9.5. Considcr a conservative dynamical system with 
" degrees of freedom, which we discussed in Chapter I and which is given 
by 

(9.4) 
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where 'IT = «(I •••.•• '1ft) denotes the gencruli1.ed position vector, ,l = 
(1'., ... ,Pft) the momentum vector. 11(1', 'I) = T(p) + W(ed the Hamiltonian, 
T(p) the kinetic energy. and W('l) the potential energy. The positions of 
equilibrium points of (9.4) correNpond to the points in RZft where the partial 
derivatives of /I all vanish. In the following. we aSNlIme that (pT''lT) = (OT,O'r) 
is an isolated equilibrium of (9.4). and without IONS of generality we also 
assume that /1(0.0) = O. Furthermore, we assume that II is smooth and that 
T(/,) and IV«(/) are of the form 

T(p) = Tz(p) + Tl(p) + ... 
and 

1V('1) = Hitl(/) + rv,,+ 1M + ... , k ~ 2. 

Here TJ(p) denotes the terms in I' of order j and ~~(,,) denotes the terms in 
'I of order j. The kinetic energy 1'(1') is always assumed to be poNitive definite 
with respect to p. If the potential energy has an isolnted minimum at 'I = 0, 
then W is positive definite WIth respect to (I. So let us choose as a v function 

1'(1'. 'I) = 11(1' , ,,) = 7'(1' ) + WI,,) 

which is positive definite. Since 

1';CI.4,(p, (I) = 11'(1', q) = 0, 

Theorem 9.1 is applicable and we conclude that the equilibrium at the 
origin is stable. Since v is independent oft. it is also decrescent, Theorem 9.2 
is also applicable, and wc conclude that the equilibrium at the origin is also 
uniformly stable. Note that Example 9.3 (for the Nimple pendulum) is a 
special case of the present example. 

B. Asymptotic Stability 

The next two results address the asymptotic stability of the 
equilibrium x = 0 of (E). 

Theorem 9.6. If there exists a continuously differentiable, 
positive definite. decrescent function v with a negative definite derivative 
viE,' then the equilibrium.\' = 0 or(E) is uniformly asymptotically stable. 

Proof. Oy Theorem 9.2 the equilibrium x = 0 is uniformly 
stable. It remains to be shown that Definition 3.3(ii) is also satisfied. 

The hypotheses of this theorem along with Theorems 7.12-
7.14 imply that there are functions';., .; z. and'; l in class K such that 

.; I( 1.\'1) :s; v(t, x) :s; .; z( Ixl) and VeE' (t, x) s: - '" l<l.~1> 
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ror all (I,X)E R+ x 8(,·,) ror SOllie,., > O. Pick ,~. > 0 such Ihal ~/2(')d < 
"',(r,). Choose r. such that 0 < ,; ~ 1',. Choose '~l such that 0 < ')2 < (5, 
and such that "'2«)Z) < "',(r.). Define T="',(".I/t11.'(')l)' Fix I,.ZO .lOd Xo 
with Ixol < ,) ,. 

We now daimlhall,,'(I*.I,..x,,11 <'~l ror some I*E[lo.l., I T). 
For ir this were 1101 true, we would have 1,/I(I./o,xo)1 Z ')2 ror all I E [I". 
t" + T]. Thus 

0< rJi'«)2) ~ 1'(1"/I(I,/o.X,,)) 

~ 1'(1.,. XII) I- (' "; •. ,(s. ,'.(.~./II' '·,,)I,I.~ 
• In 

Now all = to + T we lind that 

o < "'2«~') - T~/.l('~2) = '''2('~.1 - "'.(1'.) < O. 

a contradiction. lIenl.'e, t· exists. 
Now ror I z 1* we have 

"',<I,/I(I,lo,xo)l) ~ 1.'(1. ,"(1. Icr. XII)) ~ I'(I .... .,'(I*.I,..X,,)) 

~ "'2<1'MI*./o •. \·,,)1l ~ ~'2(,52) < ~,.(,:). 

Since"', E K it rollows that 1,/1(1,1" .. \,,)1 < r. for all I Z 1* ,\Ild hence for all 
I ~ 10 + 1' .• 

Theorem 9.7. If there exists a continuously dillcrenliable. 
positive definite, decrescenl. ,\Ild radially unhmlllded funclion I' such that 
I';'" is negalive delinite rur all (I. x)11 U' x W. thcn Ihc cl/uilibrium x = 0 
orIEl is unifomlly asymptotically stable in the large. 

Proof. The trivial solution or (E) is unirormly asymptotically 
stable by Theorem 9.6. It remains to be shown that the domain or allraclion 
or x = 0 is all or R". 

Fix (lo,Xo)E R+ X R". Then 1'(I.",(I,I."x.,)) is nonincreasing 
and so has a limit" ~ O. Irlxol ~ a. then 

"'z(a) Z 1'(I"MI,lo,Xo)) Z ~',II"'(I,lo.Xo)I). "'jE KR, 

and so I,MI,lo.xo)1 ~ a, = ",.'("'2(a)). 
Suppose that no T(a,':) ex isIs, Then ror some xo, " > n. By 

Theorem 7.12, ror Ixi ~ a, lind "'l E K such Ihall!;"I(I .. ~) ~ -"'Jllxll. Thus, 
ror I Z 10 we have "''i'('" ~ I,MI,I., • .\.,II and 

" ~ 1l(/,",(I,lo.·\o)) ~ 1'(10 , x,,) - f,' "'J!I,/I{s.Io.·\u)l)ds 'n 
~ 1'(Io.Xo) - f,' "'J("'i '(If}) lis. 

'" 
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Thus, the right-hand side of this inc'Iuality becomes neglltivc for , suf­
ficiently large. But this is illl(lOssible when 'I > O. lienee, 'I = O. • 

Example 9.S. Consider the system 

X', = (x, - ('lXl)(xi + xi - I). 

X2 = k,x , + xl)(xi + xi - I) 

which h:ls an isolated equilibrium at thl! origin x = O. Choosing 

,'h) = (',xi + ('lX~. 
we obtain 

"C".51(X) = 2k,xI + ('lx~)(xi + x~ - 1). 

(9.5) 

ar (', > n, ('l :> n, then /> is pnsitive definite lind radially unbounded and 
"C9.51 is negative definite in the domllin x~ + xi < I. As such. Theorem 9.6 
is upplicuble and we conclude that Ihe equilibrium x = 0 is uniformly 
asymptotically stahle. The()J'elll 9.7 is nol applicable und we cannot con­
dudc that Ihe equilibrium x = 0 is uniformly asymptotically stable in the 
large. 

Example 9,9. Consider the system 

X', = X2 + ('x,(xi + xi). 
X2 = -x, + ('xl(xi + xi), 

(9.6) 

where (' is a reul cOllstanl. Note that x = n is the only equilibrium. Choosing 

"(X) = xi + xi. 
we obhlin 

";".I>I(X) = 2dxi +xW· 
If (. = 0, then Theorems 9.1 und 9.2 are applicable and the 

equilibrium x = () of (9.6) is uniformly stable. If c' < 0, then Theorem 9.7 
is applicable und the equilibrium x = 0 of (9.6) is uniformly IIsymptotically 
stable in the large, 

C, Exponential Stability 

The next two results deal with the exponential stability of 
the equiribritlm x = 0 of (E). . 

Theorem 9.10. If there exists a continuously differentiable 
function t' and three positive constants C'I' ('z. and C') such that 
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for alii E R + and for all .~ E R(,.) for some r > 0, then the equilibrium x = 0 
of (E) is exponentially stable. 

Proof. Given any (Io,xo)e R+ x 8(,.), let r/Jo(l) = r/J(I.Io,Xo) 
and let V(I) = 1'(1,4>0(1)). Then V(l) satisfies the differential inequality 

V'(I) S -cllr/J(IW S -('·l/L'z)J'(I). 

By Lemma 2.8.2 it follows that V(I):C:; 1'(lo)exp[( - "J/"2)(1 - ' 0 )]. Thus 

C.l4>II(tW :c:; V(to)exp[( - "3/C'2)(1 - '0)] 
S L'zlXol2 expel -"3/"2)(1 - ' 0 )]. 

Hence, the \.'(lIlditions of Definition 3.4 are fulfilled with tl! = "3/(2"2) and 
bit:) = «('2/£",'/2,:. • 

Theorem 9.11. If there exists a continuously differentiable 
function I' ,lIld three positive constants c'., "z' und C3 such thut 

for all IE R i and for all x E R", then the equilibrium x = 0 of (E) is 
exponentially stable in the large. 

Proof. Similarly as in the proof of Theorem 9.10, we have for 
any (1 0 , xo) E R + x R" the estimate 

tions 

1,/1(1,10 , .~0)1 ~ (col/C. )"llxol expel - "3/2('2)(1 - ' 0 )]. • 

Let us consider a specific example, 

Example 9.12. Consider the system described by the equa-

x'. = -"(I)X, - bXl' 

x~ = bx, - d/)X2, 
(9.1) 

where b is a real constant and where t/ and c are real and continuous func­
tions defined for I 2: 0 sutisfying t/(/) 2: fJ > 0 and c(/) 2: (i > 0 for all I 2: O. 
We assume that x = 0 is the only equilibrium f\)f (9.1). 

If we choose 

then 

t'j9.7,(/,X) = -a(t)x~ - £,(/ht S -fJ(xf + xi). 

Since all hypotheses of Theorem 9.11 are sutisfied, we conclude that the 
equilibrium x = 0 of (9.1, is exponentially stable in the large. 
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D. Boundedness of Solutions 

The next two results are concerned with the boulldedness of 
the solutions of (E). The assumption that x = 0 is un isolated equilibrium 
of (E) is not needed in these results. 

Theorem 9.13. Ir there exists a continuously differeutiable 
function I' defined on \.\1 ~ I~ (where R muy be large) and 0 ~ , < 00, nnd if 
there exist "' •• "'2 E KR such that 

",.(\x\) ~ "(I,.X) ~ "'A\\), ";",(I,x) ~ () 

for all\.\\ ~ R and for all 0 ~ I < 00, then the solutions of (E) are uniformly 
bounded. 

Proof. Fix k > R. let (/o,.\u) E R + x B(k) with \.'C0I> R, let 
"'o(t) = t/J(/,/o,.'Co). and let V(/) = "(/,"'u(/» for as long as lq,o{l)1 > R. Since 
V;E,(t,.'C) S 0, it follows thut 

'" .(14'u(l)I) S V(I) s V(tu) ~ "'z(k). 

Since "', E KR. its inverse exists and It/Jo(I)\ ~ (I A t/I.'("'z(k» for as long as 
It/Jo(I)1 > R. . 

U 1"'0(1)1 starts at a value less than R or if it reaches a value 
less than R for some I > 10 , then "'o(t) can remain in B(k) for all subsequent 
I or else it may leave B(k) over some interval I, < t < I 2 ~ + 00. On the 
interval 1 = (r ,. r 2), the foregoing argument yields lq,o{l)1 S {lover I. Thus 
11/1(/)1 S max{R.{I} for aliI ~ ' 0 , • 

Theorem 9.14. U there exists a continuously differentiable 
function 11 defined on 1.\1 ~ R (where R may be large) and 0 S , < 00, and if 
there exist "'" "'2 E KR and "'3 E K such that 

for all \.\\ ~ R und 0 ~ I < 00, then the solutions of (E) ure .uniformly 
ultimately bounded. 

Proof. Fix k, > R and choose B> k, such that "'z(k,) < 
",,(B). This is possible since "'. E KR. Choose k> B and let T = ["'2(k)/ 
"'J(k.)) + 1. With IJ < 1'\01 ~ k and '0 ~ O. let f/lo(t) = t/J(/,/o.Xo) and 
V(/) == 11(/, t/Jo(t)). Then It/Jo(I)1 must satisfy \41oCt·)\ S k, for some I· E (/0 , 

to + T), for otherwise 

V(/) ~ V(Io) - f,' "'3(k,)J., S "'z(k) - ",,,(k,)(' -/0 ), 
10 
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The right-hand side of the prcceding expression is negative whcn I = or. 
Hence, 1* must exist. 

Suppose now that 14>0(1*)1 = k, and Iq'.~I)1 > k, for I E (1*. I d. 
where t, S; + 00. Since V(I) is nondecreasing in I. we have 

''',(14)0(1)1) S; V(I) S; V(I*' S; "'211(/10(1*'1) = "'l(k,) < ""W) 

for all I ~ 1*. Hemo-e.I4>o(I)1 < 8 for all I ~ 1*. • 

Lel us now consider a specific C'lse. 

Example 9.15. Consider the sYlltem 

.J{' = -x - a, 
(9.8) 

a' = -a - I(a) + x, 

where /(a) = a(a2 - 6). Note that there are isolated equilibrium points at 
.J{ = a = 0, x = - a = 2, and x = - a = - 2. 

Choosing 

we obtain 

Vi9.8.(X, a) = - x 2 - a l (a 2 - 5) S; - Xl - (a2 - l)z + l,t_. 

Note that v is positive definite and radially unbounded and that l'i'l.8' is 
negative for all (x,a) such that Xl + a2 > R2. where. e.g .• R = 10 will do. 
Il follows from Theorem 9.13 that all solutions of(9.8) arc uniformly bounded, 
and in fact, it follows from Theorem 9.1 4 that the solutions of (9.8) arc uni­
formly ultimately bounded. 

E. Instability 

In the final three results of this section. wc present conditions 
for the instability of the equilibrium ."< ~ 0 of (E). 

Theorem 9.16. The equilibriulll -"< = () of (E) is unstable (at 
I = 10 ~ 0) if there exists a continuously differentiable. dccresl."Cnt function 
v such that (liE. is positive definite (negative dclinite) and if in every neighbor­
hood of the origin there arc points x sllch that 11(lo,X) > 0 (V(l o •. "<) < 0). 

Proof. Pick a function", 2 ~ K and ,: sllch that () < r. S; I, mId 
such that IV(I,x)1 S; "'A"<I) for all (1 •. "<) E I~' x 11(,:). Pick "'J E K lIuch that 
l'iF.,(I,x) ~ "'J(lxl) on R+ x /l(c). (If ('ilO, is negative definite. we replace v by 
-r'.) Let {."<",} be a sequence of points lIatisfying 0 < Ix",1 < c •. "<", -. 0 as".-+ 
00, and V(/o, x"') > O. Let ql ... (/) = 4>(/. 10, x"') and V ... (t) = V(I.4>",(t)). Then 
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,p",(tl must reach the sphere Ixl = ,: in finit~ time. For otherwise w~ hav~ for 
ulll ~ I", 

or 

Thus, 

1/12(1:) > 1/1 1114'8,(1)1) ~ 1' .. (1) ~ VH/(I o) + J.: 1/13(a.1II )tis 

~ Vm(· 0) + 1/1 1(a. ... )(1 - ' 0 ) 

for ulll ~ In. Out this is impossible. Hence x = 0 is ullstable. • 

Theorem 9.16 is C<11I~d Lyapllnov's first instability theorem. 
In the special case when in Theorem 9.16 I' and v;"' are both 

positive del1nite (or n~gutive delinite), the equilibrium x = 0 of (E) is said to 
be completely unstable (since in this case all trajectories tend away from the 
origin). 

Example 9.17. If in Exmllple 9.9 c> 0, then we have II(X) = 
xi + xi and 1';',.I>,(x) = 2dxi + X~)2 and we can conclude from Theorem 
9.16 that the equilihrium x = 0 of tE) is unstable, in fllct, it is completely 
unstuble. 

Example 9.18. Consider the system 

x'. = ('.x. + X.X2. 

xi = -('2X2 + x~. 
where (', > 0, "2> 0 are constants. Choosing 

,,(x) = X~ - xL 
we obtuin 

(9.9) 

Sim:e II is indel1nite and /1;9.9, is pusitive del1nite, Theorem 9.16 is applicable 
and the equilibrium x = 0 of (9.9) is unstable. 

Example 9.19. Let us now return to the conservative system 
considered in Example 9,5. This time we assume that W(O) = 0 is an isolated 
maximum. This is ensured by assuming that 'v.. is a negutive definite homo­
geneuus polynomial of degree k. (Clcurly k must he an even integer.) Recall 
that we also assumed thut 1'2 is positive definite. So let us now choose as a 
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v function 
H 

('(p,til = p10ti = L Pit/i' 
I~ • 

Then 

I • I'T 1 • 1"".1 
I' (p t/) = L 1,0 - - - + L po. . + ... 

(9.4" ,~' I t'Pi I~' I I'Pi 

In a sufliciently small neighborhood of the origin, the sign of ";9.41 is deter­
mined by the sign of the term 2T1(/J) - U"I.(t/), and thus, ";9.4, is positive 
definite. Since " is indefinite, Theorem 9.16 is applicable and we conclude 
that the equilibrium (pT. tiT) = (OT,OT) is unstable. 

The next result is known as l.yapunov·s second instability 
th,,'()rem. 

Theorem 9.20. Let there exist a hounded and continuously 
dilTerentiahlc function I': [) -+ R. D = {(t, .~): I ~ I u. x e B(lI)}. with the follow­
ing properties: 

(i) ";.,.(1, x) = A"(/.x) + 11'(1, x), where ..l. > 0 is a constant and 
W(/,X) is either identically zero or positive semidelinite; 

(ii) in the set D. = ((I. x): I = I " X e B(I,.)} for fixed I. ~ 0 
and with arhitrarily small I, " there exist values x such that V(I., x) > O. 

Then the equilibrium x = 0 of (E) is unstable. 

Proof. Fix I,. > 0 and then pick x. e B(I,.) with 1'(1,. x.) > O. 
Let ~.(I) = ~(I,t •• X,) and Vet) = "(1.4>,(1)) so that 

V'(t) = .H'(t) + 1\'(1. til ,(t». 

Hence 

for ull t SLlch that t ~ t, and ~,(t) exists and satisfies l'P .(1)1 ~ h. If It/> .(1)1 ~ h 
for all I ~ I., then we see that VItI -+ (yJ as I -+ th. But V(/) = l.(t, t/>(I)) is ; 
bounded since v is hounded on R + x B(II), a contradiction. Hence t/> Itt) 
must reach Ixl = I, in finite time. • 
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Let us now consider a specific example. 

Example 9.21. Consider the system 

:C'I = x. + Xl + XIX~, 
Xi=XI+Xl-X~Xl' 

5. Stability 

(9.10) 

which has an isolated equilibrium at x = O. Choosing 

v(x) = (x~ - x~)/2. 

we obtain 

['iY.lo,(X) = Av(.~) + w(x), 

where w(x) = x~x~ + x~.~~ and A. = 2. It follows from Theorem 9.20 that the 
equilibrium x = 0 of (9.10) is unstable. 

Our last result of the present section is called Chetaev's 
instability tlleorem. 

Theorem 9.22. Let there exist a continuously dilTercntiable 
function v having the following properties: 

(i) For every f. > 0 and for every t ~ to. there exist points 
x E B(e) such that v(t, x) < O. We call the set of all points (t, x) such tl.at 
x E B(/r) and such that v(t. x) < 0 the "domain v < 0." It is bounded by the 
hypersurfaces which are determined by I.~I = I, and by v(" x) = 0 and it may 
consist of several component domains. 

(ii) In at least one of the component domains D of the 
domain v < 0, v is bounded from below and 0 E i)D for all , ~ O. 

(iii) In the domain D. viE':S; -';<lvl), where'; E K. 

Then the equilibrium x = 0 of (E) is unstable. 

Proof. Let M > 0 be a number such that - M :s; v(" x) on D. 
Given any hi > Ochoose(O,xo)E R+ x B(h.) " D. Thenthesolution"'O<t) = 
"'(t,O,xo) must leave B(I,) in finite time. Indeed,l"'o(t)1 must become equal 
to h in finite time. To sec this. assume the contrary. Let V(t) = v(t, "'(t)). 
Since V(O) < 0 and ['iE,(" x) S; - ';(I"(t. x)I). we have V(t) S; V(O) < 0 for all 
t ~O. Thus 

V(,) S; V(O) - s; ';(IV(O)I)d.~ -+ - 00 

as t -+ 00. This contradicts the bound Vet) ~ - M. Hence there is a ,. > 0 
such that (r·, "'0('·» E ;'0. But V(t·) < O. so the only part of iJD whieh (t. 
"'oCt)) can penetrate is that part where I",O<t)1 = I,. Since this can happen for 
arbitrarily smallixol. the instability of x = 0 is proved. • 
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A simpler version of this instability theorem can be proved 
for the autonomous system (A). 

Theorem 9.23. Let there exist a continuously dilTerentiable 
function v: 8(1,) -. R having the following properties: 

(i) The set {x E B(/I): vex) < O} is culled the "domain l' < 0." 
We assume that this domain contains a component D for which 0 E (1D. 

(ii) V;A~X) < 0 for all xED. x ~ O. 

Then the equilibrium x = 0 of (A) is unstable. 

The proof of Theorem 9.23 is similar to the proof of Thcorem 
9.22 and will be left as an exercise for the reader. We now consider two 
specific examples. 

Example '.24. Consider the system 

x', = XI + Xl' 

xi = ·'<1 - Xl + '\'IXl 
(9.1 I) 

which has an isolated equilibrium at the origin X = O. Choosing 

we obtain 
(,(x) = -X I .'<1' 

Vi9.11I(''")'''' -x~ - x~ - x:x l • 

Let D = {XE RZ:x l > 0'.'(1) o and x! + x~ < I}. Then for all.'( E D.'7 < 0 
and Vi9.111 < 2v. We see that Theorem 9.22 is applicable and conclude that 
the equilibrium .'< = 0 of (9.11) is unstable. 

Example 9.25. Returning to the conservative system con­
sidered in Example 9.S, let us assume that W(O) = 0 is not a local minimum 
of the potential energy. Then there are points q arbitrarily ncar the origin 
such that W(q) < O. Since II(O,C/I = W('Il. there arc (loints (P.q) arbitrarily 
near the origin where 11(1', q) < 0 for all I' sufficiently ncar the origin. There­
fore, there are points (p,q) arbitrarily close to the origin ~here I,Tq > 0 and 
-lI(p, q) > O. Now let U be some neighborhood of the origin, and let U I 
be the region of points in U where both of the inequalities 

pTq > 0 and - /1(", 'II > () 

arc satisfied. The origin is then u boundary point of U I . So let us now choose 
the v function 

v(P.C/) = I,T"II(p,q). 

Since II'(p,q) = 0, we have, as before, 

Vi9.4,(p, q) = -11(1', q)[ - 2T z(/') - 31'.,(/' ) - .•. + H'~(q) + ... ]. (9.12) 
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If we select U sllflidently small, then 1'(,,) > 0 within U and therefore H~(I/) 
< 0 within U I' lIenee, for U suflidently small, the term in brackets in (9.12) 
is negative within Uland ";ol.~l is negative within U I' On the boundary 
points of U 1 that lire in mil) it mllst be thut either pTq = 0 or lI(p,£/) = 0 
lind at these (loints I' = O. Thus, all conditions of Theorem 9.23 are slltisfied 
and we conclude that the equilibrium (/)1·, £IT) = (OT,O"f) of (9.4) is unstable. 

I I encdorlh, we shall c,,11 any function I' which slltisfies any 
one of the results of the present section (as well as Section II) a l.yapunov 
function. 

We condlu.Ie this section by ohserving that frequently the 
theorems of the present section yield more than just stability (resp., instability 
and boundednessl information. For eXUlnple, suppose that for the system 

x' = I(.xl, (A) 

there exists a continuously differentiable function v and three positive con­
stants ('" ("2, ('j such that 

(9.13) 

for 1111 x E RH. Then, clearly, the equilibrium x = 0 of (A) is exponentially 
stable in the large. However, liS noted in the proof of Theorem 9.11, the 
condition (9.13) yields also the estimate 

1'/1(/./11. ~II ::;; J;·~i("; I~I(' 1<,/120·,1111--1,,1 

5.10 LINEAR SYSTEMS REVISITED 

Most of Ihe importllnt questions concerning the stability of 
linear systems 

x· = Ax (L) 

were answered in Section 5. Ilowever, further investigution is necesslIry 
to construct u Suihlble Lyapunov function for (L), since by modifying such 
II function, we clln find IIpproprillte Lyupunov functions for a large class of 
nonlinear equlltions, consisting of a "linear lind nonlinear part." Such sys­
tems. which are sometimes called "nearly linear systems," are trellted in 
the next chapler. 

We hegin by considering as a Lyapunov function the quadratic 
form 

(10.1) 
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where .'< E R" and B is a real n x n matrix. If we evaluate the derivative of 
v with res"lCct to I along the solutions of (L), we obtain 

(10.2) 

where 

(10.3) 

Our objective will now be to determine the as yet unknown matrix B in 
such a way that v;1.I becomes a preassigned negative definite quadratic form 
(i.e., in such a way that C is a pressigned positive definite mutrix). 

Equation (10.3) constitutes a system of n(II + I )/2 linear equa­
tions. We need to determine under what conditions we can solve for the 
11(11 + 1)/2 elements, bll , given C and A. To this end, we choose a similarity 
transformution P such that 

(10.4) 

or equivalently, 

(10.5) 

where A is similar to A and P is a re-dlll x II nonsingular matrix. From (10.5) 
and (10.3), we obtuin 

(A)T(P-I)TBp-1 + (P"-I)TBp-1A= _(p-')TCp- 1 (10.6) 

or 

(Ala + oJ = -C, 

In (10.61, /I and C arc subjected 10 u congruence lrunsformulion and nand 
C have the same ddiniteness properties as II and C, respeclively. Since 
every real" x " matrix can be triangularized, we can choose P in such a 
fashion thai A = [ill)] is triangular, i.e., alj = 0 fnr i < j. Note that in this 
case the eigenvulucs of A, AI' ... ,Ao , uppeur in the main diagonal of A. To 
simplify our notation, we rewrite (10.7) [in the form of (10.3)] by dropping 
the hars, i.e., 

(10.8) 

and we assume thtlt A = [Cllj] has been triangularized. i.e., ail = 0 for; <j. 
Since the eigenvalues A •• ...• .1. appear in the diagonal of A. 

we can rewrite (I0.N) as 

2.1.bll = -('II. 

"l.b •• + (AI + ).2)b12 = -(·u. 
(10.9) 
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Since this system is triangular and sin~'C its determinant is equal to 

28 ,1.1)'2' •• An n (A. + ),j), 
1<) 

(10.10) 

the matrix B can be determined (uniquely) if and only if this determinant 
is not zero. This is true when all eigenvalues of A are nonzero and no two 
of them are such that),. + ),j = O. This condition is not alTected by a similarity 
transformation and is therefore also valid for the original system of equations 
(10.3). 

The foregoing construction assures that t';I.) is negative definite. 
We must still check for the definiteness of the matrix 8. This can he accom­
plished in a purely algebraic way. However. it is much easier to apply the 
results of Section 9 to make the following observations: 

(a) If all the eigenvalues ),. have negative real parts, then the 
equilibrium x = 0 of (L) is asymptotically stable and B must be positive 
definite. Indeed. if B were not positive definite. then for ;; positive and 
sufficiently small. (B - (~E) will have at least one negative eigenvalue while 
the function V(x) = .l T(B - M~)x has negative definite derivative. i.e., 

V;L)(X) = xT[(B - <5E)A + AT(B - <5E)]x = XT[ - C - (~(A + AT)]XT < 0 

for all x#: O. By Theorem 9.16 •. l = 0 would be unstable, a contradiction. 
Hence B must be positive definite. 

(b) If at least one of the eigenvalues )" has positive real part 
and none of the eigenvalues has zero real part. then B cannot be positive 
definite. Otherwise. we could use an argument similar to (a). apply Theorem 
9.1, and arrive at a contradiction. Furthermore. if the real parts of nil eigen­
values are positive, then B must be negative definite. 

If A has eigenvalues with positive real parts and if we have the 
case in which one oft he sums (),l + ),,) vanishes. then B cannot be constructed 
in the foregoing manner. Ilowever, in this case we can use a transformation 
x = Py so that P-' A P is a block diagonal matrix of the form diag(A ,. A 2)' 
all eigenvalues of A, have positive real parts, and all eigenvalues of A 2 have 
non positive real parts. By the results already proved, given any positive 
definite matrices C, and C 2 there exist two symmetric m'atrices B, and B2 
with B, positive delinite such that 

AIB, + B,A, = Ct. AIB2 + BIAl = -Cl • 

Thus w(y) = yT By. with B = diag( - B1• Bl ), is a Lyapunov function f01 y' = 
p-' APy which satisfies the hypotheses ofnleorem 9.16. 

We can now summllril.e the foregoing discussion in the fol­
lowing theorem. 
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Theorem 10.1. Assume det AT- O. If 1111 the eigenvalues of 
the matrix A have negative real parts or if at least one of the eigenvalues 
have a positive real part, then there exists a Lyapllnov function v of the 
fonn (10.1) whose derivative "iLl is definite (i.e .• negative definite or positive 
definite). . 

The preceding result shows that if A is II stable matrix. then 
for (L), the conditions of Theorem 9.7 are also necessary conditions for 
asymptotic stability. Also, if A is an unstable matrix, then for (L), the condi­
tions of Theorem 9.16 are also necessary conditions for instability. 

When all the eigellvllilies of A hllve neglltive real parts. we 
can solve Eq. (10.3) in closed form. We have: 

Theorem 10.2. Ir all the eigenvlllues of A lulVc negntive real 
parts, we can solve (10.3) in closed form; in fllct, we have 

f't· T B = Jo· eA ·CeA• J.~. 

Proof. Let q,(t) be the solution of (L) ~llisfyillg q,(O) = XO' 

i.e .• q,(t) = [exp(At)]xo. Deline v(.~) = x·'·Bx and compute 

v(q,(t)) = X~ATI (f:' eAT'ceA'Js)eAlxo 

= xJ,(fo'" eATU~.'ceAU+OIJ.~)xo 

= x~(f" eA·'.ceA'd.~}'(o. 

Thus 

"iL,(4I{1») = .'(J,( -eAT'CeA,)xo ~ r/l(t)'( - O,/I(t) 

and at t = 0 we see that "iL,(XO) = - x~C"o for all Xo E R". • 

5.11 IN VARIANCE THEORY 

In the present section. we extend some of the results of Section 
5.9 for autonomous systems 

;rc' = !(x). (AI 
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Here we assume that I anllIY/I1.'\;i' i = I, ... , II, are continuous in a region 
Dc: R" (where f) may be all of R") anll we assume that x = 0 is in the interior 
of D. As usual, we assume tllllt x = () is an isolated equilibrium. Note that 
our assumptions lire sullicient for the locul existence, uniqueness, continu­
uhility, and continuity with respect to parameters of solutions of (A). Note 
ulso that the solution 1/'(/,lo,Xo) of (A) satisfying X(lo) = Xo must satisfy 
1/)(I,lu , xo) = IMI - lu, 0, xul. Thus, the initial time is not important and it 
will he sUllpressed, i.e. we shall write IMI, xo) for the solution of (A) satisfying 
x(O) = xu, i.e., IMI, xu) A IPlI,O, xu). 

Recall that the solutions of (A) descrihe in R x R" the motioos 
for (A) and that the projections of the motions into R" determine the 
trajectories for (A). The trajectory C(xu) is the set of points IMI, xu) over 
- if) < , < ("h when 1M', xo) exists on all of R. Similarly, the posilive semi­
trajl'ctory (' t (xu) is the sct of points (MI, xu) for , ~ 0 and the negative 
semitmjectory C· (xu) is the set of all points ql(/,Xu) for I s: O. If the point 
Xo is understood or unimportant, we shall write C+ in place of C+(xo) und 
C- in philo'!! of C-(xu)' Note that if C(xo) exists, then Ox,,) = C+(xo) u 
C-(xo)' 

Definition 11.1. A set r of puints in R" is invariant (respec­
tively, posilinoly invariant) with rt.'Spcct to (A) if every solution of (A) starting 
in r remains in r Illr all time (respectively, for alii ~ 0). 

Note that if.'\;11 = (/!{to) is a point of the set rand ifr is positively 
invariant with respect til (A), then the scmitmjectnry C+(x,,) lies in r, fm 
Ullio E R ' . Similarly, if r is invariant with respect to (A), then the trajectory 
C(xo) lies in r for all 10 E It 

Example 11.2. A sct consi!!ting of any equilihrium point of 
(AI is un invuriant set with respect to (A). 

Example 11.3. Con!!ider the nonlinear spring prohlem dis­
cussed in Chupter l. 

X'I = Xl' 

x'2 = -I/(.,\; I ), 
(11.1 ) 

where 1/ is continuously dilTerentilible and where x ,1"1(X I) > 0 for all x I ~ O. 
This hUll only one equilihrium which is locuted at the origin. The total energy 
for this system is given hy 

I'(X) = !x~ + L:' 11(10,/1/ = !x~ + G(x,), 

where G(x.} = JI" 1/(1/) 11,/. Nute that I) is a positive definite function and that 

,,; ILI.(X} = o. 
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FIGURE 5./6 

Therefore, (11.1) is a conservative dynamical system and x = 0 is a stable 
equilibrium. Since 1);.1.11 = 0, it follows that 

lx~ + G(x., = (', (11.2) 

where (' is determined by the initial conditions (X. 0 .X20)' For ditTerent values 
of c, we obtain ditTerent trajectories. as shown, e.g., in Fig. 5.16. The exact 
shapes of these trajectories depend, of course, on the nature of the function 
(,. Note, however, that the curves determined by (11.2, will always be sym­
metric about the x. axis. If G/x, ... 00 as Ixl'" 00, then each one of these 
closed trajectories is an invariant set with respect to (11.1 ,. • 

Example 11.4. Let us now consider a somewhat more com-
plicated and genernl situation. Assume that .. II solutiuns I/J(I, '\"0) of (A) exist 
for aliI ~ 0 anti for all '\"0 e RIO. Let I): RIO ... R be continuously ditTerentiable 
and not necessarily positive definite, Assume thut v is such that along the 
solutions of (A, we have I';",(X) ~ 0 for all x E Rft. Now let 

S, = {x E RIO: (,(x) ~ k}. 

As depicted in Fig. 5.17 for the case II = 2. such a set may consist of several 
components, say, Su, Su, .... We now show that for every k, the set Sl. 
and in fact, each of the components of St, is a positively invariant set with 
respect to (A). 

