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PREFACE

This book is an outgrowth of courses taught for a number of
years at Iowa State University in the mathematics and the electrical engi-
neering departments. It is intended as a text for a first graduate course in
differential equations for students in mathematics, engineering, and the
sciences. Although differential equations is an old, traditional, and well-
established subject, the diverse backgrounds and interests of the students in
a typical modern-day course cause problems in the selection and method of
presentation of material. In order to compensate for this diversity, we have
kept prerequisites to a minimum and have attempted to cover the material
in such a way as to be appealing to a wide‘audience.

) The prerequisites assumed include an undergraduate ordinary
differential equations course that covers, among other topics, separation of
variables, first and second order linear systems of ordinary differential
equations, and clementary Laplace transformation techniques. We also
assume a prerequisite course in advanced calculus and an introductory course
in matrix theory and vector spaces. All of these topics are standard under-
graduatc fare for students in mathematics, engineering, and most sciences.
Occasionally, in sections of the text or in problems marked by an asterisk (*),
some elementary theory of real or complex variables is needed. Such material
is clearly marked (*) and has been arranged so that it can easily be omitted
without loss of continuity. We think that this choice of prerequisites and
this arrangement of material allow maximal flexibility in the use of this book.

The purpose of Chapter 1 is to introduce the subject and to
briefly discuss some important examples of differential equations that arise
in science and engineering. Section 1.1 is needed as background for Chapter 2,
while Section 1.2 can be omitted on the first reading. Chapters 2 and 3
contain the fundamental theory of linear and nonlinear differential

xi



xii Preface

equations. In particular, the results in Sections 2.1-2.7 and 3.1-3.5 will be
required as background for any of the remaining chapters. Linear boundary
value problems are studied in Chapter 4. We concentrate mainly on the
second order, separated case. In Chapter 5 we deal with Lyapunov stability
theory, while in Chapter 6 we consider perturbations of linear systems.
Chapter 5 is required as background for Sections 6.2-6.4. In Chapter 7 we
deal with the Poincaré-Bendixson theory and with two-dimensional van der
Pol type equations. It is useful, but not absolutely essential, to study Chapter 7
before proceéding to the study of periodic solutions of general order systems
in Chapter 8. Chapter 5, however, contains required background material
for Section 8.6.

There is more than enough material provided in this text for
use as a one-semester or a two-quarter course. In a full-year course, the
instructor may need to supplement the text with some additional material
of his or her choosing. Depending on the interests and on the backgrounds
of a given group of students, the material in this book could be edited or
supplemented in a variety of way$. For example, if the students all have
taken a course in complex variables, one might add material on isolated
singularities of complex-valued linear systems. If the students have sufficient
background in real variables and functional analysis, then the material on
boundary value problems in Chapter 4 could be expanded considerably.
Similarly, Chapter 8 on periodic solutions could be supplemented, given a
background in functional analysis and topology. Other topics that could be
“considered include control theory, delay-differential equations, and dif-
ferential equations in a Banach space. ’ .

Chapters are numbered consecutively with arabic numerals.
Within a given chapter and section, theorems and equations are numbered
consecutively. Thus, for example, while reading Chapter 5, the terms
“Section 2,” “Eq. (3.1),” and “*Theorem 3.1 refer to Section 2 of Chapter 5,
the first equation in Section 3 of Chapter S, and the first theorem in Section 3
of Chapter 5, respectively. Similarly, while reading Chapter 5 the terms
“Section 3.2, “Eq. (2.3.1),” “Theorem 3.3.1,” and *‘Fig. 3.2” refer to
Section 2 of Chapter 3, the first equation in Section 3 of Chapter 2, the first
theorem in Section 3 of Chapter 3, and the second figure in Chapter 3,
respectively.
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INTRODUCTION

1

In the present chapter we introduce the initial value problem
for differential equations and we give several examples of initial value
problems.

1.1 INITIAL VALUE PROBLEMS

The purpose of this section, which consists of five parts, is to
introduce and classify initial valuc problems for ordinary differential equa-
tions. In Scction A we consider first order ordinary differential equations,
in Section B we present systems of first order ordinary diflerential equations,
in Section C we give a classification of systems of first order differential
equations, in Section D we consider nth order ordinary differential equations,
and in Section E we present complex valued ordinary differential equations.

A. First Order Ordinary Differential Equations

Let R denote the set of real numbers and let D <= R? bea
domain (i.e., an open connected noncmpty subset of R?). Let f be a real
valued function which is defined and continuous on D. Let X' = dx/dt
denote the derivative of x with respect to t. We call

x' = f(t,x) (&)
~ an ordinary differential équation of the first order. By a solution of the
differential equation (E) on an open interval J = {te R:a <t < b}, we



2 1. Introduction
mean a real valued, continuously differentiable function ¢ defined on J
such that the points (¢, ¢(t)) € D for all t € J and such that
&'(1) = f1t, (1))
forallte J.
Definition 1.1. Given (z,£) € D, the initial value problem for
(E) is )
x'=f(t,x), x(r)=¢. 1Y)

A function ¢ is a solution of (I') if ¢ is a solution of the differential equation
(E’) on some interval J containing t and ¢(t) = ¢.

A typical solution of an initial value problem is depicted in
Fig. 1.1. .

We can represent the initial value problem (I') equivalently
by an integral equation of the form '

() =&+ [ fis,6())ds. V)

Fo prove this equivalence, let ¢ be a solution of the initial value problem
(I'). Then ¢(t) = &€ and

&0 = 10, 6(0))

for all t € J. Integrating from 1 to t, we have
[ #vds = [! st dds

or

¢ — &= [ fis, «@(S))ds.

Therefore, ¢ is a solution of the integral equation (V).

<4

a T!
: + ¢ -t

FIGURE 1.1 Solution of an initial value problem; t interval J=(a,b), m (slope of line L) =
Sz, 6(2)).



1.1 Initial Value Problems 3

- Convei'sely, let ¢ be a solution of the integral equation (V).
Then ¢(1) = £, and differentiating both sides of (V) with respect to ¢, we have

¢'(1) = f(t, (1))
Therefore, ¢ is also a solution of the initial value problem (T').

~te

B. Systems of First Order Ordinary Differential Equations

' We can extend the preceding to initial value problems in-
volving a system of first order ordinary differential equations. Here we let
D = R"*! be a domain, i.e., an open, nonempty, and connected subset of
R"*'. We shall often find it convenient to refer to R"*! as the (t,x,, . ..,X,)
space. Let f, ..., f, be n real valued functions which are defined and con-
tinuous on D, i.e., fi:D— Rand fie C(D),i=1,...,n. Wecall

x§=f,(t,x.,...,x,,), ii=lw"9n’ (Eu)

a system of n ordinary differential equations of the first order. By a solution
of the system of ordinary differential equations (E;) we.shall mean n real.
continuously differentiable functions ¢,, ..., ¢, defined on an interval J =
(a,b) such that (t,¢,(1), . .., ¢,(t)) € D for all t € J and such that

¢;‘t)=.’;(ts¢l(l)9""¢u(t))’ i= lv"&”v
forallteJ.

Definition 1.2, Let (1,&,,...,¢&,) € D. Then the initial value
problem associated with (E,) is ’ ‘

x;= filt.xq,...,X,), i=1,...,n,
xi(v)=¢&;, . i=1,...,n

(1)

A set of functions (¢,, . . . ,@,) is a solution of (I,) if (¢,, . . . ,¢,) is a solution
of the system of equations (E;,) on some interval J containing t and if

(‘/’l(r)’ e 9¢n(t)) = (él’ e 7€n)'
In dealing with systems of equations, it is convenient to use
vector notation. To this end, we let

Xy ¢ ¢, ]
x=|:1 <&=|:| ¢=]:

Xn_| én ¢nd
Pfl‘t’xh.' e n) fl('sx)—

(]

-

_j;(t’xl’.' ceaXy) j;.(;ﬂ‘)_



4 1. Introduction

and we define x' = dx/dt componentwise, i.e.,
Xy
Xn
We can now express the initial value problem (1;) by
x' = f(t,x), x(t)=¢&. (M

~As in the scalar case, it is possible to rephrase the preceding
initial value problem (I) in terms of an equivalent integral equation.
Now suppose that (I) has a unique solution ¢ defined for ¢ on
an interval J containing t. By the motion through (t,£) we mean the set

{(Lo(n):ted}.

This is, of course, the graph of the function ¢. By the trajectory or orbit
through (z, ) we mean the set

. C)={o(W):teJ}.
The positi-vc semitrajectory (or positive semiorbit) is defined as
| C*¢)={¢o():teJand t > 1}.
Also, the negative trajectory (or negative semiorbit) is defined as
C () ={¢(:teJandt <1}

C. Classification of Systems of First Order
Ditferential Equations

There are several special classes of diflerential equations,
resp,, initial value problems, which we shall consider. These are enumerated
in the following discussion.

L Ifin (), f(t,x) = f(x) for all (¢,x) € D, i.c., f{t,x) does not
depend on ¢, then we have

x'= f(x). (A)

We call (A) an autonomous system of first order ordinary differential
equations.

2. Ifin (1), (t + T.x)e D when (t,x)e D and if [ satisfies
Ji,x) = f(t + T, x) for all (t,x) e D, then

x'=flt,x)=f(t + T, x). (P)
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Such a system is called a periodic system of first order differential equations
of period T. The smallest number T > 0 for which (P) is true is the least
period of this system of equations.

3. Ifin), f(t,x) = A(t)x, where A(t) = [a;(1)] isarealn x n
matrix with elements a;(¢t) which are defined and at lcast piecewise con-
tinuous on a { interval J, then we have

x' = A(t)x (LH)

and we speak of a linear homogeneous system of ordinary differential
cquations.

4. 1ffor (LH) A() is dcfined for all real t and if thereisa T > 0
such that A(t) = A(t + T) for all ¢, then we have

X' = A()x = A(t + T)x. (LP)

This'syslem is called a linear periodic system of ordinary differential equatibns.
5. Ifin (1), f(t,x) = A(t)x + g(t), where g()T = [g,(1), ...,
gu(1)], and where g;: J = R, then we have

x' = A(t)x + g(1). (LN)

In this case we speak of a linear nonhomogeneous system of ordinary differ-
ential equations.

6. Ifin(I), f(t,x) = Ax, where A = [a;;] is a real n x n matrix
with constant cocflicients, then we have -

X' = Ax. (L)

This type of system is called a linear, autonomous, homogeneous system of
ordinary differential equations.

D. nth Order Ordinary Differential Equations

It is also possible to characterize initial value problems by
means of nth order ordinary differential equations. To this end, we let h be
a real function which is defined and continuous on a domain D of the real
(& ¥1» - - - » ¥a) space and we let y® = d*y/dr*. Then

YO =hit,y, y, ..y Y) (En)

is an nth order ordinary differential cquation. A solution of (E,) is a real func-
tion ¢ which is defined on a ¢ interval J = (4, b) = R which has n continuous
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derivatives on J and satisfies (¢, §(t), ..., "~ 't)) € D for all t € J and
¢ e) = h(t, (1), ..., 0" 1))

forallteJ.
Definition 1.3. Given (1,&,,...,¢&,) € D, the initial value
problem for (E,) is

y(")=h(t’y,yﬂ”"',y‘n-'))’ .y(t)=él""’y('-‘)(t)=€"’ (]l)

A function ¢ is a Solution of (I,)) if ¢ is a solution of Eq. (E,) on some interval
containing tand if ¢(7) = &,, ..., ¢" 1) =¢,.

As in the case of systems of first order equations, we single out
several special cases.
First we consider equations of the form

a0y + @ (Y"1 + -+ + @y (Y + agt)y = g(0),
where a,(1), . .., aq(t) are real continuoys functions defined on the interval
J and where a,(t) # 0 for all t € J. Without loss of generality, we shall con-
sider in this book the case when a,(t) = 1, i.e,
Y 4 a4 4 ay (Y™ + ao(t)y = g(0). .y

We refer to Eq. (1.1) as a linear nonhomogeneous ordinary differential equation
of order n.

-

If in Eq. (1.1) we let g(¢) = 0, then
YO 4 a0y 4 4 ay ()Y + ag(t)y = 0. (1.2)

We call Eq. (1.2) a linear homogeneous ordinary differential equation of order
n. Ifin Eq.(1.2) wehave a(t) =a,,i =0, 1,...,n — 1,so that (1.2) reduces to

Y+ a4+ ay +agy =0, 1.3)

then we speak of a linear, autonomous, homogeneous ordinary differential
equation of order n.

We can, of course, also define periodic and linear periodic
ordinary differential equations of order » in the obvious way.

We now show that the theory of nth order ordinary differential
equations reduces to the theory of a system of n first order ordinary differ-
ential equations. To this end, we let y = x,, y" =x,,..., y" V=x, in
Eq. (1,). Then we have the system of first order ordinary differential equations

x', = X2,

X =Xy,
2 =% (14)

X, =hit,x,,...,x,)
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This system of equations is clearly defined for all (t,x,,...,x,) € D. Now
assume that the vector ¢ = (¢,,...,9,)" is a solution of Eq. (1.4) on an
interval J. Since ¢, = ¢}, ¢3 = ¢%,..., P, = ¢~ "), and since

h(t, (1), . . ., (D) = hit, (D), . .., 677 10) = (1),

it follows that the first coifiponent ¢, of the vector ¢ is a solution of Eq. (E,)
on the interval J. Conversely, assume that ¢, is a solution of Eq. (E,) on
the interval J. Then the vector ¢ = (¢,¢'", ...,¢" )T is clearly a solution
of the system of equations (1.4). Note that if ¢,(t) = &,,..., ¢ (1) = ¢,,
then the vector ¢ satisfies (1) = , where & = (&,, . .. ,£,)". The converse is
also true.

E. Complex Valued Ordinary Differential Equations

Thus far, we have concerned ourselves with initial value prob-
lems characterized by real ordinary differential equations. There are also
initial value problems involving complex ordinary differential equations. For
example, let ¢ be real and let z =(z,,...,z,) e C" ie., z is a complex vector
with components of the form z, =, + iy, k=1,...,n, where u, and v,
are real and where i = \/—-—l Let D be a domain in the (t,z) space R x C"
and let f,,..., f, be continuous complex valued functions on D (ie, f;:
D-C).Letf=(f,,...,f.)" and let z' = dz/dt. Then

Z=ft,2) , ©

*is a system of n complex ordinary differential equations of the first order.
The definition of solution and of the initial value problem are essentially
the same as in the real cases already given. It is, of course, possible to consider
various special cases of (C) which are analogous to the autonomous, periodic,
linear, systems, and nth order cases already discussed for real valued equa-
tions. It will also be of interest to replace t in (C) by a complex variable and
to consider the behavior of solutions of such systems.

1.2 EXAMPLES OF INITIAL VALUE PROBLEMS

In this section, which consists of seven parts, we give several
examples of initial value problems. Although we concentrate here on simple
examples from mechanics and electric circuits, it is emphasized that initial
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value problems of the type considered here arise in virtually all branches
of the physical sciences, in enginecring, in biological sciences, in economics,
and in other disciplines.

In Section A we consider mechanical translation systems and
in Section B we consider mechanical rotational systems. Both of these types
of systems are based on Newton's second law. In Scction C we give examples
of electric circuits obtained from Kirchhofl’s voltage and current laws. The
purpose of Section D is to present several well-known ordinary differential
equations, including some examples of Volterra population growth equa-
tions. We shall have occasion to refer to some of these examples later. In
Section E we consider the Hamiltonian formulation of conservative dynam-
ical systems, while in Section F we consider the Lagrangian formulation of
dynamical systems. In Section G we prescent examples of electromechanical
systems.

A. Mechanical Translation Systems

Mechanical translation systems obey Newton’s second law of
motion which states that the sum of the applied forces (to a point mass)
must equal the sum of the reactive forces. In linear systems, which we consider
presently, it is sufficient to consider only inertial elements (i.e., point masses),
elastance or stiflness elements (i.e., springs), and damping or viscous friction
terms (e.g., dashpots).

When a force f is applied to a point mass, an acceleration of
the mass results. In this case the reactive force fj, is equal to the product
of the mass and acceleration and is in the opposite direction to the applied
force. In terms of displacement x, as shown in Fig. 1.2, we have vcloc:ty =
v = x’ = dx/dt, acceleration = a = x" = d*x/dt?, and

Ju =Ma=Mv = Mx",
where M denotes the mass.

f o mass

/i

FIGURE 1.2
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The stiffness terms in mechanical translation systems provide
restoring forces, as modeled, for example, by springs. When compressed, the
spring trics to expand to its normal length, while when expanded, it tries to
contract. The reactive force fx on each end of the spring is the same and is
cqual to the product of the stiffness K and the deformation of the spring, i.c.,

Jk = K(x; — x;),

where x, is the position of end 1 of the spring and x, the position of end 2
of the spring, mcasured from the original equilibrium position. The direction
of this force depends on the rclative magnitudes and dircctions of positions
x, and x, (Fig. 1.3).

. x. K X
FIGURE 1.3 6_____/vww__°’

The damping terms or viscous [riction terms characterize ele-
ments that dissipate energy while masscs and springs are elements which
store encrgy. The damping force is proportional to the difference in velocity
of two bodies. The assumption is made that the viscous friction is linear. We
represent the damping action by a dashpot as shown in Fig. 1.4. The reaction
damping force fg is equal to the product of damping B and the relative
velocity of the two ends of the dashpot, i.e.,

Js = B(v; — v;) = B(x} — x3).

The direction of this force depends on the relative magmludes and directions
of the velocitics x| and xj.

xl B X,

FIGURE 14 o _ T_I °

The preceding relations must be expressed in a consistent set
of units. For cxample, in the MKS system, we have the following set of units:
time in seconds; distance in meters; velocity in meters per second; acceler-
ation in meters per (second)?; mass in kilograms; force in newtons; stiffness
coefficient K in newtons per meter; and damping cocfficient B in newtons
per (meter/second).

In a mechanical translation system, the (kinctic) energy stored
in a mass is given by

T = iM(x')?,
the (potential) energy stored by a spring is given by
W =1K(x, — x,))%



10 ‘ o 1. Introduction

while the energy dissipation due to viscous damping (as represented by a
dashpot) is given by

2D = B(x} — x3)%

In arriving at the differential equations which describe the
behavior of a mechanical translation system, we may find it convenient to
use the following procedure:

1. Assume that the system originally is in equilibrium. (In
this way, the often troublesome effect of gravity is eliminated.)

2. Assumc that the system is given some arbitrary displace-
ment if no disturbing force is present.

3. Draw a “free-body diagram” of the forces acting on each
mass of the system. A separate diagram is required for each mass.

4. Apply Newton’s second law of motion to each diagram,
using the convention that any force acting in the direction of the assumed
displacement is positive.

Let us now consider a specific example.

Example 2.1. The mechanical system of Fig. 1.5 consists of
two point masses M, and M, which are acted upon by viscous damping
forces (due to B and due to the friction terms B, and B,) and spring forces
(due to the terms K, K,, and K), and external forces f;(t) and f5(t). The

/,
/ — X; -—bxz ?
% LY ’ A :h . -——-f © /
/ —WVW— " " _'VV\IZ_'¢
4 £y () — — R 4
7777 (2777777777 7T T 77777 77 00 777
Bl ) B
FIGURE 1.5 ’
tl(z) e n——— “.("1"‘2) K(x,-x,) <—- } [ K,x,
K)¥) — LY — Blxj-x}) T B(x)-x]) <— My - £,
Y% -—f - Bx] L 5%
(a) KC

FIGURE 1.6 Free body diagrams for (a) M, and (b) M.
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initial displacements of masses M, and M, are given by x,(0) = x,, and
x3(0) = x39, respectively, and their initial velocities are given by x}(0) = x/,
and x%(0) = x5,. The arrows in this ﬁgure establish positive directions for
displacements x; and x,.

The free-body diagrams for masses M, and M, are depicted
in Fig. 1.6. From these figures, there now result the following equations
which describe the system of Fig. 1.5.

M‘x“' +(B+ Bl)x'l + (K + KI)X1 - Bxlz - sz =f|(t),
M,x3 + (B + By)x5 + (K + K,)x, — Bxy — Kxy = —fy(1),
with initial data x,(0) = x4, X,(0) = X34, X1(0) = x5, and x5(0) = x},.
-Letting y;, = x,,y, = x},y3 = X,,and y, = x5, we can express

Eq. (2.1) equivalently by a system of four first order ordinary differential
equations given by

2.1

¥, 0 1 0 0
%) _ —~[(K, + K)M,] -[(B, + B/M,] (K/M,) (B/M,)
¥ 0 0 0 , 1
¥ (K/M3) (B/M) -[(K + K;)/M,] —[(B + B))/M,]
L4 0
V2 (/M )0 .
2.2
i+ 0 (2.2)
Va, = (/M) fa(0)

with initial data given by (,(0) ¥5(0) y3(0) ¥4(0))" = (x10 X10 X20X20)"-

B. Mechanical Rotational Systems

The equations which describe mechanical rotational systems
are similar to those already given for translation systems. In this case forces
are replaced by torques, linear displacements are replaced by angular dis-
placements, linear velocities are replaced by angular velocities, and linear
accelerations are replaced by angular accelerations. The force equations
are replaced by corresponding torque equauons and the three types of system
elements are, again, inertial elements, springs, and dashpots. ’

The torque applied to a body having a moment of inertia J
produces an angular acceleration o = ' = 0. The reaction torque T, is
opposite to the direction of the applied torque and is equal to the product of
moment of inertia and acceleration. In terms of angular dISplacement 0,
angular velocity , or angular acceleration a, the torque equatign is given by

T, =Ja=Jo =J0O"
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When a torque is applied to a spring, the spring is twisted by
an angle 0 and the applied torque is transmitted through the spring and
appears at the other end. The reaction spring torque T that is produced is
equal to the product of the stiffness or elastance K of the spring and the
angle of twist. By denoting the positions of the two ends of the spring, mea-
sured from the neutral position, as 0, and 0,, the reactive torque is given by

TK = K(Ul - 02).

Once more, the direction of this torque depends on the relative magnitudes
and directions of the angular displacements 0, and 0,.

The damping torque T in a mechanical rotational system is
proportional to the product. of the viscous friction coeflicient B and the
relative angular velocity of the ends of the dashpot. The reaction torque of
a damper is

Ty = B(w, — w,) = B(0, — 09).

Again, the direction of this torque depends on the relative magnitudes and
directions of the angular velocities w, and w,.

The expressions for T,, T, and Ty are clearly counterparts
to the expressions for f,, fx, and f3, respectively.

The foregoing relations must again be expressed in a consistent
set of units. In the MKS system, these units are as follows: time in seconds;
angular displacement in radians; angular velocity in radians per second;

- angular acceleration in radians per second?; moment of inertia in kilogram-
meters?; torque in newton-meters; stiffness coefficient K in newton-meters
per radian; and damping coeflicient B in newton-meters per (radians/second).

In a mechanical rotational system, the (kinetic) energy stored
in a mass is given by

T =40,
the (potential) energy stored in a spring is given by
W= %K(On - 02)2,
and the energy dissipation due to viscous damping (in a dashpot) is given by
=B, — 0L
Let us consider a specific example.

Example 2.2. The rotational system depicted in Fig. 1.7
consists of two masses with moments of inertia J, and J,, two springs with
stiffness constants K, and K, three dissipation elements with dissipation
coefficients B,, B,, and B, and two externally applied torques T, and T,.
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FIGURE 1.7

The initial angular displacements of the two masses are given by 0,(0) = 0,,
and 0,(0) = 0,,, respectively, and their initial angular velocities are given
by 0](0) = 0"0 and 9'1(0) = 0’20.

The free-body diagrams for this system are given in Fig. 1.8.
These figures yield the following equations which describe the system of
Fig. 1.7.

Y Y B(8;-6)) 8,

1191 3191 3101 3(01-02) 3292 Jzez T, xzez

FIGURE 1.8

J,07 + B0, + B(0, - 02) + K0, =T,

23
120’2‘+820'1+B(012—0")+K202= ""‘Tz. ( )

Letting x, = 0,, x, = 0}, x5 = 0,, and x, = 0, we can express these equa-
tions by the four equivalent first order ordinary differential equations

x| o 1 o 0o fx
xp|_| —Kily —(By+B)J, 0 B/J, " ||x2
x5 . 0 0 0 1 X3
xaJ 0 - B/, —Ky/J; —(B;+B)/J, | X4
o «
+ Tl(:))/"l (24)
=T,/ 2]

with initial data given by [x,(0) x;(0) x3(0) x,(0)]" = [0, 010 020 037"
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.

C. Electric Circuits

In describing electric circuits, we utilize Kirchhoff’s voltage
law (KVL) and Kirchhoff’s current law (KCL) which state:

(a) The algebraic sum of potential differences around any
closed loop in a circuit equals zero, i.e, in traversing any closed loop in a
circuit, the sum of the voltage rises equals the sum of the voltage drops.
" (b) Thealgebraic sum of currents at a junction or node in a
circuit equals zero, i.e., the sum of the currents entering the junction equals
the sum of the currents leaving the junction.

In the present discussion we concern ourselves with linear
circuits consisting of voltage sources, current sources, capacitors, inductors,
resistors, transformers, and the like. We shall discuss only those elements
which we shall require. .

H Voltage (current) sources are modeled by voltage (current)
gencrators Direct current (dc) voltage sources are often modeled by batteries
(see Fig. 1.9).

. L

v E = 1

] ) L—_—O

(a) (b) (c)
FIGURE 1.9 (a) Voltage source, (b) de voltage source, (c) current source.

The voltage drop across a resistor is given by Ohm’s law which
states that the voltage drop across a resistor is équal to the product of the
current i through the resistor and the resistance R (see Fig. 1.10), i.e.,

vg=Ri or i=uv/R.

The voltage drop across an inductor is equal to the product
of the inductance L and the time rate of change of current, di/dt (see Fig. 1.10),

+ R - + L - + C -
o—WW—o0  o—— o o—f o
— i — 1 — 1
(a) (v) (c)

FIGURE 1.10 Voltage drop across (a) a resistor R, (b) an inductor L, and (c) a capacitor C.
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ie.,

o=Lo or i= % {2 vy + iy00).
The initial current i;(0) in the inductor carries its own algebraic sign, i.e.,
if i,(0) is in the same direction as i, then it is positive; otherwise it is ncgative.
The positively directed voltage drop across a capacitor is
defined in magnitude as the ratio of the magnitude of the positive electric
charge ¢ on its positive plate to the value of its capacitance C. Its direction is
from the positive plate to the negative plate. The charge on a capacitor plate
equals the time integral from the initial instant to the arbitrary time instant
t of the current i(t) entering the plate, plus the initial value of the charge g,
(see Fig. 1.10). Thus, ’

vc=%=%£i(t)dr+%=lc ;i(t)dt+vc(0) or i=C%.
The initial voltage v-(0) on the capacitor carries its own algebraic sign, i.e.,
if v-(0) has the same polarity as v, then it is positive; otherwise it is negative.

In using the foregoing relations, we need to use a consistent
set of units. In the MKS system these are: charge, coulombs; current, am-
peres; voltage, volts; inductance, henrys; capacitance, farads; and resistance,
ohms.

The energy dissipated in a resistor R is given by i’R = vZ/R,
where vy is the applied voltage and i is the resulting current. The energy
stored in an inductor L is given by L%, where i is the current through the
inductor. Also, the energy stored in a capacitor is given by [¢%/(2C)], where
q is the charge on the capacitor C.

There are several methods of analyzing electric circuits. We
shall consider two of these, the Maxwell mesh current method (also called the
loop current method) and the nodal analysis method.

The loop current method is based on Kirchhoff’s voltage law
and it consists of assuming that currents, termed “loop currents,” flow in
each loop of a multiloop network. In this method, the algebraic sum of the
voltage drops around each loop, obtained by the use of the loop currents,
is set equal to zero. The following procedure may prove useful:

1. Assume loop currents in a clockwise direction. Be certain
that a current flows through every element and that the number of currents
assumed is sufficient.

2. Around each loop, write an equation obtained from
Kirchhoff’s voltage law.
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FIGURE 1.11

One method to ensure that a sufficient number of currents
have been assumed in a network is as indicated in Fig. 1.11. (This method is
applicable to “planar nctworks,” i.c., networks that can be drawn with no
wires crossing.) The currents are selected in such a fashion that through
every element there is a current, and no element crosses a loop. This is the
case in Fig. 1.11, but not in Fig. 1.12, where i, is crossed by an element.

+

c1
cl i'2 - Vo2
+

FIGURE 1.13

Example 2.3. As an example of loop analysis, consider the
circuit depicted in Fig. 1.13. The loop currents i, and i, will suffice. Note
that the current flow through capacitor C, is determined by both i, and i,.
In view of Kirchhofl's voltage law we have the following integrodifferential
equations (see Fig. 1.14):

. L "
V= IIR‘ + —J; ('l - lz)d‘ + vcx(o) (2‘5)
di
0=iR; + L2 + e f iadt + 0c20) + f (:, :.)d: - 1,(0), (26)
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FIGURE 1.14

where v,,(0) and v.,(0) denote the initial voltages on capacitors C, and C,,
respectively. .

Equations (2.5) and (2.6) can be expressed equivalently by
ordinary differential equations in terms of charge ¢, by

1 1 v
=g —-—q; =—, 2.
a + R,C, 4 R.C, 9 R, (‘ 7
. Ry , 1 1 1 _
q2 + T QI + (C‘L + CZL)qZ LCZ ql - 0’ (2'8)

We can also describe this circuit by means of a system of first
order ordinary differential equations. For example, if we let x; = v¢, (the
voltage across capacitor C,), x, = vc, (the voltage across capacitor C,), and
X3 = i, (the current through inductor L), then Egs. (2.7) and (2.8) yield the
system of equations

.

xy -1/(R,Cy) O —1/C,||x, v/(R,C,)
X3 = 0 0 1/C, |1 %2 | + 0 . (2.9)
x5 1/L —1/L —R,/L || x; 0

The complete description of this circuit requires the spec:ﬁca—
tion of the initial data v¢,(0), vc;(0), and i5(0).

The nodal analysis method is based on Kirchhofl’s current law
and involves the following steps:

1. Assume potentials (i.e., voltages) at all nodes in the circuit,
and choose one point of node in the circuit as being at ground potential
(i, at zero volts). The node voltages v; measured above ground are the
dependent variables in the node equations, just as the currents are dependent
variables in the loop equations.

2. Utilize Kirchhofl’s current law to write the appropriate
equations to describe the circuit. This results in the same number of i mtcgro-
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Node 2

Node 3

FIGURE 1.15

differential equations as there are assumed node potentials measured above
-ground potential. No equation is written for the node chosen at ground
potential. -

Example 2.4. Let us reconsider the circuit of the preceding
example which is given in Fig. 1.15 with appropriately labeled node voltages.
Note that the voltages of two of the five nodes are known, and therefore,
node equations are required only for nodes 1-3. Using Kirchhofl’s current
law, we now obtain the integrodifferential equations

”l - v ) ”l - ”z -
Rl + ?,v, + R2 - 0’ (2'l0)
- 1
%;ﬁ+t":(vz—v3)dt+i,‘(0)=0, @l
l (] . ’ ‘
T fo (vs — v)dt — i (0)+ C,v'y =0, 2.12)

where i;(0) denotes the initial current thi’ough the inductor L. These equa-
tions can be rewritten as a system of three first order ordinary differential
equations given by

[—1/1 1 1 MT1T v ]
o el LT L
“ | (R, * Rz) ol | A I e
A =110 R, 1\ R, v
=17, (R,+R2) (L cht) L (||| re | @1
, 1 -1 | :
% R,C; R,C, 0 N _03.. L 0. A
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In order to complete the description of this circuit, we need
to specify the initial data ,(0), v,(0), and v;(0).

Since the system of equations (2.9) (obtained by Kirchhoff’s
voltage law) describes the same circuit as Eq. (2.13) (obtained by Kirchhoff's
current law), one would expect that it would be possible to obtain Eq. (2.13)
from (2.9), and vice versa, by means of an appropriate transformation. This
is indeed the case. An inspection of Figs. 1.13 and 1.15 reveals that

X|=v‘, x:=03, x3=R_z+i; (2.'4)

If we combine (2.9) with (2.14) we obtain (2.13), and if we combine (2.9) with
(2.13) we obtain (2.14).

In Chapter 3 we shall obtain general results for linear equations
which will show that the systems of equations (2.9) and (2.13) are represen-
tations of the same circuit with respect to two different sets of coordinates.

D. Some Examples of Nonlinear Systems

We now give several examples of systems which are described
by some rather well-known differential equations which are not necessarily
linear equations, as were the preceding cases. To simplify our discussion
and to limit it to a manageable scope, we concentrate on second order
differential equations of the form

dx? , "
2=t p(t,x,x)=q(1), 20, (2.15)

where x(0) and x’(0) are specified, and where the functions p(-) and ¢(-) are
specified. If we let x, = x and x = x,, then Eq. (2.15) can equivalently be

represented by
x', X2 0
= 2.16
[X’z] [—n(r,:r. -Xz)] * [ll(l)] (216)

with [x,(0) x,(0)]" = [x(0) x'(0)]™.

Example 2.5. An important special case of (2 15) is the
Lienard equation given by

@ f+f(w) 0 +g(x) =0, | 2.17)
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where f:R —+ R and g:R — R are continuously differentiable functions with
f(x) = 0 for all x € R and with xg(x) > 0 for all x # 0. This equation can be
used to represent, for example, RLC circuits with nonlinear circuit elements
(R,L,C).

An important special case of the Liecnard equation is the van
der Pol equation given by

d*x

de?
where £ > 0 is a parameter. Tlns equation represents rather well certain
clectronic oscillators.

—g(1 -—x’)‘%+x=0, (2.18)

Example 2.6. Another special case of Eq. (2.15) arising in
applications is
d?x x'
—_— , _— 2 =,
iz +h ] + wox =0 (2.19)

where h > 0 and w? > 0 are parameters. If we definc the sign function by

+1, 0>0,
sgnl = 0, 0=0, (2.20)
. -1, 0<0,
then Eq. (2.19) can be written as
dZ
d_tf + hsgnx' + w3x = 0. (2.21)

Equation (2.21) has been used to represent a mass sliding on
a surface and attached 1o a linear spring as shown in Fig. 1.16. The nonlinear
term hsgn x’ represents the dry friction force caused by the sliding of the
mass on a dry surface. The magnitudes of h and w? are determined by M,
K, and the nature of the sliding surfaces. As usual, x represents the displace-
ment of the mass.

-

dry friction K

FIGURE 1.16
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Example 2.7. Another special case of Eq. (2.15) encountered
in the literature is Rayleigh’s equation, given by

d*x 1 (dx\*]dx ‘
-‘—1?*-8[1 —3'(*d—t-> ]-‘E-FX—O. (2.22)

Here ¢ > 0 is a parameter.

Example 2.8. Another important special case of Eq. (2.15) is
given by

12 .
‘d-;i:- +g(x)=0, (223)

where g(x) is continuous on R and where xg(x) > 0 for all x # 0. This
cquation can bc used to represent a system consisting of 2 mass and a
nonlinear spring, as shown in Fig. 1.17. Hence, we call this system a “mass
on a nonlinear spring.” Here, x denotes displacement and g(x) denotes the
restoring force due fo the spring. We shall now identify several special cases
that have been considered in the literature.
Ifg(x) = k(1 4+ a*x?)x, where k > 0 and ¢?> > 0 are parameters,
then Eq. (2.23) assumes the form
d?
71?:’ + k(1 + a?x)x = 0. 2.24)
This system is called a mass on a hard spring. [More generally, one may
assyme only that g'(x) and g"(x) are positive.]
Ifg(x) = k(1 — a’x?)x, where k > 0 and a® > 0 are parameters,
then Eq. (2.23) assumes the form
d’x 2.2 -1
) 7‘7+k(1-—a xHx=0 (]x]<a™') (2.25)
This system is referred to -as'a mass on a soft spring. [Again, this can be
gencralized to the requirement that g'(x) > 0 and g"(x) < 0.] .

\

8(x)

FIGURE 1.17
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Equation (2.23) includes, of course, the case of a mass on'a
linear spring, also called a harmonic oscillator, given by

dZ

=t kx =0, : (2.26)

where k > 0 is a parameter.

The motivation for the preceding terms (hard, soft, and linear
spring), is made clear in Fig. 1.18, where the plots of the spring restoring
forces versus dlsplacemcnt are given.

If g(x) = k*x|x|, where k2 > 0 is a parameter, then Eq. (2.23)
assumes the form

d2

4 kx| =0. @27)
dt .
This system is often called a mass on a square-law spring. .

Example 2.9. An important special case of (2.23) is the equa-
tion given by
2

m %’; + ksinx = 0, (2.28)

where k > 0is a parameter. This equation describes the motion of a constant
mass moving in a circular path about the axis of rotation normal to a

g0 A

soft spring

[} > x

soft spring hard spring

e

FIGURE 1.18
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constant gravitational field, as shown in Fig. 1.19. The parameter k depends
upon the radius [ of the circular path, the gravitational acceleration g, and
the mass. Here x denotes the angle of deflection measured from the vertical.

Example 2.10. Our last special case of Eq. (2.15) which we
consider is the forced Duffing’s equation (without damping), given by

d?x

Rl + wix + hx® = Geos w,t, (2.29)
where w2 > 0,h > 0,G > 0,and w, > 0. This equation has been investigated
extensively in the study of nonlinear resonance (ferroresonance) and can be
used to represent an externally forced system consisting of a mass and
nonlinear spring, as well as nonlinear circuits of the type shown in Fig. 1.20.
Here the underlying variable x denotes the total instantaneous flux in the
core of the inductor.

In the examples just considered, the equations are obtained
by the use of physical laws, such as Newton’s second law and Kirchhoff’s
voltage and current laws. There are many types of systems, such as models
encountered in economics, ecology, biology, which are not based on laws
of physics. For purposes of illustration, we consider now some examples of

Ml [ A
11
[

+
FIGURE 1.20 Eetaus @ ‘ .
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Volterra’s population equations which attempt to model biological growth
mathematically.

Example 2.11. A simple model representing the spreading of

a disease in a given population is represented by the equations
x:, = —ax, + bx;x,, (2.30)

Xy = —bx;x,;,
where x; denotes the density of infected individuals, x, denotes the density
of noninfected individuals, and a > 0 and b > 0 are parameters. These cqua-
tions are valid only for the case x; = 0 and x, > 0.

The second equation in (2.30) states that the noninfected in-
dividuals become infected at a rate proportional to x,x,. This term is a
measure of the interaction between the two groups. The first equation in
(2.30) consists of two terms: —ax, which is the rate at which individuals die
from the disease or survive and become forever immune, and bx,x, which
is the rate at which previously noninfected individuals become infected.

To complete the initial value problem, it is nccessary to specify
nonncgative initial data x,(0) and x,(0).

Example 2.12. A simple predator-prey model is given by the
equations

—ax; + bx;x,,

1 (2.31)
Xy =cxy; —dx x,,

where x; > 0 denotes the density of predators (e.g., foxes), x, = 0 denotes
the density of prey (e.g., rabbits), and a >0, b>0, ¢ >0, and d > 0 are
parameters.

‘ Note that if x, = 0, then the first equation in (2.31) reduces to
xy = —ax,, which implies that in the absence of prey, the density of predators
will diminish exponentially to zero. On the other hand, if x; # 0, then the
first equation in (2.31) indicates that x} contains a growth term proportional
to x;. Note also that if x, = 0, then the second equation reduces to xj = ¢x,
and x, will grow exponentially while when x, # 0, x, contains a decay term
proportional to x;,.

Once more, we necd to specily nonnegative initial data, x,(0) =
X;0 and x,(0) = x,,.

Example 2.13. A modcl for the growth of a (well-stirred and
homogencous) population with unlimited resources is

X' =c¢x, c>0,
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where x denotes population density and ¢ is a constant. If the resources
for growth are limited, then ¢ = ¢(x) should be a decrecasing function of x
instead of a constant. In the “linear” case, this function assumes the form
a — bx where a, b > 0 are constants, and one obtains the Verhulst-Pearl
equation

x' = ax — bx2.

Similar reasoning can be applied to population growth for two
competing species. For example, consider a set of equations which describe
two kinds of species (c.g., small fish) that prey on cach other, i.c., the adult
members of specics A prey on young members of species B, and vice versa.
In this case we have equations of the form

Xy = ax, — bx,x, — ¢cx?, 2.32)

Xy =dx; —ex;x; — fx3,
where a, b, c, d, e, and f are positive parameters, where x, > 0 and x; 2 0,
and where nonnegative initial data x,(0) = x,, and x,(0) = x,, must be
specified.

E. Hamiltonian Systems

Conservative dynamical systgms are those systems which con-
tain no energy dissipating elements. Such systems, with n degrees of freedom,
can be characterized by means of a Hamiltonian function H(p, g), where " =
(41, - - - »q,) denotes n generalized position coordinates and p* = (p,, ..., P,
denotes n generalized momentum coordinates. We assume H(p, g) is of the
form

H(p,q) = T(q,4') + W(q), (2.33)

where T denotes the kinetic energy and W denotes the potentigl energy of
the system. These encrgy terms are obtained from the path independent line
integrals

Tad) = 5 pa.07d = [ ¥ pia O (2.34
W)= f; sordn =3 3 fiondn, (2.35)

where f;,i=1,..., n, denote generalized potential forces.
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In order that the integral in (2.34) be path independent, it is
necessary and sufficient that

opi(9.9) _ 0py(a.4)
aq; aq;

. j=1...,n (2.36)

A similar statement can be made about Eq. (2.35).
Conservative dynamical systems are described by the system
of 2n ordinary differential equations

oH )
‘I;=Z{I":(P.Q), i= l,-".,ﬂ
2.37
'——2}1( ). i=1 n >
Pi = aq‘ p,q), L RN R

Note that if we compute the derivative of H(p, q) with respect
to ¢ for (2.37) [i.e., along the solutions q,(t), pd1),i=1,..., n] then we obtain,
by the chain rule,

S o0.a0) = 3 Z (p.awi+ 3 5 (o
=1
Z - (p,q) (p,q)+ Z H(p,q) p, (P9

H
= - Z (p,q) (p.q)+ Z . (p.q) %, (p,q)

In other words, in a conservative system (2.37) the Hamiltonian, i.e., the
total energy, will be constant along the solutions of (2.37). This constant is
determined by the initial data (p(0), g(0)).

Example 2.14. Consider the system depicted in Fig. 1.21. The
kinetic energy terms for masses M, and M, are

Ta(x1) =M (x})%,  T,(x3) = $M,(x3)%,
— X, — x,

5 x R
n HVWW— v FH\V\V\—

\\\\\\\\ I I i T
FIGURE }1.21 .

/// LA
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rcspec;ively, the potential energy terms for springs K, K 2, K are

Wi(x,) = 3K, x3, Wilx,) = $K,x3, W(x,,x,;) = 1K(x, — x,)?,
respectively, and the Hamiltonian function for the system is given by
H(xy,x2,x1,%3) = 4L My(x))* + Ma(x3)* + Ky xi + Kax3 + Klx; — x3)*].

From (2.37) we now obtain the two second order ordinary differential
equations
M‘x'; = -K;x‘ - K(X‘ - x:),
M, x; = = Kax; — Kix, — x)(—1),
or
Mlx:{-l-K,x. +K(x‘ ""X2)=0, (2.38)
MzXz + szz + K(xz - x,) =0.

If we let x, = y,, x| = y,, X5 = y3, X3 = Y4, then Egs. (2.38)
can equivalently be expressed as

" 0 1 0 0]l
Y2l _|-(Ky +K)/M, O K/M, 011
wl= 0 0 0 [ (2.39)
Va K/M, 0 —(K;+K)M, 0]y,

Note that if in Fig. 1.5 we let B, = B, = B = 0, then Eq. (2.39)
reduces to Eq. (2.2).

In order to complete the description of the system of Fig. 1.21
we must specify the initial data x,(0) = y,(0), x3(0) = y,(0), x,(0) = y,(0),
x5(0) = y4(0). :

Example 2.15. Let us consider the nonlinear spring-mass
system shown in Fig. 1.22, where g(x) denotes the potential force of the

\

g(x)

FIGURE 1.22
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spring. The potential encrgy for this system is given as

W) =, gnydn,
the kinetic energy for this system is given by
T(x') = {M(x')?,
and the Hamiltonian function is given by
H(x,x) = §M(x')? + fo gt dn. (2.40)
In view of Egs. (2.37) and (2.40) we obtain the second order
ordinary differential equation
d ’
_IW" )= —g(x)
or
Mx" + g(x) =0. (2.41)

Equation (2.41) along with the initial data x(0) = x,4 and x'(0) = x,, de-

scribe completely the system of Fig. 1.22. By letting x, = x and x, = x', this

initial value problem can be described cquivalently by the system of equations
x’l =X 29

, 1 (2.42)
Xy = —ﬁ(y(xl)),

with the initial data given by x,(0) = x,0, X2(0) = x34. .
It should be noted that along the solutions of (2.42) we have

H 1
I(xhxz) =g(xy)x; + sz(_'M‘ 9("1)) =0,

as expected.

The Hamiltonian formulation is of course also applicable to
conservative rotational mechanical systems, electric circuits, electrome-
chanical systems, and the like. -

F. Lagrange's Equation

If a dynamical systcm contains elements which dissipate
energy, such as viscous friction elements in mechanical systems, and resistors
in electric circuits, then we can use Lagrange’s equation to describe such
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systems. For a system with n degrces of freedom, this equation is given by

d oL
dl(ﬁq(")) (q,q)+ (q)- i=1...,n (243)

where ¢' = (¢4, . . . ,q,) denotes the generahzed position vector. The func-
tion L(q, ') is called the Lagrangian and is defined as

L(g.4') = T(g,q') — W(q),
i.e, it is the difference between the kinetic energy T and the potential energy
w..

The function D(q) denotes Raylcigh’s dissipation function
which we shall assume to be of the form

D(g) =% Z Z Bididjs

whcre [/iu] is a posmve semidefinite matrix. The dissipation function D
represents one-half the rate at which energy is dissipated as heat; it is pro-
duced by friction in mechanical systems and by resistance in electric circuits.

Finally, F; in Eq. (2.43) denotes an applied force and includes
all external forces which are associated with the g; coordinate. The force F;
is defined as being positive when it acts so as to increase the value of the
coordinate g;.

Example 2.16. Consider the system depicted in Fig. 1.23
which is clearly identical to the system given in Fig. 1.5. For this system we
have .

T(q,q) = M, (x))* + M (x))%,
W(q) = $K,x} + 3K,x3 + 3K(x, — x,)?,
D(q) = §B,(x})? + $By(x2)* + § B(x| — x3)%,
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and
Fi)=/(1),  Fy0)= —f;(9).
The Lagrangian assumes the form
L(g,9)) = $M,(x})? + IM,(x3)* — 3K x} — §K,x] — § K(x, — x,)%.
We now have
oL . oL

o - M g = M
(oms AEm

% = —Kyx, — K(x, — %), g‘; = —Kyx; — K(xz — %),

;,i—",l = B,x, + B(x, — %), ~ :%% m By, + B, — ¥

In view of Lagrange’s equation we now obtain the two second order ordinary
differential equations

Mxy + (B + B,)x; + (K + K,)x, — Bx — Kx, = fy(t),
M,x; + (B + By)x) + (K + Kj)x; — Bxy — Kx, = —f5(1).

These equations are clearly in agreement with Eq. (2.1), which was obtained
by using Newton's second law.

If we let y, = x,, y;, = X}, ¥3 = X3, Y4 = X3, then we can ex-
press (2.44) by the system of four first order ordinary differential equations
given in (2.2).

(2.44)

Example 2.17. Consider the mass-linear dashpot/nonlinear
spring system shown in Fig. 1.24, where g(x) denotes the potential force
due to the spring and f(¢) is an externally applied force.

FIGURE 1.24

£(t)
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The Lagrangian is given by
Lix,x) = $M(x = [ glmdn

and Rayleigh’s dissipation function is given by

~w  D(x') =1B(x)%.

Now
L , d (oL )
7 = Mx: E(EF)‘M"’
oL o .
¥ i —g(x), P Bx'.

Invoking Lagrange’s equation, we obtain the equation
Mx" + Bx' + g(x) = f(1). (245)

The complete description of this initial value problem includes the initial
data x(0) = x4, X'(0) = x3.

Lagrange’s equation can be applied equally as well to rota-
tional mechanical systems, electric circuits, and so forth. This will be dem-
onstrated further in Section G.

G. Electromechanical Systems

In describing electromechanical systems, we can make use of
Newton’s second law and Kirchhofl's voltage and current laws, or we can
invoke Lagrange's equation. We demonstratc these two approaches by means
of two specific examples.

Example 2.18. The schematic of Fig. 1.25 represents a sim-
plified model of an armature voltage-controlled dc servomotor. This motor
consists of a stationary field and a rotating armature and load. We assume
that all effects of the field are negligible in the description of this system. We
now identify the indicated parameters and variables: e,, externally applied
armature voltage; i,, armature current; R,, resistance of armature winding;
L,, inductance of armature winding; ey, back emf voltage induced by the
rotating armature winding; B, viscous damping due to friction in bearings,
due to windage, etc.; J, moment of inertia of armature and load; and 0, shaft
position.
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FIGURE 1.25

The back emf voltage (with polarity as shown) is given by
= KO, (2.46)

where 0’ denotes the angular velocity of the shaft and K > 0 is a constant.
The torque T generated by the motor is given by

T =Ky, 247)

where K5 > 0 is a constant. This torque will cause an angular acceleration
0" of the load and armature which we can determine from Newton's second
law by the equation

JO" + BO' = T(). (248)

Also, using Kirchhofl’s voltage law we obtain for the armature circuit the
equation

L, d—‘:— + iR, +e,=e,. (2.49)

. Combining Egs. (2.46) and (2.49) and Egs. (2.47) and (2.48),
we obtain the differential equations

di, R, Kd_e, d*0 Bd0 K,

atL*tna"n ™ w@tiaTa™
To complete the description of this initial value problem we necd to specify
the initial data 0(0) = 0, 0'(0) = U}, and i,(0) = i,o-
Letting x; =0, x, = ¢, x; = i,, we can represent this system
equivalently by the system of first order ordinary differential equations given
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by ’
X o 1 0 X, 0
x3 =10 —BN Ki/J ||x2]+}] O
x35] |0 —K/L, —R,/L, || x3 e,/L,

with the initial data given by (x(0) x(0) x3(0))" = (0, 05 iso)"

Example 2.19. Consider the capacitor microphone depicted
in Fig. 1.26. Here we have a capacitor constructed from a fixed plate and a
moving plate with mass M, as shown. The moving plate is suspended from
the fixed frame by a spring which has a spring constant K and which also has
some damping expressed by the damping constant B. Sound waves exert
an external force f(r) on the moving plate. The output voltage v,, which
appears across the resistor R, will reproduce electrically the sound-wave
patterns which strike the moving plate.

When f(t) = 0 there is a charge g, on the capacitor. This
produces a force of attraction between the plates so that the spring is stretched
by an amount x, and the space between the plates is x,. When sound waves
exert a force on the moving plate, there will be a resulting motion displace-
ment x which is measured from the equilibrium position. The distance
between the plates will thén be x, — x and the charge on the plates will be
g0 + 9. ‘ N

The expression for the capacitance C is rather complex, but
when displacements are small, it is approximately given by

C =eA/(x5 — x)

Moving plate S S T J——
with mass M
K

T
/22222

ANANANNNRNNNY

Fixed plate —i l‘
R v R L
: : e 0
- v

FIGURE 1.26
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with C, = £4/x,, where € > 0 is the dielectric constant for air and A is the
area of the plate.
By inspection of Fig. 1.26 we now have

T= iL(q’)2 + IM(x)?,

W=se (‘Io + 0P + 4Ky + 3P =5 (xo — X)o + 9)* + 1K(x, + %)%,

L =1L(q)* + $M(x)? - 5‘7 (%o — x)Ngo + @)* — 3K(x, + x)?, -
and ' '
D ={R(q)? + 1B(x).

This is a two-degree-of-freedom system, where one of the
degrees of freedom is displacement x of the moving plate and the other
degree of freedom is the current i = q’. From Lagrange’s equation we obtain

Mx" 4+ Bx' — —1—(40 + g)* + K(x, + x) = f(1),

Lg" + R+ (%0 = X)do +9) = vo,

or
Mx’ + Bx' + Kx — ¢,q — c,q* = F(t),

Lq" + Rq' + [xo/(eA)]q — c3x — coxq =,

where ¢, = qo/(ed), ¢; = 1/(2e4), ¢5 = go/(ed), ¢4 = 1/(eA), F(t) = [(1) -
Kx‘ + [1/(28.4)](10, and V = vo bd [l/(eA)]qO

Ifwelet y, = x, y, = X, y; = ¢, and y, = ¢', we can represent
Egs. (2.50) equivalently by the system of equations _ '

(2.50)

Y 0 | 0 0 »
vi|_|-KmM -BM eyM O ||y
Vi 0 0 0 1 Y3
Vs c/L 0 —Yo/(€AL) —R/L ||y,
0 0
#| 0 |, R |

(ca/LIy1ys (y/Lyv
To complete the description of this initial value problem, we need to specify
the initial data x(0) = y,(0), x'(0) = y,(0), q(0) = y5(0), and ¢'(0) = i(0) =
¥4(0).
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PROBLEMS

1. Given the second order equation y”" + f(y)y' + g(y) = 0, write an equiv-
alent system using the transformations
(@ x, =yx,=y,and
() x;=y,x; =y + [§ fls)ds.
In how many different ways can this second order equation be written as an
equivalent system of two first order equations?
2. Write

y' + 3sin(zy) + 2 = cost, "+ 2" +3y+2y=1t

as an equivalent system of first order equations. What initial conditions
must be given in order to specify an initial value problem?

3. Suppose ¢, and ¢, solve the initial value problem

xy = 3x; + X, x,0) =1
Xy = —x; + X3, x,(0) = —1.

Find a second order differential equation which ¢, will solve. Compute ¢(0).
Do the same for ¢,. '
4. Solve the following problems.

(a) x=x%x(0)=1;

b) x"+x=0,x(0)=1,x(0)= —1;

© ¥X'—=-x=0,x(00=1,x0)=-1;

d) x' = h()x, x(r) =¢&;

(&) X' = h(t)x + k(1), x(v) = &;

() xy=—2x3,x5=—3x;

g xX"+x+x=0.

5. Let x = (¢",p")" € R>"* where p, g€ R" and let H(q,p) = $x"Sx where S is
a real, symmetric 2n x 2n matrix.

(a) Show that the.corresponding Hamiltonian differential
equation has the form x’ = JSx, where J =[_2 §] and E, is the n x n
identity matrix.

(b) Show that if y = Tx where T is a 2n x 2n matrix which
satisfies the relation T*JT =J (where T* is the adjoint of T) and det
T # 0, then y will satisfy a linear Hamiltonian differential equation. Compute
the Hamiltonian for this new equation.

6. Write the differential equations and the initial conditions needed to
completely describe the linear mechanical translational system depicted in
Fig. 1.27. Compute the Langrangian function for this mechanical system.
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If the damping coefficients B; and By are zero, this systemis a
Hamiltonian system. In this case, compute the Hamiltonian function.

7. Write differential equations which describe the linear circuits depicted
in Fig. 1.28. Choose coordinates and write each differential equation as a
system of first order equations.

8. Write differential equations which describe the linear circuit depicted
in Fig. 1.29. Use the Maxwell mesh current method and then use the nodal
analysis method.

X!
W

FIGURE 1.29

. Ifv=0and R,=0fori=1,...,4,then the resulting system
is a Hamiltonian system. Find the Hamiltonian.

9. A block of mass M is free to slide on a frictionless rod as indicated in
the accompanying Fig. 1.30. The attached spring is linear. At equilibrium, the
spring is not under tension or compression. Find the equation governing
the motion of the block.

/
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10. A thin inelastic cable connects a point mass M to a linear spring-linear
damper over a frictionless pulley with moment of inertia J (see Fig. 1.31).
Find the equation governing the motion of this mass. Assume that the cable
does not slip over the pulley. ‘

FIGURE 1.31

1i. A mass, linear spring, and linear damper are connected under the lever
arrangement depicted in Fig. 1.32. Write the equation governing the motion
of the mass M. N

FIGURE 1.32



FUNDAMENTAL THEORY

The purpose of this chapter is to present some basic results on
existence, uniqueness, continuation, and continuity with respect to param-
eters for the initial value problem

x'=flt,x), x(r)=¢ (U]

Related material on comparison theory and on invariance theorems will also
be given. ,

This chapter consists of nine parts. In Section 1 we establish
some notation, we recall some well-known background material, and we
establish some preliminary results which will be required later. In Section 2
we concern ourselves with the existence of solutions of initial value problems,
in Section 3 we consider the continuation of solutions of initial value prob-
lems, in Section 4 we address the question of uniqueness of solutions of such
problems, and in Section 5 we consider continuity of solutions of initial
value problems with respect to parameters.