To show this, assume that (,,(I,Xu) is the solution of (A) such 
that (P(O,xo' = Xu' Then (,'(fJ.(I,Xo)) ~ 0 and thus (·(t/!(I,Xo)) ~ (,(xo). Since 
by ilssumption Xu E St. it follows that "(1/1(1, Xii)) ~ k for nil I ~ 0 and thus 
IMI, X.,) E ."It for all I ~ 0, which shows th .. t S, is positively invariunt with 
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"2 

FIGURE 5.17 

respect to (A). Furthermore, if Xo belongs to a particular component of S,. 
then since C+(:<o) is a connected set. (/1(1,.'1(0) will remain in the same com­
ponent for all I ~ O. This shows that each component of S, is a positively 
invariant set. 

We note that if solutions of (A) are not assumed to exist for 
all time I ~ 0, then the foregoing argument still works for any bfJuntie,1 
component of S,. However, the preceding conclusions are not necessarily true 
for unbounded components of S" as the following example shows. For x' = x 2, 

let vex) = -x so that V;E,(X) = _x2 S; O. The set S, is not invariant for 
any value of k E R, since there exist .'1(0 for which "'(t, xo) has finite escape time 
(i.e .• there exist Xo for which "'(t,xo) does not exist for all 1 in the future). 

Since in the preceding discussion, no conditions were imposed 
on S" the solution ",(t, xo) that lies in S, can be<..'Ome "infinite" (i.e., 1"'(', xo)l 
can become arbitrarily large) whenever anyone of the components of S" 
is unbounded. Now if in particular, v is positive definite, then the set S" 
must have at least one component, say II", which for suOiciently small k >0 
contains the origin. Note that II. will become an arbitrarily small neighbor­
hood containing the origin as k - O. Since H" is a positively invariant set, 
every solution starting in /I, will remain in II. for sufficiently small k. This, 
of course, means that the equilibrium x = 0 of (A) is stable. 

To establish the main results of this section, we also rcltuire 
the following conl.'Cpl. 

Definition 11.5. A point a E R" is said to lie in the positive 
. timit set n(c+) (or to be an ll-limit point of the semitrajectory C+) of the 
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solution 4/(1) of (A) if there exists a sequence llmJ --+ ry.) us /1/ --+ if..' such thut 

lim fp(t m) = C/. 
"'··<71 

Thus. O(C·) is the set of ull uccumulutioll (Xlints of the semi­
trajectory C·. 

Example 11.6. In the case of" stable focus (see Fig. 5.10). 
O(C~) = {O}. 

Example 11.7. Referring to Fig. 5.16, we see that (for \~\ small) 
every trnjectory C· "fsystem (11.1) has thc properly Ihal 11(e ') -,- C I - C. 

Example 11.1. Every equilibrium point x. of(A) is the limit 
set O(e·) of the semitrajectory C· (x.). 

In the proofs of the muin results of this section, we require 
some preliminary results which we now state ulld prove. 

Lemma 11.9. If the solution f"",.~o) of (A) remains in a com­
pact set K for 0 S; , < 00, then its positive limit set (1(e·) is a noncmpty. 
compact, invariant set with respect to (A). Moreover. 41(I,xo) approaches 
the set O(C+) as , .... 00 (i.e .• for every I: > 0 there exists a l' > 0 such that 
for every' > T there exists a point a E O(C·) (possibly depending on I) 

such that 14' (I.Xo) - 01 < E). 

Proof. We claim that 

(\1.3) 

where [B] denotes the closure in I~n of the set B. eleurly if ." E U(C4 ), then 
there is a sequence {I .. }. with 1m --+ 00 as /1/--+ if.!. such that 4/(1 ... ,Xo) --+.1' as 
m .... 00. For any , ~ 0 we can delete the I", < I and see that y E [C' (q,(I, xo))]. 
Conversely. if y is a member of the set on the right-hand side of (11.3). then 
for any integer III, there is a point ."m E C· (4,(/1/, xo)) such thatlr - r ... \ < 1/111. 
But Y .. has the form J ... = 4* .... XII). where 1m > III. Thus I ...... if.! and 
!/J(I ... , .\(0) .... y. i.e .• j' E O(C+). The right-hand side of (11.3) is the intersection 
of a decreasing family of compact sets. Henl:e O(C·) is compact (i.e., closed 
and bounded). By the Bolzano-Weierstrass theorem.O(e·) isalso nonempty. 
The invariance ofO(C·) is a direct consequence of Co roll. try 2.5.3. 

Suppose now that 4'(1, xo) docs not approach O(C') as I .... 00. 

Then there is an !; > 0 and a sequence {Iml. such that 1m --+ rfJ as /11--+ 00. 

and such that the distance from 41(1m' .'.,,) to U(C' ) is at least I; > O. Sio<.:e 
the sequenc..-e {q,(I""x,,1} is bounded. then by the 8ol/~lIlo- Weierstrass theo­
rem a subsequence will tend to a limit y. ('Iearly ." E (l(C·) and at the same 
time the distance from y to U(C') must be .. tleast I:. a contrndiction. • 
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Lemma 11.10. Let I' be a continuously dilferentiable function 
defined on a domain f) containing the origin and let ";",(x) ~ 0 for all XED. 

Let Xo E J) and let IMI, xu) he a hounded solution of (A) whose positive 
semitriljcctory C I lies in f) for aliI ~ 0 and let the positive limit set O(C~) 
of 11'(1, xo) lie in I). Then 

at all points of O(C+). 

Proof. Let)'o E O(C+). Oy Corollury 2.5.3, there is a sequence 
11 ... 1, such thutl", -+ Ch as m -+ 00, and such that cp(1 + 1""Xo)-+ cp(t,yo) as 
m -+ 'fJ uniformly for I on compact subsets of R. Since "(IMI, xo)) is nonin­
creusing and bounded, it tends to a limit "0' Thus for any IE R we have 

lim ",1M' + 1 .. ,Xo)) = ,'(cp(I,}'II)) == "0' 
".., ,. 

Since "(I/JII, .\'0)) is constunt, its derivative is zero. • 

We are now in a position to present the main results of this 
section. 

Theorem 11.11. Let v be a continuously dilTerentiable, real 
valued function defined on some domain D c Rft containing the origin and 
assume that ";", ~ 0 on D. Assume that ,,(0) = O. For some real constant 
k ~ 0, let II" be the component of the set S" = {x:,,(x) ~ k} which contains 
the origin. Suppose that II" is a dosed and hounded subset of D. Let E = 
{x E D: ";",(x) = 01. Let M be the largest invariant suhset of E with respect 
to (A). Then every solution of (A) starting in II" ut t = 0 approaches the set 
Alus I -+ ,'/:). 

Proof. Let Xo E II". Since II" is compact und invariant, then 
hy the remllrks in Example 11.4, it is positively invariant. By Lemma 11.9, 
1/1(1, XII) -> O( e·) liS I -+ Ch, where C+ = C + (xo)' By Lemmas 11.9 and 11.1 0, 
the set O(e t) is an invariant set and ";",(x) = 0 on O(C·). Hence O(C+) c M . 

• Using Theorem 11.11, we can now estublish the following 
stahility results. 

Corollary 11.12. Assume that for system (A) there exists a 
continuously dillcn:ntillble, real valued, positive definite function v defined 
on some set D c Rft containing the origin. Assume thut v;", ~ 0 on D. Sup­
pose that the origin is the only invariant subset with respect to (A) of the 
set E = Ix ED:.,;", = 0:. Then the equilibrium x = 0 of (A) is asymptotically 
stable. 

Proof. In Example 11.4 we have already remarked that x = 0 
is stahle. 8y Theorem I I. I I any solution starting in II" will tend to the origin 
as I -+ W. • 
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If by some ml!thod we can show that all solutions of 
remain boundl!d as , ..... w, then the following result concerning bOUl1-
solutions of (A) will he useful. 

Corollary 11.13. Ll!t I):R"-+ [~i bl! a continuously differ, 
tiable function and let vIOl = O. Suppose that 1);"1 S; 0 for all x E R-. 
E = Ix E R-:I);A1(X) = O}. Let M be the largest invariant subset of E. T 
all bounded solutions of (A) approach M <IS , -+ 00. 

Proof. The proof of this result is essentially the same as 
proof of Theorem 11.11. By Lemmn 11.9, a bounded solution 4>(1, xo) 
tend to U(C+) us, -+ 00. By Lemmas 11.9 and 11.10, U(C i ) eM .• 

From Corollaries 11.12 lIml 11.13, we know that if v is po 
tive definile for ;111 x e R-, if I);.,. S; () for nil x E R" lind if in Ihe set 11 
{x E R": I);.:.(x) = O} the origin is Ihe only invarianl subset, then the origil 
(A) is lIsymptotically stable and all hounded solulions of (A) approach 0 
I ..... rh. Therefore, if we can provide nddilional conditions which ensure It 
all solutions of (A) are bounded, Ihen we have shown Ihat the equilibri, 
x = 0 of (A) is asymptotically stable in the large. However, this folld 
immedialdy from our bounded ness result given in Theorem 9.13. We the. 
fore hnvl! Ihe following result. 

Theorem 11.14. Assume Ihal there exists a continuously t1 
fcrentiahle, positive definite, and mdially unbounded funclion v: R"-+ 
such tlUlI 

(i) I';",(X) S; 0 fm nil x e W, and 
Iii) the origin is the only invnri:1Il1 subset of Ihe sel 

I~ = {x e R": I';",(X) = 0:. 
Then Ihe equilibrium x = 0 of (A) is IIsymptolically stable in the large. 

Sometimes il may he dillicult to lind a I' function which satisli, 
all of the conditions of Theorem 11.14. In such cases, it is often useful 
prove the boundcdness of solulions first, and separately show that j 

bounded sululions approach zero. We shall demonslrale Ihis by means of ~ 
example (sec Example 11.16). 

Example 11.15. Let us consider the Lienard equation di 
cussed in Chapler I, given by 

XU + f(x)x' + g(x) = 0, (It.. 

where f and !l nre continuously diUerentiable for all x E R, where g(x) = 
if lind only if x = 0, xg(x) > 0 for all x ~ 0 and .\: E R,liml .. I_ •. J~ ge,,) til, = (1j 

and fIx) > () for all x E R. Letting x. = x, X 2 = x', (11.4) is equivalent 10 Ih 
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system of equations 

x'. = Xl' 

X~ = -/(X,)Xl - O(x.). 
(11.5) 

Note that the only equilibrium of (I 1.5) is the origin (x •• X2) = (0,0). 
If for the moment. we were to assume that the damping term 

/ == 0, then (11.5) would reduce to the conservative system of Example 11.3. 
Readl thilt the total energy for this conservative system is given by 

(11.6) 

which is positive delinite and radially unbounded. 
Returning to our problem at haml. let us choose the I' function 

(I 1.6) for the system (11.5). Along the solutions of this system, we have 

1';II.S,(XI'Xl ) = -x~f(xl)~O forall (x"x1)eRz. 

The set B in Theorem 11.14 is the x. IIxis. Let AI be the largest 
invariant subset of E. If x = (x I' 0) EM. then at the point ,l the dilTerential 
equation is x'. = 0 lind xi = - ,,(x.) '# () if ,\: I '# O. lienee the solution 
emanating from x must cross the x. axis. This means that ('~I'O)¢ M if 
.~ I '# O. If .~. = 0, then x is the triviul solution and docs remain on the x I 
axis. Thus M = HO,Ofr }. By Theorem 11.14 the origin x = 0 is asymptotically 
stable in the large. 

Example 11.16. Let us reconsider the Lienard equation of 
Example 11.15, 

'\:'1 = X2' 

x~ = -/(.\:I)X2 - g('\:I)' 
(11.7) 

This time we assume that xIY(X I ) > 0 for all xli' O,/(x.) > 0 for a1l Xl e R, 
and liml""I~ ... lfo'I(O')dO'I = ,~. This is the case if. e.g., /(fT) = k > O. We 
choose again as a " functillll 

"(x) = l·\:~ + f:' I/(,,,d,, 
so lhal 

";11.6'('\:) = -I(xl)x~. 
Since we no longer assume that Iiml.~'I~'" J~' y("),I,, = 'YJ. we cannot apply 
Theorem 11.14, for in this ,,'use. I' is not neces.~'rily radially unboundCd. 
However, since the hypotheses of Corollary 11.12 are satisfied, we can still 
conclude that the equilibrium (XI"lZ) = (0,0) of (\ 1.7) is asymptotically 
stable. Furthermore, by showing that all solutions of (11.7) arc bounded, we 
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am conclude from Corollary 11.13 that the elJuilibriulll x = () or the Lienard 
equation is still asymptotically stahle in the large. 

To this end. let I and /J be arbitrary given positive numbers 
and consider the region U delined hy Ihe inellualilics 

v(x) < I lind (~2 + 1:' 1(/11"',Y < (/2. 
For each pair of numbers (I.tI), U is a bounded region as shown. e.g .• in 
Fig. 5.18. 

Now let x~ = (X'I).X20) = ('~'«())'.~l(O)) be 1111.1' point in R2. Ir 
we choose (I, a) properly, .~tI will be in the interior uf U. Now let 1/1("'\;0) bc 
a solution of (11.7) such that t/I(O.xo) = xo' We shall show that 4J(r •. ~o) 
cannot leave the bounded region U. This in turn will show that all solution!; 
of (I 1.7) are bounded, since 4'(1'.\"0) is arbitmry. 

In order to leave U, the solution t/I(" :(0) must either cros.'i the 
locus of points determined by I'(.~) = I or onc of the loci determined by 
.l:z + J:.' /('I)tl" = ±a. lIere we choose. without loss uf genemlity. tI > () so 
large thaI the part of the curve determined hy ."(1 + f:.' ll/)tl,, = II tlmt is 
11150 the boundary of U corresponds to .~. > () and the purl of the curve 
detennined by .l:z + J~' I(/OJ" = -tl corresponds 10 x. < O. Now since 
V'(t/I(I,.1t"o» S 0, the solution t/I(I,Xo) cannot cross the curve determined by 
11(X) = I. To show that it does not cross either of the curves determined by 

f ('1) d'l • II 

----~------------~------------~-----------xl 

"I 
"2 + 10 f('1) d'1 • -a 

F!CiUNH .uN 
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X2 + fe',' ,{I'II"" "" J tI. we consider the function 

f"'lff.A.II. I, Jl 
11'(1) = ,1/'2(1, Xu) + Ju I('IIt/". 

where I/*.xul' = LC/II(I ..... u).lh(I ..... ul]. Then 

, f.J>,C/·-" .. ·, ] 
1\'(1) = - :![,P2(1 ..... u) + Jo '/('/)Ib, I'l(IPI(I.Xu))· 

Now suppose: that Ip(l, .... 0) reaches the houndary determined by the equation 
X2 + fi\' I('/)lb, = tI, .... 1 > n. Then along this part of the boundary ",'(I) = 
- 21111(1/>(1, .... .,)) < 0 hecause x I > 0 and (/ > O. Therefore. the solution cp(l ..... u) 
cannot cross outside of U thfllugh that part of the boundary determined by 
.... 2 + J:,' ,H'II"', = iI. We apply the same argument to the part of the boundary 
determined by .... 2 + J:,' f('II,I1, = -II. 

Therefore, every solution of (11.7) is bounded and the equi­
libriulll .... = 0 of (11.7) is asymptotically stable in the large. • 

5.12 DOMAIN OF ATTRACTION 

Many practical systems possess more than one equilibrium 
point. In such cases. the concept of asymptotic stllbility in the large is no 
longer applicable and one is usually very interested in knowing the extent 
of the domain of llllraction of an asymptotically stable equilibrium. In this 
section. we briefly address the problem of obtaining estimates of the domain 
of atlraetion of the equilihrium .... = 0 of the autonomous system 

x' =f(x). (A) 

As in Section II. we assume that f and IY/,'x;.; = I •... • 11. are continuous 
in a region I) c nn and we assume that .... = 0 is in the i~terior of D. As usual. 
we assume that .... = () is an isolated equilihrium point. Again we let 1/>(1 ..... 0) 
be the solution of (A) satisfying x(O) = XCI' 

Let us assume that there exists a continuously differentiable 
and positive definite function I' sllch tl1&lt 

for all XED. 

Let/~ = I .... E D:I';A1(X) = OJ and suppose 1I1&1t 10) is the only invariant suhset 
of E with respect tn (A). I n view of Corollary 11.12 we might conclude that 
the set /) is cuntained in the domain of allnlction of x = n. Ilowever. this 
conjecture is false. as can he seen from the folluwing. Le:t" = 2 and suppose 
that .')1 = {X: 1>(,") ~ Il is a closed and bounded subset of D. Let II, he the 
component uf S, which contains the origin for I ~ O. (Note tlHlt when 1=0, 
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II, = 10:.) Rcr~rring to Fig. 5.19, we note Ihal for smull I> 0, Ihe level 
curves " = I delermine closed bounded regions which are contained in D 
and which contllin Ihe origin. However, for I sulliciently lurge, this may no 
longer be true, for in this case the sets II, may ex lend outside of D and Ihey 
may even be unbounded. 

Note however, that from Theorem I I. I I we can say that every 
closed and bounded region II, which is conulined in D, will alsu be contained 
in the domain of attraction of the origin x = O. Thus. we can compute I = I .. , 
so that II,," has this property, as the largest value of I for which the component 
of S, ... = {X:II(X) = I .. } containing the origin, actually meels the boundary of 
D. Note that even when D is unbounded, all sets II, which are completely 
contained in D are positively invariant sets with respect to (AI. Thus, every 
bounded solution of (AI whkil starts in II, tends to the origin by Corol­
lury 11.\3. 

Example 12.1. Consider the system 

X'I = Xl - r.(XI - 1.\":1, 
xi = -XI' 

where ,; > O. This syslem has an isolated equilibrium at the origin. 

f'/(j(IRF. J.t'l 

(12.1) 
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Choose I'(x) = l(xi + x~). Then 

I'; 12. ,,(x) = -r.xW - 1x:), 
and V;.2.11 ~ 0 when Ix.1 ~ J3. By Corollary 11.12, the equilibrium x = 0 is 
asymptotically stithle. Furthermore, the region 1x E R2:X~ + :c~ < 3} is 
contained in the domain of attraction of the equilibrium x = O. 

There arc also results which determine the domain of attrac­
tion of the origin x = 0 precisely. In the following. we let G cD and we 
assume that G is a simply connected domain containing a neighborhood of 
the origin. The following result is called Zuben"s .lteorem. 

Theorem 12.2. Suppose there exist two functions v:G .... R 
and ,,: R" ..... R with the following properties: 

(i) I' is continuously dilTerentiable and positive definite in G 
and satisfies in G the inequitlily 0 < l-(X) < I when x .;. O. For any be (0, I) 
the set {x E G:l'(.~) s; ,': is bounded. 

(ii) ,. is continuous on R", "(0) = 0, and ,,(x) > 0 for x "" O. 
(iii) For x E G, we have 

(12.2) 

(iv) As x E G ilpproaches a point on the boundary of G, or 
in case of an unbounded region G, as I.ll ..... 00, lim v(x) = 1. 

Then G is exactly the domain of attraction of the equilibrium 
x=O. 

Proof. Under lhe given hypotheses. it follows from Theo­
rem 9.6 that x = 0 is uniformly asymptotically stabie. Note also that if we 
introduce the change of variables 

tis = (I + 1/(f/1(t»)jl)"z Jt, 

then (12.2) reduces to 

dl,/lb = -/,(x)(1 - v(x»). 

but the stability properties of (A) remain unchanged. Let V(s) = v(cfJ(!~)) for 
a given function cfJ(s) such that cfJ(O) == Xo' Then 

JI 10g[1 - V(s)] = h(f/1(s)), 
tS 

or 
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Let Xu E G and assume that Xu is not in the domain of allrac­
tion of the trivial solution. Then II«(/,(s)) :2: (5 > 0 for some fixed (5 and for 
all s :2: O. I lence. in (12.3) as s ~ ry" the term on the left is at most one. while 
the term on the right tends to infinity. This is impossihle. Thus XII is in the 
domain of all raclion of X = o. 

Suppose x, is in the domain of attraction hilt x, I/- G. Theil 
!/lIs, x tl ~ 0 as s .... 00, so there Illust exist s, and S2 such that 4'(s ,. x,) E (iG 
and (H~2.XtlE G. Let Xo = 4J(S2.X,) ill (12.3). Take thc limit in (12.3) as 
s ~ s:. We ~ee that 

lim II - V(s)1 ~ I - I - O. 
I . . 

.'& •• ' I 

while the limit on the right-hand side is 

[I - v(xo)]exr[t' II(4J(S,X,))t!sj > O. 

This is impossibie. Hem:c x, must bc in G. • 

An imlllediate consequence of Theorem 12.2 is thc following 
result. 

Co,olla,y 12.3. Suppose there is a function II which satisfies 
the hypotheses of Theorem 12.2 and suppose there is a continuously dif­
ferentiable. positive definite function Id; ~ R which satislies the incquality 
o :-:;; v(x) :s; 1 for all x E G as well as the dincrenlial cquation 

VvT(x)f(x) = -lI(x)[1 - v(.x)][1 + I n.xJll), 12. (12.4) 

Then the boundary of the domain of attraction is defincd by 
the equation 

L'(X) = 1. ( 12.5) 

If the domain of attraction G is all of un. then we have asymptotic stability 
in the large. The condition on v in this case is 

p(x) ~ I 

In the foregoing rcsults. wc can also work with a diITcrcnt 
II function. For example. if wc let 

w(x) = -Iog[ I - I'(X)]. 

then (12.2) assumes the form 

w;".l-x) = -lI(x)[1 + If(xW],/2 

and the condition (12.5) defining the boundury becomes no(x) .... 00. 

(12.6) 
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I'!ute thut the fUllctilllllJ(x) in the prcCI.'tting results is urbitmry. 
In upplicatiolls. it is chosen in u fushion which mukes the solution of the 
partial differential equoltions easy. 

From the pronr.o; orthe preceding results, we can al!lo conclude 
that the relation 

I'(x) = I, 0< 1 < I, 

defines a family of closed hypersurfaces which covers the domain G. The 
origin corresponds to 1 = 0 und the boundury of G corresponds to 1 = I. 

Example 12.4. Consider the system 

_,_ ., _ . ~ -:. xi + xi _ I" ( 
,XI-~.XI( .1' 2+ X I X1-JIXI,Xl). 

XI -t )- + X2 
(12.7) 

\:' = I_.::-_~I:t :\:i ____ i~t~z_ = f (:( :() 
-2 2 (XI+1)2+_1("~ Z-,I,-Z' 

Thc cllllilihrillJll is at .\. -~ I • .\: l '" II, The partial differential cquution is 

where 

, _ ., (x I - 1)2 + xi ( 
1\.1.(.\: ••. \ 2) + 1,,·.I2(X., x 2) = - - (- _ '··_·1-)2 :i I - I'), ,\. + + X2 

I .. .,(x.-1)2+ x j I }'2 }'2-./Z 
1(-X I '-\2)=- --,_. 2( + .+ 2) • 

(x. + 1)- + Xl 

It is ea!lily verified thut a solution i!l 

(x. - 1)2 + xi 
(I(X.,X2) =- ---------.. 

(x. + 1)2 + xi 

Since V(X"Xl) = I if und (lnly if x. = 0, the domain of attraction is the set 
{(XI.XZ):O < x. < r'J, - rLj < Xl < IYJI. . 

5.13 CONVERSE THEOREMS 

It turns out that for virtually every result of Section 9 there is 
a converse theorem. That ill. in virtually every case, the hypotheses of the 
results of Section 9 constitute ne(:essary and sufficient conditions for some 
appropriate stability, instability. or boundedness statement. (See the books 
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hy Hahn [17, Chupter 6] and Yoshizawa f 4(,. Chllpter 5].) Tn establish these 
necessary and sullicient conditions. one needs to prove the so-called converse 
Lyapunov theorems. Results of this type are important, since they frequently 
allow us to establish additional qualitative results; however. they are not 
useful in constructing Lyupllnov functions in U given situation. For this 
reason, we shall confine ourselves to presenting only one sample result. 
We first prove two preliminary results. 

Lemma 13.1. Let f,f,. e C(R + x B(I,)). Then there is a 
function'" e C'(RT) such that ",(0) = 0, ""(,) > 0 and such that s = "'(I) 
transforms (E) into 

11. ... llls = f*(s. x), (E*) 

where 1N·*(.~.x)/I'xl s; t on R+ x B(/.). Moreover, if I'(S,X) is a C'-smooth 
function such that I':'!')('~' .... ) is negative definite, then 11("'(1). x) has a derivative 
with respect to (E) which is negative definite. 

Proof. Pick a positive and continuous function F such that 
1""(', x)/i'xl S; F(O for ull (' ..... 1 e R· x 8(1,). We cun assume that "'(,) ~ t 
for all , ~ n. Deline 

and define 'I-' as the inverse function 'I-' = ""-'. Deline s = ",(,) so that (E) 
becumes (P) with 

f*(.~.x) = f('I"('~)""')/"'('I-'(.~»· 
Clearly, for nil (I, x) E R + x B(lI) we have 

1 11f~ (S,X)I = I~Y ('I-'(.")'X)I/F('JI(.~» S; F('~(.S)>, = 1. 
(1.... ilx F( 'I-'(s)) 

I f 1'(.~. x) has negative definite derivative with respect to system 
(P). then define V(,.x) = I'("'(I),X). There is a function "'. E K such that 
Il;E')(S, x) s; - "'. (Ixl>. 1:hllS 

1';':1('1 x) = 11.("'(1), X)""(I) + V,'("'(t). X)!(I, .... ) 

= 1'.("'(t),x)F(,) + VI'("'(t).x) f~i~t 1'(,) 

= F(t)";F.o)("'(t), x) 

S; v;.:.,(",(t), x) S; -"'.<Ixl). 
Thus V;J:,(', x) is also negative definite .• 
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Lemma 13.2. Let g(,) be a positive. continuous function 
defined for aliI ~ 0 and satisfying g(,) -+ 0 as I -+ 00. Let II(t) be a positive, 
continuous, monotone nondecreasing function defined for all I ~ O. Then 
there exists a fUlu.1ion G(II) defined for II ~ 0, positive for" > 0, contin.uous. 
increasing. having an increalling. continuous derivative G', and such that 
G(O) = G'(O) = 0, and such that for any I' > 0 and any continuous function 
fI·(t) which satisfies 0 < f/·(I) ~ ,,"(1) the integmls 

So'" G(g·(t)),11 and So'" (j'(y·(I))/,(I)JI (13.1) 

converge uniformly in (I·. 

Proof. We first construct a function 11(1) defined ror I > 0, 
continuous, decreasing. 11(1) -+ 0 us I -+ cYJ, and 11(1) -+ (y.) as I -+ 0+ such that 
ror any II > 0 there exists a nil) with the property that if I ~ T(a) then 
age,) S; U(I). 

Pick a scquenl.'C :' .. J slich that I I ~ 1,' .. I 1 ~ I .. + 1 and such 
that ir I ~ I", then 1/(1) S; (III + I)' 2. Deline U(I ... ) = III I, 11(1) linear between 
the I .. 'S and such that 11(1) = (t I loP on 0 < I < I I' where p is chosen so large 
that 11'(1.) < 11'(1 n. For 1m ~ I ~ I ..... 1 we have 

IIg(l) ~ (/(1/1 + 1)-2 and U(t) ~ (III + 1)-1 

so that 

(/g(l) ~ II(I}tI(1II + 1)- I ~ lI(t) 

as soon as III is larger than [II], the integer part of o. Thus we can take T(t,) = 
[0]. 

Define F(II) to be the inverse runction of 11(1) and define 

G(II) = S: Ie -F'·'/[IJ(F(.,»)]} J!i. (13.2) 

Since F is continuous and I, is positive, the integrand in (13.2) is continuous 
on 0 < II < r,.J while ';(11) -+ 00 as ,,-+ 0+. Hence the integral exists and 
defines a function (j E ("(R"). 

Fix (/ > 0 and choose a continuous rum.1ion fl· such that 
0< g·(t) < age,). For I ~ T(II) we have 0 < g*(I) S; U(I) or F(g·(I») ~ I. Thus 

I ~ nfl). 

Hence the uniform convergenl.'C of the second integral in (13.1) is clear. 
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The tail of the lirst integml in (13.1) can be estimated hy 

fl:~' (f:fI. ~/~~~ d.~ }II. 
Since U(I) is piecewise C' on 0 < t < rtJ. we can change variables from II to 
s in the inner integral to compute 

~ II(U) -. f" (f' (. · ".~) ,II < 'YJ In,,. J, 

since 0 > ,l(l) > - I. Hence the uniform convergelU:c of the lirst integral in 
(13.1) is also clear. • 

We now state and prove the nmin result of this section. 

Theorem 13.3. If I and J~ are in C(l~· x B(/')) and if the 
equilibrium x = 0 of (E) is uniformly asymptotically stable, then there exists 
a Lyapunov function I'E e'(R+ x /l(r,)) for some r, > 0 such that " is 
positive definite and decrescent and such that "iE, is negative delinite. 

Proof. By Lemma 13.1 we can assume without loss of gener­
ality that \f1j/(1x\ ~ I on R + x B(r). Thus by Theorem 2.4.4 we have 

\t!J(I, t,x) - t!J(I, t, y)\ ~ \.~ - J'\e"-" 

for all x, y e B(r), t ~ 0, and all t ~ t for which the solutions exist. Define 
,.(t) = e'. 

Pickr, such thatO <", ~ rllndsuch that if(t,x)e R+ x B(,.." 
then t!J(t, t, x) e B(r) for 11111 ~ t and such that 

lim 41{t + t. T, x, = () 
' .... 0'1 

uniformly for (t,x) E R + x B(r,). This is pussible sillt:c x = () is uniformly 
asymptotically stable. Let g(s) be a positive, continuous function such that 
g(s) -+ 0 as s -+ 00, and such that \'H~ + I, I, x)\2 ~ ~J(s) on .~ ~ 0, t ~ 0, 
X E B(r, ). 

Let G be the function given by Lemma 13.2 and define 
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where I,pl denotes the Euclidean norm of <p. Clearly " is defined on R· x 
Il(,,). Since the integml cunverges uniformly in (/. xl E R· X Il(r,). then I' is 
also continuous. If I) = Iljllx ,. then J)IPfS + I. I. x) must satisfy the linear 
equlltion 

Y(I) = (1. n, ... ,0)1' 

(by Theorem 2.7.\). Thus II)I"'.~ t I, I, x)1 :r:; kL" for some constant k ~ l. 
Thus 

1
1" f."" I' [ fJ<p ] - -- (I, x) = G (I'H~ + I, I, x)·} 21H~ + I, I, x) ~ ._- (.~ + I, I, x) ".~ 

11XI " (IX, 

exists and is continullus while 

for some constant k, > O. A similar urgument can he used on the other 
pllrtial derivatives. lIen\."C I' E C'(R I x Il(r,)). 

Since I' .. exists lind is hounded I-y some number Il while 1'(1,0) 
is 7cro, then clearly 

O:r:; I'(I,X) = 1'(1, x) - "(I,O) ~ nlxl. 

Thus I' is decresl"Cnt. To see that I' is positive dclinite, first find M 1 > 0 such 
that 1/(1, x)1 ~ Ald-'I for all (t,x) E I~ t X Blr,}. Thus, for M = AI ,r, we have 

I'MI + ,~,I, x) - xl ~ J.' .. , If(II,IMII, l,x))I,11I ~ Ms. 

Thus for 0 ~ .~ :r:; Ixl/(2M) we Imve 1"'(1 + s, I, x)1 ~ Ixl12 and 

,.(I,X) ~ j::'I.t2.ll1 (1111"(1 + .~,I, .\J!2ltls ~ (lxl/(2M})~(lxI2/4). 

This proves that I' is pusitive definite. 
To compute ";,,' we replace x hy 11 solution ~(I,I",Xo). Since 

by uniqueness cf* + s, I, (MI,lu,Xu)) = IMI + .~, 10' xo), then 

1'(1, IP(I, 1",Xu}) = f.;" Gq'MI + s, 1 .. ,xoW)lls = f," G(I'Ms,lo,xoW)tl,~, 

and 
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5.14 COMPARISON THEOREMS 

In the present section, we state lind prove sever,,1 compOlrison 
theorems for the system 

x' = I(I,x) (E) 

which are the basis of the comparison principle in the stubility analysis of 
the isolllted equilibrium x = 0 of (E). In this section, we shull assume that 
I: R + x B(r) -+ Rn for some r > 0, and that f is continuous there. 

We begin by considering a scalar ordinary differential equation 
of the form 

r' = G(/, J'), 

where), E R, IE R +, Ilnd G: R + x [0, r) -+ R for some r > O. Assume that G 
is continuous on R + x [0, r) and that G(I,O) = 0 for all I ~ 0. Recall that 
under these ussumptiom; Eq. (e) possesses solutions 1/1(/,10 , }'u) for every 
4I{tu,lod'0)=Yo E[O,r), 10ER+, which are not necessarily unique. These 
solutions either exist for ull IE [10' (0) or else must leave the domain of 
definition ofG at some finite time I, > ' 0 , Also, under the foregoing assump­
tions, Eq. (C) admits the trivilll solution y = 0 for all I ~ ' 0 , We assume 
that .V = 0 is an isolated equilibrium. For the sake of hrevity, we shall fre­
quently write ,MI) in place of 1/1(1,10 , '\'0) to denote solutions, with '/*0) = .\'0' 

We also recall thut under the foregoing assumptions, Eq. (C) 
hus both a maximal solution pll) and a minimal solution ,/(1) for any plIo) = 
lI(Iu) = J'o. Furthermore, each of these solutions either exists for all I e [10' (0) 

or else must leave the domain of definition of Gilt some finite time I, > ' 0 , 

Theorem 14.1. Let I and G be continuolls on their respective 
domains of definitioll. Let,>: I~ t X B(r) ..... R be a continuously dilTerentiahle, 
positive definite function sllch tlmt 

";.:,(I,.\") ~ G(t,I>h,x)). (14.1 ) 

Then the following stutements are true. 

Ii) If the trivial solution of Eq. IC) is stable, then the trivial 
solution of system (EI is stable. 

(ii) If I> is decrescent and if the trivial solution of Eq. (C) is 
uniformly st"hle, then the triviul solution of system (E, is uniformly stable. 