In order not to get bogged down with too many details at the
same time, we develop all of the results in Sections 2-5 for the initial value
problem (I') characterized by the scalar ordinary differential equation (E’).
In Section 6 we first recall some additional facts from linear algebra. This
background material makes it possible to extend all of the results of Sections
2-5 in a straightforward manner to initial value problems (I) characterized
by the system of equations (E). To demonstrate this, we state and prove some

39
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sample results for linear nonhomegeneous systems (LN) and we ask the
reader to do the same for initial value problems (I).

In Section 7 we consider the differentiability of solutions of
(I) with respect to parameters, and in Section 8 we present our first com-
parison and invariance results. (We shall provide further comparison and
invariance results in Chapter 5.) This chapter is concluded in Section 9 with
a brief discussion of existence and uniqueness of holomorphic solutions to
initial value problems characterized by systems of complex valued ordinary
differential equations (C).

2.1 PRELIMINARIES

In the present section we establish some notation which will
be used throughout the remainder of this book and we recall and summarize
some background material which will be required in our presentation. This
section consists of four parts. In Scction A we consider continuous functions,
in Section B we present certain incqualities, in Section C we discuss the
notion of lim sup, and in Section’' D we present Zorn’s lemma.

A. Continuous Functions

Let J be an interval of rcal numbers with nonempty interior.
We shall usc the notation

C(J) = {f:f maps J into R and f is continuous}.

When J contains one or both endpoints, then the continuity is one-sided at
these points. Also, with k any positive integer, we shall usc the notation

C*(J) = | f: the derivatives f exist and S € C(J)
forj=0,1,...,k where fQ= f}.

If f maps J into C, the complex numbers, then f € C*(J) will mean that the
real and complex parts of f satisfly the preceding property. Furthermore, if
J is a real or complex vector valued function, then f € C*(J) will mean that
cach component of [ satisfies the preceding condition. Finally, for any subset
D of the n space R" with nonempty interior, we can define C(D) and CYD)
similarly.
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A function fe C(J) is called piccewise-C* if f € C*~(J) and
S%~Y has a continuous derivative for all ¢ in J with the possible exception
of a finite set of points where f*» may have jump discontinuities.

Definition 1.1. Let {f,} be a sequence of real valued func-
tions defined on a set D < R,

(i) The sequence {f,} is called a uniform Cauchy sequence if
for any positive ¢ there exists an integer M(¢) such that when m > k > M
one has | f,(x) — fu(x)| < € for all x in D.

(i1)) The sequence { f,,} is said to converge uniformly on D to
a function f if for any ¢ > 0 there exists M(c) such that when m > M one has
| fm(x) = f(x)| < & uniformly for all x in D.

We now recall the following well-known results which we
state without proof.

Theorem 1.2. Let {/,} = C(K) where K is a compact (ie., a
closcd and bounded) subset of R". Then {/,,} is a uniform Cauchy sequence
on K if and only if there exists a function f in C(K) such that { f,,} converges
to f uniformly on K.

Theorem 1.3. (Weierstrass). Let u,, k=1,2,..., be given
real valued functions defined on a set D < R". Suppose there exist nonnegative
constants M, such that |u,(x)| < M, for all x in D and

o
Y M, <oo.
=1

Then the sum ) ;') u,(x) converges uniformly on D.

In the next definition we introduce the concept of equicon-
tinuity which will be crucial in the development of this chapter.

Delinition 1.4. Lct F be a family of real valued functions
defined on a set D = R". Then

(i). & is called uniformly bounded if there is a nonnegative
constant M such that | f(x)| < M for all x in D and for all f in &.

(i) & 1s called equicontinuous on D if for any ¢ > 0 there is
a 6 > 0 (independent of x, y and f) such that |f(x) — f(y)| < &€ whenever
|x — y| < 6 for all x and y in D and for all f in #.

. Wenow state and prove the Ascoli-Arzela lemma which iden-
tifies an important property of equicontinuous families of functions.
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Theorem 1.5. Let D be a closed, bounded subset of R" and
let { f,,} be a real valued sequence of functions in C(D). If { f,,} is equicontin-
uous and uniformly bounded on D, then there is a subsequence {m,} and a
function f in C(D) such that {,, } converges to f uniformly on D.

Proof. Let {r;} be a dense subset of D. The sequence of real
numbsers { f,(r,)} is bounded since {/,} is uniformly bounded on D. Hence,
a subsequence will converge. Label this convergent subsequence { f;,(r,)}
and label the point to which it converges f(r,). Now the sequence { f;.(r,)}
is also a bounded sequence. Thus, there is a subsequence {f3,.} Of {fim}
which converges at r, to a point which we shall call f(r,). Continuing in
this manner, one obtains subsequences { f;,,} of { f;- 1, »} and numbers f(r,)
such that f,,(r,) = f(r,) asm— oo for k=1,2,3,... . Since the sequence
{fim} is a subsequence of all previous sequences {f},} for 1 <j <k —1,it
will converge at each point r; with 1 < j < k.

We now obtain a subsequence by “diagonalizing” the foregoing
infinite collection of sequences. In doing so, we set g,, = £, for all m. If the
terms f;,, are written as the elements of a semi-infinite matrix, as shown in
Fig. 2.1, then the elements g,, are the diagonal elements of this matrix.

fn_ Siz Sis fie
le..fn_ Sis Soa v
S S hos Fua
Ja Ju fu..fu_

FIGURE 2.1 Diagonalizing a collection of seéuences.

Since {g,,} is eventually a subsequence of every sequence { f;.},
then g,(r,) = f(r,) asm— oo for k=1,2,3,... . To see that g, converges
uniformly on D, fix ¢ > 0. For any rational r; there exists M (¢) such that
lgm(r)) — gi(rj)| < € for all m, i > M(e). By equicontinuity, there is a 6 > 0
such that |g,(x) — gi(y)] < ¢ for all i when x, ye D and |x — y| < 8. Thus for
|x —rj] < 6 and m, i > M,(e), we have

[ %) = 8i(X)] < |gm(X) — gu(r))] + lgmlr)) — gilr))]
+ lgilr)) — gilx)| < 3e.

The collection of neighborhoods B(r;,d) = {zeR:|r, — z| < 8} covers D.
Since D is a closed and bounded subset of real n space R" (i.e., since D is
compact), by the Heine-Borel theorem a finite subset B(r;,d), ..., B(r;,,5)
will cover D. Let M(e) = max{M,(e), ..., M (e)}. If m and i are larger than
M(e) and if x is any point of D, then x € B(r;,0) for some [ between 1 and L.
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S0 |g.(x) — gi(x)] < 3¢ as above. This shows that {g,,} is a uniformly Cauchy
sequence on D. Apply now Theorem 1.2 to complete the proof. W

B. Inequalities

The following version of the Gronwall inequality will be re-
quired later.

Theorem 1.6. Let r be a continuous, nonnegative function on
an interval J = [a,b] c R and é and k be nonnegative constants such that

ri) <6+ j: kr(s)ds (teJ).
. Then
r(t) < dexp[k(t — a)] forall tinJ.

Proof. Define R(t) = 6 + [, kr(s)ds. Then R(a) = &, R(t) > (1),
and

RY(t) - kR(t) < R'(t) — kr(t) = 0.
Multiply this inequality by K(r) = exp[k(a — #)] to obtain
KR () — kK(DR() <0 or [K(DR(N] <0.

Since the integral from a to t of this nonpositive function is again non-
positive, then

. K(s)R(s)|:l = K(t)R(t) - 6 < 0.
Thus R(t) < 8/K(1) or r(t) < R(t) < §/K(t) as desired. W

C. Lim Sup

We let 8D denote the boundary of a set D = R" and we let
D = D u aD denote the closure of D.
Given a sequence of real numbers {a,,}, we define

lim sup a,, & T'—' a, = inf (sup a,)
m— oo -0 m21 \kam
and

lim infa, 2 lim a, = sup (inf a,).

m-+ oo m-> w0 m21 \k2m



44 2. Fundamental Theory

by

%
D D, D
llusup-{ lim inf{ e o o ls l3 1

FIGURE 2.2 Lim sup and lim inf of sets.

It is easily checked that — o0 < liminfa,, < limsupa,, < + o0 and that the
limsup and liminf of a, are, respectively, the largest and smallest limit
points of the sequence {a,}. Also, the limit of a,, exists if and only if the
lim sup and lim inf are equal. In this case the limit is their common value.

In the same vein as above, if f is an extended real valued
function on D, then for any b € D,

lin:supf(x) = in‘l"(sup{f(y):y €D,0<|y—b|<¢})

The liminf is similarly defined. We call f upper semicontinuous if for each
xin D,

f(x) = limsup f(y).

yx

Also, we call f lower semicontinuous if for each x in D,
J(x) < liminff(y).

y—x
Finally, if {D,} is a sequence of subsets of R", then
lim supD..: n (U Dk)’ and lim infD,'= n U E&.
m- o m=1 \k>m m—+ m=1k2m

In Fig. 2.2 an example of limsup and liminf is dcpicted when the D,, are
intervals.

D. Zorn's Lemma

Before we can present Zorn's lemma, we need to introduce
several concepts. ‘
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A partially ordered set, (A, <), consists of a sct A and a relation
< on A such that for any a, b, and c in A,

(i) a<a,
(i) a < bandb < cimplies that a < ¢, and
(ill) a < band b < aimplies thata = h.

A chain is a subsct A, of 4 such that for all g and b in A, cither a < b or
b < a. An upper bound for a chain A, is an element a, € A such that b < g,
for all b in A,. A maximal element for A, if it exists, is an element a, of A
such that for all b in A4, a, < bimplies a; = b.

The next result, which we give without proof, is called Zorn’s
lemma. :

Theorem 1.7. If each chain in a partially ordered set (4, <)
has an upper bound, then A has a maximal element.

2.2 EXISTENCE OF SOLUTIONS

In the present section we develop conditions for the existence
of solutions of initial value problems characterized by scalar first order
ordinary differential equations. In section 6 we give existence results for
initial value problems involving systems of first order ordinary differential
equations. The results of the present section do not ensure that solutions to
initial value problems are unique.

Let D c R? be a domain, that is, let D be an open, connected,
nonempty set in the (¢, x) plane. Let f € C(D). Given (t,¢) in D, we seek a
solution ¢ of the initial value problem

x=f,x), x(1)=¢ )

The reader may find it instructive to refer to Fig. 1.1. Recall that in order
to find a solution of (I'), it suffices to find a solution of the equivalent integral
equation

) =& + [ fis, 0(s))d. v)

This will be done in the following where we shall assume only that f is,
continuous on D. Later on, when we consider uniqucness of solutions, we
shall need more assumptions on f.

We shall arrive at the main existence result in several steps.
The first of thesc involves an existence result for a certain type of approximate
solution which we introduce next.
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E+b  g4b

T+a T+a
(1,€)

T,£)

(a) : (b)
FIGURE 2.3 (a) Case c = b/M.(b) Casec=a. .

Definition 2.1 An c-approximate solution of (1') on an interval
J containing t is a real valued function ¢ which is piecewise C' on J and
satisfies ¢(t) = ¢, (t,@(1)) € D for all t in J and which satisfies

|¢'() - St ¢(0))] <&

at all points ¢t of J where ¢'(t) exists,

Now let S = {(¢t,x):]t — 1| < a, |x — §| < b} be a fixed rectangle
in D containing (z,¢). Since f € C(D), it is bounded on S and there is an
M > 0 such that | f(t,x)| < M for all (¢, x) in S. Define

¢ = min{a,b/M}. @1

A pictorial demonstration of (2.1) is given in Fig. 2.3. We are now in a position
to prove the following existence result.

Theorem 2.2. If fe C(D)and if c is as defined in (2.1), then
any ¢>0 there is an e-approximate solution of (I') on the interval
lt—1 <e.

Proof. Given ¢ > 0, we shall show that there is an r-approxn-
mate solution on [z, t + c]. The proof for the interval [t — ¢, t] is similar.
The approximate solution will be made up of a finite number of straight
line segments joined at their ends to achieve continuity.

Since f is continuous and S is a closed and bounded set,
then f is uniformly continuous on S. Hence, there is a 6 > 0 such that
S(t,x) — f(s,y)| < & whenever (t,x) and (s, y) are in S with |t — 5] < and
x — y| < 6. Now subdivide the interval [z, t + ¢] into m equal subintervals
by a partition 1 =t, <t, <t <-:*-<t,=1+c, where t;,, — t; <min
{6,6/M} and where M is the bound for S given above. On the interval
to St < ty, let (1) be the line segment issuing from (z, &) with slope f{(z, &).
On t, <t <ty, let ¢(t) be the line segment starting at (t,, ¢(t,)) with slope
J(ty,@(t,)). Continue in this manner to define ¢ over t, <t <t,. A typical
situation is as shown in Fig, 2.4. The resulting ¢ is piecewise linear and hence
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(1,8), S

-M

FIGURE 2.4 Typical e-approximate solution.

p}ecewise C! and ¢(z) = &. Indeed, on ¢ ;< t<t;,, wehave
&) = (L) + f(t;, p(e))(e — ). (2.2)

Since the slopes of the linear segments in (2.2) are bounded between + M,
then (t, ¢(t)) cannot leave S before time ¢t,, = t + ¢ (see Fig. 2.4).

To see that ¢ is an g-approximate solution, we use (2.2) to
compute

[#°(0) = £, d(N)] = | f(t;, () — f(t,$(0))] <&
This inequality is true by the choice of 8, since |t; — f| < |t; — t;4,]| < 5 and
|6() — d(2))] < M|t — 1| < M(3/M) = 6.
This completes the proof. W

The approximations defined in the proof of Theorem 2.2 are
called Euler polygons and (2.2) with t = ¢, , is called Euler’s method. This
technique and more sophisticated piecewise polynomial approximations are
common in determining numerical approximations to solutions of (I') via
computer simulations.

Theorem 2.3. If f € C(D)and(x, &) € D, then (I') has a solution
definedon |t — 7| < c.

Proof. Let ¢, be a monotone decreasing sequence of real
numbers with limit zero, e.g., &, = 1/m. Let ¢ be given by (2.1) and let ¢,,
be the ¢,,-approximate solution given by Theorem 2.2. Then |¢,,(1) — ¢,,(s)| <
Mt —s| for all t,s in [t —¢,t+c] and for all m> 1. This means that
{¢..} is an equicontinuous sequence. The sequence is also uniformly bounded
since

[n(D)] < [Pu(D)] + |Bult) — Sul®)] < [&] + Me.
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By the Ascoli-Arzela lemma (Theorem 1.5) there is a subsequence {¢,, }
which converges uniformly on J = [t — ¢, T + ¢] to a continuous function ¢.
Now define

Em(‘) = ¢:n(l) - f('a ¢m(t”

so that E,, is piccewise continuous and |E,(1)| < &,, on J. Rearranging this
equation and integrating, we sce that

$ult) = & + [{ [f15.0u(s)) + Enls)] ds. 23)
v SwlT e
Now since ¢,,, tends to ¢ uniformly on J and since f is uniformly continuous
on S, it follows that f(t, ¢,,(1)) tends to f{(t, $(1)) uniformly on J, say,

sup [t (@) = f(1,0())| =, =0  as k- oc0.

Thus, on J we have
l J.: LS5, Pm(s)) + En ()] ds — f: Js, (I)(s))«lsl

< l S 105, S5 = S5, 051 ds| +

J:' o ds J;' Epm, dS

as k — o0. Hence, we can take the limit as Kk — o0 in (2.3) with m = m, to
obtain (V). B

As an example, consider the problem

[ |Ems)|ds

< +

< (o + EJc— 0

X =x'"3 x(=0.

Since x'/3 is continuous, there is a solution (which can be obtained by sepa-
rating variables). Indeed it is casy to verify that (1) = [2(¢ — 1)/3]*? is
a solution. This solution is not unique since Y(t) = 0 is also clearly a solu-
tion. Conditions which cnsure uniquencss of solutions of (I') are given in
Section 2.4.

Theorem 2.3 asserts the existence of a solution of (I') “locally,”
i.e., only on a sufficiently short time interval. In general, this assertion cannot
be changed to existence of a solution for all ¢ > t (or for all ¢ < 1) as the
following example shows. Consider the problem

x=x% x()=¢&
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By separation of variables we can compute that the solution is

¢ =¢[1-¢-0]""

This solution exists forward in time for £ > O only until t = v + ™1,

Finally, we note that when f is discontinuous, a solution in
the sensc of Section 1.1 may or may not cxist. For example, if s(x) = 1 for
x 2 0and s(x) = —1 for x <0, then thec equation

x' = —s(x), x(r)=0, t=>r,

has no C' solution. Furthermore, there is no elementary way to generalize
the idea of solution to include this example. On the other hand, the cquation

x' = s(x), x(1)=0

has the unique solution ¢(t) =t — tfort > 7.

2.3 CONTINUATION OF SOLUTIONS

Once the existence of a solution of an initial value problem
has been ascertained over some time interval, it is reasonable to ask whether
or not this solution can be extended to a larger time interval in the sense
explained below. We call this process contimuation of solutions. In the
present scclion we address this problem for the scalar initial value problem
(I'’). We shall consider the continuation of solutions of an initial value
problem (), characterized by a system of equations, in Section 2.6 and in
the problems at the end of this chapter.

To be more specific, let ¢ be a solution of (E’) on an interval
J. By a continuation of ¢ we mean an extension ¢, of ¢ to a larger interval
Jo in such a way that the extension solves (E’) on J,. Then ¢ is said to be
continued or extended to the larger interval J,. When no such continuation
is possible (or is not possible by making J bigger on its left or on its right),
then ¢ is called noncontinuable (or, respectively, noncontinuable to the left
or to the right).

The cxamples from the last section illustrate these ideas
nicely.

For x' = x?, the solution

d=(1-0"" on —-l1<t<l

.. is'’continuable forever to the left but it is noncontinuable to the right.
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13 the solution

Forx'=x
U()=0 on —-1<t<0

is continuable to the right from zero in more than one way. For example,
both Yo(t) = 0 or Ylt) = (2t/3)*? for t > 0 will work. The solution ¥ is
also continuable to the left using Y(t) =0 forall t < —1. :

Theorem 3.1. Let fe C(D) with f bounded on D. Suppose
¢ is a solution of
) x" = f(t,x) (E")
on the interval J = (a,b). Then

(i) the two limits
lim ¢(t) = P(a*) and lim ¢(1) = ¢(b7)
t—=a* (] 2

exist; and

(i) if (a,¢(a*)) (respectively, (b,p(b”)) is in D, then the
solution ¢ can be continued to the left past the point ¢t = a (respectively,
to the right past the point t = b).

Proof. We consider the endpoint b. The proof for the end
point a is similar.

Let M be a bound for |f(t,x)| on D, fix e J, and define {=
¢(t). Then for T < t < u < b the solution ¢ satisfies (V) so that

SfU@¢MWMsfM¢=Mw—¢ 3.1

[6G) — ()] =

Given any sequence {t,,} < (t, b) with t,, tending monotonically to b, we see
from the estimate (3.1) that {¢(t,)} is a Cauchy sequence. Thus, the limit
- @(b™) exists.

If (b,¢(b7)) is in D, then by the local existence theorem
(Theorem 2.3) there is a solution ¢, of (E’) which satisfies ¢q(h) = P(b™).
The solution ¢(t) will be defined on some interval b <t < b + ¢ for some
¢ > 0. Define ¢y(t) = ¢(t) on a <t < b. Then ¢, is continuous ona <t<
b + c and satisfies

o) =&+ [! flsdoshds, a<t<h, (3.2)
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and
dolt) = ¢(b;) + ﬂf(%d’o(ﬂ)ds, b<t<b+ec
The limit of (3.2) as ¢ tends to b is seen to be
o) =& + [ S5, dols))ds.
Thus
o) =&+ [\ f(s.bolsNds + [ f(s. bo(s))ds

=&+ [ S dols)ds

onb<st<b+ec We see that ¢, solves (V) on a <t < b + c. Therefore,
“¢osolves(I)ona<t<b+c. M

As a consequence of Theorem 3.1, we have the following
result.

Corollary 3.2. If f is in C(D) and if ¢ is a solution of (E')
on an interval J, then ¢ can be continued to a maximal interval J* 5 J in
such a way that (¢, (1)) tends to D as t — dJ* (and || + |¢(t)] - oo if OD
is empty). The extended solution ¢* on J* is noncontinuable.

Proof. Let ¢ be given on J. The graph of ¢ is the set
Gr(¢) = {(t,p(0)):teJ}.

Given any two solutions ¢, and ¢, of (E') which extend ¢ we define ¢, < ¢,
.if and only if Gr(¢,) = Gr(¢,), i.e, if and only if ¢, is an extension of ¢,.
The relation < determines a partial ordering on continuations of ¢ over
open intervals. If {¢,:a€A} is any chain of such extensions, then
(U{Gr(¢,): € 4} is the graph of a continuation which we can call ¢,,. This
¢4 is an upper bound for the chain. By Zorn’s lemma there is a maximal
element ¢*. Clearly ¢* is a noncontinuable extension of the original solution
o.

Let J* be the domain of ¢*. By Theorem 3.1 the interval
J* = (a,b) must be open—otherwise ¢* could not be maximal. Assume
that b < oo and suppose that (¢, ¢*(t)) does not approach dD on any sequence
t,, — b~. Then (¢, ¢*(t)) remains in a compact subset K of D when ¢ runs
over the interval [c,b) for any ce(a,b). Since f must be bounded on K,
then by Theorem 3.1 we can continue ¢* past b. But this is impossible since
¢* is noncontinuable. Thus (¢, $*(t)) must approach.dD on some sequence
t,—b".
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*4

FIGURE 2.5
We claim that (t,¢*(t)) » 0D as t — b™. For if this is not the
case, there will be a sequence 1,,— b~ and a point (b,§) e D such that
¢*(t,) — . Let € be one third of the distance from (b,¢) to dD or let € = 1 if
0D = ¢. Without loss of generality we can assume that t, <{, < Tp4,,
(T @*(T)) € B((D, ), 6), and (1,0, $*(1)) ¢ N 2 B((b, &), 2¢) for all m > 1 (sec
Fig. 2.5). Let M be a bound for |f(t, x)| over N. Then from (E') we sce that

2 < [$*(t) — $°(za =| [ fn 6% @) duf < Mty = 7).

Thust,, — t,, = &M for all m. But this is impossible since t,, » b~ and b < 0.
Hence, we see that (t,¢*(t)) — 0D as t — b~. A similar argument applies to
theendpointt =a. B

We now consider a simple situation where the foregoing result ’
can be applied.

Theorem 3.3. Let h{t) and g(x) be positive, continuous func-
tions on ¢, < t < o0 and 0 < x < oo such that forany 4 >0

. 8 dx : :
lim [ =+ (3.3)
Then all solutions of s
x' = h)glx), x(r)=¢ (34

with T 2> tg and ¢ > 0 can be continued to the right over the entire interval
TSt< oo

Proof. If the result is not true, then there is a solution ¢(¢) and
a T > tsuch that ¢(t) = £ and such that ¢(1) exists on t < ¢ < T but cannot
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be continued to T'. Since ¢ solves (3.4), (1) >0on 1<t < T and ¢ is
increasing. Hence by Corollary 3.2 it follows that ¢(t) — +o0 as t—» T".
By separation of variables it follows that

¢ « P(t)dt ow dx
hisyds = [* 20D g = (o0 L%
[{ eras e glo ™ I; 7

Taking the limit as ¢t — T and using (3.3), we sec that

. () dx T
oo-flf; A M—J: h(s)ds < co0.

This contradiction completes the proof. W

As a specific example, consider the equation
x'=hOx*, x(t)=¢ (3.3)

where a is a fixed positive real number. If0 < « < 1, then for any real number
t and any & > 0 the solution of (3.5) can be continued to the right for all
t=rt

From this point on, when we speak of a solution without
qualification, we shall mean a noncontinuable solution. In all other circum-
stances we shall speak of a “local solution™ or we shall state the interval
where we assumec the solution exists.

2.4 UNIQUENESS OF SOLUTIONS

We now develop.conditions for the uniqueness of solutions of
initial value problems involving scalar first order ordinary differential
equations. Later, in Section 6 and in the problems, we consider the uniqueness
of solutions of initial value problems characterized by systems of first order
ordinary differential equations.

We shall require the following concept.

Definition 4.1. A function J € C(D)is said to satisfy a Lipschitz
condition in D with Lipschitz constant L if

lf(lax) ""f(tvy)l < LIX - yl

for all points (1, x) and (£, y) in D. In this casc f(t, x) is also said to be Lipschitz
continuous in x.
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For example, if f € C(D) and if &f/dx exists and is continuous
in D, then f is Lipschitz continuous on any compact and convex subset
D, of D. To see this, let L, be a bound for |f/dx| on Dy. If (1, x) and (¢, y) are
in Dg, then by the mean value theorem there is a z on the line between x and y
such that

1160~ )| = | Z .20~ 9| < Lolx = 31

" We are now in a position to state and prove our first uniqueness
result. :

Theorem 4.2. If f € C(D) and if f satisfies a Lipschitz condi-
tion in D with Lipschitz constant L, then the initial value problem (I') has at
most one solution on any interval |t — 1| < d.

Proof. Suppose for some d > 0 there are two solutions ¢,~and
#, on |t — 1| < d. Since both solutions solve the mtegral equation (V), we
“haveont <t <7t +d,

910 = $2(0) = [ (5. 1() - SGs $:(9)]ds

and
[64() — $2(0)] < ['|f(5,64(5)) = S5, als))] ds

< [ Li#is) — ooslds.

Apply the Gronwall inequality (Theorem 1.6) with 6 =0 and k = L to see
that |¢,(t) — ¢,(1)] < 0 on the given interval. Thus, ¢,(r) = ¢,(t) on this
interval. A similar argument worksont—d<t<t M

Corollary 4.3. If f and df/dx are both in C(D), then for any
(t,;¢) in D and any interval J containing t, if a solution of (I') exists on J, it
must be unique.

The proof of this result follows from the comments given after
Definition 4.1 and from Theorem 4.2. We leave the details to the reader.

The next result gives an indication of how solutions of (I') vary
with £ and f. '

Theorem 4.4. Let f be in C(D) and let f satisfy a Lipschitz
condition in D with Lipschitz constant L. If ¢ and ¥ solve (E’) on an interval
|t - tl < d with (1) = £, and ¢(t) = ¢, then

|p(6) — ()] < |§ — &o| exp(L]e — tl)
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Proof. Consider first ¢t > t. Subtract the integral equations
satisfied by ¢ and ¥ and then estimate as follows:

() — i) < [€ = &ol + [ 115, b(s)) = Sis. s ds

< e &l + [ Liets) — wis)| ds.

Apply the Gronwall inequality (Theorem 1.6) to obtain the conclusion for
0<t—-t<d.
Next, define ¢o(t) = P(—1), Yolt) = Y(—1), and 1, = —7, so
that
600 =¢ = [ f=s,bo(Nds, Tost<To+d,
and '
Vo)== [} f=s0olds, ToStSTo+.
Using the estimate established in the preceding paragraph, we have

|p(—1) — Y(—1)| < |& — Eolexp(L(z + 1)
on—t1<t<—-7t+d A

The preceding theorem can now be used to prove the following
continuation result.

Theorem 4.5. Let f € C(J x R)for some open interval J c R
and let f satisfy a Lipschitz condition in J x R. Then for any (7,£)in J x R,
the solution of (I') exists on the entirety of J.

. Proof. The local existence and uniqueness of solutions
o(t,1, &) of (I') are clear from earlier results. If ¢(t) = ¢(t, 1, &) is a solution
defined on t < t < c, then ¢ satisfies (V) so that

P —¢ = J:' [f(s, () = f(s,E)]ds + J: ' f(s.E)ds
and .
o) - & < [ Ligts) - &ds +,

where & = max{|f(s,&)|:t <5 < c}(c—1). By the Gronwall inequality,
|p(t) — &| < dexp[L(c — 1)] on t < t < c. Hence |¢(t)] is bounded on [7,¢)
for all ¢ > 1, c € J. By Corollary 3.2, ¢(t) can be continued for allte J,t > 1.
The same argument can be applied whent <7. W

If the solution ¢(t, 7, £) of (I') is unique, then the e-approximate
solutions constructed in the proof of Theorem 2.2 will tend to ¢ as e »0*
(cf. the problems at the end of this chapter). This is the basis for justifying
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Euler’s method—a numerical method of constructing approximations to ¢.
(Much more eflicicnt numerical approximations are available when f is very
smooth.) Assuming that f satisfics a Lipschitz condition, an alternate classical
method of approximation, related to the contraction mapping theorem, is the
mcthod of successive approximations. Such approximations will now be
studied in detail.

Let f bein C(D), let S be a rectangle in D centered at (t, ), and
let M and ¢ be as deflined in (2.1). Successive approximations for (I'), or
equivalently for (V), are defined as follows:

holt) =&, 4.1)
Gmir)=¢ + J:' S, Pu(s)ds  (m=0,1,2,..)

for |t — 7| < ¢. It must be shown that this scquence {¢,,} is well defined on
the given interval.

Theorem 4.6. If f is in C(D) and if f is Lipschilz continuous
on S with constant L, then the successive approximations ¢,,,m =0, 1,...,
given by (4.1) exist on |t — 1| < ¢, are continuous there, and converge uni-
formly, as m — oo, to the unique solution of (I').

Proof. The proof will be given on the interval t <t <t +c.
The proof for the interval [t — ¢, 7] can then be accomplished be reversing
time as in the proof of Theorcm 4.4.

First we need to prove the following statements:

(i) ¢ existson [1,t +c],
(i) ¢neC'r,7+c],and
(iii) |Ppmlt) — | < M(t — t)on [1, T + ¢]

for all m > 0. We shall prove these items together using induction on the
integer m.

Each statement is clear when m = 0. Assume that each state-
ment is true for a fixed integer m > 0. By (iii) and the choice of ¢, it follows
that (1,¢,(1))e S < D for all te[t,t+c] Thus f(t, () exists and is
continuous in ¢ while | f(t, §,(1))] < M on the interval. This means that the
integral

b -

Omer() =+ f " f(s, buls)) ds
exists, §p 41 € C'[1, 7 + ], and

"/)m«f l(” - él = IJ;./('S,‘pm(‘s»d's < A/l(l - t)’

This completes the induction.
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Now .deﬁne D,.(t) = ¢ 1(2) — (1) sO that
[Ru)] S [ 1515 bule)) = S5, (D] ds
< [ Lignts) - du- )l ds = L [ 0 y(s)ds.
Notice that

- @) =

These two estimates can be combined to sce that

o< L j:' M(s — 1)ds = LM(t — 1)/2,

J: 16, cw:{ < M( - 2)

that
[0x0] < L ! [LM(s - 17/21])ds < LMt - 1)°/3Y,
and by induction that
[®. (0] < MLt = o** ' /(m + 1)

Hence, the mth term of the series

dolt) + k‘ZD [fes+1(0) = du(0)] (4.2)
is bounded on [1, T + ¢] by ’
M ( Lc)m +1

Lm+ 1y
Since
c =Y (Lofk! < o,
k=0

it follows from the Weierstrass comparison test (Theorcm 1.3) that the series
(4.2) converges uniformly to a continuous function ¢. This means that the
sequence of partial sums

¢°+t§:o(¢“| '¢k)=¢o+(¢’x —¢o)+ (P — On) = Py

tends uniformly to ¢ as m — co. Since the bound (iii) is true for all ¢,,, it is
also true in the limit, i.e.,

[ow) — & < M(t — ).
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Thus, f(t,$(t)) exists and is a continuous function of t. As in the proof of
Theorem 2.3, it now follows that

90) = lim @y =& + lim ["fis, $uls))ds

=¢ +J;' f(s,@(s))ds, t<t< t‘+ c.
Hence, ¢ solves (V). -

As a specific example, consider the initial value problem
X =x4+1, x(0) = ¢&.
The first three successive approximations are
dolt) = ¢,
di)=¢+ f; [ +s]ds=¢0 + 0+ /2,

Galt) =&+ [J 1201 +5) + 572 + 5] ds
= (1 + ¢+ 12/21) + (¢%/2 + £3/31).

The reader should try to find the formula for the general term ¢,,(¢) and the
form of the limit of ¢,, as m — co.

2.5 CONTINUITY OF SOLUTIONS WITH RESPECT TO PARAMETERS

The discussion in Chapter 1 clearly shows that in most appli-
cations onc would expect that (I') has a unique solution. Moreover, one
would expect that this solution should vary continuously with respect to
(t,£) and with respect to any parameters of the function f. This continuity
is clearly impossible at points where the solution of (I') is not unique. We
shall see that uniqueness of solutions is not only a necessary but also a
sufficient condition for continuity. The exact statements of such results must
be made with care since different (noncontinuable) solutions will generally
be defined on different intervals.

In the present section we concern ourselves with scalar initial
value problems (I'). We shall consider the continuity of solutions with
respect to parameters for the vector equation (I) in Section 2.6 and in the
problems given at the end of this chapter.
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. In order to begin our discussion of the questions raised pre-
viously, we need a preliminary result which we establish next. Consider a
sequence of initial value problems

X0 = &+ [ fuls, x(9)ds (5.1

o

)Wilh noncontinuable solutions ¢,,(t) defined on intervals J,,. Assume that f
and f,, € C(D), that &,, — & as m — oo and that f,, - f uniformly on compact
subsets of D.

Lemma 5.1. Let D be bounded. Suppose a solution ¢ of (I')
exists on an interval J = [1,b), or on [1,b], or on the “degenerate interval”
[z, 7], and suppose that (t, ¢(t)) does not approach dD as t = b~ , i.e,

dist({(t, ¢(2)), 0D) 2 inf{|t — s| + |p(1) — x|:(s,x) ¢ D} = n >0

for all t € J. Suppose that {b,} = J is a sequence which tends to b while the
solutions ¢,,(t) of (5.1) are defined on [z,b,,] = J,, and satisfy

®,, = sup{|p.(t) — d(O):t1<t < b} =0

as m — oo0. Then there is a number b’ > b, where b’ depends only on n, and
there is a subsequence {¢,, } such that ¢, and ¢ are defined on [1,5] and
®m,— ¢ as j — co uniformly on [1,b'].

Proof. Define G = {(t,§(t)):t € J }, the graph of ¢ over J. By
hypothesis, the distance from G to éD is at least n = 34 > 0. Define

D(b) = {(t, x) € D:dist((t, x), G) < b}.

Then D(24) i8 a compact subset of D and [ is bounded there, say | f(t,x)] < M
on D(2A). Since f,, — f uniformly on D(2A4), it may be assumed (by increasing
the size of M) that |f,(t,x)] < M on D(2A) for all m > 1. Choose m, such
that for m = my, ®,, < A. This means that (t,$,(t)) € D(A) for all m > m,
and t € [1,b,]. Choose m; = m,, so that if m > m,, then b — b, < A/2M).
Define b’ = b + A/(2M).

Fix m = m,. Since (t, p,(1)) € D(4) on [z, b,], then |¢,(1)| < M
on [t,b,] and until such time as (¢, ¢,,(t)) leaves D(24). Hence

|6m(t) = dulbn)] < M|t — b,| < MA/M = A

for solongas both (1, §,,(t))e D(24) and |t — b,,| < A/M.Thus(t, $,(t)) € D(24)
ont <t <b, + A/M. Moreover b,, + A/M > b’ when m is large.

Thus, it has been shown that {¢,:m = m,} is a uniformly
bounded family of functions and each is Lipschitz continuous with Lipschitz
constant M on [t,b']. By Ascoli’s lemma (Theorem 1.5), a subsequence {¢,, }
will converge uniformly to a limit ¢. The arguments used at the end of the
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proof of Theorem 2.3 show that

tim " f(s, b)) ds = [! fis, #(5)ds.

jm o
Thus, the limit of

b f0) =, + [ S5 b )5 + [! S (52 b f) = (5, )] s
asj— oo, is
s)=¢+ [ fsplnas. ™
We are now in a position to prove the following result. e

Theorem 5.2. Let f, f,, € C(D), let £, — &, and let f,, — [ uni-
formly on compact subsets of D. If {¢,,} is a sequence of noncontinuable
solutions of (5.1) defined on intervals J,,, then there is a subsequence {m;}
and.a noncontinuable solution ¢ of (I') defined on an interval J,, containing
T such that

(i) liminfJ, >Jo,and

j=
(ii) ¢, — ¢ uniformly on compact subsets of J, as j — oo.

If in addition the solution of (I) is unique, then the entire sequence {¢,,}
tends to ¢ uniformly for ¢ on compact subsets of J,,.

Proof. With J = [1,1] (a single point) and b,, = 1 for all
m > 1 apply Lemma 5.1. (If D is not bounded, use a subdomain.) Thus, there
is a subsequence of {¢,,} which converges uniformly to a limit function ¢
on some interval [1,b'], b’ > . Let B, be the supremum of these numbers b'.
If B, = + o0, choose b, to be any fixed b’ If B; < o0, let b, be a number
b’ >t such that B, — b’ < 1. Let {¢,,,} be a subsequence of {d),,,} which
converges uniformly on [z,b,].

Suppose for induction that we are given {@,,.}, b,, and B, > b,
with ¢,,, — ¢ uniformly on [r,b,] as m — co. Define B, , , as the supremum
of all numbers b’ > b, such that a subsequence of {¢,,} will converge
uniformly on [1,b]. Clearly b, B+, < B,. I B, = + 0, pick by, >
by + 1 and if B,,, < oo, pick by, so that b, < b,,, < By, and b, >
Byyy — 1/(k + 1). Let {¢, 41, m} be a subsequence of {¢,,} which converges
uniformly on [7,b,,,] to a limit ¢. Clearly, by possibly deleting finitely
many terms of the new subsequence, we can assume without loss of generality
that |, , (1) — p(1)| < 1/(k + 1) for t € [1,b,,, ] and m > k + 1.

Since {h,} is monotonically increasing, it has a limit b < + .
Define J, = [1,b). The diagonal sequence {¢,.,} Will eventyally become a
subsequence of each sequence {¢,,.}. Hence ¢,,, — ¢ as m — oo with conver-
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gence uniform on compact subsets of J,. By the argument used at the end
of the proof of Lemma 5.1, the limit ¢» must be a solution of (I').

If b = o0, then ¢ is clearly noncontinuable. If b < oo, then this
means that B, tends to b from above. If ¢ could be continued to the right
past b, ie., if (t,¢(t)) stays in a compact subset of D as t —» b~, then by
Lemma 5.1 there would be a number b’ > b, a continuation of ¢, and a
subsequence of {¢,,,} which would converge uniformly on [1,b] to ¢. Since
b > b and B, - b*, then for sufficiently large k (i.e., when b’ > B,), this
would contradict the definition of B,. Hence, ¢ must be noncontinuable.
Since a similar argument works for t < 1, parts (i) and (ii) are proved.

Now assume that the solution of (I') is unique. If the entire
sequence {¢,,} docs not converge to ¢ uniformly on compact subsets of J,,
then there is a compact set K < J,, an ¢ > 0, a sequence {t,} = K, and a
subscquence {¢,, } such that

| () — B(1)] = €. . (5.2)

By the part of the present theorem which has already been proved, there is
a subsequence, we shall still call it {¢,,, } in order to avoid a proliferation of
subscripts, which converges uniformly on compact subsets of an interval J’
to a solution ¥ of (I'). By uniqueness J' = J, and ¢ = . Thus ¢,, — ¢ as
k — oo uniformly on K < J, which contradicts (5.2). W

In Theorem 5.2, conclusion (i) cannot be strengthened from
“contained in” to “equality,” as can be seen from the following example. .
Define .

f(t,x) = x? for t<1
and
S, x) = x[1 + (¢ — )x?]! for t>1.

Clearly f is continuous on R? and Lipschitz continuous in x on each compact
subset of R2. Consider the solution ¢(t,&) of (I) for t=0and 0 <¢ < 1.
Clearly

oE =1 —-¢)"' on —-w<t<l.

By Theorem 2.3 the solution can be continued over a small interval 1 <t <
1 + c. By Theorem 4.5 the solution ¢(t, &) can be continued for all t > 1 + c.
Thus, for 0 < ¢ <1 the maximum interval of existence of ¢(t,&) is R =
(— oo, 0). However, for '

x' = f(t,x), x(0)=1
the solution ¢(t,1) = (1 — )~ ! exists only for —o0 <t < 1.

As an application of the Theorem 5.2 we consider an autono-
mous equation

x' = g(x) . ‘(5¢3)



62 2. Fundamental Theory

and we assume that f(, x) tends to g(x) as t = co. We now prove the following
result.

Corollary 5.3. Letg(x)becontinuouson Dy, let f € C(R x D),
and let f(¢,x) = g(x) uniformly for x on compact subsets of D, as t — co.
Suppose there is a solution ¢(t) of (I') and a compact set D, < D, such that
¢(t)e D, for all ¢t > 1. Then given any sequence t,, — co there will exist a
subsequence {t,, } and a solution  of (5.3) such that

dt+1t,)—>Y() as j—o oo . (54)

with convergence uniform for ¢ in compact subsets of R.

Proof. Define ¢,(t) = ¢(t +t,) for m=1,2,3,... and fort >
7 — t,,. Then ¢, is a solution of

X =ft+t,x), x(0)=(t,).

Since £,, = ¢(t,,) € D, and since D, is compact, then a subsequence {£,,} will
converge to some point { of D,. Theorem 5.2 asserts that by possibly taking
a further subsequence, we can assume that ¢,, (1) — Y(t) as j — oo uniformly
for t on compact subsets of J,. Here ¢ is a solution of (5.3) defined on J,
which satisfies Y(0) = £. Since ¢(t)e D, for all ¢t > 1, it follows from (5.4)
that y(t)e D, for t € R. Since D, is a compact subset of the open set Dy,
this means that (t) does not approach the boundary of D, and, hence, can
be continued for all ¢, i.e., Jo = R. ]

Given a solution ¢ of (I') defined on a half line [z, ), the
positive limit set of ¢ is defined as

Q(¢) = {¢: there is a sequence t,, — oo such that ¢(t,,) - &}.

[If ¢ is defined for ¢t < , then the negative limit sct A(¢) is defined similarly.]

A set M is called invariant with respect to(5.3) if for any £ € M and any 1 € R,

there is a solution ¥ of (5.3) satisfying y(t) = & and satisfying y(t) e M for

all t € R. The conclusion of Corollary 5.3 implies that Q(¢) is invariant with

respect to (5.3). This conclusion will prove very useful later (e.g., in Chaptcr 5).
Now consider a family of initial value problems

» X =ft,x,4), x(r)=¢ : (1)

where f maps a set D x D, into R continuously and D, is an openset in
R! space. We assume that solutions of (1,) are unique. Let ¢(t,1,&, 1) denote
the (unique and noncontinuable) solution of (I,) for (t,£)e D and 1€ D, on
the interval a(1,£,4) < t < f(t,&,4). We are now in a position tb prove the
following result.
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Corollary 5.4. Under the foregoing assumptions, define
& ={(t,7,§,):(1,&)e D, Ae Dy, a(z,&,2) < t < B(z,&,2)}.

Then ¢(i, t,¢,4) is continuous on &, a is upper semicontinuous in (t,&,4),
and p is lower semicontinuous in (1,£,A)e D x D,.

Proof. Decfine y(t,1, {,A).‘-—v- @(t + 1,1, &, A) so that Y solves

y=ft+nyd, =< ()

Let (tys Tms Em» 4m) e @ sequence in & which tends to a limit (t,, 7o, &0, 4o)
in &. By Theorem 5.2 it follows that

Y Ty Ss Am) = V8,70, 80, 40) @8 m—> 0

uniformly for t in compact subsets of a(tq, &y, 1) — 7o <! < B(t0,&0540) —
1, and in particular uniformly in m for t = t,,. Therefore, we see that

|¢(tm’ Tons Sms Am) — D(Lo, 705 0> lo)l < I¢(tm9 Tm> Ems 2om) — D(tms 70, %0y Ao)l
+ |t Tos €05 Ao) — Plo,Tos E0s40)| 0 as m— 0.

This proves that ¢ is continuous on &.
To prove the remainder of the conclusions, we note that by
Theorem 5.2(i), if J,, is the interval (a(t,, Ens Am)s S(Tars Ems Am)), then

lim infJ,, 2 Jg.

m=* o
The remaining assertions follow immediately. W

. As a particular example, note that the solutions of the initial

value problem .

) 1-2

x'= Y Ax+sin(hoqt+4)  x(©)=¢
j=1

depend continuously on the parameters (4, 45,..., 4, 7, &)

2.6 SYSTEMS OF EQUATIONS

In Section 1.1D it was shown that an nth drder ordinary
differential equation can be reduced to a system of first order ordinary
differential equations. In Section 1.1B it was also shown that arbitrary



64 2. Fundamental Theory

systems of n first order differential equations can be written as a single
vector equation

x' = f(t,x) (E)
while the initial value problem for (E) can be written as
x=fltx), x@)=¢& M

The purpose of this scction is to show that the results of Sections 2-5 can
be extended from the scalar case [i.e, from (E') and (I')] to the vector case
[i.e, to (E) and (1)] with no essential changes in the proofs.

A. Preliminaries

In our subsequent development we require some additional
concepts from linear algebra which we recall next.

Let X be a vector space over a field #. We will require that #
be either the real numbers R or the complex numbers C. A function |-]: X -
R* = [0, o) is said to be a norm if ’

(i) |x] = 0 for every vector x € X and |x| = 0 if and only if
x is the null vector (i.e., x = 0);

(ii) for every scalar a € # and for every vector x € X, |ax| =
|od }x] where |o| denotes the absolute value of « when & = R and |«| denotes
the modulus of « when & = C; and

(iii) for every x and yin X, |x + y| < |x| + |¥]-

In the present chapter as well as in the remainder of this book,
we shall be concerned primarily with the vector space R" over R and with
the vector space C" over C. We now define an important class of norms on R".
A similar class of norms can be defined on C" in the obvious way. Thus,
given a vector x = (x,,X,,...,X,)" € R" let

. e,
o= (£ 1) " 150 <00
andlet
[ = max{|x|:1 <i<n}

It is an easy matter to show that for every p, | < p < oo, ||, is a norm on
R" and also, that ||, is a norm on R". Of particular interest to us will be the
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cases p = 1 and 2, i.e., the cases

ol n
x|y = ‘Zl ] and  |x|;= (‘-\:, |x‘|2)uz.

The latter is called the Euclidean norm.
The foregoing norms on R" (or on C") are related by various
inequalities, including the relations

IX|., < Ix|i < nlx]..,

x| < [x]2 < Volx]..

Iel2 < el < Va2
The reader is asked to verify the validity of these formulas. These inequalities
show that from the point of view of convergence properties, the foregoing
norms are equivalent (i.e., one norm yields no different results than the
others). Thus, when the particular norm being used is obvious from context,
or when it is unimportant which particular norm is being used, we shall
write x| in place of |x], or |x],.

Using the concept of norm, we can define the distance between

two vectors x and y in R" (or in C", or more generally, in X) as d(x, y) =
|x — ¥|. The following three fundamental properties of distance are true:

(i) |x — y| = Ofor all vectors x,y and |x — y| = 0if and only
i) |x—yl=
(i) x—z| <
We can now define a spherical neighborhood in R" (in C") with
center at x, and with radius h > 0 as

B(xo,h) = {x € R":|x — xo| < h}.

If in particular the center of a spherical neighborhood with radius h is the
origin, then .

ifx=y,

y — x| for all vectors x, y; and
x — yf + |y — 2| for all vectors x, y, z.

N

B(h) = {x € R":|x| < h}. -

We shall also use the notation B(x,,h) = {x € R":'x - xol < h} and B(h) =
{xe R":|x| < h}.

We can also define the norm of a matrix. Let R™*" denote the
set of all real valued m x nmatrices and let C™** denote the set of all complex
m x n matrices. We define the norm of a matrix A € R"*" by the function
||, where

|4] = sup{|Ax|:x € R" with |x| = 1}.
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The norm of 4 € C™** is defined similarly. It is easily verified that

(M1) |Ax| < |A||x| for any x € R* (for any x € C"),

(M2) |4 + B|<|A| +B],

(M3)  |aA| = || |A] for all scalars «,

(M4) [A] = 0and |4] = 0if and only if A is the zero matrix,
M5) |AG| < |A|(G|, and

m n
M6) A< Y [ max g | )< Y Y |ay
i=1 \1sjsm i=1j=1

where A, B are any matrices in R™** (in C**") and G is any matrix in R"**.
Properties (M2)—(M4) clearly justify the use of the term matrix norm.

We can now also consider the convergence of vectors in R"
(in C"). Thus, a sequence of vectors {Xu} = {(XmsX2ms« - - s Xpm) ' } iS s2Id tO
converge to a vector Xx, i.e,, x,, = X, if

lim |x, — x| = 0.
m- o0

Equivalently, x,, —» x if and only if for each coordinate k = 1, ..., n one has
Xim —* Xg-

Next, let g(t) = (g,(t), . . . , g.(t))" be a vector valued function
defined on some interval J. Assume that each component of g is differentia-
ble and integrable on J. Then differentiation and integration of g arc defined
componentwise, i.e.,

g'(t) = (gy(1), . .., gu0)"

and

J: i g(t)dt = ( J; > gi(n)dt, ..., L"g,,(r)dt )T

It is easily verified that for b > a,

J‘: gty dll < L > lg(0)] de.

Finally, if D is an open connected nonempty set in the (t,x)
space R x R" and if f:D — R", then f is said to satisfy a Lipschitz condition
with Lipschitz constant L if and only if for all (¢, x) and (¢, y) in D,

|/(6,x) = fie, )] < L|x — y|.

This is an obvious extension of the scalar notion of a Lipschitz condition.
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B. Systems of Equations

Every result given in Sections 2—5 can now be stated in vector
form and proved, using the same methods as in the scalar case and invoking
obvious modifications (such as the replacement of absolute values of scalars
by the norms of vectors). We shall ask the reader to verify some of these

*results for the vector case in the problem section at the end of this chapter.

In the following result we demonstrate how systems of equa-
tions are treated. Instead of presenting one of the results from Sections
2-5 for the vector case, we state and prove a new result for linear non-
homogeneous systems

x' = A(t)x + g(1), (LN)

where x € R", A(t) = [a;;(t)] is an n x n matrix, and g(¢) is an n vector valued
function.

Theorem 6.1. Suppose that A(t) and g(¢) in (LN) are defined
and continuous on an interval J. [That is, suppose that each component
a;;(t) of A(t) and each component g,(t) of g(¢t) is defined and continuous on an
interval J.] Then for any t in J and any ¢ € R", Eq. (LN) has a unique solution
satisfying x(t) = £. This solution exists on the entire interval J and is con-
tinous in (¢, ,£). If 4 and g depend continuously on parameters 1€ R', then
the solution will also vary continuously with A.

Proof. First note that f(t,x) 2 A(t)x + g(t) is continuous in
(t, x). Moreover, for t on any compact subinterval J, of J there will be an
L, 2 0 such that

| /6, %) = f(t, )] = |[A@)(x = y)| < |4@)] |x = y]
< ( Yy max |a,,(z)])|x -y < Lg|x — y].

i=1 1sjsn
Thus [ satisfies a Lipschitz condition on J, x R". The continuity implies
existence (Theorem 2.3) while the Lipschitz condition implies uniqueness
(Theorem 4.2) and continuity with respect to parameters (Corollary 5.4).
To prove continuation over the interval J,, let K be a bound for ! |g(s)| ds
over J,. Then

)] < el + [ (A6 x| + lods < (&l + K + [ Lolx(s)]ds.

By the Gronwall inequality, |x(¢)] < (|| + K) exp(Ly|t — ) for as long as
x(t) exists on J,. By Corollary 3.2, the solution exists over all of J,. W
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For example, consider the mechanical system depicted in
Fig. 1.5 whose governing equations are given in (1.2.2). Given any con-
tinuous functions fj(t), i = 1, 2, and initial data (x,4,X0,X20,X30)" at TER,
there is according to Theorem 6.1 a unique solution on — 00 <t < oo0. This
solution varies continuously with respect to the initial data and with respect
to all parameters K, K;, B, B;, and M, (i = 1,2). Similar statements can be
made for the rotational system depicted in Fig. 1.7 and for the clrcuus of
Fig. 1.13 [see Eqs. (1.2.9) and also (1.2.13)].

For a nonlinear system such as the van der Pol equation
(1.2.18), we can predict that unique solutions exist at least on small intervals
and that these solutions vary continuously with respect to parameters. We
also know that solutions can be continued both backwards and forwards
either for all time or until such time as the solution becomes unbounded.
The question of exactly how far a given solution of a nonlinear system can
be continued has not been satisfactorily settled. It must be argued separately
in each given case.

That the fundamental questions of existence, uniqueness, and
so forth, have not yet been dealt with in a completely satisfactory way can
be seen from Example 1.2.6, the Lienard equation with dry friction,

x” + hsgn(x’) + wix =0,

where h > 0 and w, > 0. Since one coefficient of this equation has a locus
of discontinuities at x’ = 0, the theory already given will not apply on this
curve. The existence and the behavior of solutions on a domain containing
this curve of discontinuity must be studied by different and much more
complex methods.

2.7. DIFFERENTIABILITY WITH RESPECT TO PARAMETERS

In the present section we consider systems of equations (E)
and initial value problems (I). Given fe C(D) with f differentiable with
respect to x, we definine the Jacobian matrix f, = df/0x as the n x n matrix
whose (i, j)th element is 3f;/0x;, i.e.,

fo = fox = [3f/ox;].

In this section, and throughout the remainder of this book, E will denote
the identity matrix. When the dimension of E is to be emphasized, we shall
write E, to denote an n x n identity matrix.
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In the present section we show that when f, exists and is
continuous, then the solution ¢ of (I) depends smoothly on the parameters of
the problem.

Theorem 7.1. Let fe C(D), let f, exist and let f,e C(D). If
:/)ﬂ 1,£) is the solution of (E) such that o(t,7,€) = ¢, then ¢ is of class C!
in (t,7,§). Each vector valued function d¢/dE; or dp/dt will solve

= f(t,(t,7,8))y (7.1)

as a function of ¢ while

%
o

Proof. In any small spherical neighborhood of any point
(t,&)e D, the function f is Lipschitz continuous in x. Hence ¢(t,, ) exists
locally, is unique, is continuable while it remains in D, and is continuous in
(t,1,&). Note also that (7.1) is a linear equation with continuous coefficient
* matrix.. Thus by Theorem 6.1 solutions of (7.1) exist for as long as ¢(t,t,§)
is defined.

%
-67 (ta T, 6) = f(T, é) and (t’ T, f)

Fix a point (t,7,£) and define &h) = (&, + h, &5,...,&,)" for
all h with |h| so small that (z,&(h))e D. Define

Z(t,‘t, fv h) = (‘f’(', T, é(h)) - ¢"» T,é))/h, h # 0.

Differentiate z with respect to s and then apply the mean value theorem to
each component z;, 1 < i < n, to obtain

zj(t,7, &, h) = [fit, p(1,7,E(h)) — £i(t, ple, 7,E))]/h

= Z [% (t’ ¢(I’ T, C)) + Pl'j(la T, é’h)] Zj(ro T, é‘h)9
et

i=1

where

Py(t,t,&,h) ==+ (t ) — (t $(t,1,8))

and ¢, is a point on the line segment between ¢(t,7,&(h)) and @(1,7,&).
The elements P;; of the matrix P are continuous in (¢,7,¢) and as h—0
Pyi(t,7,&,h) = 0. Hence by continuity with respect to parameters, it follows
that for any sequence h, — 0 we have

hm 2(1) t’ é! hk) = .Vl(" t: 6);
k-0
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where y, is that solution of (7.1) which satisfies the initial condition
Y6 1,E)=(1.0,...,00". A similar argument applies to dp/o&, for k = 2,
3,...,n and for the existence of d¢/dt. To obtain the initial condition for
d¢/dt, we note that

[¢(ta T+ h, é) - ¢(t’ T, é)]/h = [¢(‘t, T+ h9 é) - C]/h

=h~' " fis, dls, T + b, &))ds

t+h

]

"‘hﬂﬁ” S(s, (s, T+ h, &))ds » —f(1,8)

ash—0. W

A similar analysis can be applied to (I,) to prove the next
result.