(iii) If /' is decrescent und if the trivial !lolution of Eq. It) 
is uniformly usymplolicully stuhle, then the triviul solution of system IE) 
is uniformly asymptotically stable. 
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(iv) If there are constant!; CI > 0 and b> (!, such that t'IXI" S 
V(I, ."), if I' is decresccnt, and if the trivial solution of Eq. Ie) is exponentially 
stable, then the trivi~t1 solution of system (E) is exponentially stable. 

(v) If f:R+ x W-+R". G:R+ x R-+R. v:R+ x R"-+R is 
decresccnt and radially unbounded, if (14.1) holds for all I E R + , X E RI', and 
if the solutions of Eq. (C) arc uniformly hounded (uniformly ultimately 
bounded), then the solutions of system (E) are also uniformly bounded 
(uniformly ultimately bounded). 

Proof. We make use of the t'(J",,'w·;.~lm tllf'orelll. which was 
proved in Chapter 2 (Theorem 2.8.4). in the following fashion. Given a 
solution tJ!(I.lo.Xo) of (E) deline "0 = 1'(to,Xo) and let y(I.lo.Vo) be the 
maximal solution of (C') which satisfies ,1'(1,,) = "n' By (14.1) and Theorem 
2.8.4 it follows that 

(14.2) 

for as long ilS both solutions exist and I ~ I". 

(i) Assume that the trivial solution of (C) is stable. Fix 
£ > O. Since l'(t. x) is positive delinite, there is a function 1/1 I E K such that 
1/1 ,(Ixl) S 1'(1. x). Let '1 = 1/1 1(&) so that I'(t, .,,) < '1 implies Ixl < £. Since y = 0 
is stable. there is a " > 0 such that iql',,1 < v then r(t, to. t'o) < '1 for all I ~ '0' 

Since ll(to,O) = O.there is a I~ = 1~(lo.r.) > 0 such that !'(lo,Xo) < v iflxol < ~. 
Take IXol < li so that by the foregoing chain of reasoning we know that (J 4.2) 
implies 1'(1.4>(1. 10.Xo)) < '/ and thus 14>(1, to,xo)1 < donll I ~ '0' This proves 
that x = 0 is stable. 

(ii) Let "'I' "'z E K be such that I/I,lIxl' S 1'(1,.", s I/Il(lxl)· 
Let,/ = '" I(r.) and choose v = ,'(,,, > 0 such that It'ol < "implies J'(I, to. vol < '1 
for all I ~ ' 0 , Choose ,5 > 0 such that "'z(li) < v. Take Ixol < (j so that by 
the foregoing chain of reasoning. we again have 14>(t, ' 0 , xo)1 < £ for all I ~ ' 0 , 

(iii) We note that .'( = 0 is uniformly stable by part (ii). Let 
I/I.(lxl) S 1'(t.X) S "'A'<I). as before. Fix r. > 0 and let,/ = "'I(r.). Since y = 0 
is asymptotically stable. there is a " > 0 and a T(,,, > 0 such that 

1.1'(1 + to. ' 0 , "0)1 S'1 for , ~ 1'('/), 

Choose I~ > 0 so that "'z(~) S ". For Ixol S (j we have ,'(lo,Xo) S I', so by 
(14.2) 1'(1 + 10 , ti>(1 + lu. 10 , xo)) S,/ for I ~ 1'(,,, or Iql(t + 10 .10 , xo)1 S r. 
when I ~ T(,,,. 

(iv, There is an 01 > 0 such that for any '/ > 0 there is a 
"~('I) > 0 such that when 1",,1 < ", then 1.1'(1,10 ,,',,)1 S "(" -u-"" for all I ~ I". 
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Let ('IXI" ~ II(/,X) ~ "'zllxl) liS he fore. Fix,: > 0 und choose,/ = (//:". Choose 
,) such that "'2{f~) < "('Il. Irjxnl < f~, then r{/o• xo) :;; ~/Z(')) < ''so .1'(/'/(1"'0) :;; 

'W-«"-'"', So for I ~ /0 we huvc 

or 

But ('//,,)"" = I: which completes the proof of this ['llrt. 
(v) Assumc that the solutions orlC) ure uniformly hounded, 

(Uniform ultimate bounded ness is provcd in II similar w.ty,) Let "', E KU. 
"'1 E KR be such that ",,(\xl) ~ I'(/,.\') ~ "'~I·~Il. If Ixul ~ a. then "0 = 
,'(/o.'xo) ~ "'z(a) A aI' Since the solutions of((') arc uniformly hounded and 
since (14,2) is true, it follows that "(/."'(t./o"~lI)) ~ I',(a,) fur I ~ In. So 
14'(/,/o,'xo)1 ~ ""I(fII(a l )) = II(a). • 

In practice, the special case G(/, "'I == 0 is most commonly used 
in parts (i) and (ii). and the special case G(/,.") = - ex)' for some constant 
at > 0 is most commonly used in parts (iii) and (iv) of the prel.'Cding thcorem. 
An instability theorem can also be proved using this method. For furthcr 
details, refer to the problcms to the end of this chapter. 

When applicable, the foregoing results are very usdul inllppli­
cations because they enable us to dedul.'C the qUlllitativc properties of II 

high-dimensional system [system {ED from those of a simpler onc-dimcn­
sional comparison system [system (CI]. The gencrality and cffectivencss of 
the preceding comparison techniquc can be improved and cxtended hy con­
sidering 1'('cI"r t'"IIIed ('omp(I/'is(III ("1"'" i'III.~ 111,,1 1'("'/'" 1'."(//'''"01' ./illll'/ ;IIII.~. 
This will be aCl."Omplishcd in somc of thc problems given at the end uf this 
chapter. 

Example 14.2. A large class of timc-varying cllpacitor linellr 
resistor networks can be described by equations of Ihe form 

" x; = - L IlIill\j(/) + 1,;,lzj(/llxj' 
)~ I 

; = I .... ,II. (143) 

where "I) and bij arc real constants and wherc d \j: I~ + -+ U and el2j : R' --+ R 
arc continuous functions. It is assumed that lIii > 0 and b,; > () for ull i, 
that ",P) ~ () and "z;(/)?- (I for all / ?- (I illld for all}. and that "Ij(1) + 
tlzP) ~ (~> () rur aliI ~ 0 and for all}. 
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Now choose as a I' function 

" 
I'(X) = L Ailxil. 

i~ 1 

where it is assumed that Ai > 0 for all i. Assume that there exists an I: > 0 
such that 

~, Ail I 0 "i) - t... X IIi) ~ I: > • 
i= I,l~j -i 

j = I, ... , II, 

.. ,t. 
"i} - L ;;-' I"ill ~ I: > 0, j = I, ... ,II. 

1= I.Ii'JAJ 

(14.4) 

For this Lyapunov function, we shall need the more geneml 
delinition of I'il!! given in (7.3). Note that if D denotes the right-hand Dini 
derivative, then ror any >' E CI(R) we have DIY(I)I = .\"(1) when .1'(1) > 0, 
1)1.1'(1)1 = -.1"(1' when J~I) < 0, und Dly(t)1 = 1.1"(1) when .1'(1) = O. Thus 
Dly(I)1 = [sgn .1'(1)11"(1)' eXl.'Cpt possibly at isolated points. Hence, 

We want 

II 

l'il4.J'(X)!S: L ,t,l -(tliji't; + bii,/2i)lxll 
,~ 1 

" + L q"i;I,/I) + l/IiJI(/2)1.\:j!: 
J- I.in 

H 

!S: - L ).j{tlJjd lj + IIj,t/Jj)I·~A 
j" I 

• • 
+L L lililliAt/1i + l"illt/2)lx A-

j-I i I.l·' 

for slime (. > O. nut conditions (14.4) and the condition "11+ "z, ~ (~ > () 
ure sullicient to ensure this for (. = I:,t Hence we lind that 

l'il4-.. II(x) !S: -n'(.\'), 

from which we obl:lin the comparison equation 

.1" = -l',I', (. > O. (14.5) 

Since the equilibriulll ,I' = () of( 14.5) is exponentially stable in the large, it 
follows from Theorem 14.1 (iv) (iIIlll from Theorem 5.3) that if there exist 
constants )'1' ... ,A. such Ihal Ihe incquillities (14.4) ure true, thcn the cl.Jui­
lihriul11 x = 0 III' syslcm (14.3) is exronentioilly stahle in the largc. 
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5.15 APPLICATIONS: ABSOLUTE STABILITY OF 
REGULATOR SYSTEMS 
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An important class of problems in applications are regulator 
systems which can he descrihed by equations of the form 

x' = Ax + b", 'I = -4>(a), (15.1 ) 

where A is a real fI x n matrix, b, (', and x are re:t1 " vectors, and tl, a, and" 
are real sC".lIurs. Also, 4>(0) = 0 and t/>:R ..... R is continuous. We shall assume 
that 4> is such that the system (15.1) has unique solutions for all t ~ 0 and 
for every x«() € Rft, which depend continuously on x(O). 

We can represent system (15.1) symbolically by means of the 
hlock diagram of Fig. 5.20. An inspection of this figure indicates that we 
may view (15.1) as an interconnection of a linear system component (with 
"input"" and "output" a) and a nonlinear component. In Fig. 5.20, r denotes 
a "reference input." Since we areinterested in studying the stability properties 
of the equilibrium x = 0 of (15.1), we take r == O. 

If we assume for the time being that x(O) = 0 and if we take the 
Laplal:e transform of both sides of the first two ellu:ttions in (15.1), we obtain 

(.~/~ - A '.x(s) = "ij(.~) and 

Solving for Ij(.~)/ij(.~)!:! Ij(.~), we ohtllin the transfer fUDdinD of the linear 
component us 

(15.2) 

This enables us to represent system (15.1) symbolically as shown in Fig. 5.21. 
Systems of this type have been studied extensively and several 

monogmphs huvc IIppellred on this subject. S'-'C. e.g., the hooks by LaSalle 
und Lcr. .. chetl [271. Lefschctz l21J], lIuhn L 17J, Nurcndru lind Taylor [34]. 
and Vidyasagur [42]. 

We now list several assumptions that we shall have occasion 
to use in the subsequent results. 

(A I) A is a B urwitz matrix. 
(A2) A has a simple eigenvalue equlIl to zero and the re-

maining eigcnvulues of A have negative real parts. 
(A3) runk ["IAhl'" ·I/lft-Ih] = '1. 
(A4) al/,(a) ~ () for all a € R. 
(AS) there exist constants kl ~ k. ~ 0 such that ".a2 :s; 

a4>(a) :s; k2a2 for 1111 a € R. 
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1-_ .... _--1.<1 

.(.) .. ---_ .... 
FIGURE 5.21 RI",'" ,lia!lruIII "J ,1,,' "'!I"I,I/or ".1'",,'111. 

When (A3) holds. we say the pair (A.h) is controllable and 
when (AS) holds. we say that f/J belung.'! tu the sector [k I. k 2]' Similarly. if 
we require that k l (12 < tT"'«(1) < kztTz. we say Ihal ,/, hclong.'i to Ihe sector 
(k .,kz). Other sectors. such us (k I' k zJ and [k I' k2 ). ure delined in the obvious 
way. 

Ir ·we let ,/ = 0 <IIltl if we repluce 1'ltT) hy ktT. k 1 ~ k ~ k 2' then 
we can associate with (15.1) the lillc(//' .~.I"~/(·III 

(15.3) 

One might conjecture (as was done by M. A. Aizerman in 1949) that if d = 0, 
if t/J belongs to the sector [k 1 • k 2]' und if for euch k E [k I' k 2] Ihe mutrix 
(A - kbc:T ) is a Hurwitz matrix [so thut system (15.3) is exponentially stable 
in the large], then the equilibrium x = 0 of the nonlinear system (15.1) 
is asymptotically stable in the lurge. This conjeclure. c<llIed Aizerman's 
conjecture, turns out to be fulse. However. this conjeclure is still useful. for 
it enables us to determine how cunserv:ltive some of Ihe suhsequent results 
are in a particular application. 

In the sequel. we shall address the following problem. which 
is called the absolute stability prublem for(IS.I): Find conditions on A. h. c. d 
(involving assumptions of the type given in (AI )·-(A3» which ensure that 
the equilibrium x = 0 of system (15.1) is asymptotically stable in the large 
for a".v nonlinearity f/J satisfying either (A4) or (AS). A system (15.1) satisfying 
this property is said to be absolutely stable. 

We shall address the absolute stnbility problem by dilTerent 
methods which will result in (a) I,ul'c·.~ cr;/t'r;oll and (b) POPIIII'S (·r;Ier;Oll. 
There are several ways of establishing (b). some of which depend heavily 
on results from functional analysis. In the present approach, we shall make 
use of the Yacuhovich-Kulman lemma. given in Theorem 15.1. The reader 
should consult the hook by Lefschctz p9. pp. 114· 118] for a proof oflhis 
result. 
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Theorem 15.1. Given is a Hurwitz matrix A. a vector h such 
that the pair , .... /I) is controllable. a real vector w, real scalars }' ~ 0 and 
r. > O. and a positive ddinite matrix Q. Then there exist a pllsitive definite 
mutrix I' and a vector l/ sutisfying the equutions 

and 

Ph - '" = J"Ytl 

if and lInly if /: is sm~11I enough and 

l' + 2 Rew"(i(l)E - A) - Ih > 0 

for ull (.) E R. 

A. Lure's Result 

(15.4) 

(15.5) 

(15.6) 

In our first result. we let (/ = O. we assume that A is Hurwitz 
und that ~ belongs to the ~tor [0, -x» [i.e., (~ satisfies (A4)]. und we use u 
Lyapunov function of the form 

(15.7) 

where I' is a positive definite matrix and /1 ~ O. This result will require thut 
P he u solution of the Lyapunov matrix equation 

A'rp + /'A = -Q. (15.8) 

where, as usuul, Q is a positive definite matrix of our choice. We have: 

Theorem 15.2. Suppose thut A is lIurwitz, that ~ helongs 
to the sector [0, rl •• ), and that t/ = O. Let Q be Il positive definite matrix, and 
let P be the corresponding solution of (15.8). let 

w = Ph - (11/2)AT(., (15.9) 

whereJl ~ 0 is some constant [see (I 5.7)]. Then the system (15.1) is absolutely 
stable if 

(15.10) 

Proof. Let 4': R -t R be II continuous function which satisfies 
llssumption (A4). We must show that the triviul solution of (15.1) is asymp­
tolicully slahle in the lurge. Tu this end, define v by '15.7). Computing the 
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denvative of 1I with respect to f along the solutions of (15.1), we obtain 

1I;15.1I('~) = xT 1)(Ax -1H/I(oH + (x'r AT - hTq,(tJ)Wx + 1111**' 
= xT(ATp + PA)x - 2xTPIH/I(a) + III/I(akT(Ax - ht/l(tJ» 
= _XTQX - 2xTPbt/l(a) + fh:TAT(·q,(a) - fI(cThlt/l(tJ)2 

= -xl'Qx - 2t/>(0)xT", - P(t'Th)t/>(a)2 
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= -(x + Q-lwt/>(a))TQ(x + Q-I"'4>(tJ» - (/JeTh - ",TQ-lw~(a)2. 

In the foregoing cn\culntion. we have used (15.8) :lnd (15.9). By (15.10) and 
the choice of Q. we see that the derivative of 1I with respect to (15.1) is negative 
definite. Indeed if 1';15.1 Ix) = O.then 4>(a) = 0 and 

x + Q-I"'4>(a) = x + Q-I",. 0 = x = O. 

Clearly 1I is positive definite and 1.(0) = O. Hence x = 0 is uniformly asymp­
totic-ally stable. • 

B. Popov Criterion 

In this cnse. we consider systems described by equations of 
the form 

(15.11) 

where A is assumed to be a Hurwitz matrix. We assume that ,/ #:- 0 [for 
otherwise (15.11) would be essentially the same as (15.1) with ,/ = 0]. System 
(15.11) cun be rewritten as 

[X'] [A 0] [x] ["] ~' = 0 0 _ _ ~ _ + I '1. '1 = - 4>(0). (15.12) 

Equation (15.12) is clearly of the same form as Eq. (15.1 I. However. note 
that in the present case, the matrix orthe linear system component is given by 

and satisfies U8SlI01ption (A21, i.e .• it has an eigenvalue equal to zero since 
matrix A satisfies assumption (AI). 

Theorem 15.3. System (15.11) with (A I) true and ,/ > 0 is 
absolutely stuble for ull nonlinearities 1/1 belonging to the sector (O,k) if(A3) 
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holds and if there eXIsts a nonnegative constant I) such Ihat 

Re[(I + iw())g(iw)] + k- I > 0 for all WE R. (J) #- O. (15.13) 

where 

g(s) = (dIs) + el{sE - A) - 1 b. (15.14) 

Proof. In proving this result. we make use of Theorem 15.1. 
Choose a > 0 and II ~ 0 such that () = P(2a.d) - I. Also. choose)' = II(cTb + d) + 
(2ad)/k and \\I = at/(- + !lIA T( .. We must show that )' ~ 0 and that (15.6) is 
true. 

Note that by (15.13) we have 

o < Re( 1 + iw,l)y(iw) + k - I 

= k- I + M + ReeT[iw(iwE - A)-I<5 + (iwE - A)-I]" 

= k- ' + d<5 + RecT[,)E + <5A(imE - A)-I + (iwE - Ar I]b 

for all (I} > O. In the limit as (I) -+ 00 we have 

o ~ k- I + I)(d + eT/1) = k-- I + /t/(2(X(I}(tI + eTh) = }'/(2ad). 

ThUS}' ~ O. 
To verify (15.6), we note that since <5 = 11(2(X(1)-I, then (15.13) 

is equivalent to 

IJ/(2at/)d + Re kr[ I + ;w(/l/(2ad))](iwE - A)- 'b} + k - I > 0 

or 

pd + Re{cT[2ad + ;wP](;wE - A)-Ih} + (2(X(/lk) > o. 
Since sesE - A)- I = E + A(sE - A)-I for any complex number s, then 
(15.13) is equivalent to 

pd + Rc{eT[;wp(;wE - A)-I + 2(X(/(;(I)£ - A)-I],,} + (2a(/lk) > 0 

or 

pd + Re{cT[pE + PA(;wE - A)-I + 2(X(/(;w£ - A)-I]b + (2adlk) > o. 
This can be further rearranged to 

p(eTh + d) + Re{eT(2aJ + PA)(iwE - A)-Ib} + (2adlk) > 0 

or 

[p(cTb + d) + (2atllk)] + 2 Re([(X(/c + ifJATc]1(iw£ - A)-Ib} > 0 

for all w .;: o. For choice of)' and w, this is (15.6). 
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Use Theorem 15.1 to pick p. 1/. and ,: > n. Deline 

(·(x.~' = x·"'x + IXd2~2 + /1 f." I/I(S) I/.~ 
" 
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fur the given values of /', IX. and /1. The derivative or I' with respect to I along 
the solutions of (15.11, is computed as 

I'CIS.III(x, e,=.\:l P(Ax-/)(/I(a,)+(x1AT-I1' I/,(a,Wx- 2dllX~41(a)+ /IfI1(a)a' 

=xT(PA + AT P).'( - h·'P/II/I(a)- 2'ld2~t/J(rr) 

+ /II/I(a) [ (.l(Ax -/,I/J(r1))- ,1I/1(a)] 

= .'(·1 ( -q(l-I:Q)x - 2'(·'/'I1I/,(a)- 2/X.l/f/l(a)(a - (.I X ) 

+ II.'I;T AT('I/J(a)-II(c:TI1 + (1)q,(a)2 

=XT( _qqT -/:Q):<- 2.'(1(1'''_ I\','Ma, 

-[{J(c'Th+d)+(2adlk,]qI(a)2 - 2/X.d[a - (f/J(a)/k)]tMa). 

We have used 115.4) and the definition or \I'. Define 

RIa) = 2fX(/(a - 4' la)/k,'/I(a). 

Since '" is in the sector (0. k), it follows tl1<lt R(a) ;::: () for all a E:= R. The def­
inition of R(a). Eq. (15.5), und the choke of l' can now be used to see that 

t';IS.II~X,e) = -r.x1Qx - R(a, - [XTqqTx + h1·J}:(/I/I(a, + }',p(a,2] 

~ -uIQ.\ - [x·I(/ + J}'I/I(a)j2. 

If x #: O. then since Q is positive definite. it follows that I'; 15.11 ,(x. e) < o. 
If .'( = 0, but ~ #: 0, then a = (/~ #: 0 and so I/I(a, #: o. lienee t·; I 5.1 .,(x.~) < 0 
in this case. This show that IIc 15.1/1 is negative delinite along solutions or 
(15.11) for any continuous furction q, in the sector (0. k). • 

Theorem 15.3 has a very useful geometric interpretation. If 
we plot in the complex plane, Rey(iw) versus II) 1m mim). with (I) as a param­
eter (such a plot is called a PO/IfJl' 1'101 or a mor/!!;/',I N Jill/iS( plot). then con­
dition (15.13) slates that there exists a number ,5 ;::: n such that the Popov 
plot of y lies to the right of a straight line with slope 1/.5 and pussing through 
the point - Ilk + iO. A typical situation for which Theorem 15.3 is satisfied. 
using this interpretation. is given in Fig. 5.22. Note that it sufTiccs to consider 
only (J) ;::: 0 in generating a Popov plot. since both Re y(i(l) and I/} 1m ii(iw) 
are even functions or CIJ. In Fig. 5.22, the arrow indicates the direction of 
increasing w. 

We conclude by noting that results of the form given in The­
orem 15.3 can ulso be established for other system configurations [e.g .• when 
ill (15.11),1 = 0]. 
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Jo1GURE 5.11 Ge"",.'tri,' i/llerp"'tuti",, uf i"equa/it)' (/5./J). 

PROBLEMS 

I. Show that the trivial solution of (E) is stable if and only if for some 
fixed to e R + it is true that for any I: > 0, there is a b(g) > 0 such that when 
lei < cS(l:) then 14>(t,/o.e)1 < I: for all t 2!: '0. 
2. Show lbal Ihe triviul sulutioll uf (E) is unstuble if und unly if for any 

10 e Rot there are sequences Ie .. } and I' .. } such that~ .. -+ 0 and I ....... 00 as 
In -+ 00 while 11/1(1 .. + ' 0 ./o, e .. >1 ~ c, 

3. Show that if the trivial solution of(E) is uniformly asymptotically stable 
in the large. then solutions of IE) are uniformly bounded, provided either 
that f is periodic in t or that II(t.x)1 ~ K1lxl + K1 for some constants KI 
and K1 , 

4. Show that if solutions of (E) are uniformly ultimately bounded, then 
they are uniformly bounded, provided that If(/,x)1 ~ K .Ixl + Kl for some 
constants K. and K l' 

S. Show that if solutions of (1)>) are uniformly ultimately bounded. then the 
solutions of (1)>) are uniformly bounded, 
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6. Prove Theorem 5.2. 
7. Prove that if the trivial solution of(LH) is uniformly stable, B(l) E C[O, ro) 

and IO' IB(I)1 dt < ro, then the trivial solution of 

x' = [A(t) + B(t)]x (16.1) 

is uniformly stable. (V ou may assume that x = 0 is an isolated equilibrium 
point for both systems.) 
8. Prove that if the trivial solution of (LH) is uniformly asymptotically 

stable and if B(t) E C[O, ro) with supUB(t)l:t ~ O} S; M. then the trivi,l 
solution of (16.1) is uniformly stable when M is sufficiently small. 
9. Let B be a real 2n-dimensional, symmetric matrix, and let 

J=[ 0 E.] 
-E. 0 

and define A = J B. Show that whenever A is an eigenvalue of A, then so is - A. 
10. Show that the trivial solution of a linear, autonomous Hamiltonian 
sy~tem with Hamiltonian ll(q,p) = qTS.q + pTSlP can never be asymptoti­
cally stable. 
11. Prove that if the equilibrium x = 0 of(L) is stable, then all eigenvalues 
of A have non positive real parts and in the Jordon canonical form J = 
diag(J u, J I, ••• ,J .), all eigenvalues with zero real part occur only in J 0 and 
not in a block J .. = AH lEi + Nit where 1 S; k S; s. 
12. Show that the trivial solution of an 11th order, linear autonomous 
equation 

a"yI") + a,,-Iy'''-I) + ... + a,y' + aoy = 0, 

is stable if and only if all roots of 

I'P,) = a"A" + ... + a,A + au 

a" #; 0, 

(16.2) 

have non positive real parts and all roots with zero real parts are simple roots. 
13. Prove Theorem 5.9. 
14. Use Theorem 5.10 to prove Corollary 5.11. milt: Let M be the matrix 
whose determinant is DII • Use row operations to show that M is similar to 
a triangular matrix whose diagonal elements are the Cll'S, 

IS. Assume that aJ> 0 for j = 0, I, ... , II. Find necessary and sufficient 
conditions that all roots of(J6.2) have negative real part in case " = 2, 3, 4. 
16. Let a(t) ¥; 0 be a continuous, T-periodic function and let t/J. and tP2 be 
solutions of 

y" + a(t))· = 0 (16.3) 
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such that 9.(0) = 92(0) = 1,9'.(0) = tPz(O) = O. Define O! = - (tP,(T) + tP2(T». 
For what values of O! can you be sure that the trivial solution of (16.3) is 
stable? 
17. In Problem 16, let a(t) = ao + £sin t and T = 2n:. Find values ao > 0 for 
which the trivial solution of (16.3) is stable for 11:1 sufficiently small. 

18. Repeat Problem 17 for ao < O. 
19. Verify (7.3), i.e., show that if V(I,X) is continuolls in (t,x) and is locally 
Lipschitz continuous in x, then 

I. [V(I+O, X + Of (I, x»- v{t,X)]_I. V(I+O, t/J(l+ 0, t, X».:....V(t. x) 
lmsup II - lmsup /I • '-0· (, ..... 0· " 

20. Prove Theorem 7.13. 

11. Prove Theorem 7.14. 
22. In Theorem 7.17, (a) show that (i) implies (ii), and (b) prove parts (iii) -(vi). 
23. Let 11: R" x B(/I) .... R", let v E e'(R" x R"), let v be positive definite, 
and let viE} be negative definite. Prove the following statements. 

(a) If f(l. x) is bounded on R" x B(h), then the trivial solution 
of (E) is asymptotically stable. 

(b) If f(l,x) is T-periodic in t, then the trivial solution of (E) 
is uniformly asymptotically stable. 

(c) If x = 0 is uniformly stable and if v(t.x) is bounded on 
R + x B(h). then the equilibrium x == 0 of (E) is uniformly asymptotically 
stable. 

14. Suppose there is a e' function v: R + x B(h) .... R" which is positive 
definite and which satisfies V(l.X) ~ klxl- for some k > 0 and a > 0 such that 
vCe~t. x) ~ - bv(t. x) for some b > O. Show that the trivial solution of (E) is 
exponentially stable. 

15. Let v E el(R + x R"), Vel, x) ~ 0, and v,ant', x) ~ O. Let V(I, x) be ultimately 
radiany unbounded, i.e .• there is an Ro > 0 and a '" e KR such that V(I, xl ~ 
!/I(lxl) for all t ~ 0 and for all x e R" with Ixl ~ Ro. Prove the following 
statements: 

(a) System (E) possesses Lagrange stability. 
(b) If for any h > 0, vet, x) is bounded on R + x B(h), then 

solutions of (E) are uniformly bounded. 
(c) If for any h > 0, vet, x) is bounded on R + x B(h) and if 

-v(antt,x) is ultimately radiany unbounded, then solutions of (E) are uni­
formly ultimately bounded. 

26. Suppose 11 E e'(R + x R") is positive definite, decresccnt, and radially 
unbounded and v(E~t,X) is negative definite. Show that for any r> 0 and 
cS e (O,r) there is aT> 0 such that if(to,xo) e R+ x B(r), then ltP(t, to.xo)1 
must be less than cS before t - to - T. 
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17. Let G E e'(R· x R) with G(t, y) = G(t, - y) and G(t,O) = 0 and let 
v E e'(R + x 8(h)) he a positive definite and decrescent function such that 

t';EI(t, x) ~ G(t, v(t, x)) 

on R + x B(I,). If the trivial solution of .v' = G(t, y) is unstable, show that the 
trivial solution of (E) is also unstable. 
28. Let VE e(R+ x 8(/,)), let ,!(t,x) satisfy a Lipschit7. condition in x with 
Lipschitz constant k, and let V;F.,(I,X) ~ -w(I,X) ~ O. Show that for the 
system 

x' = 1(I,x) + "(I,x) 

we hllve 11;,,,.4~1, x) ~ - W(I, x) + kl/(I, x)l. 
Z9. In Theorem 13.3 show thut: 

(16.4) 

(a) If I is periodic in I with period T, then I' will he periodic 
in I with period T. 

(b) If I is independent of I, then so is ". 
JO. Let Ie e'(R,,) with/(O) = 0, he e'(R + x R") with 1Ir(I, x)1 bounded on 
sets of the form R + x 8(r) for every r > 0, and let the trivial solution of (A) 
he asymptotically stable. Show that for any £ > 0 there is a f~ > 0 such that 
if\~1 < Ii and ifllXl < Ii, then the solution "'(I,~) of 

x' = I(x) + 1X/,(t, .~), x(O) = ~ 
will satisfy 11/I(1.e)1 < £ for all , ~ O. Hint: Use the converse theorem and 
Problem 29. 

31. If in addition, in Problem 30, we have lim,_""Ih(t,x)1 = 0 uniformly for 
x on compact subsets of R", show that there exists a Ii > 0 such that if I~I < (j 

and 1«1 < Ii then ",(1, e) .... 0 as 1 .... 00. Hint: Use Corollary 2.5.3. 
31. Show that if a positive semiorbit e+ of (A) is bounded, then its positive 
limit set n(e+) is connected. 

33. Let IE e'(R") with 1(0) = 0 and let the equilibrium x = 0 of (A) he 
asymptotically stable with a bounded domain of attraction G. Show that 
iJG is an invariant set with respect to (A). 

34. Find all equilibrium points for the following equations (or systems of 
equations). Determine the stahility of the trivial solution by finding an 
appropriate Lyapunov function. 

(a) y' = sin y, 
(b) y' = .V2(y2 - 3y + 2), 
(c) x" + (x2 - I )x' + x = 0, 
(d) system (1.2.44) as shown in Fig. 1.23 with 1,(1) == 11(t) == O. 
(e) x', = X2 + X,X2' xi = -x, + 2X2. 
(r) x" + x' + sin x = 0, 
(8) x" + x' + .~(X2 - 4) = 0. 
(h) x' = a(l + ,2)-'X. where a > 0 or a < O. 
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35. Analyze the stability properties of the trivial solution of the following 
systems. 

II 

(a) x' = - "oI(·x) - L "iZ" 
;;, 

(I SiS n) 

where ai' Ai' and bl are all positive and x/ex) > 0 if x :f::. O. Ililll: Choose 
vex, z) = f~ Its) ds + !Li = ,(tldbj)zf· 

II 

(b) ,.' - - a J' - '\' " ~ .. , - o· ~ i-it 
;=, 

y' = lex), 

z; = -AIZI + bJ(x) (I SiS II), 

where x/ex) > 0 if x :f::. 0 and adb l > 0 for all i. 
36. Check for boundedness, uniform boundedness, or uniform ultimate 
boundcdness in each of the following: 

arctan x" 

(a) XU + x' + x(x2 -4) = 0, 
(b) XU + x' + Xl = sint, 

, X,X2 
(c) X, = X2 + ---i--i' X'2 = -2x, + 2X2 + 

. l+x,+x2 

(d) X'I = .x~ + XI(X~ + I), 
X3 = -(Xl)3. 

xi = -x~ + X2(X~ + 2), 

Hi",: Choose v = xt + x~. 
37. AnalYl.e the stability properties of the trivial solution of 

x'·, + g(x) = 0, 

when" > 2," is odd and xg(x) > 0 if x :f::. O. For n = 2m + I, use 

'" v= L (-lrX1Xl .. U_1+(-I)"'+lx!+I/2. 
1=1 

38. Check the stability of the trivial solution of x' = - Ax for the following 
cases. I I] 

1 I, 

1 0 
(b) A = [ ~ ~ - ~]. 

-I 0 2 

Check by applying Sylvester's theorem and also by direct computation of 
the eigenvulues. 
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39. For each of the following polynomials, determine whether or not all 
roots have negative real parts. 

(a) 3:~J - 1S2 + 4s + I, 
(b) s· + S3 + 2sz + 2s + 5, 
(c) s' + 2s4 + 3s3 + 4sz + 1s + 5, 
(d) Sl + 2s2 + s + k, k any real number. 

40. Let 1 e C1(R x RR) with l(t,O) = ° and suppose that the eigenvalues of 
the symmetric matrix 

J(I,X) == U/ ... (t, x) + 1 ... (t,X)T] 

satisfy A,(l, x) S -Il for i = I, 2, ••• , n and for all (t, x) in R x RR. 
<a) If Il == 0, sbow that the trivial solution of (E) is stable 

and that solutions of (E) are uniformly bounded. 
(b) If /l > 0, show tbat the trivial solution of (E) is expo­

nentially stable in the large. 
(e) Find ho such that if h > ho, then the trivial solution of 

x' = y - (x' + 3x3 + x), l' ""' -/IY + (x + x 3/3) 

is uniformly asymptotically stable. 
41. Let ye RR and let B(y) = [blJ(Y)] be an n x II matrix valued function 
in C(RR). Consider the system 

l' = B(y)y. 

Show that if for all y e RR - to} we have 
(a) max,(b •• (y) - L ... lb,"(y)l) .Q -ely) < 0, or 

(b) maxJ(bjJ(y) - r. .. Jib,"(y>l> .Q -dey) < 0, or 
(c) max,(bll(y) - U:J .. ,lb.J(y) + bJ.(y>!> .Q -ee,) < 0, 

(16.5) 

then the trivial solution of(16.5) is globally uniformly asymptotically stable. 
Him: Let v,(y) = max.ly.l, vz(y) = D-,ly,I, and V3(y) = D-, yf. Compute 
v',(y) S -c(y)v,(y). 

41, Let B(y) be as in Problem 41, let p:R ... RR be a continuous, 2n-periodic 
function and let 

lim sup max {bll(Y) + L Ib.J(y)l} < 0. 
171 ... .., J'" 

Show that solutions of y' = B(y)y + pet) are uniformly ultimately bounded. 
43. (Cu';lparj.~on prilldpie) Consider the vector comparison system 

y' = G(t,y), (C,,) 

where G: R ~ x R' -+ R', G is continuous, G(t,O) == 0, and G(t, y) is quasi­
monotone in y (see Chapter 2, Problem 11 for the definition of quasimono­
tone). 



5. Stahility 

Let w: R + x R" .... R', I ~ n, be a C' function such that Iw(t, x)1 
is positive definite, wet, x) ~ 0 and such that 

W;EI(t,X) S; G(t, w(t, x)), 

where weEI = (WICEI' ••• ,W;CEt is defined componentwise. 
Prove the following. 

(i) U the trivial solution of (ey ) is stable, then so is the 
trivial solution of (E). 

(ii) If Iw(t, x)1 is decrescent and if the trivial solution of (C.) 
is uniformly stable, then so is the trivial solution of (E). 

(iii) If Iw(t. x)1 is decrescent and if the trivial solution of (ey ) 

is uniformly asymptotically stable, then so is the trivial solution of(E~ 
(iv) U there are constants a > 0 and b > 0 such that alxr ~ 

Iw(t, x)l, Iw(t, x)1 is decrescent, and if the trivial solution of(e.) is exponentially 
stable, then so is the trivial solution of (E). 
Hint: Use problem 2.18. 

44. Let A - [a'J] be an I x I matrix such that a'i ~ 0 for l.j - t. 2, ... t" 
and i "'" j. Suppose for j = 1,2, .... , , , 

aJJ- L Ia,J <0. '- .. ''''} 
Show that the trivial solution of x' = Ax is exponentially stable. 
45. Show that the trivial solution of the system 

x~ = -x. -2x1 + 2kx •• 
xi = -X2 + 2x.Xh 
xj = -3X3 + x. + kx .. 
x:' = - 2x. - X3 - kx2 

is uniformly asymptotically stable when Ikl is sman. Hint: Choose II. -

xf + xl and 112 = xl + xi. ' 
<t6. For the'predator-prey model (d. Example 1.2.12) 

x'. = a.x. - b.X.X2. 
X2 = -a2x2 + b2XIX2 

with a .. a2. b l • and b2 all positive, find all equilibrium points and determine 
their stability properties. Hint:The function 

w ~ «x.bJa2)e-~I.J/Q)'''I«x2b.la.)e-·2.1''1)1''2 

may be of use. 
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47. For (E) and (C) let F and G be C l functions and let ,,;R+ x B(r) ..... R 
be a positive definite and decrescent C I function such that G(t,O) == 0, 
G(t, - y) = G(t, y) and 

V;EI(t, x) ~ G(t.l'(t. x)), 

If the trivial solution of (C) is unstable. then the trivial solution of (E) is 
also unstable. 
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PERTURBATIONS OF 
LINEAR SYSTEMS 

In this chapter, we study the elTC(..1s of perturbations on the 
properties of trajectories in a neighborhood of a fixed critical point or in a 
neigbborhood of a periodic solution. Throughout, the analysis is accom­
plished by arranging matters so that the system of interest can be considered 
as a perturbation of a linear equation with constant coefficients. 

In Section I we provide some preliminaries. In Section 2 we 
analyze the case in which the linear part of the equation bas a noncritical 
coefficient matrix. In this section we also show how, in certain situations, 
the problem of stability of the trivial solution of periodic nonline-elf systems 
can be reduced to this noncritical case. In Section 3 we study conditional 
stability of the trivial solution of nonlinear autonomous systems, and in 
Se,,"lion 4 we study stability and instability of perturbed linear periodic 
systems. Finally, in Section S we define and study the notion of asymptotic 
equivalence of systems. 

6.1 PRELIMINARIES 

We recall that for a function g:R' -+ R i , the notation g(x) = 
O(lxlll) as Ixl-+ « means that 

. I~J(.\")I 
hm sup - -/1- < <Xl, 
Ixl~" Ixl 
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and that the interesting cases include /I - 0 and /I = 00. (Here fJ ~ 0 and 
1·1 denotes any of the equivalent norms on R'.) Furthermore, when g:R x 
R - R", then g(t, x) = O(lxl'> as Ixl- /I uniformly for t in an interval I 
means that 

lim sup (sup Igf~:)I) < 00. 
I"I~. .eI "'1 

Also, we recall that g(x) = o(lxl') as lxi- /I means th~t 

r Ig(x)l_ o 
I"~. lxi' - • 

Further variations of the foregoing [such as, e.g., g(t,x) = o(lxl') as Ixl- /I 

uniformly for tel, or g(x) = o(xI) as x - 0+] are defined in the obvious way. 
In this chapter as well as in a subsequent chapter, we shall 

also require the Implicit functiOll theorem which we present next. To this 
end we consider a system of functions 

I ~ i ~ r, 

and we assume that these functions have continuous first derivatives in an 
open set containing a point (xo, '0). We recall that the matrix 

is called the Jacobian matrix of (g., ... ,g,) with respect to (Y., .•. , 1,). Also, 
the determinant of this matrix is called the JaeobIan of (g., ... ,g,) with 

. respect to (Y., . .• , y,) and is denoted by 

J = det(og/oy). 

The implicit function theorem is as follows: 

Theorem 1.1. Let g., ... , g, have continuous first derivatives 
in a neighborhood of a point (xo, Yo). Assume that ,.(xo, yo> = 0, 1 ~ i ~ r, 
and that J .,. 0 at (xo. Yo). Then there is a 6 neighborhood U of Xo and a y 
neighborhood S of Yo such that for any x in U there is a unique solution y of 
g.(x.y) = 0, I ~ i ~ r,inS. The vector valued functiony(x) == (y.(x), ..• , y,(x» 
defined in this way has continuous first derivatives in R. If 9 e C" or if 9 is 
analytic, then so is y(x). 
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6.2 STABILITY OF AN EQUILIBRIUM POINT 

In this section, we consider systems of n real nonlinear first 
order ordinary differential equations of the form 

x' = Ax + F(I, x), (PE) 

where F: R + x B(h) -+ R- for some h > 0 and A is a real n x n matrix. Here 
we assume that Ax constitutes the linear part of the right-hand side of (PE) 
and F(t,x) represents the remaining terms which are of order higher than 
one in the various components of x. Such systems may arise in the pro<lCss 
of linearizing nonlinear equations of the form 

x' = g(t,x), (0) 

or they may arise in some other fashion during the modeling prOCCSJ of a 
physical system. 

To be more specific. let g: R x D -+ R- where D is some domain 
in R-. If g e C1(R x D) and if ~ is a given solution of (E) defined for all 
I ~ to ~ 0, then we can linearize (G) about ~ in the following manner. Define 
y = x - ~(I) so that 

Here 

y' = g(l, x) - g(l, ~(t)) = get, y + ~(t» - g(l. ~(t)) 

. og 
- oX (I. ~(I»Y + G(t. y). 

G(t. y) A [g(l. Y + ~(I» - get, ~t»] - : (I, ~(I»Y 

is o(lyl) as IYI-+ 0 uniformly in I on compact subsets of [10 , 00). 
Of special interest is the case when g is independent of 1 [i.e .. 

when get, x) =: g(x» and ~(I) - ~o is a constant (equilibrium point). Under 
these conditions we have 

y' - Ay + G(y), 

where A - og(~o)/ox. 
Also of special interest is the case in which get. x) is T periodic 

in t (or is independent of t) and ~(I) is T periodic. We shall consider this case 
in some detail in Section 4. 
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Theorem 2.1. let A be a real. constant. and stable n x n 
matrix and let F: R + x B(I,) - RIt be continuolls in (I. x) and satisfy 

F(I, x) = oqxj) as 1."1-0, (2.1) 

uniformly in t e R + • Then the trivial solution of (PE) is uniformly asymptot­
ically stable. 

Since this type of result is very important in applications. we 
shall give two different proof.o; of this theorem. Each proof provides insight 
into the qualitative behavior of perturbations of the associated linear system 
given hy 

y' = Ay. (l) 

Proof 1. Since (l) is an autonomous linear system, Theo­
rem 5.10.1 applies. In view of that theorem. there exists a symmetric. real, 
positive definite n x n matrix B such that BA + ATB = -C, where C is 
positive definite. Consider the lyapunov function (l(x) = xTUx. The deriva­
tive of v with respect to t along the solutions of (PE) is given by 

(2.2) 

Now pick "'I > 0 such that x T Cx ~ 3yl."1 2 for all x e RIt. By (2.1) 
there is a lJ with 0 < lJ < h such that if Ixl ~ {), then IBF(,. x)1 ~ }'IXI for all 
(t,x)e R+ x Bm For all (I,X) in R+ x B(,5) we ohtain, in view of (2.2), the 
estimate 

v;pm(t, x) ~ - 3ylxl2 + 21'IX12 = - }'lxI2. 
It follows that V;PF.~t, x) is negative definite in a neighborhood of the origin. 
By Theorem 5.9.6 it follows that the trivial solution of (PE) is uniformly 
asymptotically stable. • 

Proof 2. A fundamental matrix for (l) is e-4'. Moreover, since 
A is stable, there are positive constants M and" such that 

1e-4'1 ~ Me- fl' for all t ~ O. 

Given a solution 4> of (PE), for as long as 4> exists we can use the variation of 
constants formula (3.3.3) to write 4> in the form 

4>(1) = e-4"-'o'q,(lo) + s.' e-4"-·'F(s,4>(s»tbl. 
'0 

Hence, for all t ~ 10 we have 

14>(1)1 ~ MI4>(to)le-""-'ol + M s.: e-e('-·'IF(s.4>(s)lds. 



262 6. Perturbaliolls of Lilrear Syslems 

GiventwithO < £ < u,by(2.1)thereisacSwithO < cS < hsuch that IF(t,x)1 ~ 
tlXl/M for all pairs (I, x) in R+ x B(eS). Thus, ifl~(/o)1 < fJ, then for as long as 
14>(1)1 remains less than fJ, we have 

14>(/)I:s MI4>(lo)le-et'-'ol + £ f.' e-""-·'I~(s)lds 
'0 

and 

or 

e-'I4>(1 + to)1 ~ MI~(lo)1 + £ s; e'''I~(s + ,0)1 ds. (2.3) 

Applying the Gronwall inequality (Theorem 2.1.6) to the function ee'I4>(I+ ' 0 )1 
in (2.3), we obtain 

or 
(2.4) 

for as long as 14>(e)1 < fJ. Choose .., < fJIM and pick 4> so that 14>(10 )1 S y. 
Since u - t > 0, inequality (2.4) implies that 14>(1)1 ~ M.., < fJ. Hence, 4> exists 
for all t ~ to and satisfies (2.4). Il follows that the trivial solution of (PE) is 
exponentially stable, and hence, also asymptotically stable. • 

We now consider a specific case. 

Exampl. 2.2. Recall that the Lienard equation is given by 

x" + /(x)x' + x = 0, (2.5) 

where/:R -+ R is a continuous function with/tO) > O. We can rewrite (2.5) as 

x'=y, y' = - x - l(O)y + [/(0) - l(x)]y. 

and we can apply Theorem 2.1 with x = (X"XZ)T. 

A = [_ ~ -;(0,]. F(t.x) = [[/(0) - ~(Xl)]XJ· 
Noting that A is a stable matrix and that F satisfies (2.1), we conclude that 
the trivial solution (x, x') = (0,0) of (2.5) is uniformly asymptotically stable. 
We emphasize that this is a local property, i.e., it is true even if/ex) becomes 
negative for some or all x with Ixllarge. 

In the next result. we consider tbe case in which A has an 
eigenvalue with positive real part. 
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Theorem 2.3. Assume that A is a real nonsingular n x n 
matrix which has at least one eigenvalue with positive real part. If F:R+ x 
B(h) -+ R· is continuous and satisfies (2.1~ then the trivial solution of (PE) 
is unstable. 

Proof. We use Theorem 5.10.1 to choose a real, symmetric 
n x n matrix B such that BA. + ATB .... -C is negative definite. The matrix 
B is not positive definite or even positive semidefinite. Hence, the function 
vex) A xTBx is negative at points arbitrarily dose to the origin. Evaluating 
the derivative of v with respect to t along the solutions of (PE), we obtain 

V;PE~t,X) == -xTCx + 2xTBF(t,x). 

Pick y> 0 such that xTCx ~ 3y/xlz for all x e R·. In view of 
(2.1) we can pick ~ such that 0 < ~ < h and BF(t, x)l s ylxl for all (t, x) e 
R+ x B(~). Thus, for all (I. x) in R+ x B(6), we obtain 

ViPE~t.X) s -3y\xlz + 2lxIYlxI- _ylxlz• 

so that VCPE) is negative definite. By Theorem 5.9.16 the trivial solution of 
(PE) is unstable. • 

Let us consider another specific case. 

Example 2 .... Consider the simple pendulum (see Example 
1.2.9) described by 

x" + asinx == O. 

where a is a positive constant. Note that x. == no X. == 0 is an equilibrium of 
this equation. Let y = x-x. so that 

y" + asin(y + 1£) = y" - ay + a(sin(y +1£) + y) = o. 
This equation can be put into the form (PE) with 

A=[~ ~]. FI I,X =. . [ 0] 
( ) a(slD(y + 'IE) + y) 

Applying Theorem 2.3. we conclude that the equilibrium point (n. 0) is 
unstable. 

Next, we consider periodic systems described by equations of 
the form 

x' == P(t)x + F(t. x), (26) 

where P is a real n x n matrix which is continuous on R and which is periodic 
with period T> 0, and where F has the properties enumerated above. 
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Systems of this type may arise in the process of linearizing equations of the 
form (E) or they may arise in the process of modeling a physical system. For 
such systems, we establish the following result. 

Corollary 2.5. Let P be defined as above and let F satisfy the 
hypotheses of Theorem 2.1. 

(i) If all characteristic exponents of the linear system 

~ = P(t)z (2.7) 

have negative real parts, then the trivial solution of(2.6) is uniformly asymp­
totically stable. 

(ii) If at least one characteristic: exponent of (2.7) has positive 
real part, then the trivial solution of (2.6) is unstable. 

Proof. 8y Theorem 3.4.2 the fundamental matrix" tor (2.7) 
satisfying cD(O) = E has the form 

cD(t) = V(t)e'A, 

where V(I) is a continuous, periodic, and nonsingular matrix. (From the 
results in Section 3.4, we see that A is uniquely defined up to 2mciE. Hence 
we can assume that A is nonsingular.) Now define x -= U(t)y, where x solves 
(2.6), so that 

V'(t)y + V(t)" = P(I)V(I)y + F(I, V(I)y), 

while 

U'=/'U- UA. 

Thus y solves the equation 

,. = Ay + U-I(I)F(I, V(I)y), 

and V-I(t)F(t, U(I)y) satisfies (2.1). Now apply Theorem 2.1 or 2.3 to deter­
mine the stability of the equilibrium y = O. Since V(I) and V- I(t) are both 
bounded on R, the trivial solutions y = 0 and x = 0 have the same stability 
properties. • 

We see from Theorems 2.1 and 2.3 that the stability properties 
of the trivial solution of many nonlinear systems can be determined by check­
ing the stability of a linear approximation, called a "'fint approximation." 
This technique is called determining stability by "linearization" or determining 
stability from tile first approximation. Also, Theorem 2.1 together with Theo­
rem 2.3 are sometimes called Ly ....... '. lint ........ or Lyapaov's Wired 
method of stability analysis of an equilibrium point. 
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6.3 THE STABLE MANIFOLD 

We recunsider the system of equations 

x.' = Ao~ + F(t,x) 

l6S 

(PE) 

under the assumption that the matrix A is noncritical. We wish to study in 
detail the properties of the solutions in a neighborhood of the origin x = O. 
In doing so, we shall need to strengthen hypothesis (2.1) and we shall be able 
to prove the existence of stable and unstahlc manifolds for (PE). The precise 
definition of these manifolds is given luter. 

° We begin hy making the following assumption: 

F:R x B(h) -+ RR, F is continuous on R x B(h), F(I,O) = 0 
for all t E R and for any r. > 0 there is a " with 0 < " < h 
such that if(I,x) and (t,}')E R x 8("). then W(I, 0") - F(I,y)\ 
~ £\x - )'1. (3.1) 

This hypothesis is satisfied for example if F(I, x) is periodic in I (or indepen­
dent of t), if FE CI(R x B(II» and both F(t.O) = 0 and Fx(I,O) = 0 for all 
IE R. 

In order to provide motivation and insight for the main results 
of the present section, we recull the phase portraits of the two-dimensional 
systems considered in Section 5.6. We are especially interested in the non­
critical cases. Specifically, let us consider Fig. 5.7b which depicts the qualita­
tive behavior of the trajectories in the neighborhood of a saddle. There is a 
one-dimensional linear subspace S· such that the solutions starting in S· 
tend to the origin as t -+ 00 (see Fig. 6.1). This set S· is called the stable mani­
fold. There is also an unstable manifold U· consisting of those trajectories 
which tend to the origin as 1-+ - 00. If time is reversed, S· and U· change 
roles. What we shall prove in the following is that if the linear system is 
perturbed by terms which satisfy hypothesis (3.1), then the resulting phase 
portrait (see, e.g., Fig. 6.2) remains essentially unchanged. The stable mani­
fold S and the unstahle manifold U may become slightly distorted but they 
persist (see Fig. 6.2). 

Our analysis is local, i.e., it is valid in a small neighborhood 
of the origin. For "-dimensional systems, we shall allow k eigenvalues with 
negative real parts and '1 - k eigenvalues with positive real parts. We allow 
k = 0 or k = " as special cases and, of course, we shall allow F to depend 
on time I. In (I, x) space, we show that there is a (k + I)-dimensional stable 
manifold and an (n - k + I )-dimensional unstable manifold in a sufficiently 
small neighborhood of the line determined by (1,0), IE R. 
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DetlnlUon 3.1. A Ioeal hypenurface S of dimension k + I 
located .tong a curve I/(t) is determined as follows. There is a neighborhood 
V ofthe origin in R· and there arc (n - k) functions H, e el(R x V) such that 

S = {(t,x):t e R, x - v(t) e V and H,(t, x + vet»~ = 0 for i = k + 1, ... ,n}. 

Here Hi(t, vet)) = 0 for i = k + 1, ... , n and for all t e R. Moreover, if V 
denotes the gradient with respect to X, then for each t e R, {V Hi(t, v(t)):k + 
I :s; i :s; n} is a set of n - k linearly independent vectors. A tangent byper 
surface to S at a point (t,x) is determined by {y e R·:(y, VHi(t,v(t») = 0, 
i = k + 1, ... ,n}. We say that Sis C" .ooda if the functions 1/ and H, are 
in C" and we say that S is ..... ytic if 11 and the H, are holomorphic in t and 
in (I,x) .. 

In the typical situation in the prescnt chapter, vet) will be a 
constant [usually vet) E 0] or it will be a periodic function. Moreover, ty~ 
ically there will be a constant n x n matrix Q~ a neighborhood U of the origin 
in p = (y" ... , YilT space, and a e l function G:R xU .... R·-i such that 
G(t;O) E 0 and such that 

S = {(t, x):y = Q(x - 1/) e U and (Y1+" •.• ,y.)T = G(t, y" ... , yAl}. 

The functions H,(t, x) can be determined immediately from G(t, y) and Q. 
We are now in a position to prove a qualitative result for a 

noncritical linear system with k-dimensional stable manifold. 

Theorem 3.2. Let the function F satisfy hypothesis (3.1) and 
le.t A be a real, constant n x n matrix which has k eigenvalues with negative 
real parts and (n - k) eigenvalues with positive real parts. Then there exists 
a (k + 1 )-dimensional local hypersurface S, located at the origin, called the 
stable manifold of (PE), such that S is positively invariant with respect to 
(PE), and for any solution 41 of (PE) and any T such that (T,41(T» e S, we 
have 41(t) .... 0 as t .... to. Moreover, there is ad> 0 such that if (T,41(T)) e 
R x B(eS) for some solution 41 of (PE) but (T,41(T» , S, then 41(t) must leave 
the ball B(eS) at some finite time t 1 > t. 

If F e e'(R x B(/I» for' = I, 2, 3, ... orl = to or if F is holo­
morphic in (t, x), then S has the same degree of smoothness as F. Moreover, 
S is tangent at the origin to the stable manifold S· for the linear system (L). 

Proof. Pick a linear transformation x = Qy such that (PE) 
becomes 

y' = By + get, y), (PE') 
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where B = Q-' AQ = diag(B .. Bl) and get, y) = Q-' F(t, Qy). The matrix Q 
can be chosen so that B, is a k )( k stable matrix and -Bl is an (n - k) )( 
(n - k) stable matrix. Clearly 9 will satisfy (3.1). Moreover, if we define 

[~II OJ 
U.(t) = 0 0' 

then e'II = U let) + U 1ft) and for some positive constants K and (I we have 

IU,(t)1 s Ke- l ,,', t ~ 0, and IU1(t)1 S Ke"'. t s O. 

Let q, be a bounded solution of (PE') with q,(T) - e. Then by 
the variation of constants formula we have 

t/>(t) = e"('-')~ + f.' ~(I-·)g(s.t/>(s»ds 

= U.(t - t)e + S: U,(t - T)g(s,q,(s»ds + U1(t - T)e 

+ f. ... U2(t - s)g(s,t/>(s»ds - J.ID U2(t - s)g(s.q,(s»ds. -

Since U1(t - s) - U1(t)U2(-,). the bounded solution t/> of 
(PE,) must satisfy 

t/>(t) - U .(t - t)e + f.' U let - ,)g(s,t/>(s»ds - J.ID U2(t - ,)g(s,q,(s))ds 

+ U2(t)[U2(-t)~ + f.ID U2(-s)g(s,t/>(s»d.,]. (3.2) 

Conversely. any solution t/J of (3.2) which is bounded and continuous on 
[T, 00) must solve (PE'). 

In order to satisfy (3.2) it is sufficient to find bounded and 
continuous solutions of the integral equation 

t/t(t,T,~) = U,(t - T)e + S: U.(t - s)g(s,t/t(s,T,e»ds 

- J,ID U 2(t - ,)g(s. "'(s, T,~» d.' (3.3) 

which also satisfy the side con~tion 

U 2( -T~ + f.ID U2( -,)g(s,"'(s, T,e»d., - o. (S) 

Successive approximation will be used to solve (3.3) starting with "'O<t, T,~) = 
O. Pick £ > 0 such that IkK < (I, pick !J -!J(6) using (3.1), and pick ~ with 
I~I < lJ/(2K). Define 
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If II'" JII ~ Ii, then"') + I must satisfy 

I"'J+I(I,T,e)1 S; Klel + f.' Ke-""-·'r.II"'Jlltls+ s,oo Ke""-·'r.II"'Jllds 

S; ~,5 + (2r.Klu)II~1 JII S; Ii. 

269 

Since "'0 == 0, then the'" J are well defined and satisfy 11,")11 S; Ii for all j. Thus 

I"'J+l(I,t,e) - ",p,T,,)1 
~f.' Ke-""-·'r.II"'J-"'J-dl d.'1+ r' Ke"u-·'f:II"'J-"'J_dl d.'1 
~ (21:K lu)II'" J - ~I J -• II :-;:; 11l~1 J -- ·1, ) • II· 

By induction, we have II"'HI+ I - "'HIli s; r'Il"'H I - "'.11 and 

lI"'uJ - "'.11 ~ lI"'uJ - "'H)-III + ... + lI"'u, - "'.11 
~ (2 - J + I + ... + 2 - 1 + 1)11'" H' - "'.11 
~ 211"'u, - "'.11 ~ 2-u '11"'.11. 

From this estimate, it follows that {"'i} is a Cauchy sequence 
uniformly in (t, t, e) over t E R, t E [T, 00), and, E B(li/(2K». Thus", p, T, e) 
tends to a limit ",(t, t, ,) uniformly for (I, T, e) on compact subsets of (T, ,) E 

R x B(li/(2K», t E [T, 00). The limit function'" must be continuous in (t, t, ,) 

and it must satisfy 11"'11 ~ fl. 
The limit function ~I must satisfy (3.3). This is argued as follows. 

Note first that 

Is,'" Uz(' - S)'/(.~."'(.~, f,e»tls - s,'" U 2(1 - .~h/(,~,"ll", f.'»(I·~1 
~ s,'" Ke"u -·'r.I"'(·'1, T, ,) - ",/'1, T, e)1 tis 
S; (Kr.fu)II'" - "'JII-- 0, j -- 00. 

A similar procedure applies to the other integral term in (3.3). Thus we can 
take the limit asj -- 00 in the equation 

"'i+ ,(I, t,,) = U let - T), + f.' U.(I - s)g(s, "'l'1, t,Wd.'1 

- f,"" U 2(1 - .'1)g(s. '" j(s, T, W tis 

to obtain (3.3). Note that the solution of(3.3) is unique for given t and e since 
a second solution iii would have to satisfy II'" - ilill ~ til'" - ilill· 

The stable manifold S is the set of a\l points (T,e) such that 
Eq. (S) is true. It will be clear that S is a local hypersurface of dimension 
(k + I). If ,= 0, then by uniqueness ",(t, T, 0) == 0 for t ~ or and so 
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9(1,1/1(1, t,O» == O. Hence (t,O) e S for all t e R. To see that S is positively 
invariant, let (t, ,) e S. Then I/I(t, t, ,) will solve (3.2), and hence it will solve 
(PE'). For any t. > t let ,. = I/I(t .. t," and define 4»(1, t .. (.) ~ ';(t,t,(). 
Then 4»(1, t .. '.) solves (PE') and hence it also solves (3.2) with (t,e) replaced 
by (t .. '.). Hence 

IUz(t)[Uz(-t.~. + f.~ UZ(-S)9(S,4»(S,t."I»dS]1 

= 14»(I,t.,'.) - U.(t - tl)" - J:. UI(I - s)g(s,4>(s,t.,',»ds 

+ f.1XI Uz(1 - s)g(s, 4>(s, tl ,'.)dSI 

:S: ~ + ~ + (2Kt~/a) :S: 3~ < 00. 
(3.4) 

Since Uz(t) = diag(O,eB.,) and -Bz is a stable matrix, this is only possible 
when (t.,'.) e S. Hence S is positively invariant. 

To see that any solution starting on S tends to the origin as 
t -+ 00, let (T,,, e S and let 1/1 J be the successive approximation defined above. 
Then clearly 

II/I.(t, T,"I:s: KI,le-Z-,,-r):s: 2KI'le--,,-r). 

If II/IJ(t, t, ,)1 :S: 2KI,le-""-r), then 

II/IJ+ .(t, T,"I :S: KI'le-.. ,·-r, + S: Ke-Z.I'-I)t:(2KI'le--II-r)ds 

+ f.1XI Ke-I'-')c(2KI,le--(a-r')ds 

:S: KI,le-",'-r) + 2KI,I(cK/a)e-",,-r, + 2KI,I(cKf2a)e-",,-r) 

:S: 2KI,le--,,-r, 

since (4sK)/a < 1. Hence in the limit as j-+ 00 we have II/I(t,T,,)I:s: 
2KI{le--,,-r, for all t ~ t and for all, e B(.5/(2K». 

Suppose that 4»(1, t,,, solves (PE') but (T, ,) does not belong 
to S. If 14>(t, T, ,)1 :S: .5 for all 1 ~ T, then (3.4) is true. Hence (t, ,) e S, a oon­
tradi,,"lion. 

Equation (S) can be rearranged as 

(,. + J' ••• ".)T = - f.CII U(T - s)y(s, I/I(s, T, '))ds. (3.5) 
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Utilizing estimates or tbe type used above, we see tbat tbe function on 
tbe right side or (3.S) is Lipschitz continuous in ~ with Lipschitz constant 
Lsi. Hence, sucx:essive approximations can be used to solve (3.S), say 

(~Hl"" ,~JT = h(t,~lt··· ,~J (3.6) 

with h continuous. If F is or dass C1 in (t, x), then tbe partial derivatives of 
the right-band side or (3.S) with respect to ~ 1, ••• , ~. all exist and are zero 
at ~l-···==~R-O. The Jacobian with respect to (~Hlt ... ,~.) on tbe 
left side of (3.S) is one. By the implicit function theorem, the solution (3.6) 
is C1 smooth, indeed h is at least as smooth as F is. Since ahla~J = 0 for 
k < j S n at ~ 1 == •.. = ~. == 0, then S is tangent to the hyperplane ~H 1 = 
... = ~. = 0 at ~ = 0, i.e., S is tangent to the stable manifold or the linear 
system (L) at ~ = o. • . 

If we reverse time in (PE) to obtain 

1''' -A.y - F(-t,y) 

and then apply Theorem 3.2, we obtain the following result. 

Theorem 3.3. If the hypotheses of Theorem 3.2 are satisfied, 
then there is an (n - k + 1)-dimensionallocal hypersurface U based at the 
origin, called tbe astable manifold of(PE), such that U is negatively invariant 
with respect to (PE), and for any solution 4J or (PE) and any t e R sucb that 
(t,4J(t» e U, we have 4J(I) .... 0 as I .... - 00. Moreover, there is a 6 > 0 such 
that if (t, 4J(t» e R x B(6) but (t,4J(t», U, then 4J(t) must leave the ball 
B(6) at some finite time '1 < t. 

The surface U has the same degree of smoothness as F and 
is tangent at the origin to the unstable manirold r,J* ofthe linear system (L). 

If F(t, x) = F(x) is independent or t in (PE), then it is not neces­
sary to keep track of the initial time in Theorems 3.1 and 3.1. Indeed, it can 
be shown that if (S) is true for some (t, ~), then (S) is true ror all (I,~) for I 
varYing over all of R. In this case, one usually dispenses with time and one 
defines Sand U in the x space RR. This is what was done in Figs. 6.1 and 6.2. 

Example 3.4. Consider the Volterra population model given 
in Example 1.2.13. Assume that in Eq. (1.2.32), c ... / = 0 wbile all other 
constants are positive. Then these equations reduce to 

x', == ax, - bX,X2, 

Xz = dX2 - ex,X2, 

Xl(O) - ~l ~ 0, 
X2(0) ... ~2 ~ O. 

There are two equilibrium points, namely, 
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The eigenvalues of the linear part at equilibrium El are A == a and A ... d. 
Since both are positive. this equilibrium is completely unstable. At the second 
equilibrium point, the eigenvalues are A == Jib > 0 and A == -Jib < O. 
Hence, ignoring time. the stable and unstable manifolds each have dimen­
sion one. These manifolds are tangent at El to the lines 

JiUiXI + (bdle)xl = 0, -JiUiXI + (bdle)xl == O. 

Notice that if Xl == alb and 0 < x. < die, then x'. == 0 and 
xi > o. If Xl > alb and 0 < Xl < die, then x'. < 0 and Xl > O. If x.(O) == 0, 
then XI(t) = 0 for all t ~ O. Hence. the set G. == {(XI.Xl):O < x. < die, 
Xz > alb} is a positively invariant set. Moreover, all solutions (x.(t),xz(t)) 
which enter this set must satisfy the condition that xz(t) -+ <X> as t - 00. 

Similarly, the set G2 == {(X"X2): XI > dle,O < Xz < alb} is a positive invari­
ant set and all solutions which enter Gl must satisfy the condition that 
x.(t) - 00 as t -.00. 

Since the unstable manifold U of E2 is tangl!nt to the Jine 
JiUix. + (bdle)xl == 0, then one branch of U enters G. and one enters G2 
(see Fig. 6.3). The stable manifold S of Ez cannot meet either G. or G2 • 

Hence, the phase portrait is completely determined as shown in Fig. 6.3. 
We see that for almost all initial conditions one species will eventually die 

u 

• 

. ,.. 

--~~~-----------+---------------------"·1 11 ./. 
FlGURE6.J 



6.4 Stabilit), 01 Periodic Sallltioll.f 173 

out while the second will grow. Moreover, the outcome is unpredictable 
in the sense that near S a slight change in initial conditions can radically 
alter the outcome. 

6.4 STABILITY OF PERIODIC SOLUTIONS 

We begin by considering a T-periodic system 

x' = f(t,x), (P) 

where f e C1(R x D), D is a domain in RB, and f(t + T, x) = f(/, x) for all 
(t, x) e R x D. Let P be a nonconslant, T-periodic solution of (P) satisfying 
p(t) e D for all t e R. Now define y == x - pe,) so that 

y' = h(t,P(t))y + h(t,y), (4.1) 

where 

h(" y) Af(t, -" + p(t» - f(t, p(t» - I,,(t, pet)) 

satisfies hypothesis (3.1). From (4.1) we now obtain the corresponding linear 
system 

y' = !,,(t,p(t»y. (4.2) 

By the Floquet theory (see Chapter 3) there is a periodic, nonsingular matrix 
Vet) such that the transformation y = V(t)z transforms (4.1) to a system of the 
form 

z' = Az + Y- I(t)h(t, Y(t)z). 

This system satisfies the hypotheses of Theorem 3.2 if A is noncritical. This 
argument establishes the following result. 

Theorem 4.1. Let Ie C1(R x D) and let (P) have a noncon­
stant periodic solution p of period T. Suppose that the linear variational 
system (4.2) for pet) has k characteristic exponents with negative real parts 
and (n - k) characteristic exponents with positive real parts. Then there 
exist two hypersurfaces Sand U for (P), each containing (t,P(t)) for all t e R, 
where S is positively invariant and U is negatively invariant with respect to 
(P) and where S has dimension (k + I) and U has dimension (n - k + I) 
such that for any solution t/J of(P) in a {) neighborhood of p and any T e R we 
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have 

(i) cP(/) - p(t) -+ 0 as 1 -+ 00 if (T, cP(T)) E S, 
(ii) t/1(/) -1)(/) -+ 0 as t -+ - 00 if (T,t/1(T» E U, and 

(iii) t/1 must leave the J neighborhood of p in finite time as 
t increases from T and as t decreases from T if(T, t/1(T)) is not on S and not on U. 

The sets Sand U are the stable and the unstable manifolds 
associated with p. When k = II, then S is (II + I)-dimensional, U consists 
only of the points (t, p(t» for t E R, and p is asymptotically stable. If k < n, 
then clearly p is unstable. 