Theorem 7.2. Let f(t,x,4) be continuous on D x D, and let
f. and af/0,, 1 <k < exist and be con(inuous on D x D;. Then the
solution ¢(t,1,&,2) of (1,) is of class C! in (¢, 1, &, 2). Moreover, 0¢ /04, solves
the initial value problem

Y =Lt o, .50,y + [t P4, 1,8, 4),2),  y(@)=0.

Proof. This result follows immediately by applying Theorem
7.1 to the (n + I)-dimensional system

X =ft,x,4, AF=0 W

The reader is invited to interpret the meaning of these results
for some of the specific examples given in Chapter 1.

2.8 COMPARISON THEORY

. Thisis the only section of the present chapter where it is crucial

in our treatment of some results that the differential equation in question be a

scalar equation. We point out that the results below on maximal solutions

could be generalized to vector systems, however, only under the strong

assumption that the system of equations is quasimonotone (see the problems
at the end of the chapter). A ’

Consider the scalar initial value problem (I') where f € C(D)

and D is a domain in the (¢, x) space. Any solution of (I') can be bracketed
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between the two special solutions called the maximal solution and the
minimal solution. More precisely, we define the maximal solution ¢, of (I') to
be that noncontinuable solution of (I') such that if ¢ is any other solution of
(1), then ¢(t) = ¢(¢) for as long as both solutions are defined. The minimal
solution ¢,, of (I') is defined to be that noncontinuable solution of (I') such
that if ¢ is any other solution of (I'), then ¢,(t) < ¢(¢) for as long as both
solutions are defined. Clearly, when ¢y, and ¢,, exist, they are unique. Their
existence will be proved below.
Given ¢ > 0, consider the family of initial value problems

X =ft,X)+e, X(t)=¢+e. (8.¢)

Let X(t,¢) be any fixed solution of (8.¢) which is noncontinuable to the right.
We are now in a position to prove the following result.

" Theorem 8.1. Let f e C(D)and lete > 0.

(i) If &, >¢,, then X(t,¢;) > X(t,£,) for as long as both
solutions exist and ¢t > 1.

(ii)) There exist f# as well as a solution X* of (I') defined on
[%, #) and noncontinuable to the right such that

lim X(t,e) = X*(t)
e—~0*

with convergence uniform for ¢ on compact subsets of [z, f).
(iij) X* is the maximal solution of (I'), i.e, X* = ¢,,.

_Proof. Since X(t,&,) =¢ +¢& > & + &, = X(t,¢,), then by
continuity X(t,&,) > X(t,&,) for t near 7. Hence if (i) is not true, then thereisa
first time t > T where the two solutions become equal. At that time,

X'(t,e0) = (6, X(4,6,) + &, = f(t, X(t,£,)) + &,
> f(t, X(t,¢,)) + &, = X'(t,€,).

This is impossible since X(s,£,) > X(s,&;) on T < s < t. Hence (i) is true.

To prove (ii), pick any sequence {g,,} which decreases to zero
and let X, (t) = X(t,¢,) be defined on the maximal intervals [z, f,). By
Theorem 5.2 there is a subsequence of {X,,} (which we again label by {X,,}
in order to avoid double subscripts) and there is a noncontinuable solution
X* of (I) defined on an interval [z, f) such that

[,B) = lim inf[z,B,), X*t) = lim X,(8)

with the last limit uniform for t on compact subsets of [1, B).
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For any compact set J < [, ), J will be a subset of [1, f3,,),
where m is sufficiently large. If ¢,,, < ¢ <eé,, then by the monotonicity"
proved in part (i), X,,+,(t) < X(t,€) < X,(1) for ¢ in J. Thus, X(t,e) » X*(t)
uniformly on J as m — co. This proves (ii).

To prove that X* = ¢, let ¢ be any solution of (I'). Then ¢
solves (8.¢) with ¢ = 0. By part (i), X(t,£) > ¢(t) when ¢ > 0 and both solutions
exist. Take the limit as € » 0" to obtain X*(t) = lim X(t,&) > ¢(t). Hence
X* = ¢M' .

The minimal solution of (I') is the maximal solution of the
problem

y=-ftt-=y, yoO=-¢ (y=-x.

Hence, the minimal solution will exist whenever f is continuous. The maximal
solution for t < 1 can be obtained from

V==fl=sy y-9=¢( s2-ts=-1.

Given a function x € C(a, §), the upper right Dini derivative
D*x is defined by :

D*x(t) = ,,I,i,':‘. sup[x(z + h) — x(t)]/h.

Note that D*x is the derivative of x whenever x’ exists. With this notatian
we now consider the differential inequality

D*x(1) < f(t,x(1)). 8.1)

We call any function x(t) satisfying (8.1) a solution of (8.1).
We are now in a position to prove the following result.

Lemma 8.2. If x(t) is a continuous solution of (8.1) with x(7)
< &, if f € C(D), and if ¢,, is the maximal solution of (I'), then x(t) < ¢y(t)
for as long as both functions exist and ¢t > 7.

Proof. Fix ¢ > 0and let X(t,¢) solve (8.¢). Clearly x(t) < X(t,¢€)
at t = 1 and hence in a neighborhood of 7. It is claimed that X(t,¢) > x(t) for
as long as both exist. If this were not the case, then there would be a first time
t when it is not true. Thus, there would be a decreasing sequence {h,,} with
x(t + h,) > X(t + h,, ¢). Clearly x(t) = X(t,¢) so that

D*x(t) = ,,liT~ sup[x(t + h) — x(t)]/h 2 .1.21010 sup[x(¢ + h,) — x(1)]/h,,

= lim sup[x(¢ + h,) — X(t &))/h,, = lim [X(t + h,, &) — X(t,8)]/h,.

m=* o
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Thus
D*x(t) = X'(t,€) = f(t, X(1,€)) + &
= f(t,x(1)) + & > f(t,x(t)) = D* x(¢),

a contradiction.
Since X(t,e) = x(t) for all e >0, we can let e »0* and use
Theorem 8.1 to obtain the conclusion.

We are also in a position to prove the next result.
Lemma 8.3. Let {(t) be n vector valued and assume that
$eC'(a, ). Then D'|p(0)] < |¢')| for all te (a, ).
- Proof. By the triangle inequality, if h > 0, then
[t + M) = |oW|1/h < [t + B) — H(0))/h].

Take the lim sup as h— 0% on both sides of the preceding inequality to
complete the proof. W

The foregoing results can now be combined to obtain the
following comparison theorem.

Theorem 8.4. Let fe C(D) where D is a domain in the (¢, x)
space R x R"and let ¢ be a solution of (I). Let F(t, v) be a continuous function
such that |f(t,x)| < F(t,|x]) for all (t,x) in D. If n > |$(z)| and if vy is the
maximal solution of

V= F(t,0v), v(t)=n, ( (8.2)
then |¢(1)] < vp(r) for as long as both functions exist.
Proof. By Lemma 8.3 it follows if v(r) = |¢ ()], then
D*u(t) = D*|¢(1)] < |¢'(1)] = | f(t, $(1)]
< F(1,|p(0)) = Fe, ().
By Lemma 8.2 it follows that uy(t) 2 v(t) = |¢(r)]. . W

For example, if | f(t,x)| < A|x| + B for teJ, xe R", then (8.2)
reduces to

v = Av + B, v(t) =

Thus vp(t) = exp[A(t — 1)](n — B/A) + B/A. Since vy exists for all te J, then
so do the solutions of (E). From this example it should be clear that the
comparison theory can often be useful in obtaining continuation results
and certain types of solution estimates. However, we note that in Theorem
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8.3 it is necessary that F be nonnegative. This scverely restricts the use of
the comparison theory, particularly in analyzing stability properties of
solutions of (E) (see Chapter 5).

2.9 COMPLEX VALUED SYSTEMS®

Systems of n complex valued ordinary diﬂ'erential equalfons
of the form

Z={(t,z4) ©)

were introduced in Section 1.1E. Since (C) can be separated into its real
and imaginary parts to obtain a real 2n-dimensjonal system, the theory of
such systems has already been covered. What has ot been addressed is the
natural question of when solutions of (C) are holomorphic in ¢ or in the
parameter A. This is the topic of the present section.

A function F(w) defined on a domain D in complex n space
C" with w = (w,,...,w,)" is called holomorphic in D if each component F,
of F is continuous on D and if for each wye D there is a neighborhood
N = {w:|w — wo| < &} in which F; is holomorphic in each w, separatcly
(with all other wy, j # k, held fixed). If F is holomorphic in D, then for each
Wo = (Wyg, - - - ,Wao) there is a neighborhood N in which F can be expanded
in a convergent power series in the n variables,

© ©
F(W|,?..,W,,)= Z Z e Z A(kh""kn)(wl "Wlo)k' o
ki=0kz=0 kn=0 .

(W,, - Wno)"n'

Thus, F has partial derivatives of all orders which are also holomorphic
functions in D. Furthermore, recall that if {/,} is a sequence of functions
" which are holomorphic in D and if {f,} converges uniformly on compact
subsets of D to a limit f, then /' must also be holomorphic in D.
As can be seen from the examples in Chapter 1, it is a common
_situation for (I,) that f{(¢,x,4) is holomorphic in (x,4) or even in (t,x,4). In
order to emphasize that ¢ is allowed to become complex, we replace ¢ by z
and (C) by

.

dw/dz = f(z,w,2), (Ca)
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“where f is holomorphic on a domain D in complex (1 + n + /) space. Let
(20, W0, 40) be a point in D, let S be a rectangle

[z—zo)<a, |w—wo|<b JA-A|<c

in D with | f| < M on S, and let d be the minimum of a and b/M. Then one
can construct the successive approximations

wo(2) = wy and Wps1(2) =wo + f; Su,w,(u), 1) du

where the integral is the complex contour integral taken along the straight
line from z, to z. By arguments similar to those used to prove Theorem 4.6,
the following can be proved.

Theorem 9.1. If f, S, and d are defined as above, then the
successive approximations w,,(z) given above are well defined on |z — zo| < d
and converge to a solution w(z, zy, w,,4) as m — oo. This solution of (C,) is
unique once initial conditions z, and w, are fixed. Moreover, w(z, zy, Wy, 4)
is holomorphic in (z, zy, wg, 4).

If in (C) f is only continuous in ¢ for ¢t real but is holomorphic
in (z, 1), then the solution will be holomorphic in (¢, 1) (see the problems at

.the end of this chapter).

PROBLEMS

1. Let J be a compact subinterval of R and let & be a subset of C(J). Show
that if each sequence in &# contains a uniformly convergent subsequence,
then & is both equicontinuous and uniformly bounded.

2. (Gronwall inequality) Let r, k, and f be real and continuous functions
which satisfy r(t) > 0, k(t) = 0, and

) < f(0) + f‘ k(s)r(s)ds, a<t<b.
Show that
(] (]
rin < J; J(s)k(s) exp[J; k(u)du]ds + f(1), ast<b.
3. Show that the initial value problem x’' = x'/3, x(0) = 0, has infinitely

many different solutions. Find the maximal and the minimal solutions.
(Remember to consider t < 0.)
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4. (a) Carefully restate and prove Theorems 2.2 and 2.3 for a system (1)
of n real equations.
(b) In the same way, restate and prove Theorems 3.1 and 4.2.

5. Show that if g € C'(R) and f € C(R), then the solution y(t,t, A, B) of
Y HSOW +9(0)=0, yr)=A4, y@)=B
exists locally, is unique, and can be continued so long as y and y' remain

bounded. Hint: Use a transformation.

6. Let f € C(D), let (t,&)e D, and let (I') have a unique solution ¢. For
cach ¢ with 0 <& < 1, assume that (I') has an c-approximate solution ¢,
defined on |t — 1] < ¢, where ¢ is given as in (2.1). Show that

lim ¢, = $(0)

uniformly in t on compact subsets of |t — 1| < c.

7. Let f(t,x,4) and F(t,v,4) be continuous functions on R x R" x R
and R x R x R' with F(1,0,4) = 0 and assume that |f(1,x,2) — f(r, y,2)| <
F(e, |x - ¥, A). Assume that for any (t, ¢) with ¢ > O the solution of

v =F@t,0,1), vr)=c
is unique. Show that solutions ¢(t,7,¢,4) of (I;) vary continuously with

(t,7,¢,4).
8. Show that for any ¢ € C[t, o) the positive limit sct satisfies

Q(¢) = ‘O' {d(s):s > 1}

Show that if the range of ¢ is contained in a éompact set K < R", then Q(¢)
is nonempty, compact, connected, and ¢(t) — Q(¢) as t — oo.

9. (a) Show that for x e R" (or x€ €"),
[X|.o < x|y < n)x|s,

x| s |xl2 < NP
x|z < s < V/n|x].-

(b) Givenx =(x,,...,x,) andy = (y,,...,y,)" in R", show
that 37 1 x;3; < |xlaly2- T

(c) Show that|-|,, ||, and ||, each define a norm.
10. Let f € C(D) and let f have continuous partial derivatives with respect *
to x up to and including order k > 1. Show that the solution ¢(t, 1,{) of (E)
has continuous partial derivatives-in ¢, t, and £ through order k.
11. Let h and g be positive, continuous, and real valued functionson 0 <
t < o0 and 0 < x < oo, respectively. Suppose that (3.3) is true.
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(i) If §& h(r)dt < oo, show that any solution of (3.4) has a
finite limit as ¢ — oo.
Gi) If

) 1 dx
ﬂTufgh) +oo (10.1)
show that all solutions of (3.4) with x(t) > 0 can be continued to the left
until t = 0.
12. Let f e C(R x R") with |f(t,x)| < h(t)g(|x|). Assume that h and g are
positive continuous functions such that (3.3) and (10.1) are true. If j(. h(dr <
oo, then any solution ¢ of (E) with t > 0 exists over the interval 0 <t <
and has a finite limit at t =0and at t = oo '
13. Consider a 2n-dimensional Hamiltonian system with Hamiltonian func-
tion H € C*(R" x R"). Suppose that for some fixed k the surface S defined
by H(x, y) = k is bounded. Show that all solutions startmg on the surface S
can be continued for all ¢ in R.

14. Show that any solution of
k X'+x+x3=0
exists for all ¢ € R. Can the same be said about the equation
X' +x+x+x3=0?

15. Let x(¢) and y(r) denote the density at time t of a wolf and a moose
population, respectively, say on a certain island in Lake Superior. (Wolves
eat moose.) Assume that the animal populations are “well stirred” and that
there are no other predators or prey on the island. Under these conditions,
a simple model of this predator—prey system is

x' = x(—a + by),
A y = ylc —dx), v
where a, b, ¢, and d are positive constants and where x(0) > 0 and y(0) > 0.
Show that:

(a) Solutions are defined for all t > 0.

(b) Neither the wolf nor the moose population can die out
within a finite period of time.
16. Let f:R — R with f Lipschitz continuous on any compact interval K
R. Show that x’ = f(x) has no nonconstant solution ¢ which is periodic.
17. A function f € C(D) is said to be quasimonotone in x if cach component
Jit,xy,...,x,) is nondecreasing in x; for j=1,...,i—=1,i+1,...,n We
define the maximal solution ¢, of (l) to be that noncommuable solution
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which has the following property: if ¢ is any other solution of (I) and if ¢y,
is the ith component of ¢y, then ¢y(1) = ¢.(t) for all ¢ such that both
solutions exist,i=1,...,n.

Show that if f'e C(D) and if f is quasimonotone in x, then
there exists a maximal solution ¢y for (). '
18. Let f € C(D) and let f be quasimonotone in x (see Problem 17). Let x(t)
be a continuous function which satisfies (8.1) componentwise. If x,(t) < pp;(1}
fori=1,...,n, then x{t) < ¢p(t) for as long as ¢ > 1 and both solutions
exist. )
19. Let f:R x D — R" where D is an open subsct of R". Suppose for each
compact subset K < D, f is uniformly continuous and bounded on R x K.
Let ¢ be a solution of (1) which remains in a compact subset K, < D for all
t > 7. Given any sequence t,, — 00, show that there is a subsequence t,,, — 0,
a continuous function g € C(R x D), and a solution ¢ such that y(t)e K,
and

Y1) = g(t, ), —0 K 1 < 0.

Morcover, as k — 00, f(t + t,,, X) = g(t,x) uniformly for (tx) in compact
subsets of R x D and ¢(¢ + t,, ) — Y(t) uniformly for t on compact subsets
of R.

20.* Prove Theorem 9.1

21.* Suppose f(t,x,4) is continuous for (1, x,4) in D and is holomorphic in
(x, 4) for each fixed t. Let ¢(t,1,¢&,2) be the solution of (1,) for (t,&,4) in D.
Then for each fixed t and t, prove that ¢ is holomorphic in (£, 4).

22.* Suppose that ¢ is the solution of (1.2.29) which satisfies ¢(z) = & and
¢'(r) = 5. In which of the variables 1, t, &, 1, wy, w,, h, and G does ¢ vary
holomorphically?

23. Let f € C(Dy), Do = R", and let J* be smooth enough so that solutions
é(t,1,) of o

x'= f(x), x(1)=¢ - (A)
are unique. Show that ¢(t,7,¢&) = ¢(t — 1,0, &) for all { € Dy, allte R, and
all ¢ such that ¢ is defined.
24. Let f € C(D), let f be periodic with period T in ¢, and let f be smooth
enough so that solutions ¢ of (1) arc unique. Show that for any integer m,

o, 1,é) = +mT, v+ mT, )

for all {z,&) € D and for all t where ¢ is dcfined.

The next four problems require the notion of complete metric
space which should be recalled or learned by the reader at this time. -
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25.* (Banach fixed point theorem) Given a metric space (X, p) (where p
denotes a metric defined on a set X), a contraction mapping 7T is a function
T:X — X such that for some constant k, with 0 <k < 1, (T(x), T(})) < -
kp(x, y) for all x and y in X. A fixed point of T is a point x in X such that
T(x) = x. Usc successive approximations to prove the following: If T is a
contraction mapping on a complete metric space X, then T has a unique
fixed point in X.
26.* Show that the following metric spaces are all complete. (Here « is
some fixed real number.)
(@) X =C[a,b] and p(f,g) = max{|f(t) — g(t)|e** :a <
t< b} .
(b) X ={feC[a,o0):e?(t) is bounded on [a,00)} and
-pUS,9) = sup{|f1t) — g()|e":a < t <0}
27.* Letf € C(R* x R" and let / be Lipschitz continuous in x with Lipschitz
constant L. In Problem 26(a), let ¢ = 7, o = L, and choose b in the interval
t < b < 00. Show that

(TOO =&+ [ fsd(Nds, tst<b,

is a contraction mapping on (X, p).
28.* Prove Theorem 4.1 using a contraction mapping argument.



LINEAR SYSTEMS

Both in the theory of differential equations and in their
applications, lincar systems of ordinary differential equations are extremely
important. This can be seen from the examples in Chapter 1 which include
linear translational and rotational mechanical systems and linear circuits.
Linear systems of ordinary differential equations are also frequently used
as a “first approximation” to nonlinear problems. Moreover, the theory of
linear ordinary differential equations is often useful as an integral part of
the analysis of many nonlinear problems. This will become clearer in some
of the subsequent chapters (Chapters 5 and 6). '

In this chapter, we first study the general properties of linear
systems. We then turn our attention to the special cases of linear systems
of ordinary differential equations with constant coefficients and linear
systems of ordinary differential equations with periodic coefficients. The
chapter is concluded with a discussion of special properties of nth order
linear ordinary differential equations.

3.1 PRELIMINARIES

In this section, we establish some notation and we summarize
certain facts from linear algebra which we shall use throughout this book.
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A. Linear Independence

Let X be a vector space over the real or over the complex
numbers. A set of vectors {v,,v,,...,0,} is said to be linearly dependent if
there exist scalars ay, a5, . . ., «,, not all zero, such that

o0y + o0y + 0 + ae, =0.

If this inequality is true only for a; = oy = - - - = &, = 0, then the set {vy,
Uy, ....0,} is said to be linearly independent.

o, = [0 ¥2ks - - - » X ] " is @ real or complex n vector, then
[vy.v5,...,v,] denotes the matrix whose ith column is v;, i.e.,

Xy X427t Xygp
[oys0,. .50 =1 :
Xny Xp2 """ Xpa
In this case, the set {v,,0,,...,v,} is linearly independent if and only if
the decterminant of the above matrix is not zero, i.e.,
det[v,,v;,...,0,] #0.

A basis for a vector space X is a linearly independent set of
vectors such that every vector in X can be expressed as a linear combination
of these vectors. In R" or C", the set

1 0 0
0 1 .
e, = . e;=0],...,e,=]|: (1.1)
0 : 0
0 0 1

is a basis called the natural basis.

B. Matrices

Given an m x n matrix 4 = [a;;], we denote the rank of 4 by
p(A) and the (complex) conjugate matrix by A = [@;;]. The transpose of 4
is A" = [a;] and the adjoint is A* = A". A matrix A is symmetricif 4 = AT
and self-adjoint when A = A*.
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C. Jordan Canonical Form

Two n x n matrices A and B are said to be similar if there is
a nonsingular matrix P such that 4 = P~'BP. The polynomial p(l) =
det(4 — AE,) is called the characteristic polynomial of 4. (Here E, denotcs
the n x n identity matrix and 2 is a scalar.) The roots of p(4) are called the
eigenvalues of 4. By an eigenvector (or right eigenvector) of 4 associated with
the eigenvalue 4, we mean a nonzero x € C" such that Ax = Ax.

Now let 4 be an n x n matrix. We may regard A as a mapping
of C" with the natural basis into itself, i.c., we may regard 4:C"—>(C"as a
linear operator. To begin with, let us assume that A4 has distinct cigenvalues
Ay, ..., A, Let v, be an eigenvector of 4 corresponding to A, i=1,...,n.
Then it can be easily shown that the set of vectors {vy,...,t,} is lincarly
independent over C, and as such, it can be used as a basis for C". Now let
A be the representation of 4 with respect to the basis {v,,...,v,}. Since
the ith column of A is the representatiori of Av; = A,v; with respect to the
basis {vy, ..., r,}. it follows that

0 T,

Since A4 and A4 are matrix representations of the same linear transformation,
it follows that A and A are similar matrices. Indeed, this can be checked by
computing

A=P 4P,

where P = [v,, ..., v,] and where the v; are eigenvectors corresponding to
Ani=1,...,n

When a matrix 4 is obtained from a matrix A via a similarity
transformation P, we say that matrix A has been diagonalized. Now if the
matrix A has repeated eigenvalues, then it is not always possible to diag-
onalize it. In generating a “convenient” basis for C” in this case, we introduce
the concept of generalized eigenvector. Specifically, a vector v is called a
generalized eigenvector of rank k of A, associated with an eigenvalue 1 if
and only if

(A=AEyv=0 and (A—-AE) 'v#0.

Note that when k = 1, this definition reduces to the preceding definition
of eigenvector.
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Now let v be a generalized eigenvector of rank k associated
with the eigenvalue 4. Define

v,‘ =0,
vy = (A — u';g)v = (A — ALy,
V-2 =(A— AE..)Z" =(A - AE)v,_,, (1.2)

v, =(A—AE) ‘v = (4 — AE),.

Then for each i, | < i<k, v; is a generalized eigenvector of rank i. We call
the set of vectors {v,,..., v} a chain of generalized eigenvectors.

For generalized cigenvectors, we have the following important
results:”

(i) The generalized eigenvectors v,, ..., v, defined in (1.2)
are linearly independent. ,
(i) The generalized cigenvectors of A associated with
different cigenvalues are linearly independent.
(iiij) If u and v are generalized eigenvectors of rank k and |/,
respectively, associated with the same eigenvalue 4, and if u; and v; are
defined by

u=(A—-AEY w, i=1,...,k
vi=(A—-AE) v, j=1,...,]

and if u,.and v, are linearly independent, then the generalized eigenvectors
Uy, ..., U, Uy, ..., v are linearly independent.

These results can be used lo construct a new basis for C"
such that the matrix representation of A with respect to this new basis, is
in the Jordan canonical form J. We characterize J in the following result:
For every complex n x n matrix A there exists a nonsingular matrix P
such that the matrix

J=P'AP

is in the canonical form

J = ) , (1.3)
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where J, is a diagonal matrix with diagonal elements A,,..., 4, (not
necessarily distinct), i.e.,
A 0
Jo = T, . ’
0 A

and each J, is an n, x n, matrix of the form

Ay 10 =20
0 A 1 oo

Jp=|. :“" . . ] , op=1L...,s,
0 0 Aty

where 4,,, need not be different from 4,,,if p#qand k+n, +---+
n,=n. The numbers A;, i=1,...,k + s, are the eigenvalues of A. If A,
is a simple eigenvalue of 4, it appears in the block J,. The blocks J4, J,,. . .,
J, are called Jordan blocks and J is called the Jordan canonical form.

Note that a matrix may be similar to a diagonal matrix without
having simple eigenvalues. The identity matrix E is such an example. Also,
it can be shown that any real symmetric matrix A or complex self-adjoint
matrix A has only real eigenvalues (which may be repeated) and is similar
to a diagonal matrix.

We now give a procedure for computing a set of basis vectors
which yield the Jordan canonical form J of an n x n matrix 4 and the
required nonsingular transformation P which relates A to J:

1. Compute the eigenvalues of A. Let 4,,...,4, be the
distinct eigenvalues of 4 with multiplicities n,, .. ., n,,, respectively.

2. Compute n, linearly independent generalized eigenvectors
of A associated with 4, as follows: Compute (4 — A,E,) for i=1,2,...
until the rank of (4 — 1,E,)* is equal to the rank of (4 — 4,E,)**". Find a
generalized eigenvector of rank k, say w. Define u;=(4 — A,E) 'u,
i=1,...,k If k =ny, proceed to step 3. If k < n,, find another lmearly
mdependent generalized eigenvector with the largest possible rank; i.e., try
to find another generalized eigenvector with rank k. If this is not possible,
try k — 1, and so forth, until n, linearly independent generalized eigenvectors
are determined. Note that if p(4 — A,E,) = r, then there are totally (n — r)
chains of generalized eigenvectors associated with 4,.

3. Repeatstep2fori,,..., A,
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4. Letu,...,u,...be the new basis. Observe, from (1.2),
that

Auy = Ay = [ugy w1 4],
0

0
Aug =uy + Ay = [y oo -] 1|
Ay
0
0
Aty =ty g + Agug = [uguy -y -+ ]{0 ]
0
1

2y | < kth position,
0

| 0

which yields the representation of A with respect to the new basis

'Al 1 e 0 7
0 4 " !
S
0 s Ay .
J= [ —————amt——
k
i T

Note that each chain of generalized eigenvectors generates a Jordan block
whose order equals the length of the chain.

5. The similarity transformation which yields J = Q"' AQ is
given by Q =[u,,...,u,...]. .
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6. Rearrange the Jordan blocks in the desired order to yield

(1.3) and the corresponding similarity transformation P.

Example 1.1. The characteristic equatidn of the matrix

—

3-1 1 1 0 0
1 1-1-1 0 0
4ol0 0 2 0 1o
0 0 0 2-1-—1
00 0 0 1 1
0 0 0 0 1 1

is given by
det(4 — AE)=(A—-2)°A=0.

o~

Thus, A has eigenvalue 1, = 2 with multiplicity 5 and eigenValue A =0

with multiplicity 1.

Now compute (4 — L,E),i=1,2,..., as follows:

1 -1 1 1 0 0]
1-1-1-1 0 0
0 0 0 0 1 1
M-2E=1g o o0 o0-1 1| o
0 0 0 0-1 1
0 0 0 0 1 -1
0 0 2 2 0 0
0022 0 0
0000 0 0
— 9 — ,
(A = 2E) 0000 0 0 and
0000 2-2
|0 0 0 0-2 2]
00 00 0 0]
0000 0 O
0000 0 0
—2E) =
M=2EV=14 000 0 o and
0000-4 4
00 00 4-4]

p(A — 2E) =4,
pA = 2E)? =2,
p(A - 2E)* =1,
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-

[«

(A-2E)¢*= and  p(A~2E)* =1,

9

SO O C oo
cCcocCcoC
0w oo o C

cCooccCccCcC
[ = Y < Y

Since p(A — 2E)® = p(A — 2E)*, we stop at (4 — 2E)>. It can be casily
verified that if u=[00 1 0 0 0], then (4 — 2E)>u= 0 and (4 — 2E)’u=
[220000]" 0. Therefore, u is a generalized eigenvector of rank 3. So
we define

u, 2(A-2Eu=[2 2 0 0 0 0],
u; 2(A=2Em=[1 -1 0 0 0 0],
us2u=[0 01 0 0 O]"

Since we have only three generalized eigenvectors for 2, = 2
and since the multiplicity of 4, = 2 is five, we have to find two more linearly
independent eigenvectors for 4, = 2. So let us try to find a generalized
eigenvector of rank 2. Let v=[001—111]". Then (4-2Ep=
[002 -200]"# 0 and (4 — 2E)*v = 0. Moreover, (A — 2E)v is lincarly
independent of u; and hence, we have another linearly independent gener-
alized eigenvector of rank 2. Define

v, 2v=[0 0 1 -1 1 1]7
and
v, =(A-2Ep=00 0 2 -2 0 OJ"

Next, we compute an eigenvector associated with 4; = 0. Since
w=[00001.—-1]"is a solution of (4 — 1,E)w = 0, the vector w will do.