This simple and appealing stability analysis breaks down com­
pletely if p is a T-periodic solution of an autonomous system 

x' = f(x), (A) 

where f E CI(D). In this case the variational equation obtained from the 
transformation y = x - p(l) is 

y' = f,,(p(I»Y + 11(1, y), (4.3) 

where 11(1. y) A f(y + p(t» - f(p(l» - !.:(p(l»y satisfies bypothesis (3.1). In 
this case, the corresponding linear first approximation is 

y' = f,,(p(I»Y· (4.4) 

Note that since p(l) solves (A), p'(t) is a T-periodic solution of (4.4). Hence, 
Eq. (4.4) cannot possibly satisfy tbe hypotheses that no characteristic ex­
ponent bas zero real part. Indeed, one characteristic mUltiplier is one. The 
hypotheses of Theorem 4.1 can never be satisfied and bence, the preceding 
analysis must be modified. Even if tbe remaining (II - I) characteristic ex­
ponents are all negative, p cannot possibly be asymptotically stable. To see 
this, note that for T small, p(t + 't) is near P(I) at t = 0, but Ip(t + T) - p(t)1 
does not tend to zero as t -+ 00. However, p will satisfy the following more 
general stability condition. 

Definition 4.2. A T-periodic solution p of (A) is called orbitally 
stable if there is a b > 0 such that any solution t/1 of (A) with 1t/1('t) - p( t)1 < {) 
for some 't tends to the orbit 

C(p(t» = {p(t):O s; t s; T} 

as 1 -+ 00. If in addition for each such t/1 there is a constant ex E [0, T) sucb that 
t/1(t) - p(t + IX) -+ 0 as 1 -+ 00, then t/1 is said to have asymptotic phase IX. 

We can now prove the following result. 

Theorem 4.3. Let p be a nonconstant periodic solution of 
(A) with least period T> 0 and let f E CI(D), where D is a domain in RN. 
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If tbe linear sys'.em (4.4) bas (n - 1) characteristic exponents with negative 
real parts, tben p is orbitally stable and nearby solutions of (A) possess an 
asymptotic phase. 

Proof. By a change of variables of the form x = Qw + p(O), 
wbere Q is assumed to be nonsingular, so that 

'II = Q-·/(Qw + P(O», 

Q can be so arranged that w(O) == 0 and '11(0) - Q-·/(p(O» == (1,0, ... ,O)T. 
Hence, without loss of generality. we assume in the original problem (A) 
that P(O) == 0 and 1'(0) -= e. ~ (1.0 ••.•• O)T. 

Let .0 be a real fundamental matrix solution of (4.4). There 
is a real nonsingular matrix C such that .J.t + T) .... 0(t)C for all t e R. 
Since p' is a solution of (4.4), one eigenvalue of C is equal to one [see Eq. 
(3.4.8)]. By bypothesis, all other eigenvalues of C have magnitude less than 
one, i.e., all other characteristic exponents of (4.4) have negative real parts. 
Thus, there is a real n x n matrix R such that 

R-.CR _[I 0] 
o Do' 

where Do is an (n - 1) x (n - 1) matrix and all eigenvalues of Do have 
absolute value less than one. 

Now define •• (t) == .oCt)R so that •• is a fundamental matrix 
for (4.4) and 

.1(t i; T) == .oCt + T)R == .oCt)CR = ·oCt)R(R-·CR) - •• (t{~ ~J. 

The first column ~.(t) of •• (t) necessarily must satisfy the relation 

~1(t + T) = tfJ.(t) for all t e R, 

i.e., it must be T periodic. Since (n - 1) characteristic exponents of (4.4) 
have negative real parts, there cannot be two linearly independent T periodic 
solutions of (4.4). Thus, there is a constant k p 0 such that tfJl ... kp'. If .1 (t) is replaced by 

.(1) ~ diag(k- 1,1, ... , 1".(1), 

then. satisfies the same conditions as.1 but now k == 1. 
There is a T periodic matrix pet) and a constant matrix B 

such that 

eTa == [~~J, .(t) ... P(t}e"'. 
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[Both P(t) and B may be complex valued.] The matrix B can be taken in 
the block diagonal rorm 

B=[~ ~J. 
where ~I T = Do and B I is a stable (n - I) x (n - I) matrix. Define 

UI(t,s) = P(t>[~ ~]p-I(S) 
and 

so that 

UI(t,s) + Uz(t,s) = P(t~(·-a'p-t(s) == $(t)~-~(s). 

Clearly U I + U 2 is real valued. Since 

P(t{~ ~] == (",,,0, ...• 0), 

this matrix is real. Similarly. the first row or 

[~ ~]p-I(s) 
is the first row of$- I(S) and the remaining rows are zero. Thus, 

U l(t.S) == P{t{~ ~][~ ~] P-'(a) 

is a real matrix. Hence, 

is also real. 
Pick constants K > I and tI > 0 such that IU .(t, a)1 S K and 

IUz("s)1 S Ke-z-«.-a, for all , ~ s ~ O. As in the proof of Theorem 3.1, we 
utilize an integral equation. In the present case. it assumes the form 

"'(t) = Uz(t,t)~ + J: Uz(t,s)h(s,l/I(s»4s - 1.<» U.(t,s)h(a,"'(s»4a, (4.S) 

where h is the function defined in (4.3). This integral equation is again solved 
by successive approximations to obtain a unique, continuous solution 
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",(t, 1',~) for t ~ 1', l' e R, and I~I ~ " and with 

I",(t + T, 1', ~)I ~ 2KI~le-·'. 

Solutions of (4.5) will he solutions of (4.3) provided that the 
condition 

is satisfied. Since 

(/ ,Ct,.'.) = P('{I~ ~Jp-I(.~}. 
equivalently one can write 

[~ ~J(p-'{t~ + LID P-'(S)"(S,,,,(s.1',~»tIS) = o. 

(4.6) 

Since h" and", (exist and are continuous with h,,(t,O) = 0, then by the implicit 
function tbeorem one can solve for some ~J in terms of l' and the other 
~,:S. Hence, the foregoing equation determines a local hypersurface. For 
any t, let G. be the set of all points ~ such that (1',~) is on this hypersurface. 

The set of points (t.~) which satisfy (4.6) is positively invariant 
with respect to (4.3). Hence Gr is mapped to Gr' under the transformation 
determined by (A) as t varies from t to 1". As t varies over 0 ~ t ~ T, the sur­
race G traces out a neighborhood N of the orbit C(p(O)). Any solution which 

. starts within N will tend to C(p(O» as t -+ 00. Indeed, for 14>(t) - p(1">1 
sufficiently small, we define 4>,(t) = ~(t + t - t'). Then ~I solves (A), 
14>,(t') - p(t')1 is small, and so, by continuity with respect to initial conditions, 
4>,(t) will remain near pet) long enough to intersect Gr at t = 0 at some 'I' 
Then as t -+ 00, 

4>,(t + t I) - pet) = "'(t) -+ 0, 

or 

4>(t - t' + t + til - pet) -+0 .• 

Theorem 3.3 can be extended to obtain stable and unstable 
manifolds about a periodic solution in the fashion indicated in the next 
result, Theorem 4.4. The reader will find it instructive to make reference 
to Fig. 6.4. 

Theorem 4.4. Let f e CI(D) for some domain D in RR and 
let p be a nonconstant T-periodic solution of (A). Suppose k characteristic 
exponents of (4.4) have negative real parts and (n - k - 1) characteristic 
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exponents of (4.4) have positive real parts. Then tbere exist T-periodic 
Cl-smooth manifolds Sand U based at pe,) such that S has dimension 
k + 1 and is positively invariant, U has dimension (n - k) and is negatively 
invariant, and if c/J is a solution of (A) with c/J(O) sufficiently close to C(p(O)), 
then 

(i) c/J(t) tends to C(p(O» as t ... 00 if (O, c/J(O» e S, 
(ii) c/J(t) tends to C(p(O» as t ... - 00 if (0, t/J{O» e U, and 

(iii) c/J(t) must leave a neighborhood of C(p(O)) as t increases 
and as r decreases if (0, c/J(O» ¢ S u U. 

The proof of this theorem is very similar to- the proof of 
Theorem 4.3. The matrix R can be chosen so that 

R-lCR = [! ~1 ~]. 
o 0 D3 

where Dz is a k x k matrix witb eigenvalUes which satisfy IAI < 1 and D3 
is an (n - k - 1) x (II - k - 1) matrix whose eigenValues satisfy IAI> 1. 
Define B so that 

B = [~ ~z ~]. 
o 0 B j 

Define U 1 as before and define U 2 and U 3 using e"" and e"~. The rest of 
the proof involves similar modifications. 
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Example 4.5. If 9 E C1(R) and if xg(x) > 0 for all x # 0, 
then we have seen (de Example S.ll.3) that near the origin x = x' = 0, all 
solutions of 

x' + g(x)-O 

are periodic. Since one periodic solution will neither approach nor recede 
. from nearby periodic solutions, we see that the characteristic multipliers 
of a given periodic solution p must both be one. 

The task of computing the characteristic multipliers of a 
periodic linear system is complicated and difficult, in fact, little is known at 
this time about this problem except in certain rather special situations such 
as second order problems and certain Hamiltonian systems (see the problems 
in Chapter 3 and Example 4.S). Perturbations of certain linear, autonomous 
systems will be discussed in Chapter 8. It will be seen from that analysis how 
complicated this type of calculation can be. Nevertheless, the analysis of 
stability of periodic solutions of nonlinear systems by the use of Theorems 4.2 
and 4.3 is of great theoretical importatice. Moreover, the hypotheses of these 
theorems can sometimes be checked numerically. For example, if p(t) is 
known, then numerical solution of the (nl + n)-dimensional system 

x' =/(x), 

Y' =/Jx)Y, 
x(O) - P(O), 
Y(O)- E 

over 0 ~ t ~ T yields C 1 = Y(T) to good approximation. The eigenvalues 
of C 1 can usually be determined numerically with enough precision to 
answer stability questions. 

As a final note, we point out that our conditions for asymp­
totic stability and for instability are sufficient but not necessary as the 
following example shows. 

Example 4.8. Consider the system 

x' = x/(xl + yl) - y, 
y' = y/(xl + yl) + x, 

where /eC1[O,oo), /(1)=0=1'(1), and /(r)(r-l)<O, r# 1. Clearly 
x = cos t, Y = sin t is a solution whose linear variational equation is 

[0 -1] z'= 1 Oz. 



280 6. Perturbations of Litlear Systems 

The characteristic multipliers are both one. Using polar coordinates ."( = r 
cos 0 and y = r sin 0, this system becomes 

0' = 1 and " = rf(r1). 

Since I(r) > 0 if r is less than 1 but near one and negative if r is greater than 
one but near one, then clearly the periodic solution r = 1 is asymptotically 
stable. 

6.5 ASYMPTOTIC EQUIVALENCE 

Let us next consider a linear system 

x' = A(t)x 

and a corresponding perturbed system 

y' = A(t)y + F(t, y), 

(LH) 

(LP) 

where A(t) and F(t, y) are defined and continuous for t ~ 0 and y e B(h) for 
some h > o. We wish to study the asymptotic equivalence of these two 
systems. This property is useful in characterizing the asymptotic behavior 
in certain situations where (LH) need not be asymptotically stable. 

De';nlllon 5.1. Systems (LH) and (LP) are called uymptoti­
cally equivalent if there is a ~, 0 < ~ < h, such that for any solution of (LH) 
with Ix(to)1 :s: ~ there is a solution yet) of (LP) such that 

lim [x(t) - yet)] = 0 (5.1) 
'''00 

and for each solution y of (LP) with ly(to)1 :s: ~ there is a solution x of (LH) 
.such that (5.1) is true. 

Let us consider some specific cases. 

Example 5.2. Consider x' = a and y' = a + I(t). Since x(t) = 
c, + at and yet) = C2 + at + ro/(s)ds for some constants c, and C2' the two 
equations are asymptoticaJly equivalent if and only if 

lim ~ f(s)ds - d (5.2) , ... ., Jo 
exists and is finite. This is most cuil1 aecomplished when I is absolutely 
intqrable, Le., when 
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Example 5.3. Consider the equations :(' = ax and y' = ay + 
f(t)y. The solutions are 

and 

Here again when a ~ 0 condition (5.2) is sufficient for asymptotic equiva­
lence of the two systems. 

Example 5.4. Consider the equations x' = - x and .v' = 
- y + yZ. In this case, both x = 0 and y = 0 are uniformly asymptotically 
stahle equilihrium points and as such they are automatically asymptotically 
equivalent. Notice that here (5.1) is possible only when ly(to)1 < I. This 
example demonstrates why in general the constant ;; in Definition 5.1 will 
be needed. 

Example 5.5. Consider the equations x" + mZx = 0 and 
y" + mZy + f(t) = O. It is easy to check that iff is absolutely integrable, then 

yet) = CI cosmt + czsinmt + (I)-z s,'" sinro(t - .~)f(.~)ds 

is the general solution of the second equation and the two equations are 
asymptotically equivalent. 

Let «II be a fundamental matrix for (LH). Then y = ~(I)f) trans­
forms (LP) into the system 

v' = «II-I(I)F(I, «II(IM. (5.3) 

We are now in a position to prove the following result. 

Theorem 5.6. Let ~ he a fundamental matrix for (LH). H «II 
and «II-I are uniformly bounded on I ~ 0, then (LH) and (LP) are asymptot­
ically equivalent if and only if there is a ;; such that for any C e B(;;), there is 
a solution v of (5.3) such that 

lim ,'(I) = c (5.4) 

and for any solution v with 11'(1 0)1 ~ (j there is ace R" such that (5.4) is true. 

Proof. We first prove sufficiency. Let K > 0 be chosen so that 
1«11(1)1 :s: K and 1«11- 1(1)1 :s: K for all I e R + = [0,00). In order to show asymp­
toticequivalence of(LH) and (LP), fix X(I) = «II(t)CI)-I(t~ and let C = «II-I(t)~. 
Pick v so that (5.4) is true for this c. Then y(l) = «II(I)V(t) satisfies 

!x(I) - y(')1 = 1«II(I)c - «II(I)v(I)1 :s: Klc - v(I)I'" 0 

as I -+ 00. On the other hand, given yet) - ~,)f1(I) we can choose c such that 
(',4). true and then let x(l) = $Ct)c:'. Then (:S.I) is true. , 
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Conversely, let (LH) and (LP) be asymptotically equivalent. 
Given C E R" with Ici small, let X(I) = Cl»(I)C and choose Y(I) such that (5.1) is 
true. Then V(I) = ~-l(l)y(t) satisfies 

IV(I) - cl = 1cJ)-I(t)y(t) - cl = IClJ-1(t)[y(t) - x(t)]1 ~ Kly(t) - x(t)l-+ 0 

as t -+ 00. Given v with Iv(to)1 small,let Y(I) = ~(t)v(t) and choose x(t) = cJ)(t)c 
such that (5.1) is true. Then again IV(I) - cl-+ 0 as 1-+ 00. • 

We can now also prove the next result. 

Coroll.r,5.7. Let ClJ and cD-I be uniformly bounded on R+. 
If there is a continuous function such that j: b(t)dt < 00 and 

IF(t, y) - F(I, Y)I s b(t}ly - YI 
for all (I, y) and (t, Y) in R + x 8(h) and if F(I,O) == 0, then (LH) and (LP) are 
asymptotically equivalent. 

Proof. Let I~(I)I s K and 1cJ)-'(t)1 ~ K for all I ~ O. Theo for 
any solution v or (S.3) we have 

Iv'(t)1 = IClJ-1(t)[F(t,cJ)(t)v) - F(I,O)]I· 

By the comparison theorem (Theorem 2.8.4) it follows that if w(t) ~ Iv(t)1 
for some 't ~ 0 and if 

w' = K1b(t)w, 

then w{t} ~ IV(I)I. Hence, for any 't ~ 0 and t. ~ t, we have 

IV(I}I ~ Iv(t}lexp( K1 Iooo b(t)dt) = M. 

Fix II > 0 and pick T > 0 such that 

I; b(s}Js < II(K1M)-1. 

Then 

1v(1) - v(T)1 ~ I; K1b(s)lv(s)lds ~ I; K 1b(s}M Js < II 

for t > T. Hence, V(I) has a limit C E R" as t -+ 00. 

Given c e R" with Ici small, consider the integral equation 

V(I) = c - 100 cD - I (s)F(s, cD(s)v(s» ds. 

Pick T > 0 so large that 

2/(1 IT'"' b(s)Js < l. 
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With Po(t) iii c and an argument using succ:cssive approximations. we see 
that this integral equation has a solution p e C[T, 00) with 1,,(t)1 S 21el. On 
differentiating this integral equation, we see that p solves (5.3) on T S t < 00. 

Moreover, 

I,,(t) - cl s f,1ID K2b(s)I,,(s)1 ds s 2K21cl f,1ID b(s) tis -+ 0 

as t .... 00. Hence, Theorem 5.6 applies. This concludes the proof. _ 

Let us consider a specific case. 

Example 5.8. Let a scalar function I satisfy the hypotheses of 
Corollary 5.7. Consider the equation 

I· y' + w2 Y == f(t, y), 

where w > 0 is fixed. By Corollary 5.7 this equation (written as a system of 
first order differential equations) is asymptotically equivalent to 

x" + w2x ... 0 

(also written as a system of first order differential equations). 

Corollary 5.7 will not apply when (LH) is, e.g., of the form 

x' = [~-~ ~]x. 
1 0-1 

This coefficient matrix has eigenvalues ± i and - 1. Thus $ is uniformly 
bounded on R + but $ -, is not uniformly bounded. For such linear systems, 
the following result applies. 

Theorem 5.9. If the trivial solution of(LH) is uniformly stable, 
A(I) iii A and if B is a continuous n x n real matrix suc:h that 

follD IB(I)I dt < 00, 

then (LH) and 

y = [A + B(t)]y 

are asymptotically equivalent. 

(S.S) 

Proof. We can assume that A - diag(AtoA2) where all 
eigenvalues of A I have zero real parts and where A2 is stable. Define $,(1) == 
diag(eA ",0) and $z(t) == diag(O,eAaI). There are constants K > 0 and 
t1 > 0 such that 1$,(t)1 S K for all t sO and ~2(t)1 S Ke-" for all t ~ O. Let 
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«I»(t) = «I».(t) + «1»2(1) = eA'. Let x be a given solution of (LH). Given is the 
integral equation 

yet) = X(I) - S,GD «1».(1 - s)B(s)y(s)ds + J; «1»2(1 - s)B(s)y(.~)ds. 

Let T> 0 be so large that 

4 J; KIB(s)1 ds < l. 

Then successive approximations starting with yoCt) = x(t) can be used to 
show that the integral equation has a solution y E CrT, 00) with 1y(/)1 :s;: 
2(max,ulx(f)l) = M. This y satisfies the relation Ix(t) - y(I)I- 0 as I- 00. 

Moreover, y solves (5.5) since 
,/ 

yet) = Ax(t) - A S,GD «1».(1 - s)B(s)y(s)ds + A J; c)2(1 - s)B(s)y(s)ds 

+ C).(O)B(I)y(I) + c)2(0)B(t)y(I) 

= Ay(I) + B(I)y(I). 

Let Y(I) solve (5.5) for t ~ T. Then by the variation of constants 
formula, y solves 

y(l) = «I»(t)Y(T) + 1: «I»(t)c)-I(s)B(s)y(s)ds. 

Thus, for I ~ T we have 

ly(t)1 :s;: KIy(T)1 + 1: KIB(s)lly(s)1 ds. 

By the Gronwall inequality (Theorem 2.1.6). we have 

ly(/)1 :s;: KIY(T)1 exp( 1: KIB(s)1 dS)-

Thus, yet) exists and is bounded on [T.OO). Let ly(I)1 :s;: Ko. on T :s;: I < 00. 

Then the function 

x(t) ~ y(t) + S,GD c).(1 - s)B(s)y(s)ds - J: c)2(1 - s)B(s)y(s)ds 

is defined for all I ~ T. Since 

x'(t) = [A + B(I)]y(I) - B(I)y(I) + A s,GD «1».(1 - s)B(s)y(s)ds 

- A J: «I»2(t - s)B(sb~s)ds, 

then X(I) solves (LH) and (y(I) - xC')] - 0 as t - 00. • 
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PROBLEMS 

1. Let f e Cl(m, where D is a domain in Rft and let Xe be a critical point of 
(A). Let the matrix A be defined by A = f,,(xe). Prove the following: 

(a) If A is a stable matrix, then the equilibrium Xe is expo­
nentially stable. 

(b) If A has an eigenvalue with positive real part, then the 
equilibrium is unstable. 
Show by example that if A is critical, then Xc can he either stahle or unstahle. 

2. Analyze the stability properties of each equilibrium point of the following 
equations using Problem I. 

(a) x" + l:(x2 - I lx' + x = 0, r. :F 0, 
(b) x" + x' + sin x = 0, 
(c) x" + x' + x(x2 - 4) = 0, 
(d) 3x'" - 7x" + 3x' + eX - I = 0, 
(e) x" + ex' + sinx = xl, C:F 0, and 
(f) x" + 2x' + x = x 3• 

3. For each equilibrium point in Problems 2(a)-2(d), determine the dimen­
sion of the stable and unstable manifolds (ignore the time dimension). 

4. Analyze the stability properties of the trivial solution of each of the 
following equations: 

(b) x, = [(arc.ta(nx l) + )xz], T X = (XI,X2) • 
sm XI - X2 

[ 3 I -I] [ XIXZ ] 
(c) x' = - I 4 ° x + XIX3 , 

-I ° 4 sin(xlxZx3) 

(d) x' = -ao)' - alz, y' = bo(t" - I), 
z' = -AZ + bl(r - I), 

where A. > 0, h, :F 0, and a,/h, > 0 for; = 0, I. 

S. In Problem 4, when possible, compute a set of basis vectors for the 
stable manifold of each associated linearized equation. 

6. Prove the following result: Let A be a stable n x n matrix, let F satisfY 
hypothesis(3.l),letG e el(R+ x B(lI»,andletG(t,x)-+Oast-+counirormlJ", 
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for x e B(II). Then for any 6 > 0, there exist constants ~ > 0 and T > 0 such 
that if,p solves 

x' = Ax + G(I, x) + F(I, x), X(T) = ~ 

with T ~ T and I~I ~ ~, then 4>(I} exists for all I ~ T, 14>(1)1 < 6 for all I ~ T, 

and ,p(I) ..... 0 as I ..... 00. 

7. Let Ie Cl(D), where D is a domain in R" and let x. be an equilibrium 
point of (A) such that I,,(xc) is a noncritical matrix. Show that there is a 
~ > 0 such that the only solution ,p of (A) which remains in B(x.,~) for all 
I e R is ,p(I) == x •. 
8. Let Ie C2(D), where D is a domain in R", let Xc e D, let I(x.) = 0, and 

let I,,(x.) be a noncritical matrix. Let 9 e C1(R x D) and let get, x) ..... 0 as 
t ..... 00 uniformly for x on compact subsets of D. Show that there exists an 
ex> 0 such that if ~ e B(x., ex), then for any T e R+ the solution,p of 

x' = I(x) + get, x), X(T) = ~ 

must either leave B(x., ex) in finite time or else ,pet) must tend to x. as I ..... 00. 

9. Let Ie C2(R x D), where D is a domain in R" and let p be a nonconstant 
T-periodic solution of (P). Let all characteristic multipliers 1 of (4.2) satisfy 
III <F 1. Show thatth~re is a ~ > 0 such that if 4> solves (P) and ifl,p(t)-p(t)1 < ~ 
for all t e R, then ,pet) = p(l) for all I e R. 
10. Let Ie C2(D), where D is a domain in R" and let p be a nonconstant 
T-periodic solution of (A). Let '1 - 1 characteristic multipliers 1 of (4.4) 
satisfy III <F 1. Show that there is a ~ > 0 such that if,p is a solution of (A) 
and if ,p remains in a ~ neighborhood of the orbit C(p(O» for all t e R, then 
,pet) = 4>(t + fJ) for some fJ e R. 
ll. Let F satisfy hypothesis (l.l), let T = 2n, and consider 

x' _ [ -1 + !cosl t 1- i sin t cos t] 
- -1 - !sintcost -1 + !sin2 t x + F(t,x). (6.I) 

Let poet) denote the 2 x 2 periodic matrix shown in Eq. (6.1). 
(a) Show that y = (cos t, - sin r)Ye"2 is a solution of 

y' = p ott})'. (6.2) 

(b) Compute the characteristic multipliers of (6.2). 
(e) Determine the stability properties of the trivial solution 

of (6.1 ). 
(d) Compute the eigenvalUes of P ott). Discuss the possibility 

of using the eigenvalues of (6.2), rather than the characteristic multipliers, 
to determine the stability properties or the trivial solution of(6.1). 
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12. Prove Theorem 4.4. 
13. Under the hypotheses ofTheorcm 3.2, let -/X = sup{Rel:A is an eigen­
value of A with ReA < O} < O. Show that if t/I is a solution of (PE) and 
(t, t/I(t» e S for some t, then 

lim sup 10glt/l(t)1 S -/X. 
,...... t 

14. Under the hypotheses of Theorem 3.2, suppose there arc m eigenvalues 
{All' .. ,A.} with ReA} < -/X < 0 for 1 Sj S m and all other eigenvalues 
A of A satisfy Re A ~ - P > - ex. Prove that there is an m-dimensional posi­
tively invariant local hypcrsurface S. based at x = Osuch that if{t,t/I(t» e S. 
for some t and for some solution t/I of (PE), then 

lim sup 10glt/l(t)1 S -/X. 

''''00 t 

If t/I solve; (PE) but (t,t/I(t» e S - S., then show that 

lim sup 10glt/l(t)1 > -/X. 

''''00 t 

If Fe e'(R x B(h», then S. is e' smooth. Hint: Study y == e"'x, where 
/X> y > p. 
15. Consider the system 

x' = [-~l _~Jx + F(x). 

where Fe e2(R2), F(O) = 0, and F".(O) - 0 and A .. A2 are real numbers sat­
isfying A, > A2 > O. Show that there exists a unique solution t/ll such that. 
except for translation, the only solution satisfying 

I. log It/I(t)1 , 
un sup --AI 

''''00 t 

ist/l,. 
16. Suppose A is' an PI x PI matrix having k eigenvalues A which satisfy 
ReA S -/X < 0, (n - k) eigenvalues A which satisfy Rel ~ -/1 > -IX, and 
at least one eigenvalue with ReA- -ex. Let hypothesis (2.1) be strengthened 
to F e el(R+ x B(h» and let F(t, x) - O(IXIIH) uniformly for t ~Oforsome 
~ > O. Let t/I be a solution of (PE) such that 

I~~p COg1;(t)l) s -ex. 
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Show that there is a solution'" of (L) such that lim sup(log I"'(t) lIt) ~ ':"'IX as 
t .... 00 and there is an " > 0 such that 

1-+00. (6.3) 

Hint: Suppose B = diag(BI' B2 , Bl ), where the B. are grouped so that their 
eigenvalues have real parts less than, equal to, and greater than -IX, respec­
tively. If 4>(t) is a solution satisfying the lim sup condition, then show that 4> 
can be written in the form 

~,) = ... [~:] + f. diaa(""·-·,o.O)F(~~.)) ... 

-f" diag(O,el'z('-",el"('-")F(s,4>(s))ds. 

Show that Cl = O. 
17. For the system 

x'. = 2xl - e'" + I, 
xi - -sinxl - 2 arctan x .. 

show that the trivial solution is asymptotically stable. Show that if~ - (~.(f), 
~2(f»T is in the domain of attraction or (O.O)T. then there exist constants· 
IX e R. fJ > 0, and y ~ 0 such that 

as t -+ 00. 

4>1(t) = ye-r cos{lt + IX) + O(e-(1 .,,,), 

4>2(t) = -ye-'sin(lt + IX) + O(e-H +",) 

18. In problem 17 show that in polar coordinates XI = rcosO. Xl = rsinO, 
we have 

lim [Oft) - 2 101 r{t)] = IX - 21087. , .... 
19. Consider the system 

x' = [-~ _~]x + F(x), 

where A. > 0, Fe C2(R"), F(O) - 0, and F.(O) - O. Show that for any solution 
4> in the domain of attraction of x = 0 there are constants c. and cl e R 
and IX > 0 such that 

4>(1) = e- Al [ CI ] + O(e-{Ha..,. 
cl + CI' 
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20. In Problem 16 show that for any solution", of(l) with 

lim suJl{log \"'(I)l/t) s: - IX 

as t -+ 00, there is a solution t/J of (PE) and an " > 0 such that (6.3) is true .. 
21. Suppose (lH) is stable in the sense of lagrange (see Definition 5.3.6) 
and for any c e R" there is a solution v of (5.3) such that (5.4) is true. Show 
that for any solution x of(lH) there is a solution y of(lP) such that X(I)­
yet) -+ 0 as t -+ 00. If in addition F(I. y) is linear in y, then prove that (lH) 
and (lP) are asymptotically equivalent. 
11. Let the problem x' = Ax be stable in the sense of lagrange (see Definition 
5.3.6) and let 8 e e[O, (0) with \R(I)\ integrahle on R f • Show that 

x' = Ax and .v' = Ay + B(I)y 

are asymptotically equivalent or find a counter example. 

23. Let A be an n x n complex matrix which is self-adjoint, i.e., A = A*. 
Let Fe C1(C") with F(O) = 0 and F.x(O) = O. Show that the systems 

x' = iAx, 

.v' = iAy + F(e-'y) 

are asymptotically equivalent. 

24. What can be said about the behavior as I -+ 00 of solutions of the 
Bessel equation 

Hint: Let y = Jix. 
25. Show that the equation 

t 2x" + tx' + 4x = xlJi 

has solutions of the form x = (" 1 cos(210g t) + c 2 sin(2 log t) + o( 1) as I -+ 0 + 

for any constants ('I and ("2.lIinl: Use the change of varia hies T = logl. 
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PERIODIC SOLUTIONS OF 
TWO-DIMENSIONAL 
SYSTEMS 

In this chapter, we study the existence of periodic solutions 
for autonomous two-dimensional systems of ordinary differential equations. 
In Section 1 we recall several concepts and results that we shall require in 
the remainder ofthe chapter. Section 2 contains an account of the Poincare­
Bendixson theory. In Section 3 this theory is applied to a second order 
Lienardequation to establish the existence of a limit Cycle. (The concept 
of limit cycle "wi" be iJplde precise in Section 3.) 

7.1 PRELIMINARIES 

In this section and in the next section we concern ourselves 
with autonomous systems of the form 

x =/(x). (A) 

where /:R'Z -t R'Z, / is continuous on R'Z, and / is sufficiently smooth to 
ensure the existence of unique solutions to the initial value problem x' = 
/(x), x(t) = ~. 

We recall that a critical point (or equilibrium point) ~ of (A) 
is a point for which /(~) = O. A point is called Ii regular point if it is not a 
critical puint. 
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We also recall that if ~ e Rl and if. is a solution of (A) such 
that .(0) - ~, then the posIdye semiOl'bit through ~ is defined as 

C+(~) - {.(t):t ;?; O), 

the negative semiorbit through ~ is defined as 

C-W = {.(t):t SO}, 

and the orbit through ~ is defined as 

C(~) - {.(t): -00 < t < oo} 

when • exists on the interval in question. When ~ is understood or is not 
important, we shall often shorten the foregoing notation to C+, C-, and 
C, respectively. 

Given ~, suppose the solution • of (A), with .(0) - ~, exists 
in the future (i.e., for all t ;?; 0) so that C+ .. C+(~) exists. Recall that the 
positiye Umlt set a(.) is defined as the set 

a(.) = n "'='C+.,..,...( • .,..,..('C~», 
1>0 

and the negadye limit set ~(.) is similarly defined. Frequently, we shall 
find it convenient to use the notation a(.) ~ a(c+) for this set. We further 
recall Lemma 5.11.9 which states that if C+ is a bounded set, then O(C+) 
is a nonempty, compact set which is invariant with respect to (A). Since 
C+(.(t» is connected for each 'C > 0, so is its closure. Hence O(C+) is also 
connected. 

We collect these facts in the following result. 

Theorem 1.1. If C+ is bounded, then O(C+) is a nonempty, 
compact, connected set which is invariant with respect to (A). 

In what follows, we shall alao require the Jordaa curve theorem. 
Recall that a JordaD cune is a one-to-one, bicontinuous image of the unit 
circle. 

Theorem 1.2. A Jordan curve in the Euclidean plane R2 
separates the plane into two disjoint sets PI and Pc called the interior and 
the exterior of the curve, respectively. Both sets are open and arcwise con­
nected, PI is bounded, and p. is unbounded. 

We close this section by establishing and clarifying some 
additional nomenclature. Recall that a vector b = (b1,bz)T e Rl determines 
a direction, namely, the direction from the origin (O,O)T to h. Recall also that 
a closed tine seglllellt is determined by its two endpoints which we denote 
by ~I and ~z. (The labeling of ~I and ~z is arbitrary. However, once a labeling 
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has been chosen. it has to remain fixed in a given discussion.) The direetioo 
of the line segment L is detennined by the vector b = ~2 - ~ I and L is the 
set of all points 

OS;tS;1. 

Let a e R2 be a nonzero vector perpendicular to b. i.e., <a, b) = 0, a:rl: (O,O)T. 
A continuous map 4J:(<<,fJ) - R2 is said to cross L at time to if 4J(to) e L 
and if there is a {) > 0 such that either <41(1) - ~I' a) is positive for 10 - {) < 
t < to and negative for to < I < to + {) or else <4J(t) - ~., a) is negative for 
10 -6 < t < to and positive for to < t < to + 6. The sign of <41(1) - ~., a) 
as t varies over to - {) < 1 < to + {) determines the direction in which t/I is 
said to cross L. If 41. crosses L at 10 • for i = I, 2, then 411 and 412 cross L 
In die .ame direction if there is a y> 0 such that [<.I(t + tOI) - ~I' a) 
<.z(t + 'oz) - ~I' a)] > 0 for all t in the interval 0 < It I < y. 

7.2 POINCARE-BENDIXSON THEORY 

We shall construct Jordan curves witJt the aid oftransversals. 
A tnnsverul with respect to the continuous function I:R2 _ R2 is a closed 
line seament L in R2 such that every point of L is a regular point and for 
eacbpoint ( e L, the vector I«() is not parallel to the direction of the line 
seament L. We note that since f is continuous, given flny regular point 
~ e RZ and any direction" e R2 which is not parallel to f«() [i.e., " :rI: tif«() 
for any nonzero constant II e R], there is a transversal through ( in the 
direction of". Note also that if an orbit of (A) meets a transversal 1., it must 
cross L. Moreover, all such crossings of L are in the same direction. A deeper 
property of transversals is summarized in the following result. 

lemma 2.1. If ~o is an interior point of a transvenal L, then 
for any 8 > 0 there is a {) > 0 such that any orbit passing through the ball 
B(~o.{) at t = 0 must cross L at some time t e (-8,8). 

Proof. Suppose the transversal L has direction" == (".'''Z)T. 
Then points x == (X •• XZ)T of L will satisfy an equation of the fonn 

g(x) ~ a.x. + azxz - c == 0, 

where c is a constant and d - (a.,az)T is a vector such that aT" - 0 and 
lal :rI: O. Let .(t,~) be the solution of(A) ~uch that .(0, () - ~ and dofine G by 
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Then G(O, ~o) = 0 since {o ELand 

('G T 
T (0, {II) = Cl .r(~o) :F 0 
(·1 
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since L is a transversal. By the implicit function theorem, there is a C· 
function I: B(~o,~) ~ R for some ~ > 0 such that t(~o) = 0 and G(I(~),~) == o. 
By possibly reducing the si7.e of ~, it can be assumed that II({)I < & when 
~ E B({o,~). Hence "'(I,~) will cross L at I({) and -c < I({) < c. • 

In the next result, we estahlish some important monotonicity 
prnperties uf II transversal. 

Lemma 2.2. If a compact segment S = {"'(I):Of ~ I ~ (I} of 
an orbit intersects a transversal L, then L n S consists of finitely many points 
whose order on L is monotone with respect to I. (fin addition t/J is periodic, 
then L n S consists of exactly one point. 

Proof. The proof is by contradiction. Assume that S inter­
sects L in infinitely many points. Then there is an infinite sequence of distinct 
points {1m} and a point 10 E [a,lI] such that "'(I",) ELand such that 1m ~ ' 0 • 

By continuity we have ",(I",) ~ (/>(to) and 

(2.1 ) 

Since t/J('m) ELand "'(10 ) E IJ, the quotients on the left side of (2.1) are all 
parallel to the direction of L Hence, /("'(to)) is paral\el to the direction of 
L, a contradiction. Hence S n L contains only finitely many points. 

Let «p(t.) and «P(1 2 ) be two successive points of intersection of 
Sand L as I increases with a ~ I. < '2 ~ II and «P(I.):F "'(1 2). Then the 
Jordan curve J consisting of the arc {"'(I):I. ~ I ~ t 2 } and that part of IJ 
between P = "'(t.) and Q = "'(1 2 ) separates the plane into two pieces. There 
are two cases (see, e.g., Figs. 7.1a and 7.1b), depending on whether the 
solution «p enters the interior PI (Fig. 7.1a) or the exterior Pe of J (Fig. 7.tb) 
for' > I z. We consider the first case. (The second case is handled similarly.) 
By uniqueness of solutions, no solution can cross the arc {«P(I):'. ~, S; 'z}· 
Since L is a transversal, solutions can cross L in only one direction. Hence, 
solutions will enter PI along the segment of L between P and Q. but may 
never exit from PI. This means the solution (/' will remain in PI for all 
t E (, 2 , Of] and any further intersections of Sand L must occur in the interior 
of J. This establishes the monotonicity. 

Suppose now that '" is periodic but «P(t.):F «PC'2). By the 
foregoing argument, «P(I) will remain for' > '2 on the opposite side of J 
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(a) 
(b) 

FIGURE 7.1 Intersec,wn u/" ,ransuersaJ. 

Crom ~(II). But by periodicity ~(/) = ~(/" Cor some 1 > ' 1, This is a contra­
diction. Hence, ~(II) must equal cf>(/l ). • 

The next result is concerned with transversals and limit sets. 

Lemma 2.3. A transversal L cannot intersect a positive limit 
set O(cf» oCa bounded solution cf> in more than one point. 

Proof. Let O(cf» intersect L at ~'. Let {t:.,} be a sequence oC 
points such that I:., ..... 00, 1:".1> I:" + 2, and ~(/:")-+~'. By Lemma 21 
there is an M ~ 1 such that iC m ~ M, then cf> must cross L at some time t. 
where It .. - 1:"1 < 1. By Lemma 2.2, the sequence {cf>(t.)} is monotone on 
L. Hence it tends to a point ~ E L n O(~). We see from Lemma 2.1 that 
I'_ - ':..1 ..... 0 as m -+ 00. Since ~'(/) = f(f/J(tJ) is bounded, it follows that 

lim cf>(t .. } = lim (cf>(t:") + [~(t .. ) - cf>(t:.,m = ~' + o . 
.... CIO ...... w 

Hence~' =~. If', is a second point in L n O(f/J), then by the same argument 
there i. a soqucm:c (s .. } such that s .. /' 00 and c/>(s .. ) tends monotonically 
on L to fl. By possibly deleting some points SOl and I .. , we can assume that 
the sequences {I .. } and {s .. } interlace, i.e., 'I < s, < '1 < Sl < ... , so that 
the sequence {cf>(t l ),cf>(S,),cf>(/l ),cf>(Sl)""} is monotone on L. Thus ~ and" 
must be the same point. • 

We can also prove the next result. 

Corollary 2.4. Let cf> be a bounded nonconstant solution of 
(A) with cf>(O) = ~. 

O(cf» = C. 

(a) IfO(cf» and C+(~) intersect, then cf> is a periodic solution. 
(b) If O(cf» contains a nonconstant periodic orbit C, then 
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Prool. Let" e 0(4)) n c+(~). Then" must be a regular point 
of (A) and thus there is a transversal L through" and there is a T such that 
" = 4>(T). Since 0(4)) is invariant with respect to (A~ it follows that q,,) = 
c(~) c: 0(4)), Since" e n(4))' t,bcrc are points {I'.} such that I~""""<X> and 
4>(f~""". By Lemma 2.1. there are points I. near 1'. with 4>(t.) e L.lt. - 1'.1 .... 0. 
and tII(I.) .... " as m .... <X>. By Lemma 2.3, we must have tII(f.) =" on the 
sequence {f.}. But the solutions of the initial value problem (A) with x(O) = " 
are unique. Hence, if t/I(t.) = tII(l..) = " for t. > I., then t/I(I + t.) == t/I(I + t..) 
for all 1 ~ 0 or tII(t) == tII(t + [t. - IJ). Thus t/I is periodic with period 
T= t. - t,. 

Assume there is a periodic orbit C c: O(t/I) and assume. for 
purposes of contradiction, that C rI- 0(4)). Since O(t/I) is connected. there 
are points ~. e O(tII) - C and a point ~o e C such that ~ ..... ~o. Let L be a 
transversal through ~o. By Lemma 2.1, for m sufficiently large, the orbit 
through~. must intersect L. say tII(T.,~.) - ~:. e L. By Lemma 2.3. it follows 
that {~~} is a constant sequence. But from this it follows that ~. == 
4>( - T •• ~~) e C which is a contradiction to ourearlicr assumption that~. ¢ C. 
This concludes the proof. • 

Having established the foregoing preliminary results, we are 
in a position to prove the main result of this section. 

Theorem 2.5. (Po;ncare-Bendixson). Let t/I be a bounded 
solution of (A) with ~(O) = ~. 1f0(t/I) contains no critical points, then either 

(a) t/I is a periodic solution [and 0(4)) "" C+W]. or 
(b) O(~) is a periodic orbit. 

Jf(b) is true, but not (a), then O(t/I) is called a Ilmiteyele. 

Proof. If 4> is periodic, then clearly O(t/I) is the orbit deter­
mined by ~. So let us assume that 4> is not periodic. Since 0(4)) is nonempty, 
invariant, and free of sin&ular points, it contains a nonconstant and bounded 
semiorbit C+. Hence, there is a point ~ e O(I/t) where I/t is the solution which 
generates C+ . Since 0(4)) is closed, it follows that ~ e O(I/t) c: 0(4)). 

Let L be a transversal through ~. By Lemma 21, we see that 
points of C+ must meet L. Since Lemma 2.3 states that C+, which is a 
subset of 0(4)), can meet L only once. it follows that ~ e C+ . By Corollary 24, 
we see that C+ is tbe orbit of a periodic solution. Again applying Corol­
lary 2.4, we see that since 0(4)) contains a periodic orbit C, it follows that 
0(4))= c. • 

Example 2.6. Consider the system, in spherical coordinates, 
given by 

f1 = 1. 4>' = 7t, p' = p(sin6 + 7tsin4». 
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We see that if 0(0) = 4>(0) = 0, p(O) = 1, then 

OCt) = t, 4>(t) = nt, pet) = exp( - cos t - cos nt). 

This solution is bounded in R 3 but is not periodic nor does it tend to a periodic 
solution. The hypothesis that (A) be two-dimensional is absolutely essential. 

The argument used to prove Theorem 2.5 is also sufficient to 
prove the following result. 

Corollar,2.7. Suppose that all critical points of (A) are iso­
lated. If C+(4)) is bounded and if C is a nonconstant orbit in 0(4)), then either 
C == 0(4)) is periodic or else the limit sets O(C) and .~(C) each consist of a 
single critical point. 

Example 2.'. Consider the system, in polar coordinates, given 
by 

where /(I) = 0 and /'(1) < o. This example illustrates the necessity of the 
hypothesis that (A) can have only isolated critical points. Solutions of this 
system which start near the curve r = 1 tend to that curve. All points on 
, = 1 are critical points. 

Example 2.9. Consider the system, in polar coordinates, given 
by 

r' = ,/(,2), 0' == (,2 - 1)2 + sin20 + a, 

where /(1) = 0 and /'(1) < o. This example illustrates the fact that either 
conclusion in Corollary 2.7 is possible. Solutions which start near, = 1 tend 
to r ~ 1 if a > O. WheJ'l a == 0, this circle consists of two trajectories whose 
Q- and d-Iimit sets are at , == 1,0 == 0, n. If a > 0, then, - 1 is a limit cycle. 

In the next result, we consider stability properties of the 
periodic orbits predicted by Theorem 2.S. 

Theorem 2.10. Let tfJ be a bounded solution of (A) with 
tfJ(O) == ~o such that O(tfJ) contains no singular points and O(tfJ) " C+(~o) is 
empty. If ~o is in the exterior (respectively, the interior) ofO(tfJ). then C+(~o) 
spirals around the exterior (respectively, interior) of 0(4)) as it approaches 
O(tfJ). Moreover, for any point" exterior (respectively, interior) to O(tfJ) but 
close to 0(4)), we have 4>(t,,,) -+ O(tfJ) as t -+ 00. 

Proof. By Theorem 2.5 the limit set 0(4)) is a periodic orbit. 
Let T > 0 be the least period, let ~ E Q(4))' and let L be a transversal at ~. 
Then we can argue as in the proof of Lemma 2.3 that there is a sequence {t.} 
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such that ' .. --+ 00 and 4>(' .. ) € IJ with (M'",) tending monotonically on IJ to ~. 
Since C+(~) does not intersect 0(4)), the points q,(t .. ) are all distinct. Let 
Sill be the first time greater than t", when q, intersects L. Let R", be the re­
gion bounded between O(q,) on one side and the curve consisting of 
{q,(t):tlll ~ t ~ .'i .. } and the segment of t betwecn ",(t",) and q,(.'illl ) on the 
other sidc (see Fig. 7.2). By continuity with respect to initial conditions, R .. 
is contained in any f: neighborhood of 0(",) when Il > 0 is fixed and then m 
is chosen sufficiently large. Hence, R", will contain no critical points when 
m is sufficiently large. Thus, any solution of (A) starting in R", must remain 
in R", and must, by Theorem 2.5, approach a periodic solution as t --+ 00. 

Ry continuity. fur III large, a solution starting in R .. at time t 

must intersect the segment of L between ~ and "'(s",) at some time t between 
t and T + 2T. Thus, a solution starting in R", must enter R",+ I in finite time 
(for all m sufficiently large). Hence, the solution q,(,.,,) must approach 
0(",) = n {i~",:m = 1,2, ... } as , --+ rx:>. • 

I. 

+Ct ) 

+(8 .. ) ~L_--- +Ct) 

FIGURE 7.2 

Example 2.11. Consider the system in R2, written in polar 
coordinates, given by 

r' = r(r - I )(r - 2)2(3 - r), 0' = 1. 

There are three periodic orbits at r = I, r = 2, and r = 3. At r = 3 the hy­
potheses of Theorem 2. t 0 are satisfied from both the interior and the exterior, 
at r = 2 the hypotheses are satisfied from the interior but not the exterior, 
while at r = I the hypotheses are satisfied on neither the interior nor the 
exterior. 

We now introduce the concept of orbital stability. 

Deflnlflon 2.12. A periodic orbit C in R2 is called orbitally 
stable from the outside (respectively, Imide) if there is a ~ > 0 such that if" 
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is within 6 of C and on the outside (inside) of C, then the solution ,;(t,,,) of 
(A) spirals to C as t .... 00. 

C is called orbitally ulWtable from the outside (inside) if Cis 
orbitally stable from the outside (inside) with respect to (A) with time reversed, 
i.e., with respect to 

y' = -fey). (2.2) 

We call C orbitally stable (unstable) if it is orbitally stable 
(unstable) from both inside and outside. 

Now consider the system 

x' = - y + xf(x l + yl), 

y' = x + yf(xl + yl) 

which can be expressed in polar coordinates by 

r' = rf(r2), 0' == 1. 

We can generate examples to demonstrate the various types of stability 
given above by appropriate choices of f. For instance, in Example 2.11 
the periodic orbit r == 3 is orbitally stable, r - 2 is orbitally stable from the 
inside and unstable from the outside, and r == I is orbitally unstable. 

7.3 THE LEVINSON-SMITH THEOREM 

The purpose of this section is to prove a -result of Levinson 
and Smith concerning limit cycles of Lienard equations of the form 

x" + f(x)X' + fI(X) = 0 

when f and II satisfy the following assumptions: 

f:R .... R is even and continuous, and 

g:R - R is odd, is in C1(R), and xg(x) > 0 for all x :F 0; 

there is a constant u > 0 such that F(x) A f: f(s)ds < 0 

on 0 < x < a, F(x) > 0 on x> a, and f(x) > 0 on x > u; 

G(x) A f: g(s)ds - 00 as lxi- 00 and F(xl .... 00 as x - 00. 

We now prove the following result. 

(3.1) 

(3.2) 

(3.3) 

(3.4) 
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Theorem 3.1. If Eq. (3.1) satisfies hypotheses (3.2)-(3.4), 
. then there is a nonconstant, orbitally stable periodic solution pet) ofEq. (3.1). 

This periodic solution is unique up to translations pet + f), feR. 

Proof, Under the change of variables y = x' + F(x), Eq. (3.1) 
is equivalent to 

x' - y - F(x), y' = - g(x). (3.S) 

The coefficients of (3.S) are smooth enough to ensure local existence and 
uniqueness of the initial value problem determined by (3.S). Hence, existence 
and uniqueness conditions are also satisfied by a corresponding initial value 
problem determined by (3.1). . 

Now define a Lyapunov function for (3.S) by 

vex, y) = y'l/2 + G(x). 

The derivative of" with respect to t along solutions of Eq. (3.S) is given by 

dv/dt = V;3.S~x,y) - -g(x)F(x). (3.6) 

Also, the derivative of v with respect to x along solutions of (3.S) is given by 

dv/dx = -g(x)F(x)/(y - F(x», O<x<a, (3.7) 

and the derivative with respect to y along solutions of (3.S) is determined as 

dv/dy = F(x), x~a. (3.8) 

From (3.5) we see that x(t) is increasing in t when y > F(x) and decreasing 
for y < F(x) while yet) is decreasing for x > 0 and increasing for x < O. 
Thus for any initial point A = (0, IX) on the positive y axis, the orbit of (3.S) 
issuing from A is of the general shape shown in Fig. 7.3. 

Note that by symmetry (ie., by oddness) of F and g, if (x(t), 
y(t» is a solution of (3.S), then so is (-x(.), - yet)). Hence, if the distance 
OA in Fig. 7.3 is larger than the distance OD, then the positive scmiorbit 
through any point A' between 0 and A must be bounded. Moreover, the orbit 
through A will be periodic if and only if the distance OD and OA arc equal. 

Referring to Fig. 7.3, we note that for any fixed x on 0 S x S a, 
the y coordinate on AB is greater than the y coordinate on A'8'. Thus from 
(3.7) we can conclude that v(B) - veAl < v(8') - v(A'). From (3.8) and (3.3) 
we see that veE) - v(B) < O. From (3.2). (3.3). and (3.8) we see that v(G)­
veE) < v(C) - v(8'). Similar arguments show that v(C) - v(G) < 0 and 
v(D) - v(C) < v(D') - v(C'). Thus we see that v(D) - veAl < v(D') - v(A'). 
Hencc, if A = (0, IX) and tell) is the first positive t for which the x coordinate 
of the orbit through A is zero, then «.2 - y(t(<<H'l = 2(v(A) - v(D» is an 
increasin ~ function of IX. (The same result is true by essentially the same 
argument for « > 0, « small.) 
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For IX small, let (x(t). y(t)) be the orbit through A == (0,«). 
When X(I) :rI: 0, then by (3.6) it follows that doldt > O. Thus «2 - y(I(<<»2 < 0 
near IX == O. We wish to show that «2 - y(1(1X»2 > 0 for« sufficiently large. 

For IX large we note that 

v(D) - v(A) == - r· g(x)F(x) dx _ rD g(x)F(x) dx _ r- F(x)dy, (3.9) 
JA y - F(x) Jc y - F(x) Jc I 

where the integrals are line integrals. Let x(<<) be the x coordinate of the 
first point H where the semiorbit C+(A) intersects the curve y == F(x). Then 
X(IX) is an increasing function of IX. If x(<<) is bounded, say 0 < x(ex) < B on . 
o < « < 00, then by continuity with respect to initial conditions, y(l(ex» is 
also bounded. Hence ex2 - y(t(ex»2 > 0 for ex sufficiently large. Therefore, 
we may assume that x(ex) -+ 00 and y(1(ex» -+ 00 as ex -+ 00. 

Since for 0 < x < a and y large we have 

dyldx = -g(x)/(y - F(x», yeO) = ex, 

bounded, then y(x,IX) -+ 00 as ex -+ 00 oniformly for 0 < x < o. Similarly. 
the y coordinate ofthe curve Ii'om D to C tends uniformly to - 00 as IX -+ 00. 
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This implies that the integrals 

f ll !!..(~)F(x) fix 
A J' - F(x) 

from (3.9) tend to zero as ex -0 00. 
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and in g(~F(x) ch: 
Jc J' - F(x) 

Fix ex so large that C+(A) intersects the x axis at some point 
to the right of (C1,0). Oy Green's theorem (in the plane), we have 

I: F(x)tiy = IIR f(x) clx dJ', (3.10) 

where R ill the region hounded hy the curve C+(A), hetwcen Rand C. :md 
the line x = II (sec Hg. 7.41. The integral on the right in (.un) is clearly 
positive nnd is monotone increasing with ex. Thus it is now clear that in 
(3.9), ,'CD) - ,'(A) -0 -(f"J as 0: -0 cr.,. Hence, there is a unique point 0:. where 
v(D) = ,'eA). the corresponding orbit C(A·), A· = (0,0:·), is periodic. Since 
,'CD) - veAl changes sign from positive to negative exactly once, it is clear 
from Theorem 2. \0 that the periodic orhit is orhitally stable. • 

We conclude this section with the following example. 

Example 3.2. Perhaps the most widely known example 
which can be used to illustrate the applicability of Theorem 3.1 is the van 
der Pol equation [see Eq. (1.2.18)] given by 

x" + r.(x 2 - 1 )x' + x = 0, 

y 

A 

y - f(x) 

__ ~ ____ ~~~~~~'-______________ .. x 

D 

FlGURF. 7.4 
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where & is any positive constant. In this case 

I(x) = &(x1 - I), 

and 

F(x) = &(ix3 - x), 

Thus (3.2)-(3.4) are easy to verify. 

PROBLEMS 

g(x) = x 

1. Find the periodic orbits and determine their orbital stability for the 
system 

when 

r' .... rf(r1), 0' == 1 

(a) I(s) == (s - Jt2)(S - 4Jt1), 

(b) I(s) - sin(s), and 
(c) Its) -\sines),. 

1. Prove that any nonconstant periodic solution of a two-dimensional 
system (A) must contain a critical point in its interior. 

3. For system (A) show that two adjacent periodic orbits cannot both be 
orbitally stable on the sides facing each other if there are no critical points 
in the annular region between these two periodic orbits. 
4. Show that the equation 

x" + (3x' - 8x3 - 12x)x' + x = 0 

has a unique nontrivial periodic solution. 
S. Show that the problem 

)(' + (1 - 4OOcos4x)x' + x = 0 

has at least one nontrivial periodic solution. Hint: Generalize Theorem 3.1. 
6. Assume that Fe e'(R), that F is odd, that F(O) == 0, that F(x) -+ CX) as 

x -+ CX) and that F satisfies Eq. (3.3). Show that 

l' + F(y') + y == 0 

has a unique, nonconstant, orbitally stable periodic solution. H jilt: Let x = 1. 
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7. Let ~ be the solution of 

x" + g(x) == 0, x(O) =: - A < 0, x'(O) == 0, 

where 9 satisfies hypotheses (3.2) and (3.4). Show that when ~'(t) > 0, then 
~(t) solves the equation 

dx/dt = J2[ G(A) - G(x)]. 

8. For the problem 

X' + ax + bx' ... 0 with a > 0 and b > 0, 

show that the solution satisfying x(O) - A, x'(0) = 0 is periodic with period 

T _ 4..{i rail dO . 
Jo J2a + bA2(1 + sin20) 

Hint: Use Problem 7. 

9. Let I:R x R ... R, assume that I(t + T. x) - I(t,x) for all t e R, x e R, 
and for some T> 0, and assume that Ie CI(R x R). Show that if x' -
I(t,x) has a solution ~ bounded on R+, then it has a T-periodic solution. 
Hint: If ~ is not periodic, then {~(nT): n - O. 1.2, •.• } is a monotone se­
quence. 
10. Assuole that I e Cl(R-). let D be a subset of R- with finite area, and let 
~(t,~) be the solution of 

x' - I(x). x(O) - ~ 

for e e D c: R-. Define F(e) = ~('f. e> for all e e D. Show that the area of the 
set F(D) == {y ... F(e):e e D} is given by 

IID exp(I; tr! (~(s.e»ds)de. 
Hint: From advanced calculus, we know that under the change ofvariables 
x = F(e) 

IIF(DI de = IID ldet F C<OI~. 
where Fe is the Jacobian matrix. 
11. Consider the equation 

x" + x' + x(x2 - 1) - 0 

or equivalently, the system of equations 

x'=y, 
l' = - y - x(x2 - 1). 

(4.1) 
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(a) Show that this system is uniformly ultimatdy bounded. 
(b) Find all critical points and compute the dimension of 

their stable and unstable manifolds. 
(c) Show that there are no compact sets D with positive 

area which are invariant with respect to Eq. (4.1). (See Problem 9.) In par­
ticular, there are no periodic solutions. 

(d) Show that any solution t/J on the stable manifold of the 
unstable critical point of (4.1) must spiral outward with 1t/J(t)1 + W(t)I'" 00 

as t ..... - 00. [Use part (c) and the Poincare-Bendixson theoremJ 
(e) In the (x, y) plane, sketch the domain of attraction of 

each stable critical point. 



8 

PERIODIC SOLUTIONS 
OF SYSTEMS 

In this chapter we introduce the interesting and complicated 
topics of existence and stability of periodic solutions of autonomous and of 
periodic systems of ordinary differential equations of general order 11. In 
Section I we establish some required notation. In Section 2 we study in 
detail existence and nonexistence of periodic solutions of periodically forced 
linear periodic systems of equations. These results are interesting and impor­
tant in their own right and they are also required in the study of certain 
nonlinear problems. In Section 3 we investigate a periodic system of the 
form 

x' = fIt, xl. fIt + T. x) = fIt. x) (P) 

and perturbations of this system in the case where CP) has a known periodic 
solution. In Section 4 we study the autonomous system 

x' = fIx) (A) 

and perturbations of (A) in the case where (A) has a known periodic solution. 
In Section 5 we consider perturbation problems of the form 

x' = Ax + r.U(t. x. r.) 

where 1r.1 is small and J" = AJ' has nontrivial T-periodicsolutions. In Secti?n 6 
we study the stability. in certain simple situations, of the periodic solutions 
whose existence was established in Section 5. Section 7 contains a brief 
introduction to the important topic of averaging and Section 8 contains a 
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brief introduction to Hopf bifurcation. In Section 9 we prove a nonexistence 
result for certain autonomous systems. We note here that even though a 
large theory for existence of periodic solutions has been developed, in certain 
applications, the very difficult question of nonexistence of periodic solutions 
is more interesting and useful. In Section 9 we give one result which will 
serve to introduce the idea of nonexistence. 

8.1 PRELIMINARIES 

We consider the periodic system (P) where / e C(R x D) and 
D is a domain in R". Throughout, we assume for (P) that / is sufficiently 
smooth to ensure the uniqueness of solutions of initial value problems. A 
simple but very useful fact that motivates most of the work presented in 
this chapter is that a solution '" of(P)is Tperiodic ifand only if ",(0) = ",(T). 
Indeed, if we define "'O<t) ~ "'(t + T), then "'0 will solve (P), i.e., 

"'0(/) = ""(t + T) = /(t + T, "'(I + T» = /(/,"'0(1), 

and "'01..0) = ",(0). By uniqueness of solutions of the initial value problem, 
we have "'O<t) = ",(t) for T ~ t ~ 0, i.e., "'(I + T) = ",(t) for 0 :s;; 1 :s;; T. By a 
simple induction argument it can be shown that '" exists for all t e Rand 
that "'(I + T) = ",(t) for all t e R. Hence, in order to find aT-periodic 
solution of(P), it is sufficient to find fixed points of a period map. Specifically, 
if ",(t, "t,~) solves (P) with ",("t, t,~) = ~, then 

F(~) ~ ",(T + T, T, ,) 

for ~ e D (and any fixed T), is called a period map. We need to find ~o e D 
such that F(~o) == ~o. 

We define the set ~T by 

~T - {g e C(R):g is T periodic}. 

The range of the function 9 can be RIf, ca, or the real or complex n x n 
matrices. The particular range required in a given situation will always be 
clear from context. 

8.2 NONHOMOGENEOUS LINEAR SYSTEMS 

Consider a real nonhomogeneous linear periodic system 

X' = A(t)x + /(/), (tN) 
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where A(I) is an II )( II matrix and both A and / are in IJ'T' Let (J)(I) be a 
fundamental matrix solution of the corresponding homogeneous system 

K - A(t)x (LH) 

with (J)(O) - E so that y = [(J)-I(t)]T is a fundamental matrix solution of the 
adjoint system 

(2.1) 

(refer to Section 3.2 for further details). 

Lemme 2.1. Systems (LH) and (2.1) have the same number 
of linearly independent solutions in IJ'r. 

Proof. A solution p(t) - (J)(tX of (LH) is in SIr if and only if 
~(TX = ~. or equiValently. 

«(J)(T) - EX - O. (2.2) 

Solutions of (2.1) have the form q(t) - (J)-I(t)T". where" is an "-dimensional 
column vector. Hence, q e IJ'r if and only if 

"T«(J)-I(T) - E) - o. (2.3) 

The number of linearly independent solutions of (2.3) is the same as the 
number of linearly independent solutions of 

"T«(J)-I(T) - E)(J)(T) = "T(E - (J)(T» ... O. (2.4) 

The number of linearly independent solutions of (2.2) and of (2.4) is tht; 
same .• 

We are now in a position to prove the following resuiL 

Theorem 2.2. If A and / are in IJ'r. then (LN) has a solution 
p e SIr if and only if 

f: y(t)'fJ(t)dt - 0 (2.S) 

for all solutions y of (2.1) which are in f:l'r. If (2.5) is true and if (2.1) has k 
linearly independent solutions in SIr. then (LN) has a k·parameter family of 
solutions in SIr. 

Proof. Solutions of (LN) have the form 

p(t) = (J)(t)~ + f; (J)(t)(J)-I(s)/(s)ds. (2.6) 

Thus, p(T) = ~ if and only if 

«(J)(T) - EX = - f: (J)(T)(J)-I(S)J(s)ds 
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or 

(qr I(T) - E~ == f: cD-l(s)/(S)JS. 

This equation has the form 

(cD- I(T) - E~ == a 

where (cD-I(T) - E) may be singular. Hence, there is a solution ~ if and 
only if" T a == 0 for all nontrivial row vectors "T which solve (2.4). This 
condition coincides with (2.S). If p is one periodic solution of (LN) and x is 
any solution of the homogeneous problem (LH) which is in ~T' then x + p 
solves (LN) and is in ~T' Hence, by Lemma 2.1 there is a k-parameter 
family of solutions of (LN) in ~T' • 

Let us eonsider a specific case. 

Example 2.3. Consider the problem 

X' + x == sin (J)t. (2.7) 

Two linearly independent solutions of the adjoint system for (2.7) are -sin t 
and eos t. They are not periodic of period T == 27C/(J) if (J) ~ 1, 1, i. . .. . If (0 

is not one of these exceptional values, then (2.7) has the unique T-periodic 
solution 

pet) = (I - (J)Z)-I sin(J)t. 

If (J) == t, then (2.S) is not satisfied and moreover, (2.7) has no 27C-periodic 
.1 solution. Indeed, in this case the general solution of (2.7) is easily seen to be 

x == CI sint + czeost - (teost)/2. 

If (J) = l/m for some integer m > 1, then (2.S) redu~ to 

f:- (sin t, cos t) [sin~/m)] dt == 0, 

and 

foZ-(eost, -sint>[sin~/m)]dt = O. 

Since (2.S) is satisfied in this case, we know that (2.7) has a two-parameter 
i .... · ramily of2m7C-periodic solutions. Indeed, it is easy to compute ,. 

pet) == C I sin t + Cz cos t + (mz/(mZ - I» sin(t/m). 
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Corollary 2.4. Ir A E ~T and I E ~T and if (2.1) has no solu­
tions in t1'T, then (LN) has a unique solution p in (1'T and 

p(t) = f.+T[«J)(.~)(<<J)-I(T)-E)cI»-I(t)]-I/(s)d.~. (2.8). 

Proof. According to the proof of Theorem 2.2, the periodic 
solution is the unique solution of (LN) which satisfies the initial condition 
P(O) = ~, where 

~ = (<<J)-I(T) - E)-I f: lIJ-l(.~)/(s)ds. 
Suhstituting this expres.'1ion inlo (2.6) and simplifying, we ohtain 

pet) = lIJ(t)(lIJ-l(T) - E)- I J: cJl(s)-If(.~)(/.~ + «!l(t) fo <Il-I(.'}J(.~)d., 
= 4J)(I)(lIJ- 1(T) - E)-I (f: 4J)-I(s)/(s}ds 

+ f;(<<J)-I(T)- E)cJl-l(S)/(.~}dS) 

= 4J)(t)(4J)-I(T) - E)-I (.r: «J)-I(s)/(·~)ds 
+ 1[lIJ- 1(T + .,) -lIJ-I(S)]/(S)d.~) 

= lIJ(t)(4J)-I(T) - E)-I (f,T lIJ- I(s)/(s)ds + f:+I 4J)-I(.~)/(.~ - T)dS) 

= lIJ(t)(lIJ- 1(T) - E)-If,T+I lIJ- 1(s)/(s)ds 

= f,I+T[lIJ(S)(lIJ- 1(T) - E)lIJ- 1(t)]-I/(s)ds. 

In the foregoing calculations we have used the fact that I(s + T) == I(s) and 
that 4J)-I(T)lIJ- l(s) = 4J)-I(T + s). • 

If A(t) is independent of t, then the representation (2.8) can be 
replaced in the following fashion. 

Corollar,2.5. Consider Ihe real n-dimensional system 

.'C' = A.~ + 1(1), (2.9) 

where I E t1'T and where the time-independent n x n matrix A has no eigen­
values with zero real part. Then (2.9) has a unique solution p in ~T' Moreover, 
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there is a matrix G(t) (independent of/in ~r) which is piecewise continuous 
in t and satisfies 

f.:oau IG(t)1 dt < 00, 

such that the periodic solution p can be written as 

p(t) = f.:oau G(t - s)/(s)ds. (2.10) 

Proof. Let x = By where B is an " x " real matrix chosen so 
that 

B-1AB=[A1 OJ o A2 

is block diagonal and both -AI and A2 are Hurwitzian. By Corollary 2.4, 
the system 

y' = a-I ABy + B-I/(t) 

has a unique solution in S'r. Moreover, if 

Go{t) ~ {diag( -e"",0) 
diag(O. e"J') 

then 

for 1<0, 
for t ~ 0, 

fI(t) == f.:o au Go{t - s)B-I/(S) tis 

is defined for all t e Rand 

Iq(t)1 ~ f.:o au IGo{t - s)IIB - '11/(s)1 ds 

~ K (S~ .. leA"1 dl + Sow 1e""1 dt) 

for some constant K > O. Clearly 

q(' + T)". S.:o .. Go{t + T - s)B-1/(s)ds 

-= S~ ... Go{t - s)B-I/(s - T)tIs == q(t) 

so that q e fJ'r. We can now express q(,) in the form 

(2.11) 

q(l) = r ... [~ e"l~-.,]B-I/(Slds - f," [e"'~-" ~]B-I/(S)tIs 
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so that 

q'(t) = [~ ~JB-If(t) + f~oo [:1 ~J[~ eAz~_.,JB-lf(S)d6 

+ [:1 ~JB-If(t) - J.OO [:1 ~J[eAl:-.' ~JB-lf(S)d6. 
where Eland E2 are identity matrices of appropriate orders. Thus, q is a 
solution of (211). Now if we define G(t) == BG,J.t)B-l and p(t) - Bq(t}, then 
p e fJ'r an~ (2.10) is true. • 

We condude this section with a specific example. 