Finally, with respect to the basis w,, u,, u,, us, vy, v,, the
Jordan canonical form of 4 is given by

010 0 0 0 0] [410 0 0 0 O
0/2 1 0j0 Of Ooi4 I 010 0
y_|0fo 2 1o of Joto 4 140 0
000 0 2/0 0 JO10 0 4i0 0
000021l fo 0 0 014 1]
[0 0 00j0 2f] [0 0 0 0!0 4
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and
02 1 0 0 0]
02-10 0 o
00 01 2 1
P=[w u, uy uy v, v,]= 00 0 0-=2-1[
10 00 0 1
-1 0 00 0 1]

The correctness of I’ is casily checked by computing PJ = AP.

3.2 LINEAR HOMOGENEOUS AND NONHOMOGENEOUS SYSTEMS

In the present section, we consider linear homogeneous systems

x' = Alt)x (LH)

and linear nonhomogeneous systems
x' = A(t)x + g(t). (LN)

In Chapter 2, Theorem 6.1, it was shown that these systems, subject to initial
conditions x(1) = £, possess unique solutions for every (t, &) € D, where

D = {(1,x):te J = (a,b), x € R"(or xe C")}.

These solutions exist over the entire interval J = (a, b) and they depend con-
tinously on the initial conditions. In applications, it is typical that J = (— oo,
). We note that ¢(r) = 0, for all t € J, is a solution of (LH), with ¢(r) =
We call this the trivial solution of (LH).

Throughout this chapter we consider matrices and vectors
which will be either real valued or complex valued. In the former case,
the field of scalars for the x space is the field of real numbers (F = R) and
in the latter case, the field for the x space is the field of complex numbers
(F=C).

Theorem 2.1. The set of solutions of (LH) on the interval J
forms an n-dimensional vector space.
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Proof. Let V denote the set of all solutions of (LH) on J. Let
oy, 0, € Fandlet ¢y, p, € V. Then a,p, + a3, € V since

S L) + o] = 2, & 6400 + 2 4 500

= o, A, (1) + a2 A(P (1) = A(O)[t,4(r) + 0202()]

for all t € J. Hence, V is a vector space.

To complete the proof, we must show that V is of dimension
n. This means that we must find n linearly independent solutions ¢,, ..., ¢,
which span V. To this end, we choose a set of n linearly independent vectors
&y .. s &y in the n-dimensional x space (i.c,, in R” or C"). By the cxistence -
results of Chapter 2, if T € J, then there exist n solutions ¢4, ..., ¢, of (LH)
such that (1) = &, ..., @(1) = £,. We first show that these solutions are
linearly independent. If on the contrary these solutions are lincarly depen-
dent, then there exist scalars a,, ..., a, € F, not all zero, such that

Z o0 hi(t) =0

Ti=1
for all t € J. This implies in particular that

Z api(v) = Z o8 = 0.

il i=1

But this contradicts the assumption that {£,,...,¢,} is a linearly indepen-

dent set. Therefore, the solutions ¢,, ..., ¢, are linearly independent.
Finally, we must show that the solutions ¢,,..., ¢, span V.

Let ¢ be any solution of (LH) on the interval J such that ¢(t) = £. Then

there exist unique scalars a, .. ., a, € F such that

¢= z aiélg

i=1

since by assumption, the vectors §,, . . . , &, form a basis for the x space. Now
V= Z o,
i=1

is a solution of (LH) on J such that y(t) = £. But by the uniqueness results
of Chapter 2, we have

p=y= Zaid’a-

i=1
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Since ¢ was chosen arbitrarily, it follows that the solutions ¢,, . .., ¢, span
v. 1

Theorem 2.1 enables us to make the following definition.

Definition 2.2. A set of n lincarly independent solutions of
(LH)on J, {¢,,...,¢,}, is called a fundamental set of solutions of (LH) and
the n x n matrix

- d’=[¢| d’zd’n]
is called a fundamental matrix of (LH).

In the sequel, we shall find it convenicent to use the notation

b1y bz 0 un
O=[b ¢ - @)=|%2 2
¢:nl ¢nl v ¢lll
for a fundamental matrix. Note that there are infinitely many different
fundamental sets of solutions of (LH) and hence, infinitely many different
fundamental matrices for (LH). We shall first nced to study some basic
properties of a fundamental matrix.

In the following result, X = [x;;] denotes an n x n matrix and
the derivative of X with respect to ¢ is defined as X’ = [xj;]. If A(1) is the
n x n matrix given in (LH), then we call the system of n? equations

= A()X 2.1
a matrix (differential) equation. ’

Theorem 2.3. A [undamental matrix ® of (LH) satisfies the
matrix cquation (2.1) on the interval J.

Proof. We have

(l)' = [¢'h¢,2’ .. ’4);] = [A(l)d’hA(l)d’z’ IR ;A(')(pn]
= AP, b2 b =A)O. W

The next result is called Abel’s formula.

Theorem 2.4. If ® is a solution of the matrix equation (2.1)
on an interval J and if t is any point of J, then

det ®(1) = det (b(t)exp[ J: “tr Als) ds] for cvery e J.
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PI’OO’. ”d) = [¢U] and A(l) = [au(l)], then

oy = kgl ay()y;.
Now

P1r Dz o Bl |0 P2 0 dum
9 e =[P O bul | o g
dt . : .

¢nl ¢52 e ¢nn ’ énl ‘.bnz e ‘.pnn
b1 P12 by
+ ‘{’u ‘{’zz ‘{’2..

G B o P

Z:l a1 Pxy kzl ay()pry * - kzl ay(t)pralt)
= ?zn ‘{’zz e ?za
é’nn ‘)’nz T ‘}’m
dn 12 T Din
Z: ay(t)biy zl (e - “z::! a2()Prn
A ?31 ‘?32 ‘{’sn +to
&nl ¢n2 tee &M
am D12 et D in
‘f’zl '?’zz T 20
+ ¢n.-|.| ¢';-|.2 ¢;—|.n
z": (D, Zn: A2 i au(t)ps,
k=1 k=1 k=1

The first term in the foregoing sum of determinants is unchanged if we
subtract from the first row

(ay, times the second row) + (a, 3 times the third row)
+ -+ + (a,, times the nth row).



92 3. Linear Systems

This yields
o 2 o P a, (dyy andy, - a(dya
4.’21 ‘!’22 e Q_szn = ".’21 ‘{’22 e ‘{’zu
‘})nl &nz U ())M ('pnl (})nz o ‘})M

Repeating this procedure for the remaining terms in the above sum of deter-
minants, we have

% [det ®()] = a, (1) det B(1) + azp()det ®(1) + - - + ap (1) det D)

= [trace A(1)] det d().
But this implies that

det (1) = det d(7) exp[ J; ‘ trace A(s) ds].‘ n

It follows from Theorem 2.4, since t is arbitrary, that either
det ®(1) # 0 for each teJ or that det ®(t) = O for every teJ.

The next result allows us to characterize a fundamenta] matrix
as a solution of (2.1) with a nonzero determinant for all ¢ in J.

Theorem 2 5. A solution ® of the matrix equation (2.1) is a
fundamental matrix of (LH) if and only if its determinant is nonzero for all
tel.

Proof. Suppose that ® = [¢,, ¢, ..., ¢,] is a fundamental
matrix for (LH). Then the columns of ®, ¢, ..., ¢,, form a linearly inde-
pendent set. Let ¢ be a nontrivial solution of (LH). By Theorem 2.1 there
exist unique scalars a,, .. ., @, € F, not all zero, such that

¢ = jg't ai; or ¢ = ®q,

where a" = [a,, ..., a,]. Lett = T € J. Then we have

$(1) = D(7)a,

a system of n lincar (algebraic) equations. By construction, this system of
equations has a unique solution for any choice of ¢(t). Hence, det ®() # 0.
It now follows f[rom Theorem 2.4 that det ®(1) # O for any t € J.

Conversely, let ® be a solution of the matrix equation (2.1)
and assume that det ®(r) # O for all ¢t € J. Then the columns of ®, ¢, ..., ¢,,
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are linearly im;lependent (for all t € J). Hence, @ is a fundamental matrix
of(LH. W

Note that a matrix may have its determinant identically zero
on some interval, even though its columns are linearly independent. For
example, the columns of the matrix

t 1

2 1t

00

arc lincarly independent, yet det d(r) = 0 for all 1 € (— o0, 00). According to

Theorem 2.5, this matrix ®(t) cannot be a solution of the matrix equation
(2.1) for any continuous matrix A(r).

|
o@)=|0
0

Example 2.6. For the system of equations
x'l = 5x| - 2X2, (2'2)

Xy =4xy —x;,
we have

4 —

Two linearly independent solutions of (2.2) are

3t ex
bl = [j,] ba(t) = [2 e,].

The reader should verify that ¢, and ¢, are indeed solutions of (2.2). We

now have
e ¢
P = [e" 2e‘]

which satisfies the matrix equation @' = A®. Moreover,
det®d(t)=e*#0 forall te(—o00,00).

A(t)§A=[5 —f] forall te(—oo,m).

Therefore, @ is a fundamental matrix of (2.2) by Theorem 2.5. Also, in view
of Theorem 2.4 we have

det ®(1) = det (1) exp[f: trace A(s) ds:'

4 -
=¥ cxp[ﬁ 44[.\'] = ¥t = Y

for all t € (— o0, 00).
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Example 2.7. For the system of equations
X} =Xy,

(2.3)

Xy = IX,,
we have

0

Two linearly indepencf_ent solutions of (2.3) are

eIz gy
bi(t) = [(l,] dolt) = [f ! ]
12
22
o) [I [ d,,}

0 e

_A(r)=[0 :] forall te(—o0,).

The matrix

satisfies the matrix equation @ = A(t)® and

det®d(r) =  forall te(—o0,o0)
Therefore, @ is a fundamental matrix of (2.3). Also, in view of Theorem 2.4,
we have .

det &(t) = det d(7) exp[ J: * trace A(s) ds]

= "2 exp f' ndy | = etPetii2em R = g2
T
for all t € (— o0, 0).

Theorem 2.8. If ® is a fundamental matrix of (LH) and if C
is any nonsingular constant # x n matrix, then ®C is also a fundamental
matrix of (LH). Moreover, if ¥ is any other fundamental matrix of (LH),
then there exists a constant n x n nonsingular matrix P such that ¥ = OP.

Proof. We have
- {PC) = W'C = (A(D)C = A(NPC)
and hence, ®C is a solution of the matrix equation (2.1). But
det(®C) = det®det C # 0.
By Theorem 2.5, ®C is a fundamental matrix.
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Next, let ¥ be any other fundamental matrix. Consider the
product @~ '¥, Notice that since det®(t) # O for all r € J, then &~ ! exists
for all 1. Also, ®®~! = E so by the Leibnitz rule ¥d~! + ®(d~!) =0, or
(@~ 'y = —®~'&'d~ !, Thus, we can compute

@'Yy =07 'Y 4 (b YY = d)‘ig{(:)‘l’ - (@ 'oo- Y
=0 AOY — (@ LANDO Y)Y = O A(Y — @AY = 0.
Therefore
O 'WY=P or Y=0P. N

Example 2.9. For thesystem of equations (2.2) given in Exam-
ple 2.6, we can find the fundamental matrix ¥ which satisfies the initial

condition .
1 0
¥(0) = [0 1] =E

as follows. To lind C such that ¥ = ®C, we must have ‘Y(0) = E = ®(0)C
or C = ®~(0). Thus, for (2.2) take

Sl b I B

(@ —¢) (~e¥+e)
¥ = [(2e3' ~2¢) (=¥ + 2&)]‘

and

We are now in a position to study the structure of the solutions
of (LH). In doing so, we need to introduce the concept of state transition
matrix. In the following definition, we use the natural basis {e,,e,,...,¢,}
which was defined in (1.1) in Section 3.1.

Definition 2.10. A fundamental matrix & of (LH) whose col-
umns are determined by the linearly independent solutions ¢,, ..., ¢, with

d(D)=¢e4 ..., 0 ) =e,, ted,

is called the state transition matrix ¢ for (LH). Equivalently, if ¢ is any
fundamental matrix of (L1), then the matrix & determined by

O, )AY()WP ) forall t,tel,
is said to be the state transition matrix of (LH).
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Example 2.11. Forsystem (2.2)of Example 2.6, a fundamental
matrix is given by

‘ eM ¢ - 2e” 37 __ e 3
Y1) = [e,, 2(',] and (= [_e et |

The state transition matrix of (2.2) is now given by

_ zesu—-t) - el—t _eJa-t) + ec-:
(b(t,‘t) = ‘P(')\P I(T) = [zeJ(l-r) — 2"t _e3(l—t) + 27 .

Note that the state transition matrix of (LH) is uniquely
determined by the matrix A(t) and is independent of the particular choice of
the fundamental matrix. For example, let ¥, and ¥, be two different fun-
damental matrices for (LH). Then by Theorem 2.8, there exists a constant
" n x n nonsingular matrix P such that ¥, = W, P. By the definition of the
state transition matrix, we have

®(1,7) = ¥,()[¥2(0)] ™' = W, ()PPT'[¥\(1)] ' = ¥, (O[¥\ (0] .

This shows that ®(¢, 1) is independent of the fundamental matrix chosen.

We now summarize some of the properties of a state transi-
tion matrix and we give an exphcn expression for the solution of the initial
value problem (LH).

Theorem 2.12, Let t€ J, let ¢(tr) = ¢, and let ®(t,7) denote
the state transition matrix for (LH) for all t € J. Then
(i) ®(t,7) is the unique solution of the matrix equation

(% a1, 1) 2 D1, 1) = A()D(t, 1)

with ®(z, 1) = E, the n x n identity matrix,
(ii) (r,7) is nonsingular for all t € J,
(iii) for any t, g, T € J, we have

o(t, 7) = O(t, 0)P(0,7),

(iv) [®(,1)] 20" Y(r,1) = O(r,¢)forallt, te J,
(v) the unique solution ¢(t,7,&) of (LH), with ¢(t,7,&) =¢&
specified, is given by

o, 1.8 =d@,7)¢ forall telJ. (2.4)

Proof. (i) Let 'Y be any fundamental matrix of (LH). By
definition, we have ®(t, 1) = W(t)¥ ~'(r) (independent of the choice of ‘¥)
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and

3
“DT(‘:Q =01, 1) = V(O " '(1) = AOVOY (1) = A(D(, 7).
Furthermore, ®(t,7) = Y(1)¥ " '(1)= E.
(i1) Since for any fundamental matrix ¥ of (LH) we have
det *P(r) # 0 for all £ € J, it follows that

det ®(t, ) = det W(W¥ ™ Y1) = det W(ndet ¥~ (1) # 0

forallt,te J. ,
(iii) For any fundamental matrix W of (LH) and for the state
transition matrix ¢ of (LH), we have

D(t,7) = V(O (1) = VOV~ (0)W(o)V (1) = D(t, 0)D(o, 1)

foranyt,o,teJ.
(iv) For any fundamental matrix ® of (LH) and for the state
transition matrix @ of (LH), we have

(@@, 0] = [POP@E) ] = POP (1) = O, 1)

foranyt,teJ.

(v) By the uniqueness results in Chapter 2, we know that
for every (1, &) € D, (LH) has a unique solution ¢(t) for all t € J with ¢(1) = &.
To verify that (2.4) is indeed this solution, note first that ¢(7) = ®(r,7)¢ = &.
Differentiating both sides of (2.4), we have

') = 01, 1Y¢ = APt 1) = A(DP(r)
which shows that (2.4) is the desired solution. 1

In engineering and physics applications, ¢(t) is interpreted as
representing the “state” of a (dynamical) system represented by (LH) at
time t and ¢(1) = ¢ is interpreted as representing the “state” at time 7.
In (2.4), ®(1, 7) relates the “states™ of (LH) at r and 7. This explains the name
“state transition matrix.”

Example 2.13. For system (2.3) of Example 2.7 a fundamental
matrix is given by

1 f: ey
d(1) =
0 7
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Therclore
132 t z,z'
1 e™! J:e" dn
o =

0 e "2

The state-transition matrix for (2.3) is now given by

Ot 1) = PP~ (1) =

[ L7} ] )
1 L &2 dy [1 6 ]

0 e "2
| 0 12

(| 2 J‘: e dy

0 /e(ll -2)/2

. Now suppose that ¢(1) = & = [1,1]". Then

1 +ev2 J:‘ em2 dy
P, 1,8) = O, 1), =

2~
-2

Finally note that
o ",zlze-,z,

¢’(t9 T, ﬁ) = ,zlze.. ':/12]= A(l)¢(t: T, ':)

 te

0 1|1 4e 2 J: e dy

0 ¢ e«‘ -t2)2

L.

In the next result, we study the structure of the solution of the
linear nonhomogencous system

X' = Alt)x + g(1). ‘ . (LN)

Theorem 2.14. Let t€ J, lct (1,&) € D, and let ®(¢, 7) denote
the state transition matrix for (LH) for all t € J. Then the unique solution
¢(t, 7, &) of (LN) satisfying ¢(z, 7, &) = £ is given by

$(t,7.9) = 0D + [ O mgodn. (25)
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Proof. We prove the theorem by first verifying that ¢ given
in (2.5) is indeed a solution of (LN) with ¢(t) = &. Dillerentiating both sides
of (2.5) with respect to ¢t we have

¢(6,5,8) = (6,0 + (e,0g(0) + [ Vle,mgtmdn
= AL E + g0) + [ AOS Mgl dn

= AL + [} @mgtdn] + (0

= A((t, 7, &) + g(2).

From (2.5) we also note that ¢(z,t,&) = & Therefore, ¢ given in (2.5) is a
solution of (LN) with ¢(z) = £. By uniqueness it follows that ¢ is in fact the
unique solution. W

Note that when & = 0, then (2.5) reduces to
¢, = [ (engtn)dn
and when & # 0 but g(t) = 0, then (2.5) reduccs to
Pult) = D, T)E..

Therefore, the solution of (LN) may be viewed as consisting of a component
which is due to the initial data &, and another component which is due to
the “forcing term” g(t). This type of separation is in general possible only
in linear systems of diflerential equations. We call ¢, a particular solution
of the nonhomogenous system (LN).

We conclude this section with a discussion of the adjoint
cquation. Let  be a fundamental matrix for the linear homogeneous system
(LH). Then

@) = -0 OO = —OTA(r).
Taking the conjugate transpose of both sides, we obtain
(D*1) = — A*(e)d*~ 1.
This implics that ®*~! is a fundamental matrix for the system
Yy = —A*1t)y, tel. (2.6)
We call (2.6) the adjoint to (LH), and we call the matrix equation
' Y = —AY)Y, ted,

the adjoint to the matrix equation (2.1).
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Theorem 2.15. If @ is a fundamental matrix for (LH), then W
is a fundamental matrix for its adjoint (2.6) if and only if
Y*d = C, 2.7
where C is some constant nonsingular matrix.

Proof. Let @ be a fundamental matrix for (LH) and let ¥ be a
fundamental matrix for (2.6). Since ®*~! is a fundamental matrix for (2.6),
then by Theorem 2.8 there exists a constant n x n nonsmgular matrix P
such that

Y =q@*!p,
Therefore
Y*@ = P*AC. .

Conversely, let ® be a fundamental matrix for (LH) which
satisfies (2.7). Then

Y*=Cd~' or WY=0*!C*
By Theorem 2.8, ¥ is a fundamental matrix of the adjoint system (26). |

3.3 LINEAR SYSTEMS WITH CONSTANT COEFFICIENTS

For the scalar differential equation
x'=ax, x(1)=¢,

the solution is given by @(1) = e**~"¢. In the present section, we-show that
& similar result holds for the system of linear equatlons with constant
coefficients,

x' = Ax. (L)

Specifically, we show that (L) has a solution of the form ¢(t) = *“~9¢ with
¢(z) = & Before we can do this, however; we need to define the matrix e
and discuss some of its properties. We first require the following result.

Theorem 3.1. Let A be a constant n x n matrix which may
be real or complex. Let Sy(r) denote the partial sum of matrices defined by
the formula

N ‘k
Sy(t) =FE + Z ] 4“.
. k=1 &!
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Then each element of the matrix Sy(f) converges absolutely and uniformly
on any finite £ interval (—a,a), a > 0, as N —» o,

Proof. The properties of the norm given in Section 2.6 imply
that

|E+ 5 (t"A")/k!l.<.|E‘+ S aapk!
k=1 K=1

<n+ 3 (@APk! = (1 = 1) + explalA]).
k=1

By the Weicrstrass M test (Thcorem 2.1.3), it follows that Sy(1) is a leahy
sequence uniformly on{(—a,q). W

~ Note that by the same proof, we obtain
Mt) = ASy_ (1) = Sy, (0)A.

Thus, the limit of SN(t).is a C! function on (— o0, ). Moreover, this limit
commutes with 4.
In view of Theorem 3.1, the following definition makes sense.

Definition 3.2. Let A be a constant n x n matrix which may
be real or complex. We define e** to be the matrix

@ 'k

' oAk
‘ eA—E+a§|k!A
forany —o0 <t < o0.

-

-

We note in particular that e*|,., =

In the special case when A(r) = A4, system (LH) reduces to
system (L). Consequently, the results of Section 3.2 are applicable to (L) as
well as to (LH). However, because of the special nature of (L), more detailed
information can be given.

Theorem 3.3. Let J =(—ap, ), T€J, and let A be a given
constant n x n matrix for (L). Then

(i) ®(1) & e* is a fundamental matrix for (L) for t € J.
(ii) The state transition matrix for (L) is given by

Ot 1)=e"" 2D -1), tel.
(i) etettr = At forall 1y, t, € J.
(iv) Ae*=e*Aforalltel.

(v) (e '=e*foralltel.
(vi) The unique solution ¢ of (L) with ¢(t) = £ is given by

() = e** ™M @3.1)
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Proof. By Definition 3.2, we have
=E+ Z = A"

for any t € (» 00, 0). By Theorem 3.1 and the remarks followmg its proof, we
may differentiate this series term by term to obtain

4 LM = tim ASy(®) = lim Sa(0)A = A = VA,
dt N-x N-wo

. Thus, ®(t) £ e** is a solution of the matrix equation
O = AD.
Next, observe that ®(0) = E. It follows from Theorem 2.4 that
det[e?] = ™40 £ 0  forall te(—o0,c0)

Therefore, ®(t) = ¢*' is a fundamental matrix for (L). This proves parts (i)
and (iv).

In proving (iii), note that for any t,, t, € R we have, in view of
Theorem 2.12 (iii) that

‘D(‘h ‘z) = ‘b(‘lsc)d)(o’ ‘z)-
By Theorem 2.12(i) we see that ®(t, 1) solves (L) with d(z,7) = E. It was
just proved that ¥(t) = e**~" is also a solution. By uniqueness, it follows
that &(t,7) = e*“~?. For t = t,, T = —1,, we now obtain
et = @(ty, —1,) = (e, )D(—1t,)7?,
. andfort =t,,7 =0, we have » '
(t;,0) = e = d(t,).
Also, fort =0, 1t = —1,, we get
DO, —t;) = ' = O(—1,)" .
. Thus
At = gdtigAs  forall 1,1,€R.
To prove the second part, note that by (iii)
)2V =E+ Z (t A =0t —1)
k=1

is a fundamental matrix for (L) with ®(t, 7) £ ®(0) = E. As such, it is a state
transition matrix for (L).
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Part (v) follows immediately by observing that
oMo — pAt-0 _
To verify (vi), differentiate both sides of (3.1). Then
¢'(t) = [ )¢ = At 7 = Ad(),
and ¢(t) = E¢ = £. This shows that (3.1) is a solution of (L). It is unique
by the results of Chapter 2. W

Notice that the solution (3.1) of (L) such that ¢(z) = ¢ depends
on t and t only via the difference t — <. This is the typical situation for gen-
eral autonomous systems which satisfy uniqueness conditions. Indeed, if
¢(t) is a solution of

¥ =Fx), x0)=4
then clearly ¢(t — t) will be a solution of
x' = F(x), x(r)=¢.
Next, consider the “forced” system of equations
x'=Ax + g(t) 3.2)
where g:J — R" is continuous. Clearly, (3.2) is a special case of (LN). In view

of Thecorem 3.3 (vi) and Theorem 2.14, it follows that the solution of (3.2)
is given by

) = e*p(0) + [ e Mg(n)dn
. = AT 4 e J:‘ e~ g(n)dn. ' (3.3)

While there is no general procedure for evaluating the state
transition matrix for a time-varying matrix A(t), there are several such pro-
cedurcs for determining ¢#' when A(1) = A. We devote the remainder of this
section to this problem and to solving (L) and (3.2).

We assume that the reader is familiar with the basics of Laplace
transforms. If f(0) = [£,(0), ..., fl(O)]7, where fi: [0,00)= R, i=1,...,n,
and if each f; is Laplace transformable, then we define the Laplace transform
of the vector f componentwise, i.e.,

7 = [AG) ... T
where
Ji5) = LLf0] 2 [ fiwe=de.

We define the Laplace transform of a matrix C(t) = [c;(0)]
similarly. Thus, if each ¢;;: [0, 0) — R and ifeach c;; is Laplace transformable,
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then the Laplace transform of C(¢) is defined by
C(s) = L[c(0] = [Lci0] = [¢9)]
Now consider the system

x'=Ax, x(0)=¢ (34)

Taking the Laplace transform of both sides of (3.4), we obtain
sR(S)—E=A%(s) or (SE— A)R(s)=¢&
or
£(s) = (SE — A) "¢, (3.5)

It can be shown by analytic continuation that (sE — 4)™! exists for all s,
except at the eigenvalues of A. Taking the inverse Laplace transform_of (3.5),
we obtain for the solution of (3.4),

() = L7 [(SE — A)7')E = O(1,0)¢ = L. (3.6)
It follows from (3.4) and (3.6) that ‘
®(s) = (sE — A)~! 3.7
and )
O(1,0) 2 D(1) = L M[(SE — A)~'] = ™. (3.8)

Finally, note that when the initial time t # 0, we can immediately compute
O(t, 1) = Bt — 1) = -7,

Example 3.4. For the initial value problem

x| = —x; + x5, x,0) =1,
Xy = —2x,, x5(0) = 2,
we have
[s+1 ~—1
(SE—A)—_ 0 s+2]
and
[ 1 ns 1 1 _ 1
s+1 (s+1)s+2) s+1 s+1 s+42
Ds)=GE-A) ' = { | = |
| s+2 0 s+2

and

-1

-1 _ =2
‘b(l) = e"l = _(["l[(b(s)1 = [eo € e~2e' ],
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Therefore

_[e0] _[er et —e 2 1] _[3e' —2e7*
wo=[oal=[5 oL

Now if we replace the original initial conditions by x,(1) =1,
x,(1) = 2, then we obtain for the solution

= 6.0 _ e~ -1 L—-1 _ ,-20- 1]
4’"’"[«»,(:)]“[ 0 o ][2]

3‘,-—(1—!) — 2‘,—-2(0- 1)
- e -1 :

Next, let us consider a “forced” system of the form
x'=Ax+g@), x(0)=¢, (39)

and let us assume that the Laplace transform of g exists. Taking the Laplace
transform of both sides of (3.9), yields

sR(s) — &= AX(S)+ g(s) or  (sE— A)X(s) =&+ G(s)
or
%(s) = (sE — A) "' + (sE — A)~'§(s) = D(s)E + D(s)d(s)
A dy(s) + d,(9)- (3.10)

Taking the inverse Laplace transform of both sides of (3.10) and using (3.3),
we obtain

$(0) = i) + $,(0) = L7 [GE — A)7 'L + L7 [E — A)7'3(5)]
= 0,00 + [, ®(t — ngln)dn.