EXllmpl. 2.'. Consider the linear problem 

x == [~ _~Jx + einttJ. 

where co - 21C/T> O. Since 

A == [~ -~J = B[~ _~JB-l. [1 -IJ B- 0 l' 

the eigenvalues of A are 1 and - 2 Since A has no eiacnvalue of the form 
A - 2m1Ci/T == imc:o for any integer In, the homogeneous system x = Ax has 
no nontrivial solution in ~r. Hence, Corol1ary 24 can be applied. Since 

[.,(sX.,-I(T) - E~-I(t)]-I 
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Since OJT = 2n, this expression redur.es to 

-3 1 . 
. PI(t) = T - 1 + OJZ (SIOOJt + OJCOSOJI) (2.12a) 

and 

(2.12b) 

We note that this solution could be obtained more readily by 
other methods (e.g., by making use of Laplace transforms). The usefulness 
of (2.8) is in its theoretical applicability rather than in its use to produce 
actual solutions in specific cases. 

Since the eigenvalues of A have nonzero real parts, the more 
stringent hypotheses of Corollary 2.5 are also satisfied in this case. An 
elementary computation yields in this case 

{-B[~ ~]B-I = -[~ ~] 
G(t) = 

B[O 0 ]B- 1 = [0 _e- ZI
] 

o e- zi 0 e- 21 

if t <0, 

if t ~ 0, 

so that 

p(t) = f~OD [~ -:=:::=:][Sin1OJS ]dS - J,OD [~-. ~-']eint"]dS 

= J-OD e- ZII -.'[ - !]dS - J,«I e'_.[sinQ)~ + l]dS 

is the unique solution in ~'f' This is the same solution as computed earlier 
in (2.12). . 

8.3 PERTURBATIONS OF NONUNEAR PERIODIC SYSTEMS 

The behavior of the system 

x' = g(t,x) + £h(t,x,e), (3.1) 

for 181 small, can often be predicted, in part, from an analysis of this system 
when 8 - O. We are interested in the case where g and h are T periodic in t 
and where the reduced system with 8 - 0 has a nontrivial solution p e ~'f' 
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This situation may be viewed as a perturhation of the linear prohlem which 
we studied in Section 2 when g and ,. are sufficiently smooth. Indeed, if 
y = x - p, then y satisfies 

or 

y' = get, }' + pet)) - get, pet)) + E[1I(t, y + pet), &) - '.(t, p(t), E)] 

= g,,(t,p(tH.v + 0(lyI2) + &[h(t,,)' + pet), &) -lI(t,p(t),&)] 

y' = 11,,(t, p(tll.v + lI(t,}', E), 

where gAt,p(t)) is a periodic matrix, 11 E C' neur f. = 0, Y = 0, and 

l1(t,O,O) = 0, 11,(t,O,O) = o. 

(3.2) 

(3.3) 

If the linear system (LH) with A(t) = 11,,(t, p(t» has no nontrivial solutions in 
~T' then the perturbed system (2.2) is not hard to analyze (see the problems 

. at the end of this chapter). However, when (LH) has nontrivial solutions in 
~T' the analysis of the behavior of solutions of (3.2) for lEI small is extremely 
complex. For this reason, we shall adopt a somewhat different approach 
based on the implicit function theorem (cr. Theorem 6.1.1). 

The:>rem 3.1. Consider the real, n-dimensional system 

x' = l(t,x,E), (3.4) 

where I:R x R" x [ -Eo,EO] - R", for some Eo > 0, where I, /., and I" are 
continuous and where I is T periodic in t. At E = 0, assume that (3.4) has a 
solution p e ~T whose first variational equation 

y' = 1,,(t,p(t),O)y (3.5) 

~as no nontrivial solution in ~T' Then for 1r.1 sufficiently small, say 1r.1 < "., 
system (3.4) has a solution ",(t,E) E ~T with", continuous in (t,r.) E R x 
(-S"Il,] and ",(t,O) = pet). 

In a neighborhood N = {(t,x):O ~ t ~ T,lp(t) - xl < El} for 
some 112 > 0 there is only one T-periodic solution of (3.4), namely ",(t,")' 
If the real parts of the characteristic exponents of (3.5) all have negative real 
parts, then the solution ",(t, ,,) is asymptotically stable. If at least one charac­
teristic root has positive real part, then ",(t, r.) is unstable. 

Proof. We shall consider initial values .'(0) of the form .'(0) = 
P(O) +" where" e R" and where I'll is small. Let l/>(t,E,'1) be the solution of 
(3.4) which satisfies 1/>(0,6,'1) = p(O) + '1. For a solution I/> to be in ~T it is 
necessary and sufficient that 

I/>(T,s,'1) - p(O) - '1 = O. (3.6) 
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We shall solve (3.6) by using the implicit function theorem. At 6 = 0 there is 
a solution of (3.6), i.e., '1 = o. The Jacobian matrix of (3.6) with respect to " 
will be "'.,(T,£,'Il- E. We require that this Jacobian be nonsingular at £ = 0, 
" = o. Since '" satislies 

""(t, e, ") = /(1, ",(I,e, ,,), £), 

we see by Theorem 2.7.1 that "'. solves 

1/1:,<1,0,0) = !..(I, I/I(t, 0, 0), 0)1/1.,(1, 0, 0), 1/1.,(0,0,0) = E. 

Now (3.5) has no nontrivial solutions in ~T if and only if I/I.,(T,O,O) - E is 
nonsingular. Hence, this matrix is nonsingular. 

8y the implicit fUllction theorem, there are constants el > 0 
such that for 1&1 < el (3.6) has a one-parameter family oCsolutioDS ,,(e) with 
'1(0) = O. Moreover, "e C1[ -£.,e.]. In a neighborhood 1,,1 < (x., 1£1 < £ .. 
these are the only solutions of(3.6). Define ';(1, e) = I/I(t, £, ,,(e» for (1,£) E; R x 
[ - el> e.]. Clearly,'; is the family of periodic solutions which has been sought. 

To prove the stability assertions, we check the characteristic 
exponents of the variational equation 

y' = /,,(1, ",(I, e), e)y (3.7) 

for lei < e. and invoke the Floquettheory (see Corollary 6.25). Solutions of 
(3.7) are continuous functions of the parameter e and (3.7) reduces to (3.5) 
when e = O. Thus, if «1»(1, e) is the fundamental matrix for (3.7) such that 
«1»(0, e) = E, then the characteristic roots of tl»(T,e) are all less than one in 
magnitude for lei small if those of «I»(T,O) are. Similarly, if CI»(T, 0) has at 
least one characteristic root l with Ill> I, then CI»(T, e) has the same property 
for lei sufficiently small. This proves the stability assertions. • 

When /(t, x, e) is holomorphic in (x, Il) for each fixed t e R, the 
proof of the above theorem actually shows that 

",(I, £) = "'(t, £, '1(£» 

is holomorphic in £ near £ = O. In this case, we can expand'" in a power 
series of the form 

... 
';(1,£) = L ';J(I)d, 

J 5 0 

where each "'J e ~T. Since 
00 

""(I,e) = L ",j(l)d = /(1,"'(1,£),6), 
J&O 
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by equating like powers of 8, we see that 
"'o(t) = /(t."'ott),O), 

""a(t) - !.c(t."'.,(t).O)t/ll(t) + f.(t. "'ott), O}, 
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"'2(t) = !.c«(."'.,(t),O}t/l2(t) + !(f..(t.",.,(t),O) + 2!.c.(t."'O<t).O}t/la(t) + h(t)}. 

where h,(t) = ",I(t)jjs..;(t.",ott).O}t/ll(t). The first equation above has solution 
"'ott) = p(t). This solution can be used in the J. term of the second equation 
above. Since (3.S) has no nontrivial solution in iJlr • then we see from CoroUary 
2.4 that the second equation has a unique solution", a e iJlr . Continuing in this 
manner. these equations can. in theory. be successively solved. 

Exampla 3.2. For fixed a> 0 consider the second order 
problem 

x" + a(x2 -l}x' + x = asint. 

or the equivalent system 

x' = y - a(x'/3 - x), 
y' = -x + uint. 

(3.8) 

At e = 0 the periodic solution p of Theorem 3.1 is the singular point x = y = 
o. The variational system (3.S) reduces here to 

x'=y+ax. 
y' = -x. 

The characteristic equation of this system is A2 - al + 1 -= 0 and both 
roots of the characteristic equation have positive real parts. Hence, all 
hypotheses of Theorem 3.1 are satisfied. We conclude that in a neighbor­
hood or x - y - 0 there is a unique T-periodic family of solutions x(t. e). 
These solutions are unstable. 

Next. we expand X(t.ll) as 
ex> 

x(t. Il) = L '" J(t)aI. 
J-O 

We see that x"(') == 0 and x a(t) is the unique solution of the equation 

~' - a~ + z = 9(t), (3.9) 

in 9'r. with 9(t) = sint. Hence, xa(t) = a-a cost. Additional computations 
show that Xl(t) solves the same equation with 9(t) == o. Hence, Xl(t) == o. 
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Further computations show that X3(t) is a solution of (3.9) with 

get) = -ax~(t)x',(t) = :2 cos2 t sin t = ~ (sin t + sin 3t). 

Thus, we obtain 

X3(t) = 4!3 cost - a2(9a: + 64) sin 3t + 4a(9} + 64) cos 31. 

Next, we can verify that X4(t) 55 O. Thus, there is a family of 2x-periodic 
solutions of the form 

[ e t (£)3J S3 (3 2. \->- 5 
x(t,e)= ;+4 a cost + a(9a2+64) 4cos3t-;san3trO(s). 

It is important not only to understand what situations the 
theory which we art developing will cover, but also what situations it will 
not cover. For example, when £ = 0, Eq. (3.8) redU<leS to the van der Pol 
equation. By the results in Section 7.3, we know that when 6 = 0 this equa:' 
tion has a nontrivial stable limit cycle. However. our theory gives no clue 
to the behavior of the solutions of (3.8) near the limit cycle when £ is small 
but not zero. 

The Duffing equation 

x" + x + ax l - 0 (3.10) 

provides another interesting example which is not covered by the theory 
developed here. We know that all solutions of (3.10) are periodic and that 
the period varies with amplitude. With initial conditions x(O) ... A. x'(0) = 
0, let us try to solve ror a solution of the form 

CD 

x(t,s) = L ,}xJ(t). 
J-O 

Substituting this expression into (3.10) and equating the coefficients or like 
powers or e, we find that 

xi) + Xo -0, xo(O) - A, 

Thus, xo(t) = A cos t. Next, we compute 

x'i + x, = -iAlcost -lAlcos3t, 

and thus, 

xO(O) = O. 
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Note that the coefficient .,<.(1) contains a secular term, i.e., a term containing 
multiplication by t. If the procedure is continued [to obtain X2(1), and so 
forth], then secular terms containing higher powers of I wilt occur. These 
secular terms occur because the solution X(I,r.), though periodic, does not 
have period 21(. Thus, the chosen representation is simply not appropriate 
if accuracy is desired from a few terms of the series. This idea is nicely il­
lustrated by the series 

. ( ). (r.I)2. (el)] 
sm I + r. t = sm t + r.t cos t - 21 sm t - 31 cos I + .... 

8.4 PERTURBATIONS OF NONLINEAR AUTONOMOUS SYSTEMS 

Now consider an autonomous system 

x' = I(x,r.) (4.1) 

which has a nontrivial periodic solution pCt). On linearizing (4.1) about pet), 
we obtain the variational equation 

J' = lx(p(t), O)y. (4.2) 

This equation always has at least one Floquet multiplier equal to one since 
y = p'(t) is always a nontrivial periodic solution. Thus we see that the 
hypotheses of Theorem 3.1 can never be satisfied. For this autonomous case, 
a somewhat dilTerent approach is needed and a slightly different result is 
proved. ' 

Theorem 4.1. Let I:R" x [-£0'£0] -+ R" with I, ill/e)r. and 
ill/iJx continuous on R" x [ -£0'£0]. At e = 0, suppose that (4.1) has a 
nontrivial periodic solution pCI) of period To and suppose that (n - I) 
Floquet multipliers of (4.2) are dilTerent from one. Then for 1£1 sufficiently 
small, there is a continuolls function T(£) and a continuous family I/I(t,8) 
of T(I;)-periodic solutions of (4.1) such that 1/1(1,0) = p(l) and T(O) = To. 

Proof. Under the change of variables x = Bz + p(O), Eq. (4.1) 
at I; = 0 takes the form 

z' = a-I/(Bz + p(O), 0). 

We now choose the n x n nonsingular constant matrix B such that if P(I) ~ 
B-I(P(I) - p(O», then 

P'(O) = B-'p'(O} = (1,0, ... ,O)T ~ (' •. 
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Hence, without loss of generality we can assume for p(t) and for (4.1) that 
p(O) = 0 and p'(O) = e •• 

8y continuity with respect to parameters, if follows that for 
1£1 and 1,,1 sufficiently small, the solution 4>(t,"'£) of (4.1) which satisfies 
4>(0"".:) = "I = (" ..... ,'1,,)T with 'I. = 0 must return to and cross the plane 
determined by x. = 0 within time 2To. In order to prove the tbeorem, we 
propose to find solutions t(l:) and 'J(£) of the equation 

4>(To + t, ", £) - 'I = O. (4.3) 

The point t = 0, 'I = 0, £ = 0 is a solution of(4.3). The Jacobian 
of (4.3) with respect to the variables (t, 'Iz, ... ,",,) is the determinant oCthe 
matrix II iJ4>.tiJ'12 •.. 

~ iJ4>l/iJ;'l - 1 ... 

o 04>./ iJ,1z 

evaluated at t = c = 0, 'I = O. 

iJljJ .tiJ'I. ] 
iJljJl/iJ'I. 

o4>./iJ~/. - 1 

(4.4) 

Note that iJljJ(I,O,O)/iJ'I. is a solution of (4.2) which satisfies 
the initial condition yeO) = el (see Theorem 2.7.1). Since y = p'(t) satisfies 
the same conditions, then by uniqueness iJ4>(t, O,O)/i)". = p'(t). By periodicity, 
o4>(To,O,O)jiJ"J = e J • But (II - I) Floquet multipliers of (4.2) are nol one. 
Hence, the cofactor of the matrix 

(4.5) 

obtained by deleting the first row and first column is not zero. Since this 
cofactor is the same for both (4.4) and (4.5), then clearly the matrix (4.5) is 
nonsingular. 

This nonzero Jacobian implies, via the implicit function 
theorem, that (4.3) has a unique continuous pair of solutions t(e) and '1.t<e) 
for j = 2, ... , n in a neighborhood of e = 0 such that teO) = 0 and '1i(O) = O. 
We conclude the proof by defining ',,{Il) == 0, T{e) = To + t{c) and "'(1,1:) = 
ljJ(t, ,,(1:),1:). • 

We now study the stability question for ",(I,t). 

Theorem 4.2. If in Theorem 4.1 there are (II - I) Floquet 
multipliers with magnitude less than one, then the periodic solution "'(1,£) 
of(4.1) is orbitally stable. 

Proof. Let eIl(I,t) be the matrix which solves the equation 

y' = 1 .. ("'(1, e),I:»', ytO) = E. (4.6) 
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Then 4»(T(e),e) is a continuous matrix valued function of e and 4»(T(O),O) 
has (n - I) eigenvalues A with IAI < 1. By continuity 4»(T(t), £) will have, for 
161 sufficiently small, (n - 1) eigenvalues with magnitude less than one. • 

The functions tee) and " (e) obtained in the proof of Theorem 4.1 
will be as smooth as is I(x, £). In particular, if I is holomorphic in (x, e). then 
tee) and ,,(£) will be holomorphic in e near e = O. In this case we can expand 
T(e) as 

T(e) = To + TIe + T2e2 + .... 
If we define I = T(e)s, then (4.1) reduces to 

dx 
ds = T(e)/(x,e) 

(4.7) 

(4.8) 

with a family q(s,e) = ",(T(e)s,e) of periodic solutions of period one. More-
over, 

GO 

q(s, e) = L tf"q .. (s) (4.9) 
.. -0 

and the periodic functions q.(s) can be computed by substituting (4.7) and 
(4.9) into (4.8) and equating the coefficients of like powers of s. 

B.5 PERTURBATIONS OF CRITICAL LINEAR SYSTEMS 

Consider a periodic system of the fo~ 

x' = Ax + £(J(/, x, e), (5.1) 

where A is a real n x n matrix, g:R x RIO x [ -eo, eo] - R" is continuous 
and g is 2n periodic in t. In this section we shall be interested in the case 
where A has an eigenvalue iN for some nonnegative integer N. A real linear 
change of variables x = By will leave the form of (5.1) unaltered. Hence, 
without loss of generality we shall assume that A is in real Jordan canonical 
form (cf. Problem 3.25). The following example is typical and is general 
enough to illustrate the method involved. We consider the case where 

s 0 0 0 0 0 
E S 0 0 0 0 
0 E S 0 0 0 

A= , (5.2) 

0 0 0 E S 0 
0 0 0 0 0 C 
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where 

[0 -NJ s= NO' E=[~ ~J 
and C is an (n - 2k) x (n - 2k) matrix with no eigenvalue of the form 1M 
for M = 0, J, 2, .... [The form of (S.2) could be generalized considerably; 
however, that would serve no purpose in our discussion.] 

Notice that 

~'= [COSNI -sinNt] 
sin Nt cos NI ' (5.3) 

r' 0 0 0 0 0 
Ir' e" 0 0 0 0 

eA'= 
12r'/21 Ie" "" 0 0 0 . (S.4) 

,,-·r'/(k - I)! ,j.. e" 0 
0 0 0 ~ 

Moreover, eZKS = E and e ZKC - E is not sinpdar. 
Solutions of(S.I) can be written in the form 

~(t,b,a) = e'Ab +. J: e"c·-"g(s,~(s,b,a).a)ds. 
By uniqueness, a solution ~ is in 9'2. if and only if b is a solution of 

(ez .... - E)b + a f:- eCZ_-l)Ag(s. t/I(s, b,.). e) ds = O. (5.5) 

Now suppose that (S.S) has a solution b(e) which we put in 
the form 

b(a) = (b.(e)T, bz(.)T, ••• ,bt;(a)T, hu .(S)T)T, 

where bl is a 2 vector for t sj S Ie and bu. is an (n - 2Ic) vector. Similarly, 
we write 9 = ((II,gI •... ,91,gl+ .)T. From (S.4) it is clear that for any possible 
solution b(e) we must have 

b.(O) = bz(O) - ... - b._I(O) - 0, (S.6) 

The first pair of equations in (S.S) can be replaced by 

G.(b,£) ~ f:- eCZ--alS9.(S.t/I(s, b. s).,,)ds = O. (S.7) 
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The remaining equations can be grouped as follows: 

and 

G.(",£) A 27th. + 0(£), 

J::.. (27t)2 
Gl(h,£) - -2- b l + 27th} + 0(£), 

GIt+ .(h,s) = (e21r(" - E)hu. + 0(£). 

321 

The terms O(s) involve integrals of the gJ's. The above equations define an 
n-vector valued function G(b, £). 

We are now in a position to prove the first result ofthis section. 

Theorem 5.1. Let'A have the form (5.2), let g and g" be in 
C(R x R" x [ -so,£n]) with g 27t periodic in t. Suppose there is a 2 vector IX 
such that if h(O) = (0,0, ... ,IXT,O)T, then b(O) solves (5.7) at £ = 0 and such 
that det(aG1lCl«)(b(0),O) #: O. Then for 1£1 sufficiently small, (5.1) has a con­
tinuous isolated 27t-periodic family ",(t, £) of solutions such that 

",(t,O) = eA'b(O) = (0,0, ... ,0,(e"'OC)T,O)T. 

Proof. The assumptions in the theorem are sufficient in order 
to solve G(h, £) using the implicit function theorem. Clearly h(O), as defined 
above, solves G(b(O), 0) = O. Notice that 

ilG 
ilb (b(O),O) = 

Thus 

27tE 0 0 

(2n)2 E 2nE 0 
2 

vG. (h(O),O) 
(lh. 

o 

o o 

o o 

oG. (h(O), 0) 0 
(1h. 

o e2f/C - E 

det ~~ (h(O),O) = (27t)2. - 2 det ((~~~ (h(O), 0») det(,,211C - E) #: o. 
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By the implicit function theorem there is a unique solution bee) in a neighbor­
hood of e = 0 and bet) is continuous in e. Finally, define I/I(I,e) = "'(t,b(e).e) . 

• 
Let us now apply the preceding theorem to a specific case. 

Example 5.2. For ex, fl, and A real, fl + 0 and ex + 0, let 
1I(t, y) A - exy - fly3 + A cos t and consider the equation 

y" + y = £11(1, y), y(O) = b., yeO) = bl • (5.8) 

This equation can be expressed as the system of equations 

y' =z, 
z' = - y + &/.(1, y). 

In order to apply Theorem S.1 it is necessary to find values bl(O) and bl(O). 
Since the transformation b l = ycos6 and bl == ysincS is nOllsinguiar for 
y > 0, we can just as well find')' and cS. Replacing in (5.8) t by t + cS and letting 
Y(t) = yet + 6), we obtain 

Y" + Y = £/1(1 + 6, Y). Y(O) == y, y/(O) = O. (5.9) 

For this problem, Eq. (5.7) at e = 0 reduces to 

-s:- sin(2n - S)lI(S + ~, Y coss) ds = 0, 

S:-cos(2n - s)lJ(s + 6, y cos s)d., = 0, 

or 

ex')' + PP/4)y3 - AcoscS = 0, sin 6 = o. 
Clearly, this means that 6 = 0 while y == Yo must be a positive solution of 

ocy + (3/Jy3/4) - A = o. 

The Jacobian condition in Theorem 5.1 reduces in this example to 

d [ex + (9/4)/ly~ ')'oA sin 0] _ (9/'A)/l 1 0 
et 0 cos 0 - ex + "t Yo #= • 

If a positive Yo exists such that this Jacobian is not zero, then there is a con­
tinuous, 2n-periodic family of solutions Y(I, £) such that 

y(t,O) = Yo COSl, y'(t,O) = - Yo sin t. 

As in the earlier sections. the solution ",(I,e) is as smooth as 
the terms of 1/(I,y,l:) are. If fJ is holomorphic in (.v,e), then ",(I,t:) will be 
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holomorphic in e near e .... O. In this case. 1/1 has a convergent power series 
expansion 

fI) 

I/I(t, e) = L 1/1 .. (1)..-. 
.. -0 

Substituting this series into Eq. (5.1) and equating coefficients oflike powers 
in II, we can successively determine the periodic coefficients 1/1,.(1). For 
example, in the case of Eq. (5.8), a long but elementary computation yields 

y(1 + eS(a), e) = )10 cost + e[)l1 cost + (/I)lM32) cos 31] + 0(e2), (5.10) 

where)ll = -3/12)1U[128(oc + (9/4)/I)lm and where eS(e) = 0(e2). 

Theorem 5.1 does not apply when 9 is independent of I since 
then the Jacobian in Theorem 5.1 can never be nonsingular. [For example, 
one call check that in (5.8) with h independent of t that the right-hand side 
of (5.9) is independent of eS so that the Jacobian must be zero.] Hence. our 
analysis does not cover such interesting examples as 

y" + y + ey3 = 0 or y" + e(y2 - l)y' + y == O. 

We shall modify the previous results so that such situations can be handled. 
Consider the autonomous system 

x· = Ax + £(I(x, e), (5.11) 

where A is a real" x n matrix of the form (S.2) and where g: R- x [ -eo, eo] .... 
R-. We seek a periodic solution I/I(I,e) with period T(e) == 2x + T(e), where 
T(e) - BIl(a) == Ole). In this case (5.5) ~s replaced by 

(e2aA _ E)b + e2aA(eOA - E)b + e s:a+r eC2a + 0 --)Ag(.(s,b,e),a)ds _ O. 

(5.12) 

The initial conditions b(e) still need to satisfy (5.6). The problem is to find 
bl(e) = (oc(e),/I(e})T. Since solutions of (S.11) are invariant under translation 
and since at a = 0 we have 

e"'b(O) = (0,0, ... ,0, [r'b.(O)]T,O)T, 

there is no loss of generality in assuming that /I(a) = O. Thus, the first two 
components of (5.12) are . 

G ( ) -[COS(N,,£) - 1] oc f.2a + 0 -I3a+0-_)5 (",(. b ). )d' _ [0] 
1 C, a - . (N) - + o' e' til ." S, , a e .Ii - 0 

SID"I: I> 
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ire:#: 0, and 

GI;(c,O) = [N"~O)tlJ + s:" e(2"-·)SgM)(·~,b,0),O)d.~ = [~J 
at t = 0, where C = (b.,bz •... ,b._htl,,,,bl:+.)€ R". 

Theorem 5.3. Assume that A satisfies (5.2) and that g, g., and 
g" are in C(R" x [ -to, eo]). Suppose there exist "0 and tlo such that Co = 
(0, ... ,0, tlo, "0' 0) satisfies GI;(CO' 0) = 0 and that det(oGK/oc)(co, 0) :#: O. Then 
there exist a continuous function c(e) and solutions I/I(t, t) such that c(O) = co, 
",(t, r.) € .qJTIO) where T(r.) = 2n + ro,,(R), and 

",(t,O) = ~'(O, ... ,0,(tlo,0),0)T. 

We remark that I/I(t,e) and T(e) will be holomorphic in e when 
g is holomorphic in (x, e). The proof of Theorem 5.3 a"d of this remark are 
left to the reader. 

8 .. 6 STABILITY OF SYSTEMS WITH LINEAR PART CRITICAL 

The present section consists of two parts .. In Section A, we I 

consider time varying systems and in the second part we consider autono­
mous systems. 

A. Time Varying Case 

Letg:R x R" x [-eo,eo]-R"be2nperiodicintandassume 
that 9 is of class C2 in (x, e). Suppose that x = Ax has a 2n-periodic sol ution 
P(I) and suppose that 

x' = Ax + eg(t,x,e) (~.l) 

has a continuous family of solutions t/I(t,e)eS'2" with ",(t,O) = pet). To 
simplify matters, we specify the form of A to be 

A=[~~]. s=[~ -:]. (6.2) 

i . where N is a positive integer and C is an (n - 2) )( (n - 2) constant matrix 
, with no eigenvalues of the form 1M for any integer M. 
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The stability of the solution ",CI.F.) can be investigated using 
the linearization of (6.1) about.". i.e .. 

y' = A}' + F.O"(t.,,,Ct,F.),e)y. 

and Corollary 6.2.5. Let YCt.r.) be that fundamental matrix for this linear 
system which satisfies YeO. F.) = E. Our problem is to determine whether or 
not all eigenvalues of Y(27r. e) have magnitudes less than one for 8 near zero. 

By the variation of constants formula. we can write 

Y(t.s) = e'u + F. J; eA('-·)g,,(.~,"'(.~.F.).£)Y(.~.F.)d.~. (6.3) 

At t = 27r we have Y(27r.F.) = e211R(.' for some R(£) so that 

('2"R(I) = e2"A{E + r. J:" e-.Ag"C .... .,,(S.r.).,:)YC.~.r.)tIS}. (6.4) 

Using (6.3) and (6.4). we obtain 

e2d(l) = e2"A {E + e J:" e-·Ao,,(.~, .,,(.~,e).e)eA. d ... 

+ £2 f:· e-.Ag .. Cs • .,,(s,£).£)e"A(f: o .. (u.t/lCII,£),F.)YCII,r.)dll)dS}. 

By the mean value theorem, there exists e· between 0 and c such that 

"'(t,t) = pet) + el/l.(t,6·) 

so that 

00. (10. 
,,(t,"'(1,6),6) = -;-- (l,p(t),O) + Oft). 
(IX) (Ix) 

This means that 

e21r1"") = e2• A {E + eD + e2G(6)}. 

where G(6) is a continuous matrix valued function and 

r:z" -sA Ad D = Jo e O .. (s.p( ... ).O)e" .~. 

By (6.2) it is easy to compute 

[
1 + edll + OCc2) tdl2 + 0(62) I 0 ] 

e2d(.) = _!~ll_~!>J~~ ___ !'±'~~l_-t.PJ~~{ ___ :-~~__ . 
0(6) I e2,,( + O(s) 
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where 

D z !! [d, , d, zJ = r z .. 1.'12". -IS {[IIO .1/1:<, 
'/z, ,Ill Ju ilOz//lx, 

We wish to compare 

I().,t) A det[.A.E - eZrrR(C'] 

and 

1,(.A., e) A de{.A.E - [Ez ~ tDz e~cJl 
To do this, we need the following result from complex variables (which we 
give here without proof). 

Theorem 6.1 (Ruuclu!). If F (:) and II (z) are holomorphic 
in a simply connecled region D containing a closed contour r and if 
III(z)1 < IF(z'l on r, then F and F + II have the same number ofzeros inside 
ofr. 

Invoking this result, we now prove the folluwing result. 

Theorem 6.2. Suppose, as above, '" is a family of 2x-periodic 
solutions of (6.1), Y E C1 in (x, c), and A satisfies (6.2). Suppose that 

(i) both eigenvalues of Dl have negative real parts, and 
(ii) all eigenvalues of C have negative real parts. 

Then for e positive and sufficiently small, the periodic solution ",(t, e) is 
uniformly asymptotically stable. 

Proof. The function I()" e) = det(.A.E - e2rrR(II) can be evalu­
ated by first ellpanding by cofactors down the first row and then expanding 
each cofactor 1I0Wil its tirst remaining row. This process yields 

I(.A.,&) = det[(.A. - I)El - IlDz]det[.A.E._ 2 - elrrC + 0(&)] 
+ OH.A. - 1)1:1) + O(&l) 

= 1J(.A.,e) + O(&(.A. - 1)1 + (1- 1)1:2 + &3). 

As & --0 0+ there are (II - 2) zeros lj(e), 3 ~j ~ n, of /(1,&) which approach 
eigenvalues .A.J(U) of elK£". These numbers .A.j(O) are inside of the unit disk 
III < 1. The remaining two zeros lite) and lz(ll) approach one. We wish to 
show that for & small and positive, 1.(£) and lz(l.;) are inside of the unit disk. 

The zeros of del [(l - I)E 1 - £D 2] have the form 

j = 1,2, 
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where 6} is an eigenvalue of O2 • From (i) it follows that [A1(a) - I]/a = 6} 
has negative real part. Thus IA1(a)1 < 1 for & positive and sufficiently small. 
We now consider two cases: 

Case 1. 61 #: ~Zt 1m ~I > O. Let r be the circle in the com­
plex A plane with center at A1(a) and radius 6f'. Let ~I = -al + thl' where 
al > 0 and bl > O. Fix r> 0 so small that 0 < r < min{al,b l}. Notice that 

and thus 

IAT(a)jl = 11 + M,12 = 1 - 2ea1 + 0(a2), . 

(IAT(a)1 + re)2 = I.tT(a)jl + 2erI.t1(a)1 + rZaz 

= 1 - 2ea1 + 2£1'(1 + O(a» + 0(a2) 

= 1 + 2£(r - al) + 0(a2) < 1 

for e positive and sufficiently small. Hence, r contains exactly one zero A1(a) 
and r is entirely inside of the unit disk. 

If A e r, then A = AT(e) + ree":= 1 + MI + re.t- and so 

1/.(A,e)1 = Idet[(A - I)E2 - a021Ildet(AE._2 - eZKc)1 

~ a2Idct[(re" + ~1)E2 - 02]lldet[AE.- 2 - e2KC]1 
~azK 

for some constant K. Also, on r we have 

where e is sufficiently small. By Rouchc's theorem, hand f = h + (f - h) 
have the same number of zeros inside of r, namely one zero. The same 
argument applies to A2(8). 

Case 2. ~I = 62 = 6 < O. In this situation, the argument is 
the same except that here we choose r < 161/2. By Rouchc's theorem, f and 
I. each have t'NO zeros in a circle r inside the unit circle. 

Case 3. 61 < 62 < O. In this situation, the argument is the 
same as in Case I, except that we choose r < (61 - 6z)/2. • 

The reader is invited to prove the following resulL 

Theorem 6.3. If in Theorem 6.2 either a < 0 or, Cor a > 0, 0 1 

has a root with positive real part or C has a root with positive real part, 
then for lei sufficiently small I/I(t, Il) is unstable. 
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B. Autonomous Case 

We now consider the autonomous system 

x' = Ax + £(l(x, e), (6.5) 

where A satisfies (6.2), g:R" x [-80,80] -+ R" and 9 E CZ• We assume the 
existence of a smooth family ",(t,r.) of solutions in 9'Tfl" where T(r.) = 
2n + T(e) E CZ[ -110,110]' T(O) = 0 and ",(t,O) = pet). We can check the 
stability of ",(t, II) by studying the linear system 

l' = Ay + '.0,,("'(1, r.), ely. (6.6) 

If Y(t,a) is the fundamental matrix solution of (6.6) such that Y(O,a) = E, 
then F10quet multipliers can be determined from 

Y(2n + T(a), a) _ el2• hl."lt,",. 

One F10quet multiplier will always be one. The problem is to determine 
where the others lie. As before, we can compute 

where 

and 

Thus 

where 

e,z.+r,lt == elz.+flA{E + aD + O(II~}. 

Dt = [du d12 - NT'(O)]. 
d21 + NT'(O) dzz 

, dT 
T - dB. 

We are now in a position to state the following result. 

Theorem 1.4. If A, g, ",. and T are defined a, above, if all 
eiaenvalues of C have negative real parts, and if one eiaenvlllue of D! has 
negative real part, then for 8 positive and sufficiently small, ",(t, 8) is orbitally 
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stable. If instead £ is negative or for I: > 0, Dt or e has an eigenvalue with 
positive real part, then I/I(t,l:) is unstable. 

The proof ofthis theorem is similar to the proof ofTheorem 6.2 
and is left to the reader as an exercise. 

The technique of proof of Theorem 6.2 can be generalized 
considerably. We shall give one example of such a generalization since we 
shall need this generali7.ation later. Consider the system 

x' = F/(x) + I:g,(t,x,y,r.), 

y' = By + r.g2(1, x, y, Il), 
(6.7) 

where g,: R x R'" +If, X [ -1:0' £0] ..... R"', fll is 21t periodic in t, 0, e Col, and 
g .... (t, xo,O,O) = O. Assume z(t, £) = (X(t,£)T, y(t,r.)T)T is a continuous family 
of solutions in ~2" such that there is an Xo with /(xo) = 0 and 

X(I.O) == Xo. y(I,O) == o. 
Let/e e'(R"') and define e = fx(xo). Under this condition we now prove 
the following result. 