Therefore, ’

$ult) = [, ®(t = mg(n)dn,

as expected (i.e., convolution of ® and g in the time domain corresponds to
multiplication of ® and § in the s domain).

Example 3.5. Consider the “forced” system of equations
Xy = —X; + X3, x,(0) = -1,
x5 = —2x, + u(t), x,(0) =
where
u(t) =1 for t>0,
=0 elsewhere.
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In view of Example 3.4, we have

e~! e-l_e—ZI -1 —e!
o[y )

Also, in view of Example 3.4, we have

1 1 _ 1 0 11_'_1 1 _ 1
s+1 s+1 s+2 2\s 2\s+2) s+1
é,5) = 1=
o = L 3 I _ 101
L s+2 2\s 2\s +
and
'j_+ 18-21_‘,—1
¢p(') = _2 %2__ %e-ZI ]
Therefore, -
1—2¢" 4 e
¢(‘)=¢u(‘)+¢p(‘)=[z §— e ]

We now present a second method of evaluating e** and of
solving initial value problems (L) and (3.2). This method mvolvcs the trans-
formation of 4 into a Jordan canonical form.

Let us consider again the initial value problem (3.4). Let P be
a real n x n nonsingular matrix, as in Section 1.C on the Jordan form, and
consider the transformation x = Py or equivalently, y = P~!x. Differen-
tiating both sides with respect to t, we obtain

y=P 'x =P '4Py=Jy, y(t)=P'¢& . 3.11)
The solution of (3.11) is given as ) '
(o) = 9P E (3.12)
Using (3.12) and x = Py, we obtain for the solution of (3.4),
o(t) = PP g, 3.13)

*  Now let us first consider the case when A has n distinct cigen-
values 4,,...,4,. Il we choose P =[py,p,,...,p,] in such a way that
p; is an eigenvector corresponding to the eigenvalue 4, i=1,..., n; then
the matrix J = P~ ! AP assumes the form

)q 0

0o A
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Using the power series representation

L) tl Jls
e" = E + kg] —k_!,
we immediately obtain the expression
el]l m 0
&= .. . (3.14)
0 et
We therefore have the following expréssion for the solution of (3.4):
M=) 0
o@)="Pr P (3.15)
0 e‘n(“")

In other words, in order to solve the initial value problem (3.4) by the present
method (with all eigenvalues of A assumed to be distinct), one has to deter-
mine the eigenvalues of A, compute n eigenvectors corresponding to the
eigenvalues, form the matrix P, and evaluate (3.15).

In the general case when A has repeated eigenvalues, it is no
longer possible to diagonalize A (see Section 1). However, we can generate n
linearly independent vectors v,, ..., v,and an n x nmatrix P = [v,,v,,...,0,]
which transforms A into the Jordan canonical form. Thus J = P~ '4P. Here
J is block diagonal of the form

Jo 0
. Js

0 ",

Jo is a diagonal matrix with diagonal clements 4, ..., 4, (not necessarily
distinct), and each J; is an n; x n; matrix of the form

Aoy 1 0 -+ 0
Loy 1 -2 O
Ji=|:
0 1
0 0 0 -+ Ay

where 4,,; nced not be different from 4,.; il i # j, and where k + n, +
et ng=n
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Since for any block diagonal matrix

of 0
C= .
0 C
we have
ck 0
Ct= , k=0,1,2,...,
0 ct
it follows from the power scries representation of ¢’ that
o 0
4
et = ¢ . , =—0w0<I<0. -
0 L
As before, we have )
M 0
& = T .
0 et
Notice that for any J,,i=1,..., s, we have
Ji=4+iE + Ny, (3.16)

where E; is the n; x n; identity matrix and N, is the n; x n; nilpotent matrix
given by T

01 --- 0
N‘= _: ; .
0 - - 0

Since 4,,,E; and N, commute, we have

& = e N,

-

Repeated multiplication of N; by itself shows that Nf =0 for all k > n,.
Therefore, the series defining ¢ terminates, and we obtain

1 ¢ =or vV m— 1)
0 1 - = 2n,—2)

‘,lh=e1kn‘ ) ) i=l,...,s-

0 - .- 1
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From (3.]3) it now follows that the solution of (3.4) is given by

eglott=9 0 .

$()=P e P-lE (3.17)

0 P

Example 3.6. For the initial value problem of Example 3.4,

[ ]

with eigenvalues 4, = —1and 4, = —2. A set of corresponding eigenvectors

) e

and therefore y = Px will diagonalize the equations. Here

-1 S [-1 o
”."[o 1]’ P —[0 1]' and J—[ 0__2].

Using x(0) = [x,(0) x,(0)]" = [1, 2]" as in Example 3.4, we have
O] _ poip-1e [ —1][e O 1 1t
[biol-rere=lo s Sl )

_[3e7" =27
- 2e” )

This checks with the answer obtained in Example 3.4.

we have -

Example 3.7. Consider the initial value problem

x' = Ax,

where °
[—1 0 -1 1 1 3 0]

O 1 0 0 0 00O

2 1 2-1-1-60
A=1-2 0-1 2 1 3 0O}

o 0 0 0 1t 00O

0o 0 0 0 O 10

| -1 -1 0 1 2 4 1]
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Evaluating the characteristic polynomial of A we have p(d) = (1 — 4)". Fol-
lowing the procedure outlined in Section 1 to generate the Jordan canonical
form, we obtain

J =P 4P,
where
1 .1 0!0 0 0 07
011]0000
00 1i0 0 00 "‘J 0
J=|0 0 0i1l 1}l0 O]= ’J .
0 0o0!0 1100 0 ’J
000O0O0ILI!O 4
[0 0000 01
(-1 0 0-21 0 1]
0 01 00 03
1 10 2 0-11
P=|-1 0 0-2 0-2 0],
0 00 00 1 O
0 00 0O O 1
| 0-1 0-1 0 0 O
and
[0 0 2 1 4 -2 2
00 1 1 3-1 0]
01 0 0 0-3 0
Pt=|0 0-1—-1-=3 1-1}|]
10 0-1-2-1 0
00 0 0 1 0 o0
00 0 0 0 I O]
Then
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and
g ]
(" ' = e‘h'

e

0 e e
Other methods of computing e*' motivated by such results as
Sylvester’s theorem or the Cayley-Hamilton theorem have been developed.
We shall give a third method of computing e* which illustrates the use of
algebraic techniques. Let {4,,4,,...,4,} be an enumeration of the eigen-
values of 4 where the A,,..., 4, need not be distinct. Define 4; = A — L,E
fori=1,...,n. Now we guess that ¢** can be written in the form

=¥ P ywin), (3.18)

i=1

where Py = E, P,y = A;+,P;, and the w, are scalar functions to be deter-
mined. Differentiating (3.18), we see that we need to choose the w;(t) so that

5 wiOP-s = 4 3 0P

i=1
By the definition of the P,’s and by the Cayley-Hamilton theorem, we have
APy = AP, + P, i=23,...,n
and
. AP,_, = AP,_,, P,=0.
Thus, we need to choose the wi(¢) so that

Z wiOP;.y = z wi()(A4,Py ..y + P),

=1 11
or

wi = A;wy, wi= 4w + w;_, for i=23,...,n

Also notice that if w,(0) = 1 and w;(0) = 0 for i 2 2, then

z W‘(O)P‘_i =P°=E-

i=1

This determines the w; precisely. Indeed,
wi(t)=e", w)= J: e‘“"”w;..,(s)ds

fori=23,...,n
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3.4 LINEAR SYSTEMS WITH PERIODIC COEFFICIENTS

In the present section, we consider linear homogetieous systems
x' = A(t)x, - <t<o0, (P)

where the elements of 4 are continuous functions on R and where
A)=A(t+ T) 4.1)

for some T > 0. System (P) is called a periodic system and T is called a
period of A.

The proof of the main result of this section involves the con-
cept of the logarithm of a matrix, which we introduce by means of the next
result. .

Theorem 4.1. Let Bbe a nonsingularn x nmatrix. Then there
exists an n x n matrix A, called the logarithm of B, such that

e’ =B 4.2)

Proof. Let B be similar to B. Then there is a nonsingular
matrix P such that P~ 'BP = B.If e* = B, then -

B= PBP~' = PeAp-! = oP4P"',

Hence, PAP" is also a logarithm of B. Therefore, it is sufficient to prove
(4.2) when B is in a suitable canonical form.

Let 4,,..., 4, be the distinct eigenvalues of B with multi-
plicities n,, ..., n,, respectively. From above we may assume that B is in
the form

. B,
B,

By

Clearly log B, is a diagonal matrix with diagonal elements equal to log 4;.
If E, denotes the n; x n;identity matrix, then (B, — A,E, )" =0,j=1,...,k,
and we may therefore write e

B]=)‘](El1+fl'~l)' N;l=0.
J

Note that 4; # 0, since B is nonsingular. Next, using the power series ex-
pansion
@ (_l)p-H

log(l +x)= ¥ ———x%, |x <1,
p=1 p A
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we formally'write

1
A;=logB;=E,logl;+ log(E,,, +T N,)
J

o (__1yPt1 P
=E,logd; + Y ( l{z (ﬁ’)

p=1 )‘)

Since N}’ = 0, we actually have

n-1 ¢ __1\p+1 14

A;=E,logl; + =D (&) s J=1L..k 4.3)
Pl P 4

Note that log4; is defined, since 4; # 0. Recall that e '8! ** = | + x. If we

perform the same operations with matrices, we obtain the same terms, and

there is no convergence problem, since the series (4.3) for A4; = log B, ter-

minates. Therefore we obtain

e = expieosyenp| . U (1))
i

p=1 P

=AI(E,,+%’—’)=B,-, ji=1 ...k
*J
Now let
Ao
A= ,
. A,

where A; is defined in (4.3). We now have the desired result

et 0 B, 0

A= . |=| . |=B =
0 e« 0 B,

: Clearly, A is not unique since for example e* * 2™E = A2k =
¢ for all integers k. -

1

Theorem 4.2. Let (4.1) be true and let 4 € C(— 00, c0). If ®(f)
is a fundamental matrix for (P), then so is ®(t + T), —o0 <t < 0. More-
over, corresponding to every ®, there exists a nonsingular matrix P which is
also periodic with period-T and a constant matrix R, such that

®(t) = P(t)e'r.
Proof. Let ¥(t) = ®(t + T),— 0 <t < oo. Since
()= A(ND(E), —oo<t<om, '
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it follows that '
Y()=0@t+T)=At+ T)P(t + T) =\.:4(t)d>(t + T), - <t <oo.

Hence, W is a solution of (P), indced a fundamental matrix, since &(¢t + T)
is nonsingular for all 1 € (— 00, «). Therelore, there exists a constant non-
singular matrix C such that

Ot + T)=d(1)C
(by Theorem 2.8) and also a constant matrix R (by Theorem 4.1) such that

e™® =C.
Therefore
Ot + T) = d(t)e™. 4.4
Now define a matrix P by
P(t) = O(t)e™*R. (4.5)

Using (4.4) and (4.5), we now obtain
Pt + T)=d(t + T)e "R = @(1)e™e~ ¢+ R = O(1)e~ 'R = P().

Therefore P(t) is nonsingular for all t € (— o0, ), and periodic. This con-
cludes the proof. W

Now suppose that ®(t) is known only over the interval
[to.to + T]. Since ®(t + T)=d@)C, we have by sctting t =1,, C=
®(to)"'®(to + T) and R is given by T 'logC. P(t) = ®(t)e~'® is now
determined over (0, T'). However, P(t) is periodic over (— 00, ). Therefore,
®(r) is given over (— oo, o) by ®(t) = P(t)e'®. In other words, Theorem 4.2
allows us to conclude that the determination of a fundamental matrix @
for (P) over any interval of length T, leads at once to the determination of
& over (— o0, ). . ;

Next, let ¢, be any other fundamental matrix for (P) with
A(t + T) = A(t). Then ® = ®,S for some constant nonsingular matrix S.
Since ®(t + T) = ®(t)e"™®, we have ®,(t + T)S = @,(1)Se™, or

®,(t + T) = &, (1)(Se™ S ™) = D, (1)e™*5™H, ~(46)

Therefore, every fundamental matrix &, detecrmines a matrix Se”®S ™! which
is similar to the matrix eTX.

Conversely, let S be any constant nonsingular matrix. Then
there exists a fundamental matrix of (P) such that (4.6) holds. Thus, although
® does not determine R uniquely, the set of all fundamental matrices of
(P), and hence of A4, determines uniquely all quantities associated with
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€™ which are invariant under a similarity transformation. Specifically, the
set of all fundamental matrices of A determine a unique set of eigenvalues
of the matrix e™®, 1,,..., 4,, which are called the multipliers associated
with A (or sometimes, the Floquet multipliers associated with 4). None of
these vanish since I, = dete’® # 0. Also, the eigenvalues of R are called
the characteristic exponents. ~e

Next, we let Q be a constant nonsingular matrix such that
J = Q" 'RQ, where J is the Jordan canonical form of R, i.e.,

J, 0 -+ 0
J= 0 J, 0
0 0 - J,
Let &, = ®Q and P, = PQ. From Theorem 4.2 we have '
D,(1) = P,(t)e” and Pt + T)= P,(1). 4.7)
Let the eigenvalues of R be p,, . .., p,. Then
ello 0 cee 0
e” _ 0 .efln e 0 ,
O 0 e
where
e o0 0
- et = e 0
0 . ;'ﬂq
and
* - B 2 ri—1
1 t l__ .. _ﬁ___.
(r, - l)!
; t"-z 34
elt=¢Pi|0 1 t 0 — ], i=1...,8q9+ r;=n.
r—2)! =+ yn
00 0 -~ 1

Now A; = e"¥. Thus, even though the p; are not uniquely determined, their *
real parts are. In view of (4.7), the columns ¢,,..., ¢, of @, are linearly
independent solutions of (P). Let p,,...,p, denote the periodic column
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vectors of P,. Then

&4(t) = e”'p, (1),
&a(t) = €'Pp,(t),

$q(t) = e*p (1),
Pg+1(t) = €% 'p, . (0),
B 2(t) = €792 1(tpg 4 1(1) + pg+2(t)), 4.8)

ry - 1

4’,,.",(1) = (é:‘T)—! Pq+ l(’) +-+ tpq+r|—l(') + pq+r,(‘) Par ':

-

¢n-r.+ l(l) = ew'.'pu—r.* l(t)r

rg—-1

$l) = “((r—tl_nﬁ Pimres s+ 7+ 100y + p.(:)).

From (4.8) it is now clear that when Re p; & «, < 0, or equiv-
alently, when || < 1, then there exists a k > 0 such that

|pdn)]| < ke 0  as t— +oo.

In other words, if the eigenvalues p;, i=1,...,n, of R have negative real
parts, then the norm of any solution of (P) tends to zero as t - + 00 at an
exponential rate.

From (4.5) it is easy to see that AP — P’ = PR. Thus, for the
transformation

x = P(t)y, 4.9)
we compute
X' = A(t)x = A()P(t)y = P'(t)y + P(t)y’ = (P(t)yy
or
y = P tMAQP(y= P'(t))y = P~ () (P(t)R)y = Ry.

This computation shows that the transformation (4.9) reduces the linear,
homogeneous, periodic system (P) to

Yy =Ry,

a linear homogeneous system with constant coefficients. Also note that even
if A(r) is real (so that C is real), the matrices P(t) and R may be complex.
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However, if C is real, then C? does have a real logarithm (refer to the prob-
lems at the end of the chapter).
Now if (4.1) is true for T, then it is true for 2T and

Ot + 2T) = O(ND(T)? = B(1)C>.

By the previous results, there is a real, 2T-periodic matrix S(r) and a real
constant matrix Q such that

() = S(t)e~ .
Moreover, the rcal transformation x = S(r)y reduces (P) to the real system

y =0y
3.5 LINEAR nth ORDER ORDINARY DIFFERENTIAL EQUATIONS

In this section, we consider initial value problems described
by linear nth order ordinary differential equations given by

Y + @ (Y"1 + -+ a0y + ao(0)y = b(1), (5.1)
YO @y (Y 4 e a (Y™ + ag(t)y = 0, (5.2)

and
YO+ a, "+t ay P + a0y =0. (5.3

In (5.1) and (5.2) a, € C(J) and be C(J) and in (53), a,€R, k=0,1,...,
n — 1. If we define the linear differential operator L, by :

d lu 1
Lu df" + a,- l(') dln 1 +- 0+ al(‘) + ao(t), (5-4)
then we can rewrite (5.1) and (5.2) more compactly as

L,y = b(e) (5.5)
and
' (5.6)

ny =0
respectively. We can rewrite (5.3) similarlyky defining a differential operator
<L in the obvious way.
Following the procedure given in Chapter 1, we can reduce
the study of Eq. (5.2) to the study of the system of n first order ordinary
differential equations

x' = Alt)x, / (LH)
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where
0 1 0 aee 0

0o 0 1 0 :
A =| : : : N O

0 0 0 1
—ao(t) —a,(t) =ay(t) - —a,_4(0)

The matrix given in (5.7) is frequently called a companion matrix (or Ais
said to be in companion fonn)

Since A(t) is continuous on J, we know that there exists a
unique solution ¢, for all ¢ € J, to the initial value problem

x' = A(t)x, x(r)=¢, teld,

where & =(¢,,...,&)" € R The first component of this solution is a
solution of L,y = 0 satisfying y(t) = &,, y'(z) = &5, ..., " V(1) = &,.

Now let ¢,, ..., ¢, be n solutions of (5.6). Then we can easily
show that the matrix

¢l ¢2 Tt ¢n
d’(l) _ ¢:l ¢:2 - d{"

oY ggTh e geh
is a solution of the matrix equation

= A()X, (5.8)

where A(t) is defined by (5.7). We call the determinant of ® the Wronskian
for (5.6] with respect to the solutions ¢,, ..., ¢, and we denote it by

¢ b2 o
Wb...pp=| 8 % 0 %

$rTH gETH o gy
Note that W(¢,,...,d,)(t) depends on t € J. Since ® is a solution of the

matrix equation (5.8), then by Theorem 2.4 we have for any t € J, and for
anyteJ,

Wi, ... .9 )1) = det ®(t) = det P(z) exp[ : tr A(s)ds]

= W(dy,... ,¢.)(z)exp{f" —a,. ,(s)ds}. (59)
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Before we state and prove our first result, we consider a
specific example.
Example 5.1. Consider the second ordcr differential equation
t2y +ty —y =0, 0<t<oo,
which can equivalently be written as
Y+ (/Y —(1/t)y=0, 0O0<t<oo. (5.10)
The functions ¢,(t) =t and ¢,(t) = 1/t are clearly solutions of (5.10). We

now form the matrix
oo <[? o2]_[ 1/:].
® [¢a ¢'z:| [1 Y

W(dy, da)(t) = detd(t) = —=2/t, t>0.

In the ‘notation of (5.7) we have a,(t) = 1/t, ao(t) = —1/t* and thus a,(s) =
1/s. In view of (5.9), we have for any t > 0,

This yields

W(g,,$2)0) = detd() = W(¢|s¢z)(f)exl’{ i -a ds}

= —(Q2/1)™M = =2/t, >0,
as expected.

- Theorem 5.2. A set of n solutions of (5.6), ¢;,...,¢,, is
linearly independent on J if and only if W(¢,,...,¢)t) # 0 for all te J.
Moreover, every solution of (5.6) is a linear combination of any set of n
lincarly independent solutions.

Proof. The first assertion is a restatement, for the nth order
equation, of Theorem 2.5. The second assertion is a restatement of (2.4) in
Theorem 2.12. W

Theorem 5.2 enables us to make the following definition.
Definition 5.3. A set ofnlinearly independent solutions of (5.6)
onJ, ¢,,..., ¢, is called a fundamental set of solutions for (5.6).

Next, we turn our attention to nonhomogeneous linear nth
order ordinary differential equations (as we saw in Eq. (5.1)) of the form -

Y 4 g (Y"1 o+ (O + aglt)y = b(1).
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As shown in Chapter 1, the study of (5.1) reduces to the study of the system
of n first order ordinary differential equations

. x' = A(t)x + g(1), 5.11)
where A(t) is given by (5.7) and g(r) = [0, ..., 0, b(t)]T. Recall that for given
t€J and given x(t) = £ € R", Eq. (5.11) has a unique solution given by
¢ = ¢, + ¢, where ¢,(t) = ®(t, 7){ is a solution of (LH), ®(t, ) denotes the

state transition matrix of A(t), and ¢, is a particular solution of (5.11),
given by

b, (1) — f "D )g(s)ds — () f " (s)g(s)ds.
We now specialize this result from the n-dimensional system
(5.11) to the nth order equation (5.1).

Theorem 5.4. 1f ¢,,..., ¢,is a fundamental set.for the equa-
tion L,y = 0, then the unique solution y of the equation L,y = b(t) satisfying
Yy =&, ..., P (1) = €, is given by

Y(0) = (1) + ¥ (1)
—_ - ' m(¢h LR ’¢n)(s)
=¥(t) + k;l dult) B -———-————‘W@h 000

Here ¢, is the solution of L,y =0 such that y(1)=¢&,, ¥'(t1)=¢&,, ...,
Y1) =&, and W (d,,...,0,)t) is obtained from W(g,,...,d) by
replacing the kth column in W(¢,,...,¢)#) by (0,...,0,1)T.

Proof. From the foregoing discussion, the solution of (5.11)
with y(1) =0is .

$5(0 = 0() [ ©()g(5)ds = [ @0~ (s)gls)ds

b(s)ds.

& ['yesg0)ds, gl =[0,....0,bO]"

The first component of ¢,(t), which is the solution of L,y = b(t) with &, =
0,..., ga =0,is I't )’ln('s S)b(S)dS, where

n - e n $kn(s)
_ I(s) = — T
714(t,8) = g‘é; D, ()P (s) kzl (1) Wds, ..., 4,')(3)

Here &,, is the cofactor of the knth element of @7, i.e., §,, is the cofactor of
the element ¢{"~ ") in ®. Therefore,

W(¢ls e "i’n)(s)?h(t' S) = kzl ¢k(‘)u,k(¢ls sy ¢,,)(S),
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where. Wi(dy, . . ., $.)(s) is defined as in the statement of the theorem.
Therefore, the solution y, of L,x = b(1) satisfying (1) = 0, ..., ¢~ (1) = 0,
is given by

- Y t Wiy, ..., Da)(S)
Ylt) = ':_/:,l &u(t) f' {m} b(s)ds.

The conclusion of the theorem is now obvious.

Example 5.5. Consider the second order ordinary differen-
tial equation

Y Y =@/ =b), O<t<oo,

where b is a real continuous function for all t > 0. From Example 5.1 we
have ¢, (1) = 1, ¢,(1) = 1/t, and . W($,, $,)(1) = —2/t, ¢ > 0. Also,

0 l/tI t 0

W1, 9200 = =1 Wb =

1 -1/
- From Theorem 5.4 we have
VO = ¥l + 40) = Yol + 6,00 [} 08T by a5

' Wiy ¢2)(5)
¢ W(¢|,¢2)(S)

=y0 + % j " b(s)ds — 211 f " s?b(s)ds.

11

+ (D) b(s)ds

Next, we consider nth order ordinary differential equations
with constant coefficients, as was seen in Eq. (5.3):

Ly&ym™ta,_,ym V.o g a.y“;’ + agy =0.
Here we have J = (— 00, 00). We call
pPA=2+a,_ A" '+ -+ ad+a (5.12)
the characteristic polynomial of the differential equation (5.3), and we call
p(A)=0 (5.13)

the characteristic equation of (5.3). The roots of p(1) are called the
characteristic roots of (5.3).
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We see that the study of Eq. (5.3) reduces to the study of the
system of first order ordinary diflerential equations with constant coef-
ficients given by x’ = Ax, where

0 1t 0 0 - 0
0 0 1 0 - 0
A=l : (5.14)
=g —dy —d; —d3 " —d,-,

The following result connects (5.3) and x' = Ax with A given
by (5.14).

Theorem 5.6. The characteristic polynomial of 4 in (5.14) is
precisely the characteristic polynomial p(4) given by (5.12).

Proof. The proofis by induction. Fork = | wehave 4 = —q,
and therefore det(AE, — A) = 4 + g, and sg (5.12) is true for k = 1. Assume
now that the result is true for k = n — 1. Then

A -1 0 -0 0

0 4 -1 -0 0

detlE, —A)=|: : :
] 0 0 0 - 2 -1

4o ay ay "t dyy; Ata,,

-1 0 0 - 0:0]

A-1 0 --- 0 O
= Adet(AE,., —A)+(=1)"*'qe| 0 1 -1 0o 0
0 0 0 1 -1
where
0 1 0 o 0
a=| 0 0 T o0
—dy —d; —dy Tt T,y
Therefore

dol(AE, — A) = AdetE, — A) +ay
=A(A"-l+a'._ll"-z+".°+a|)+ao
=A"+a,._1l.-‘+"'+a|}u+ao. .

Our next result enumerates a fundamental set for (5.3).
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) Theorem 5.7. Let 4,, ..., A, be the distinct roots of the char-
acteristic equation
pA=A"+a,_ A" '+ +ad+ag=0
and suppose that 4, has multiplicity m;, i = 1, ..., s, with Y-y my=n.Then
the following set of functions is a fundamental set for (5.3):
et k=0,1,...,m—1, i=1,...,s (5.15)
Example 5.8. If
) =@A-2)A+ 3)PA+ A -2 -4

then n =9 and e, e™ 3, te” >, e e*® %, te*, 12¢*, and t3¢* is a funda-
mental set ior the differential equation corresponding to the characteristic
cquation.

Proof of Theorem 5.7. First we note that for the function e
we have L,(e*) = p(A)e*. Next, we observe that for the function t*¢** we have

\ o * o
Lt =L, (-(,7 e*') = 5 Le) = 5z [p(e]

= p™(A)e? + kp*~V(Ape + - - + kp'(A)* et + p(A)ite.
Now let A = A;. Then we have
L{tte*)=0 for k=0,1,...,m—1, i=1...,s. (516)

Here we have used the fact that p is a polynomial and 4, is a root of p of
multiplicity m; so that p*™(4) =0 for 0 < k < m; — 1. We have therefore
shown that the functions (5.15) are indeed solutions of (5.3). We now must
show that they are linearly independent.

Suppose the functions in (5.15) are not linearly independent.
Then there exist constants c;,, not all zero, such that

s m—1

Y cute**=0 forall te(—o0,00)
i=1 k=0

Thus

T P =0,
i=1

where the P(t) are polynomials, and ¢ < s is chosen so that P, # 0 while
P,.(t)=0,i> 1. Now divide the preceding expression by e** and obtain

Pty + Y P)eh~ M =0.
i=2
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Now differentiate this expression enough times so that the polynomial P,(r)
becomes zero. This yields

3 0t =0,
=2

where Q,(r) has the same degree as P(t) for i > 2. Continuing in this manner,
we ultimately obtain a polynomial F,(t) such that

F,()e*' =0,

where the degree of F, is equal to the degree of P,(r). But this means that
F (1) = 0. This is impossible, since a nonzero polynomial can vanish only
at isolated points. Therefore, the indicated solutions must be linearly inde-
pendent. W

Consider again the time varying linear operator L, defined in
(5.4). Corresponding to L, we define a second linear operator L, of order n,
which we call the adjoint of L,, as follows. The domain of L} is the set of
all continuous functions defined on J such that [@,(r)y(t)] has j continuous
derivatives on J. For each function y, define

Ly = (=10 + (=177 @ )V + - + (= 1(@yY + oy
The equation
Lly=0, telJ,

is called the adjoint equation to L,y = 0.
When (5.6) is written in companion form (LH) with A(r) given
by (5.7), then the adjoint system is 2’ = — A*(t)z, where

0 0 -+ 0 —a)
1 0 -+ 0 -3,
A¥()=|0 1 --- 0 —ay1)
0 0 -+ 1 —a,_,(1)
This adjoint system can be written in component form as

2y = ao(1)zas
z'j ==2Zj- + al._ 1(!)2. (2 Sj < n).
Ify = [y, ¥3,...,¥,]" is a solution of (5.17) and if ay, has j derivatives,

then
V’; - (an— |¢.) = —wn-l

(5.17)

and

Vn— @1V = —VYp-r = \l’u-z -(a -Z'I’n)
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or
'»b:: - (?'n—l.l’n)' + (an—Z‘Iln) = ‘l’n—Z'

Continuing in this manner, we see that ¢, solves LYy = 0.
The operators L, and L, satisfy the following interesting
identity called the Lagrange Identity.