Theorem 6.5. Suppose no eigenvalue of B or of e has zero 
real part. For II positive and sufficiently small. Z(I. r.) is uniformly asymptoti. 
cally stable if all eigenvalues of Band C have negative real parts and is 
unstable if at least one eigenvalue has a positive real part. 

Proof. On linearizing (6.7) about z(t, r.), we obtain a coefficient 
matrix of the form 

[ qx(X(t, Il» + &O •• (t, z(t. 1:), £) £Ou(t, z(t, B), &) ] 
&G2.(I. z(t, Il), &) B + &022(t, z(t, &), &) 

for some functions Of} where G •• (t, 0,0) = o. If we follow the proof of 
Theorem 6.2 we find that 

A=[~ ~J. eA' =[E 0 ] o e'" 
and 

Here 
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As before, III eigenvalues Aj(';) tcnd, as ,; ..... 0+, to eigenvalues Aj(O) of ehB. 

These eigenvalues satisfy IAj(I:)1 ~ I for I: nearly ;rero. The other AJ{t:) can 
be shown, by Rouchc's thcorem, to be close to I + 2xt:bJ where ~J is the 
corresponding eigenvalue of C. • 

8.7 AVERAGING 

We now study periodic systems of equations which can be 
decomposed into the form 

x' = &F(,. X. y. E), 

y' = By + EG(t. x. y, c), 
(7.1) 

where x E R·. Y E R-, B is a constant III x III matrix and F and G are smooth 
functions defined on a neighborhood of x = 0, y = 0, £ = 0 and are 2x 
periodic in t. For Iyl and 1&1 small, we conjecture that y has little effect on 
the first equation in (7.1). Indeed. it seems likely that the constant term in 
the Fourier series for F provides a good approximation for F(I. x. y. E). 
Therefore, as an approximation we replace (7.1) by 

where 

X· = £Fo(X), 

y' = By 

I r:z" 
Fo(x) =in Jo F(u.x,O,O)clu. 

(7.2) 

If (7.2) has a critical point (XII'O) whose stability can be de:ermined by 
lillcuri .. .ation, then we cxpect (7.1) to have a 2n-periudic liulutiun which iii 
near (xo.O) and which has the same stability properties as (xo, 0). The follow­
ing resull shows that this approximate analysis is indeed valid. 

Theorem 7.1. Let F and G be continuous in (t,x, y,ll) E R x 
B(xo.1J) x B(Ia) x [-£0'£0], 2x periodic in t, and of class C2 in (x, y). 
Suppose that F,(I.XO ' 0.0) = O. Let (xo.O) be a critical point of (7.2) such 
that all eigenvalues of the linearized system 

iJF 
x' = & oxo (xo)x, }" = By r .3) 

have nonzero real parts for.: ~ O. Then for & positive and sufficiently small, 
system (7.1) has a unique 2n-periodic solution z(t.£) = (x(t,c), y(I,I:» in a 
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neighborhood of (xu,O) which is continuous in (t,£) and which satisfies 
z(t,£) .... (xo,O) as £ .... 0+. Moreover, the stability properties of Z(I,£) are the 
same as those of (xo, 0). 

Prool. Since F(t,x,O,O) is 2x periodic in t, we can subtract its 
mean value and integrate the resultins difference to obtain a 21t-periodic 
function of t. Thus, if we define 

101(1, x) = J: {F(V, x, 0,0) - 2~ f:- F(S,X,O,O)dS}dV, 

then I' is 21t periodic in t, and Cl in (I, x), and C2 in x. 
For s small, we can invert the change of variables x = 

w + £101(1, w), y = y, to obtain w = x - SU{I.X) + 0(S2). Under this change of 
variables, we can obtain a new equation to replace (7.1) as follows: 

or 

x' = w' + s(u, + Uww) == sF(l. w + lUI, y. s) 

{l + SU .. )w' = £{F(I, w + su, y, s) - 1',) 
= sFO<w) + s{F(t, w + su, y,s) - F{I, w,O,O)} 

+ s(F(t, w, 0, 0) - F O<w) - 1'.). 

By the choice of u(t, w), the last term is zero. Hence, (7.1) is replaced by 

w' = £FO<w) + £F,(t,w,y,s), 

y' = By + BG,(t, w, y,8). 

where G ,(t, w, y,e) = G(t, w + £u(t, w), Y.B) and 

Fl(t, w, y,B) = [1 + BU.(t, w)]-I[F(t, w + 8U, Y.B) - F(l, w,O,O) 

- BF o<w)u .. (t, w)]. 

ThUll, FI(t, w, 0, 0) ... 0 and Flw(I.W.O,O) ... O. 

(7.4) 

We now generate a sequence with elements (w.(t,£), y.(t, a» e 
~2. as follows. Let wO<t,a) = Xo and let yo(I,S) = o. Given w. and y., let 
w.+ I and Y.+ I be the unique 2x-periodic solutions of 

w' = £P o<xo)(w - xu) = BF 2(t, w., Y •• s), 

y' - By = sGI(t, w., Y •• s), 
(7.S) 

where F.1(t,v,y,£) = FO<v) - F~xo)(v - xo) + F.(t.u,y.£) and Po - IJFoIow. 
Since FO<xu) = 0, it follows that F 2(t,xo,O,O) = 0 and F2.(t,Xo,O.O) - O. By 
Corollary 2.S w: can write these periodic solutions in the form 
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and 

y",+ .(I,e) = f~CI) £11(1 - S)G.(S, w",(s,e), y",(s,e). e)ds, 

where 

and f~CI) IJ1(S)lds S K. 

In a sufficiently small ball about (xo, 0), say Iw - xol s ~ and IYI s 6, and for e 
sufficiently small (say 0 < £ S e.). we can arrange things so that IF 2(t, w,y,e)1 S 
6K-· and I£G.(t,w, y,£)1 S 6K-· and both F2(t,w, y,e) and eG.(t,w, y,e) are 
Lipschitz continuous with constant L as small as we please, say L S (2K) - • . 
8y the method of successive approximations it is easy to see that 

Iw",(t,e) - xo\ S 6, ly",(t,e)1 S 6. 

for m = 0, I, 2, ... and t e R while 

Iw",+ .(t,e) - w",(t,e)1 + \y",+ .(t,e) - y",(t,e)1 

S 0.5(lw.(t,e) - w._.(t,e)1 + Iy.(t,e) - y",_.(t,£)I) 

for m = 1, 2, 3, ... and t e R. This sequence converges uniformly for (t, x) e 
R x (O,eo] to solutions w(t,e) and y(1,e) of (7.5). These functions also solve 
(7.4) so that x = w + all(t, w) and y solve (7.1). The stability properties of 
(x(t,e), y(t,a)) follow from Theorem 6.S. • 

Theorem 7.1 cannot usually be directly applied to systems of 
interest. Typically, the problem in question must first be transformed in 
such a way that the result will apply to the transformed system. We shall 
illustrate two common methods of arranging such a transformation. In the 
first method, use is made of rotating coordinates and in the second method, 
polar coordinates are utilized. We give a simple example to demonstrate each 
of these methods. 

Example 7.2. Consider the problem 

y" + y = tI(y, y'). (7.6) 

For a = 0, this problem reduces to the (linear) harmonic oscillator. For e 
small but not zero, we define 

so that 

[ "] = [~st -sint][y] 
II SID I cos t y' 

II' = -a/(llcost + nint, -llsint + llcost)sint, 

II' = a/(llcost + ninl, -llsint + v cos t)cos I. 

This system is in the proper form to apply Theorem 7.1. 
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Alternately, we can use the transformation 

y = rcosO, y' = rsinO 

to transform (7.6) into the system of equations 

r' = £/(rcosO, rsin 0) sin 0, 

0' = -I + r/(rcosO,rsinO)cosO/r. 

If we replace the independent variable t by the variable 0 so that 

dr rf(rcosO, rsin 0) sin 0 
-=-f. , 
110 r - r,((rcosfl, rsinO) 

then Theorem 7.1 can be applied to (7.7). • 

B.B HOPF BIFURCATION 
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(7.7) 

The results of the preceding section show how an existing 
periodic solution varies as a parameter varies. In contrast to this, bifurcation 
occurs when periodic solutions are suddently created (or destroyed) as a 
parameter varies. For example, consider the following system in polar 
coordinates: 

,,= r[(r - 1)1 - f.], 0'=1. 

For Il < 0 there are no nontrivial periodic solutions, while at £ = 0 a 211:­
periodic solution exists with r = I which immediately bifurcates into two 
solutions with r = I - Jf. and r = 1 + J6. In general, exactly what might 
happen when bifurcation occurs depends very much on the form of the 
equation in question. The reader may want to analyze, for example, th ~ 
following problem, given in polar coordinates. Notice that the form of this 
system is similar to that of the last example written above, namely, 

0' = I. 

In this system, the origin is globally asymptotically stable for £ < O. When 
Il is increased beyond £ = 0, this system has a periodic solution with amplitude 
£1/1. In such a case, the equilibrium r = 0 has been described as baving 
suddenly "blown a smoke ring." This particular type of bifurcation is an 
example of what we call Hopf bifurcation. The purpose of this section is to 
study Hopf bifurcation for systems of two equations. 

Consider the two-dimensional system 

X' = A(e)x + G(x, e), (8.1) 
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where A is a e l smooth real 2 x 2 matrix, G :R2 x (-to,eo) -+ Rl is of class 
el , G(O, 6) = 0, and G .. (O,t:) = O. Let A(t) have eigenvalues A(t) = a(6) ± iP(t), 
where 

a(H) = H, a'(O) > 0, 11(0) > O. 

We are now in a position to prove the following result 

Theorem 8.1. Under the foregoing assumptions, there is a 
continuous real valued function t(a) with t(O) = 0 and a one-parameter 
family X(/, u) of nontrivial periodic solutions of (8.1) with periods T(u) = 
2n/p(0) + O(a) such that X(/, a) -+ 0 as a -+ 0+. 

Proof. By a real and linear change of variables, we can put 
A(t) into the form 

A(e) = [ate) - p(e)] 
#(£) a(r.)· 

Hence, we can utilize polar coordinates and assume that the system trans­
forms into an equivalent system of the form 

dr 
dO = y(c)r + 11 (r, 0, £), y(c) l! a(t)fp(c). (8.2) 

Here l1(r,O,c) = ,.p-l(rIJ + cosOG l - sinOG.>-I[(PcosO - asinO)G I + 
(fJsinO + acosO)Gz]' 

Let r(O, u, c) be the solution of (8.2) such that r(O, a, e) = u. 8y 
the variation of '.:onstants formula, solutions of (8.2) have the form 

r(O,a,e) = ueUYla) + f: ey,c)tU-O)H(r(s,.a, c), s, c)ds. (8.3) 

For the existence of a periodic solution we require that r(2n, CI,t) = U. Now 
define 

F(u,e) = elan" - I + a-I f:a ena)(za-o)H(r(.~,a,e), s, e)ds 

for a :F 0 and F(O,I:) = ezan.,_ l. For the existence ofa periodic solution we 
need F(u, e) = O. By (8.3) we see that r(O, a, e) = O(a) as II -+ 0 uniformly on 
(O,e)e [O,2n] x (-eo, 1:0)' Thus F(a,e) is continuous in a neighborhood of 
a = .. = O. Since H(r.u,£) = O(r) uniformly in (a. 6) e [O,2n] x (-£0.60). a 
Similar argument shows that feel near a = e = O. But F(O,O) = 0 and 

~~ (0,0) = eZallc'2ny'(6)1.=0 = (ela ' 0)(2n)("(0)a'(~z~~' /flO») 
= 2na'(0)fp(O) > O. 
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By the implicit function theorem. there is a solution B(a) of F(a, B) - 0 defined 
near a - 0 and satisfying 8(0) == O. The family of periodic solutions is 
reO, a, 8(a». • 

We close this section with a specific case. 

Example ,.2. Consider the problem 

x' - :ax' + ex + ax + bX 3 - 0 

where a > 0, b ~ O. Theorem 8.1 applies with «(e) - e and p(e) - (a + e - e2)1/2. 

B.9 A NONEXISTENCE RESULT-

In this section, we consider autonomous systems 

x' = F(x), (A) 

where F:R· -+ R· and F is Lipschitz continuous on If' with Lipschitz con­
stant L. For x == (XI" •• , X.)T and y = (Yl" •. , y.)T. we let 

• 
(x, y) = L XIYI 

I-I 

denote the usual inner product on R·. We shall always use the Euclidean 
norm on R·, i.e., Ix12 ... (x, x) for ~ll X e R·. 

Now assume that (A) has a nonconstant solution lb e fJ'T' Then 
there is a simple relationship between T and L, given in the following result. 

Theorem '.1. If F and t/J are as described above, then T ~ 
2n/L. 

Before proving this theorem, we need to establish the following 
auxiliary result. 

Lemma '.2. If yet) A F(t/J(t»/!F(lb(t»l, then y' exists almost 
everywhere and 

s: ly'(t)ldt 2: 2n. 

Proof. Since lb is bounded and F is Lipschitz continuous, it 
follows that F(lb(t» is Lipschitz continuous and hence so is y. Thus y is 
absolutely continuous and so y' exists almost everywhere. To prove the 
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above bound, choose I. and r. + 'I' in [0, T] so that 'I' > 0 and 

1t:{>(/. + '1') - t:{>(/.)1 = sup{lt:{>(s) - t:{>(u)l:s, u e [0, T]}. 

Since t:{>.(/) A t:{>(1 - I.) is also a solution of (A) in !J#T, we can assume without 
loss of generality that I. = o. Define 

v = t:{>(0) - t:{>(t) and U(/) = It:{>(t) - t:{>(t)l2/2. 

Then u has its maximum at I = 0 so that 

u'(0) = (t:{>(t) - t:{>(t), t:{>'(t»I •• o = (v, t:{>'(0» = (11, F(t:{>(O») = o. 
Similarly we see that (v, F(t:{>(t») = o. 

We now show that 

f: 11'(t)1 dt ~ K. (9.1) 

First note that if yeO) == - Y{t}. then the shortest curve between y(0) and 
yet) which remains on the unit sphere S has length K. So tile length of yet) 
between yeO) and Y{t) is at least K. If yeO) #= - y{t), define 

y = y(0) + yet), m == yeO) - y{T). 

Then (y,m) = ly(OW -1y(T)12 == 1 - 1 := o. Define 

aft) A (y{t). y)/(y. y) 

and note that 

aCT) - «y - m)!2. y)/(y. y) == i. 
If we define h(t) = y(/) - a(t)1. then (1.h(t» - O. Thus y{t) = a(t)y + h(t) 
and -a(t)y + h(t) have the same nonn, namely, one. Now 

t:{>'(t) = IF(t:{>(t»Iy{/) -IF(t:{>(t))I(a(t)y + h(/» 

and (y,h) = O. Therefore 

(S; IF(t:{>(t»i~(t)dl)(1' y) of: S; IF(t:{>(t»l· Odt 

= (t:{>(T) - t:{>(0), y) == (-p, y(0) + y(t» 

= - (11, F(t:{>(O») IF(t:{>(Onl-· - (11, F(t:{>(t»)IF(t:{>(t)~-· = o. 
Hence 

f; IF(t:{>(t) )Ia(t) dt == 0, 

and Q must be zero at some point To e (0, '1'). 
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Define YIlt) on [0. Tn] and }',(t) = "(I) - a(/),. on [To. T]. 
Then y, E S ror 0 S t S T, j', is absolutely continuous, and 

y,(T) + y,(O) = [yeT) - 2a(T),.] + yeO) = yeT) + y(0) - 2m,. == O. 

Thus YIlt) = - y,(O). Hence. the length or the arc rrom y,(O) to YIlT) is at 
least 1r. Since (II.,.) = O. the arc lengths for y and y, are the same over [0, Tl. 
This proves (9.1). 

Finally, the length or j' over [T, T] is at least 1r by the same 
argument [by starting at "'(T) instead or ",(0)]. This concludes the proor. _ 

Proof of Theorem 9.1. Now let y( /) he II!! defined in Lemma 
8.2. Then, is Lipschitz continuoll!! on R, and hence, absolutely continuous 
and differentiable almost everywhere. Since Lv(t)1 = t, it rollows that 

II 
0= dt(Y(/), y(/» = 2(.\'(1). y'(t» 

. or y.l y' almost everywhere. This ract and the ract that yIF("')1 = F{"') yield 

F(",)' = y'IF("')1 + ,IF("')I', 
or 

Thus we have 

and 
S:Iy'(t)ldl S S: Ldt = TL. 

Finally. by Lemma 9.2 we have 2n S TL .• 

We conclude this section with an example. 

Example 9.3. Consider the second order equation 

x" + g(x)x' + x = 0 

with g(x) an odd runction such that g(x) < 0 ror 0 < x < 0 and g(x) > 0 
ror x > o. Assume that Ig(x)1 S II. Then the equivalent system 

x' =, - G(.~), y' = -x. G(.~) A S: g(u)du 

is Lipschitz continuous with constant L = (max{2. t + 2«2}'/2. Hence. 
there can be no periodic solution or (9.2) with period T ~ 2'1f./L. 
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PROBLEMS 

1. In (P) suppose that l: R x R" -+ R" with fee'. Show that if (P) has a 
solution t/J which is bounded on R and is uniformly asymptotically stable 
in the large, then t/J E f¥r. 
1. In (P) let f E e'(R x R"). Suppose the eigenvalues Aj(t,x) of (f¥(l,X) + . 

h(t, X)T) satisfy AA', x) S - J.l < 0 for all (t, x). Show that if (P) has at least 
one solution which is bounded on R+, then (P) has a unique solution t/J E ~T' 

3. Suppose A is a real, stable II x '1 matrix and F E e2(R x R") with 
F(I,O) = 0, F ,,(t,O) = 0, and F(l + T, x) == F(l, x). Let p E 9'r. Show that there 
is an £0 > 0 such that when O:s: lei < Ilu, then 

x' = Ax + F(I,x) + Sp(l) 

has at least one solution t/J(t, 1:) E ~T' Moreover t!J(I, 1:) -+ 0 as lel-+ 0 uniformly 
for I E [0, T]. 
4. Consider the system 

y' = B(y)y + p(,), 

where B is a e' matrix and P E !J'T' Show that if 

" max (b/i(Y) + L Ib.kv)l) = -c(y):s: -ex < 0 
I~.~" .Pj.}=' 

for all y E RD, then there is a solution r/J E ~T of (10.1). 

(10.1) 

5. Suppose A is a real, constant, II x 11 matrix which has an eigenvalue iw 
with w > O. Fix T > O. Show that for any So > 0 there is an e in the interval 
o < 8 :s: 80 such that 

ex' = Ax 

has a nontrivialliOlution in ~1" 
6. Let A be a constant n x '1 matrix and let,:u > O. Show that for 0 < I: :s: So 

the system x' = eAx has no nontrivial solution in ~T if an only if det A :;. O. 
7. In (3.1), let 9 E e'(R x R") and let Ia E e'(R x R" x (-so,£o». Assume 

that p is a ~riodic solution of (3.1) at s = 0 such that 

y' = g,,(I,v('»Y 

has no nontrivial solutions in :~,. and assume " satisfies (3.3). Let ~(I) solve 
y' = g,,(t,p(l»y, yeO) = E and let H be as ill (3.2). Show that for 1/:1 small, 
Eq. (3.1) has a solution in a'T ifan only ifthe integral solution 

f,'+T 
Y(I) =, [~(s)(~-I(T) - E)~(I)]-I H(.'i, y(s),s)ds (10.2) 
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has a solution in 9'1'. Use successive approximations to show that for lei 
sufficiently small, Eq. (10.2) has a unique solution in 9'T. 

8. Suppose all solutions of (LH) are bounded on R+. If A(t) and f(t) are 
in 9'T and if(2.5) is not true for some solution y of(2.1) with y e 9'T, then show 
that all solutions of (LN) are unbounded on R + • 

9. Express .. c' - x = sin I as a system of first order ordinary differential 
equations. Show that Corollary 2.S can be applied, compute G(t) for this 
system, and compute the unique solution of this equation which is in 9'2 •. 
10. Find the unique 2x-periodic solution of 

x' = [Oox -~ ~]x + [~;t]. 
o 2 san I 

II. Find all periodic solutions of 

, = [0 -1] [COS(J)t] 
x 1 0 x+ 1 . 

where (J) is any positive number. 

11. Show that for Icl small, the equation 

x" + x + x + 2x3 = ecosl 

has a uni~ue solution 4>(t, e) e ~2 •. Expand 4> as 

4>(t,e) = 4>0(1) + £4>,(1) + 0(e2) 
, 

and compute 4>0 and 4>,. Determine the stability properties of 4>(1,£). 
13. For IX, p, and k positive show that the equation 

y" + y + £(IXY + fJy 3 + ky) = 0 

exhibits Hopf bifurcation from the critical point y = y = O. 
14. For IX, p, and k positive and A ::i: 0, consider the equation 

y' + y = £( -IXY - p3 - ky + A cost). 

Show that for 8 small and positive there is a family of periodic solutions 
4>(t,e) and a function eS(c) such that 

4>(1 + eS(e), e) = Yo cos t + £4>,(t) + 0(e2) 

and 
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Find equations which ~o and Yo satisfy. Study the stability properties of 
41(t.£). 
15. For y' + y + 6y3 = 0. or equivalently. for 

Yt = -Y2. 
Y2 =.l', + 6yf. 

show that the hypotheses of Theorem 5.3 cannot be satisfied. This equation 
has a continuous two-parameter family of solutions ~(t. IX, s)£~TC.) with 
~(O. cx.O) = cx > 0. ~'(O, IX, O) == 0, and T == 2x/OJ, where 

3 2 21 4 Z 2 
(U(IX, 1:) = 1 + 8 cx I: - 256 cx r. + OCr. ) 

and 

.I.. [6CX3 23 2 5 .) ] .,,(t.1X,6) == CX - 32 + 1024 6 cx + 0(6} COSOJI 

( I :5 3 25) 2 :5 + 32 6CX - 128 £ cx cos 30JI + ca cos Swt + 0(6 ). 

Compute the value of the constant c. 

16. For Y' + £(y2 - I)y + y::o: 0. let 41(t.6) be that limit cycle satisfying 
~(O,£) > 0, ~'(O,£) == O. 

(a) Show that 41(t,.) -+ cx cost as 6 -+ 0 for some constant 
IX> O. 

(b) Compute the value of ex. 
17. In Theorem 6.4 consider the special case 

y' + Y == 9(Y, 1'). 

Let 41(t •• } be the periodic family of solutions such that 41(/,0) == Yo cos t for 
some Yo > O. Show that 41(t, £) is orbitally stable if 8 is small and positive 
and 

(2.0/ . 
Jo oy (yo cos t, - Yo SID I) dt < O. 

18. Prove Theorem 5.3. 
19. Prove Theorem 6.4. 
20. Prove an analog of Theorem 5.1 for the coupled system 

xlt + x - 9(t,x.y,x'.y), 
y' + 4y == r.g(t,x.y.x',y'). 
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Find sufficient conditions on f and g in order that for I: !lmall and positive 
there is a 2x-periodic family of solutions. 
11. Consider the system 

[X'] = [A O][.~] + r.[4>\I(" r.t/I 12(t'] [x]. 
y' 0 B Y 4>2'(') 4>22(') Y 

where A and B are square matrices of dimension k x k and 1 x I. respectively. 
where the 4>,} are 2x/w periodic matrices of appropriate dimensions. eA' is 
a T = 2x/0) periodic matrix, all eigenvalues of B have negative real parts. 
and 4>1} E f¥T' If all eigenvalue!! of 

FA w r2ft/o> e-A',p, ,(t)eA' dt 
2x Jo 

have negative real parts, show that the trivial solution X = 0, Y = 0 is ex­
ponentially stable when £ > O. 
11. In Example 8.2, transfonn the equation into one suitable for averaging 
and compute the average equation. lIin,: Let x = £x, and x' = £./iIX1. 
13. Find a constant K > 0 such that any limit cycle of 

" (5x4 - J)x' 
X+1:2(4 12 l+x=O. 

X x - ) + 
for 0 < £ < I, must have period T(r.) ~ K. 
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For: n U Reod: U n
,"=1 k~1I'I ",.,.1 k::,!:m

For: J: Reed: J;
For. f Reod: fo
For: accompli.shed be Read: accomplished by

Add: Define <!lo(t) = V'D(t) - f.
For: Now define... Rend: Also define...

For. b - hm < A/(2M). Read: b - bm < A/(4M).

For: b' = b + A/(2M). Reod: b' = h + Af(4M).

For: ... :: MA/M = A Reod: ... :: MA/2M = A/2

,For: 11- bml ::: A/M. Reod: It -bml::: A/2M.

. !For: on r ~ t ~hm + AIM. Moreoverhm+ AIM> hi
when m is lorge.

Rend: on r S I ~ bm + A/2M. Moreover bm + A12M> b'

when m is large.

For: (M6) IAI::: f: ( mnx lUI) I) :: f: t. laul
1=1 I~J~m I_I}=I

Reod: (M6) IAI::: f: t laul for Ibe nonn Ixl,.
I=I}-I
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Pnge 42

Pnge 42

Page 44

Puge 48

Poge 55

Poge 56
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Puge 57

Puge S9

Poge 59

Poge S9
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Poge S9
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Poge 68

Poge 69

Poge 73
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Poge 74

Pog, 76

Poge 76

Puge 79

Poge 79

Puge 95
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Line IS

Line -3
Line -11

Line -5

Line -6

Line 7

Line 11

Line 19

Line -1

Line 1

Line -11

Line-lO

Line -7

Line -6

Line-5

Line 7

Line-6

Line-I

Line -12

Line -4

Line 1

Line-16

Line-4

Line -5
Line-I

Line~

Unc 12

For: ... ,Zn) E en

For: i = ,/R.
For: For llI1y rational

For: R

For: definine

For: lim z(t ....
'~o

For: functions exist.

For: (q-B/A) +B/A.

For: 6.3

For. ~ E qr. 00) ...

For. 10 x up to DIld•..

For: U = T, r1 .= L.

For. Theorem 4.1

For: if I/J ilii any

For: [y,dr)r'.

Rend: .... t,) T E G"

Reod: i = 'R/R.
Rend: For llI1y number

Reed: R"

Read: define

Rend: lim z (t .. ..
.~~

Rend: functions existnnd t ~ 'T.

Reod: (~+ B/A) - B/A.

Rend: 8.4

Rend: ~ E C[T. 00) to Rn .

Read: to (t. x) up to nod .

Rend: f1 = 'f,a = -L,

Reod: Theon:m 4.6

Read: if \if is a,ry

Reod: (WI (r)J-1•
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Page 114 Line-IS For. detemined ovor (D, T),

ReIld: delcnnined on (10,10 +T].
Page 125 Line 7 For. D.1 ..... n-I

Rend: O. I•. .• ,n -l,On = I

'-1 Lk ' • C-IPoge 125 Une-ll For.=E E ... Read: = E E .. ·
1=0 =0 ,t""1 -0

Poge 127 line 16 For. -k(t,)¢\(II)MII) = ...

Read: -k(I,);; (rM,(tl) = ...

Poge 128 line 2 For: ... -kl(rl) ... ReIld: ... -k(I,) ...

Poge 129 Line-2 For. deereasing ReIld: increasing,
Poge 129 Une-I For. increnses Read:' de<renses

Poge 140 Line ID For: ... I/(s)/w(¢" ;')(s)l ds. I
Read: ... (f(S)/W(¢I, ¢,)(s)k(s») d•.

Poge 145 Line-9 For. t E (a, hI. Read:' E (a, hI.
Poge 146 Line4 For: ';(I,~) Read: (P.';)

Poge 146 Line II For. .; will !tIl,e RClId: y will have

Poge 146 line 12 For. arbitary ReIld:' Illbitrury

Page 146 Line 18 For; 8'(r,~) :!: G +~R Read: 8'(r,~) ::0 (G +~R)

Page 146 line 19 For. ... -G-IIK} ...

RClId: ... -Galn' .-1IK) ... I
Page 147 Une4 For. Theorem 3.6.1. ReIld:ITheorem 3.6,2.
Poge 147 L1ne-2 For. q = (QUQJ) +... RClId: q = (Q7IQI) - ...
Poge 147 line -I' For: QI. Read:IK1 Q"

Page lSI Line-ID For. [eslm +O(m-l)l, Reod: [eslm" +O(m-')J.

Pogo lSI Line-9 For. [c,r/m + 0(m-1»). Read: (tSlm" +O(m-')J,

Page 151 Line-5 For. .. .du - cs. Read: ... d. - csl".

Page 153 Line -lI Delete: , i.e., L, (Y,) of D

Page 153 Line-3 For: (4.5) if ODd only if

Rood: (4.5)at~", if and only if

Page 154 Line 14 For: MA) l' D. ReIld: l>(~) = D,

Poge 161 Line 6 For. S = {(I. r.~) ... Read: S = «I..'.~) ...

Page 163 Line I For. G{I.r,~) ReIld: G{I, s,~)

Poge 163 Line-12 For: Ly +~py = I Rood: Ly +~py = -I



For: (f, ,11") = (Ly + Apy, z) = (y, Lz +Apz) = (11, J, ")

Read: -(J, til") = (Ly + Apy, z) = (y, Lz +Apz) = -(tI,f, II)

For: Ll1i = i and,\'Ly = Y

Read: Ltli = - i ond -tiLy = Y

For: y + !.:f/(yp) =F, Read: -y +"(yp) = F.

for: y(l) = F(I) - A... Read: y(l) = -F(I) + A•..

For: p. 84 Read: p. 191

For: (iii) Jim I~(I.IO)I = o.'_00
Read: (iii) lim 101>(1,10)1 = 0 for 01110 :': O.,-co
For: l ' Read: 1' /2

for: SECOND ORDER Read: 1WO DIMENSiONALUncl5

Unel7

Line. 8

Une I

Llne-Il

Line 8

Line 1

Une 18

Line 14

Line 5

Unc9

Puge 182

Poge J86

Page 207

Page 207

Poge 209

Page 209

Poge 209

Pose 221

For:u!,.,)(".>:"Xl) =... Read: ,,(,.,)(/,XI,Xl) =...
Line-IO For: ... = -.'xf Rend: ... = -2.IX~.

For. 0 < "" (O,) =' ... Rend: 0 < "'. (~I] =' ...
Une-14 For: (l,x]nR+ x R". Rend: (r,x) E R+ x R",

Line -5 For: Suppose that no T(a, s] ..isis. Then for some xo. ~ >'0.

, Read: Suppose thnt ~ > 0 for some xn nnd I•.

Poge 215 Line-12. ,For: I, ~ 0 Rend: II ~ In

Puge 215 Une -4 for: I</>, (1)1 =' II. If 111>,(1)1 =' II

Read: 1</>1 (1)1 < II. If IMr]1 < "

For: Assume del A '" O.
Reod: Assume no elgenvoJue of A hns reoJ pll1\ zero.

Poge 226 Line -16 For: Since 11k Is compact and invariant, th,o

Read: Since Ht is compact. u is bounded there.

Lin' -15 For: by th, remorks In... Read: By the lemurkl; in..•

For: dy/ds = I.(s, ... Read: dy/d,. = i.(. + I, ...

For: is uolfonnly stable

Read: is unifonnly nsymptoticoJly stobIe

For: G(I. y) = G(t, -y) Rend: G(/, y) = -G(t, -y)

For: ulJ -... Read: ulJ +...
For: (E) Read: (0)

For: (I, x) Rend: I

Puge 226

Page 238

Poge 251

Page 253

Page 256

Puge 260

Pose 267

Errata

Poge 163 Line-Il

Page 163 Une-2

Page 164 Une2

Pose 164 Line 5

Poge 177 Une-S

Page 180 Line-9
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Poge 267 Line 17 For. ... Q(x-u) ... _ Read: ... Q(x +u) ___

Poge 267 Line 21 For: F satisfy .ypo!besis(3.1) Rend: F be C I and satis fy (3.1)

Poge 269 Line-lO For: ~ (Ks/u)II'" - "'111'" o. j ~OO.
Re.d: _ O. j -+ 00.

Poge 270 Line 4 For: (r. t) Rend: (r. t)
Poge 270 Line-2 For: Equation Red.!: With. projection.

Poge 270 -1 For: ... =-1~ ... Rellll: ... = -p.-k1~ ...
Poge 271 Line 3 For: L :::: t. Re.d: L < I.

Poge 272 Line 3 For: A= -Jiib> 0 and A=-M < O.

Rend: A= ./iid > 0 and A= -.Jid < O.

Poge 274 Line 21 For: chornetelistie
I

ReIllI: Flequet
I

Page 275 Line 1 For: chamc::Lenstic ReIllI: Flequet

Page 275 Line-9 For: chnracLeristic Reoa: Floquet

Page 275 Line-S For: <1>(1) ~ di.g(k-'.I ..... 1)<1>,(1),

Rend: <!t(I) ~ <l>1(I)di.g(k-'.I .... , I),

Poge 286 Line-Ji For: chnrocteristic Rend: Floquet

Page 286 Line-2 For: chl1lUCleristic Rend: Floque,

Pogo 29S Line 22 For: 4>(0) = t. i
Rend: 4>(0) = t'.

Pogo 295 Line 23 For: (t) Rend: (t')

Poge 297 Line 2 For: (t) Read: (to)

Poge 302 Line--9 For: ... -I2x)x'+x =0 Reod: ... - 12x)x x' + x = 0
I

Poge 303 Line-7 For: ffF(D) dt =... Reo~: 11F[D) dx =...
Poge 304 lineS For: (See Problem 9.) Reo~: (See Problem 10,)

Poge 313 Line-B For. If !boreal parts of Ibe chllnleterishc. ..
I

Read: U !be c.=eriSlie, ..

Poge 321 LineS For: ,., + 2"bk_1 + O(s), Reof , .. +21lbk_1 + O(s),

Poge 322 Line-Ji For: Yo Asin 0 RewJ: A sinO
I

Poge 324 Line 3 For: ... bH1 ) E R'. Rend: ... bk+I)T E R'.

Poge 324 Line 6 For: det(aCK/aC)(eo. 0) l' O. I
Rend: det(aCk/aC)(e•• 0) l' 0, I
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