Theorem 5.9. If a, are real valued and a, € C*(J) for k =
0,1,...,n—1and ifuand v e C"(J), then

vLu— um = P(u,v),

where P(x, ) represents the bilinear concomitant

} P(u,v) = i ki‘ (— 1)1~ Y q,5)D,

k=1 j=0

Proof. For k=0,1,2,...,n—1 and for any pa'ir of smooth
functions [ and g, the Leibnitz formula yields

(i (- ])jf(k-j)gu))l —_ f(k+ l)g + (- l)'ffy(“".
j=0
This and the definitions of L, and L, give

BLu—ulv= Y @au® + (— 1)+ (a,5)"u
k=1

n-1
=Y [ 3 (—I)Ju"""'“”(a,‘b')w] =[Puv)]. N

k=0 j=0
An immediate consequence of Theorem 5.9 is Green’s formula.

Theorem 5.10. If a, are real C* functions on J for 0 <k<
n— 1 and if u and v € C"(J), then for any t and tin J,

JY (FL,u — uLTv)ds = P(u, )\,

Proof. Integrate the Lagraﬁge identity romttos. W

3.6 OSCILLATION THEORY

In this section, we apply some of the theory developed in the
foregoing sections to the study of certain oscillation properties of second -
order linear systems of the form

V' + a0y + aglty =0, 6
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FIGURE 3.1 Linear mass-spring system.

i,

where a, and a, are real valued functions in C(J). Our study is motivated
by the lincar mass—spring system depicted in Fig. 3.1 and described by

my” + ky =0, 6.2)

where m and k are positive constants. The general solution of (6.2) is y =
. Acos(wt + B) where w? = k/m and where 4 and B are arbitrary constants.
" Note that for the solutions y, = 4, cos(wt + B,) and y, = 4, cos(wt + B,)
with 4, #0, A, # 0, and B, # B, the consecutive zeros of the solutions are
interlaced, i.e., they alternate along the real line. Also note that the number
of zeros in any finite interval will increase with k and decrease with m, i.e.,
‘the frequency of oscillation of nontrivial solutions of (6.2) is higher for
stiffer springs and higher for smaller masses. Our objective will be to gen-
eralize these results to general second order equations.
Note that if (6.1) is multiplied by

k(t) = exp( ) a,(s)ds),
then (6.1) reducgs to

k()Y + g()y =0, (6.3)

where g(t) = k(t)a,(t). This form of the second order equation has the ad-
'vantage that (for C? smooth k) the operator L and its adjoint L*,

Lu=ku" + k' +gu,  L*v=(kv)' — (K'v) +gv,
are the same. Also note that for (6.3), the identity (5.9) reduces to

W1, 8200 = Wi, d:)D)exp [ (K (u)/k(w)) du
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or

k@OW(¢1,¢:)() = k(r)W(d,, $2)(7) (6.4)

for all t € J, any fixed r in J and all pairs {¢,,¢,} of solutions of (6.3).
Note also that if ¢ solves (6.3) and if ¢(t) # 0 on J, then any
zero t, of ¢ must be a simple zero. Assume that this is not the case, i.e.,
assume y(t;) = 0 and also y'(t,) = 0. But the unique solution of (6.3) for
these initial data at time ¢, is ¢(t) = 0. Since ¢(t) £ 0, then y(t,) and y'(¢,)
cannot simultaneously vanish.
We can now state and prove our main oscillation results.

Theorem 6.1. Let ¢, be a nonconstant solution of (6.3) on
J = (4, b) with consecutive zeros at points ¢, and t, of J and t, <1,. If ¢,
is a second solution of (6.3) on J, then either ¢, = c¢, for some constant ¢
or clse ¢, has one and only one zero in the interval (1,,,).

Proof. Therc is a constant ¢ with ¢, = c¢¢, if and only if the
Wronskian W(¢,,¢,) = 0. If W(d,,¢,) #0, then by (6.4) we have

—k(t,)¢'(t))da(t2) = k(t)W(d,, $2)(¢y) ‘
= k(t)W (91, h2)(t2) = —k(t2)d(t2)a(t2).
Since ¢,(t) is of one sign on (¢,, ¢,), then ¢'(¢,)d(t;) < 0. Also, since k(1) > 0,
we see that ¢,(t,)¢,(t,) < 0. Hence, ¢, has at least one zero in (¢,,¢,). If ¢,
had two or more zeros there, then by reversing the roles of ¢, and ¢, we

would sec that ¢, had a zero in (t,,1,). This is impossible. Hence, the zero
of ¢, is unique. W

Theorem 6.2. Letk € C'(a,b)and g; € C(a, b) for i = 1, 2 with
g1(t) < g,(t) and k(t) > 0 on J = (4, b). Let ¢, be a solution of
k@)Y + gty =0, tel,

fori=1,2. 111, and t, arc consccutive zeros of ¢, on J, then ¢p, must vanish
at some point t, between ¢, and t,.

Proof. For purposes of contradiction, suppose that ¢,(t) is
never zero on (t,,t,). Without loss of generality we may assume that both
¢, and ¢, are positive on this interval. Multiplying the equation for ¢, by
¢; and subtracting the two resulting equations, we obtain

(k) $2 — (kd2)by = (92 — 9:1)8192.

Since the term on the left is [k(¢ ¢, — ¢5¢,)] and since ¢,(t,) = ¢,(t,) = 0,
then on integrating we have

J2 1929 = 919101 2(5) ds = kO[S0 s) — d(s)b(s)]:

»



128 3. Linear Systems

and )
_ k(t2)'\ (1) (t5) — ky(t)'s(t),(t,) > O.
But ¢,(t,) >0 and ¢(t,) < 0 while ¢,(¢,) = 0 and ¢'(t,) = 0. Thus,
0 < k()i (t,)a(t,) < k(t2)e's(t2)a(t2) < O,
a contradiction. W

For example, if k(t) = ko >0 and 0 < gy < g(1) < g,, then
consecutive zeros ¢, and ¢, of .

koy” + g(tly =0

must satisfy n(ko/g,)"? < t; — t; < n(ko/go)'’?. This is seen by comparison
with the constant coefficient equations

koy' +giy=0

whose solutions are easy to compute,
When k(t) is also allowed to vary, a somewhat different
analysis is needed.

-

Theorem 6.3 (Sturm—Picone). Let g, € C(J), k; € C'(J) with
g1 < g, and k; > k; > 0 on J. Let ¢; be a solution on J of
(k;y') +giy=0

and let ¢, and t, be two consecutive zeros of ¢,. Then ¢, has at least one
zero in the interval (¢,,1,).

Proof. The proof is by contradiction. So assume that d)z has
no zero in the interval (t;,¢,) and without loss of generality, assume that
¢,(1) is positive on this interval. Compute

{(4’:/‘/’2)(’(.4"1‘/’2 - kz‘ﬁnd"z)}'
= ¢1(ki$) — (91D k207) + ($1/2)ky — k2)$'10"
— (9192 — 9102)(k1910, — k20142)/93
=(g; — g9} + (ky — ko)1) + k(162 — ¢1¢’2)2/¢§
The last term is defined and continuous at the endpoints ¢, and ¢, of the

interval if ¢,(t) # O at t = ¢, and t = t,. If ¢,(t) is zero at t,, then ¢,(r )#0
and by I'Hospital’s rule we have

$1(Nd,(1) — ¢, (0)P(1)
¢,

- ¢\(t)) — ¢1(t,) =0 '
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ast - 1}. Similarly, if ¢,(t;) = 0, then
| lim(y(/b (1)) = lim(@,()/0) £0 (1= 13).
So
$4(1)
60

In any case, the third term in the last equation above is integrable. Integrating
from 1, to t,, we have

(‘/’l/‘/’z)(kl‘/"l‘/’z - kz""ﬁ'u)lﬁ
= [ {92 = 9082 + (ks — K@V + k192 — ,027/83} ds. (69)

Since o ,(t;) = ¢,(t;) =0, then the terms on the left are zero while the
integral on the right is positive. This is a contradiction. W

(k(D'1 (D)) — ky()d1(N3(1)) = 0.

Note that the conclusion of the above theorem remains true
ifk, = k,, g, = g,,and at least one of the g, — g, and k; — k, is not identi-
cally zero on any submterval The same proof as in Theorem 6.3 works in
this case.

Corollary 6.4. Let ge C(J) and k € C'(J) with g increasing
and k positive and decreasing in t € J. Let ¢ be a solution of (6.3) on J with
consecutive zeros at points t;, where

a<t<ty<---<t,<bh.
Then

L= >3 —1,> >, —l,—,.

Proof. Let g,(t) = g(t + t}), g,(t) = g(t + ¢t;,,) with k, and k,
defined similarly. Apply now Theorem 6.3 with ¢ (1) = ¢(1 + t;) and ¢,(1) =
¢(t + t;,,) to complete the proof. W

We note that in the above result the terms “increasing” and
“decreasing” can be weakened. If g is nondecreasing and % is nonincreasing,
then the inequalities in the conclusion of the above corollary are no longer
strict. But if at least one of the g and k is strictly monotone, then the original
conclusion still holds.

Example 6.5. Consider a nontrivial solutionon0 <t < oo of
y'+(1xB/MYy=0, B>0.

If the plus sign is used, then (1;,, — t;) is decreasing as j — oo with limit =.
If the minus sign is used, then (t;, , — t;) increases to « as j — 0.
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PROBLEMS

1. Using the Jordan canonical form compute the solution of

1 -4 —1
xX=]|-4 =2 4 X, X(t)=c-
- -1 .4 1

What can you say in general about how one computes e*' when 4 is an ’
n x n self adjoint matrix?
31
a-[3]

2. (@) Compute e*' when
(i) by first computing the Jordan canonical form of 4;
. (i) by first computing P;_, and w(¢) as in (3.18).
(b) Repeat the above problem when

3 2 1
A=1-1 3 2|
1 -3 -2

3. Let Abeaconstantn x nmatrix. Defineo = max{Re 4: lisanecigenvalue
of A}. Show that for any & > O there is a K such that

IeAt‘ < Ke(v+t)l

for all ¢t = 0. Show by example that in general it is not possible to find a K
which works when ¢ = 0.

4. Show that if 4 and B are two constant n x n matrices which commute,
then M4 *BY = pAtpBr

5. Suppose for a given continuous function f{(t) the equation

x'= [:Z f]x + /(1)

has at least one solution ¢ ,(t) which satisfies
sup{|¢()]:t <t < 0} < 0.

Show that all solutions satisfy this boundedness condition. State and prove
a generalization of this result to the n-dimensional system (3.2).
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6. Let A be a continuous n x n matrix such that the system (LH) has a
uniformly bounded fundamental matrix ®(t) over 0 <t < 0.
(i) Show that all fundamental matrices are bounded on
[0, o).
(ii) Show that if

-~

lim infRe [j: tr A(s) ds] > —o,
[ g -]
then ®~!() is also uniformly bounded on [0, c0). Hint: Use Theorem 2.4.
(ii) Show that if the adjoint (2.6) has a fundamental matrix

¥(t) which is uniformly bounded, then for any £ # 0 and any 7€ R the
solution of (LH) satisfying x(t) = { cannot tend to zero as t — oo.

7. Show that if a(t) is a bounded function, if a € C[0,0) and if ¢(r) is a
nontrivial solution of

y' +a()y=0 (7.1)

satisfying ¢(t) — 0 as t — oo, then (7.1) has a solution which is not bounded
over [0, c0).

8. Let g be a bounded continuous function on (— 00, o) and let Band —C
be square matrices of dimensions k and n — k all of whose eigenvalues have
negative real parts. Let

_|B O 9@
"[0 C] and  g() [gzm]’

so that (3.2) is equivalent to

A

xy = Bx, + ¢,(1), x7 = Cx; + g;(0).

Show that the functions

o= [ ey )ds,  $a0) = — [ gy (5)ds

are defined for all t € R and determine a solution of (3.2).

9. Show that if ¢ is a bounded continuous function on R! and if 4 has no
eigenvalues with zero real part, then (3.2) has at least one bounded solution.
Hint: Use Problem 8.

10. Let A(r) and B(1) be C[0, ) with [§ |B(1)|dt < oo. Let (LH) and its
adjoint (2.6) both have bounded fundamental matrices over [0, o). Show
that all solutions of

¥ = A(t)y + B(O)y ’ 12)
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are bounded over [0, 00). Hint: First show that any solution of (7.2) also
satisfies

Y0 = x(0) + [0, 9B6)y ) ds,

where @ is the state transition matrix for (LH). Then use the Gronwall
inequality, cf. Chapter 2, problems.

11. In Problem 10 show that given any solution x(r) of (LH) there is a
unique solution y(t) of (7.2) such that

|im [x(t) — y()] = 0. (7.3)

Hint: Try y(t) = x(t) — {;° ®(t,5)B(s)y(s)ds on a < t < o0 and « large.

12, In Problem 11 show that given any solution y(t) of (7.2) there is a unique
solution x(t) of (LH) such that (7.3) holds.

13. Letw > 0,be C[0, c0)and [ |b(1)] dt < co. Show that y" +(w? + b(t))y =
0 has a solution ¢ such that

[¢(1) — sinwt]? + [¢'(t1) — wcosat]* — 0
ast— o0.

14. Let A=P"'JP bc an n x n constant matrix whose Jordan form J is
diagonal. Let B(f) € C[0, o) with [§|B(1)]dt < co. Let 1 and v be an eigen-
value and corresponding eigenvector for 4, i.e, Av = v, |v] # 0. Show that

x" = Ax + B(t)x
has a solution ¢(r) such that e~ #¢(t) = v as t = co. Hint: For « large, use
successive approximations on the integral equation
() = v + [ Xt — IB6)p(s)ds — [ Xt — )B(s)p(s)ds

for @ <t < oo. The matrices X; are chosen as X(t) = Pe’*P~!, where J =
J, + J;, J, contains all eigenvalues of J with real parts less than Re 4, and
J, contains all other eigenvalues of J.

15. Let ge C[0,00) with |? tlg(r)|dt < co. Show that y” + g(t)y =0 has
solutions ¢,(t) and ¢,(t) such that

$i()—1, 1) =0, (Ot —1, )1

as t — o0. Hint: Use successive approximations to prove that the following
integral equations have bounded solutions over « < t < oo,

nO =1+ [t = gy, ds,

yit) =+ [[ sglslyaloyds + [ tg(ohyaleds

when « is chosen sufficiently large.
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16. Let g’e C[0, ) with [{ t*|g(1)]dt < co. Show that y + g(t)y = O has
solutions ¢, which satisfy
¢ 1, $1(1)=0,  ¢5(0)—0,
¢/t — 1, P01, 93 -0,
$s(0)/1* = 1, An/2) =1, HOEY:
ast— co.

17. Let ay(t) and a,(t) be continuous and T-periodic functions and let ¢,
and ¢, be solutions of y” + a,(t)y’ + ae(r)y = 0 such that

Al «/»:«»‘J=[l o]é‘
©0) [4»'.(0) &0 ]~ lo 175

Show that the Floquet multipliers 4 satisfy A2 + al + 8 = 0, where

a=—[¢(T)+¢%T)], PB=exp [— IO' adt)dt].

18. In Problem 17 let ¢, = 0. Show that if —2 < a < 2, then all solutions
y(1) dre bounded over —o0 <t < . Ifa > 2 or a < —2, then y(t)® + y'(t)?
must be unbounded over R. If « = —2, show there is at least one solution
y(1) of period T while for a = 2 there is at least one periodic solution of
period 2T.

19. Let A(t), B(t)e C(R"), A(r) T periodic, and [§ |B(1)|dt < co. Let (LH)
have n distinct Floquet multipliers and e*'p(t) be a solution of (LH) with p(t)
periodic. Show that there is a solution x(t) of (7.2) such that

L3

x(t)e™®" — p(1)— 0, t— o0,
20. If a, and a, are constants, find a fundamental set of solutions of
2y’ +aity +a,y=0, 0<t<oo.
. Hini: Use the change of variables x = logt.
21. If g, are real constants, find a fundamental set of solutions of
Y g, T e aty +agy =0
on0<t < oo

22. Assume that the eigenvalues 4;,i = 1, 2, .. ., n, of the companion matrix
A given in (5.7) are real and distinct. Let V denote the Vandermonde matrix

1 1 AR |
Ve A A cee A,
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(a) Show thatdet V =I1,, (4, — 1)). Hence det V # 0.

(b) Show that V= AV is a diagonal matrix.
23. Write y"' — 2y” — y' + 2y = 0 in companion form as in (5.7). Compute
all eigenvalues and eigenvectors for the resulting 3 x 3 matrix A.
24. Lgt A = AE + N consist of a single Jordan block [see (3.16)]. Show that
for any a > 0 A is similiar to a matrix B = AE + aN. Hint: Let P = [a‘ 16,]
and compute P~ AP.

25. Let A be a real n x n matrix. Show that there exists a real nonsmgular
matrix P such that P~'AP = B has the recal Jordan canonical form (1.3),
where J, is given as before for real eigenvalues A; while for complex eigen-
values 1 = a + iff the corresponding J, has the form
A E 2 " 02 02
‘,l= (.)2 .A o (:)2 (.)z .
03 02 oo 02 A
Here 0; is the 2 x 2 zero matrix, E, the 2 x 2 identity matrix, and

« —p
a=[5 71
26. Use the Jordan form to prove that all eigenvalues of A2 have the form

A%, where A is an eigenvalue of A.

27. If A = C? in Problem 24, where C is a real nonsingular n x n matrix,
show that there is a real matrix L such that ¢ = A. Hint: Use Problems 25
and 26 and the fact that if 1 = a + iff = re”, then

logr -0
A—exp[ 0 logr]'

28. In (6.1) make the change of variables x = F(t), where

F‘(l) = exp(-—J: a,(u)du),

and let ¢t = f(x) be the inverse transformation. Show that this change of
variables transforms (6.1) to

d’y
dx?

29, In (6.1) make the change of variables

W= yexp({ J: al(u)du).

a;(f(x))

+ g(x)y =0, where ¢g(x) = FU™)
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Show that (6.1) becomes
dl
T + [0 - a,0/4 - ai(0/2]w = 0.

30. Let ¢; solve (k(t)y') + gi(t)y = Q.for i =1, 2 with g,(t) < g,(t) for all
t € (a,b), k(t) > 0 on (a,b), and

61(t)) = ¢5(6)) =0,  @i(ty) = ¢(t,) >0

at some point t; € (a,b). Let ¢, increase from t, to a maximum at ¢, > ¢,.
Show that ¢, must attain a maximum somewhere in the interval (¢,, ,).
31. If a nontrivial solution ¢ of y” + (4 + Bcos2t)y = 0 has 2n zeros in
(—n/2,n/2) and if A, B > 0, show that A + B > (2n — 1)%

32, If koy” + g(t)y = 0 has a nontrivial solution ¢ with at least (n + 1) zeros
in the interval (a, b), then show that

sup{g(f):a <t < b} >( n )2k°.

If inf{g(1):a < t < b} > [nn/(b — a)]*k,, show that there is a nontrivial so-
lution with at least n zeros.

33. In (6.3) let x = F(t) (or t = f(x)) be given by

x= [[lo@kw])?ds K= ["lo@Aw] ds G0 #0)

and let Y(x) = [g(fS(x))k(f(x))]""y(f(x)). Show that this transformation
reduces (6.3) to

2
"If+(l<2 G(x))Y =0,

where G(x) is given by

2
609 = [N~ =55 UK

34. (Sturm) Let ¢, solve (k(t)y’y + g{t)y =0 where k;e C'[q,b], g€
Cla,b], ky > k; > 0, and g, > g,. Prove the following statements:

(@) Assume ¢,(a)¢,(a) # 0and k(a)p)(a)/p,(a) 2 k,(a)d’(a)/
¢a(a). If ¢4 has n zeros in [a,b], then ¢, must have at least n zeros there
and the kth zero of ¢, is larger than the kth zero of ¢,.

(b) If ¢4(b)d,(b) #0 and if k,(b)d'y(b)/d,(b) < ky(b)p5(b)/

¢,(b), then the conclusions in (a) remain true.
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35. In(6.3) assume the interval (a, b) is the real line R and assume that g(r) <
0 on R. Show that any solution ¢ of (6.3) with at least two distinct zeros
must be identically zero.

36. For r a positive constant, consider the problem
V' +ry(l —y) =0, 0<t<m, (7.4) -

with y(0) = y(rn) = 0. Prove the following:
(i) If r <1, then ¢(t) =0 is the only nonneganve solution
of (14).
(ii) Ifr > 1, then there is at most one solution of (7.4) which
is positive on (0, 7).
(iii) Ifr > 1, then any positive solution ¢ on (0, r) must have
a maximum ¢ which satisfies 1 —r ' < ¢ < 1.



BOUNDARY VALUE
PROBLEMS*

In the present chapter we study certain self-adjoint boundary
value problems on finite intervals. Specifically, we study the second order
case in some detail. Some generalizations and refinements of the oscillation
theory from the last section of Chapter 3 will be used for this purpose. We
will also briefly consider nth order problems. The Green’s function is
constructed and we show how the nth order problem can be reduced to an
equivalent integral equation problem.

A small amount of complex variable theory will be required in
the discussion after Theorem 1.1 and in the proofs of Corollary 4.3 and
Theorems 4.5 and 5.1. Also, in the last part of Section 4 of this chapter, the
concepts of Lebesgue integral and of L2 spaces as well as the completeness
of L? spaces will be needed. If background is lacking, this material can be
skipped—it will not be required in the subsequent chapters of this book.

4.1 INTRODUCTION

Partial differential equations occur in a variety of applications.
Some simple but typical problems are the wave equation

Pu 0 ou
Fr i (k(x) ‘(:,;) + g(x)u,
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and the diffusion equation
dv 0 v
&' —- 'a; (k(X) 5)2) + g(x)v.

Here t € [0, ), x € [a,b], and g and k are real valued functions. In solving
these equations by separation of variables, one guesses a solution of the form

- u(t, x) = e*'p(x)
for the wave equation, and one guesses a solution of the form
v(t, x) = ™ ()

for the diffusion equation. In both cases, the function ¢ is seen to be a solution
of the differential equation

(k( ) d¢) + (y(’x) +u?)=0.

This equation must be solved for u and ¢ subject to boundary conditions
which are specified along with the original partial differential equations.
Typical boundary conditions for the wave equation are

u(t,a) = u(t,b) =

which leads to ¢(a) = ¢(b) =0; and typwal boundary conditions for the
diffusion equation are

ov v
] 5x‘ (t’ a) = ﬂv(ts a)’ Y b; (t’ b) = 6”(" b)

which leads to a¢’(a) — f¢(a) = 0 and y¢'(b) — dp(b) = 0, where «, f3, y, and
o are constants. The periodic boundary conditions :

d@)=¢(b) and  $'(a)=¢'(b)

will also be of interest.
With these examples as motivation, we now consider the real
second order, linear differential equation

= —Ap()y, a<tsh, (L.1)
where _ ’ ’
= (k(t)y') + g(t)y (1.2)

and the prime denotes diflerentiation with respect to t. We assume throughout
for (1.1) that g and p € C[a,b], k € C'[a,b], g is real valued, and both k and
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p are everywhere positive. For boundary conditions we take
Liy&aya) - By@ =0, L,y2yyb)—3dy()=0, (BC)
where all constants are real, a® + f2#0, and y? + 6% #0. Boundary
conditions of this form are called separated boundary conditions. Occasionally
we shall use the more general bouhdary conditions
M,y 2 d, y(a) + dy,y(a) — ¢y, y(b) — ¢,,¥'(b) =0,
M3y & dy,y(a) + d3,'(a) — €2,9(b) — €22y'(b) = 0.
Now define the two real (2 x 2) matrices

dyy d €5 €
D= 11 12]’ C=[ 11 ll].
[‘121 d;, €2y Ca2
Itis assumed that M,y = 0 and M,y = 0 are linearly independent conditions.
Thus, either det D # 0 or det C # 0 or else, without loss of generality, we can

assume that d;, = d;; = ¢{, = ¢,, = 0 so that (BC,) reduces to (BC). It is
also assumed that

(BC)

k(b)det D = k(a)det C. (L.3)
This condition will ensure that the problem is self~adjoint (see Lemma 1.3).
Notice that if D = C = E,, then (BC,) reduces to periodic boundary condi-
tions and (1.3) reduces to k(a) = k(b). Notice also that (BC) is a special case
of (BC)). :
Example 1.1. Consider the problem
) y'+y=0,  y(0)=ym)=0.

This problem has no nontrivial solution when A # m? form=1,2,3,... .
When A =m? it is easy to check that there is a one-parameter family of
solutions y(t) = Asinmt.

Theorem 1.2. Let ¢, and ¢, be a fundamental set of solutions

of Ly = 0 and let
[ ¢2]
Q= .
[4”; )

Ly=0, M'y-——sz:O
has a nontrivial solution if and only if
Ay, ;) & det(DD(a) — COB)) = 0.

Then the problem
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If A(¢y,¢,) # 0, then for any f € C[a, b] and for any p and q the problem
Ly={, M,y =np, and M,y=q
has a unique solution.

Proof. There is a nontrivial solution ¢ of Ly = 0 if and only
if there are constants ¢, and ¢, not both zero, such that ¢ = ¢, ¢, + ¢,¢, and

M =cM@, +c;Mip, =0, i=12
A nontrivial pair ¢, and ¢, will exist if and only if
M,¢, M,¢p
det| "0t ! 2]=A ,$2)=0.
" [Mzd’] M2¢2 (¢l ¢2)
If A(p,,9,) # 0and if f, p and q are given, define

84l0) = [ [6,082(5) — $:006,G1LSO/w(1, $2)9)] ds.

Then by Theorem 3.54, ¢, is a solution of Ly = f. We must now pick c,
and ¢, such that

d=(c1¢, +c20) + ¢,
satisfies condition (BC)), i.e.,
Mydy + ;M ¢, + M, =p, aMydy + .My, + My, = q.
Since A(¢,, ¢,) # 0, this equation is uniquely solvable, and we have

[Cx}_: [Mx‘/’: Mx‘)sz]ﬂ[l’" Ml¢p]. u
€2 My$, Mo, q—- My,

Equation (1.1) together with the boundary conditions (BC)
will be called problem (P) and Eq. (1.1) with boundary conditions (BC,) will

be called problem (P,). Given any real or complex 4, let ¢, and ¢, be those
solutions of (1.1) such that

¢l(av )‘) = l: ¢1(a’ a') = 0’ ¢2(aa l) = 0, ¢’2(a’ 2’) = 1'
Clearly ¢, and ¢, makeupa fundarggptal set of solutions of (1.1). Let
Mld)!("l) M1¢2('»'1):|‘
M2¢1(‘J-) M2¢2(‘J»)

Then, according to Theorem 1.2, problem (P,) has a nontrivial solution if
and only if A(1) = 0. Since A(A) is a holomorphic function of A (by Theorem
2.9.1; see also Problem 2.21) and is not identically zero, then A(4) = 0 has

AG) = det[ (1.4)
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solutions oniy at a countable, isolated (and possibly empty) set of points
{An}. The points 4, are called eigenvalues of (P,) and any corresponding
nontrivial solution ¢, of (P,) is called an eigenfunction of (P,). An eigen-
value 4,, is called simple if there is only a one-parameter family {e¢,,:0 <
|c| < o} of eigenfunctions. Otherwise, 4,, is called a multiple eigenvalue.

Given two possibly complex functions y and z in C[a,b].
we define the function (-, ->:C[a,b] x C[a,b] - C by

(r.2> = [ yozar

for all y, ze C[a, b]. Note that this expression defines an inner product on
C[a,b], since for all y, z, w e C[a, b] and for all complex numbers «, we have

(i) {y+zwd=Lnw)+{zw),
(i) <ay,z) = aly,2),
@iii) <z,y) =¥z, and
(1v) {y,¥> >0wheny#0.

Note also that if p is a real, positive function defined on [aq, b] then the
function ¢-,>, defined by

(n2y, = [y o) dr

determines an mner product on C[a,b] provided that the indicated integral
exists.
Next, we define the sets 2 and 2, by

2 ={ye C*[a,b]:L,y = L,y =0}
and
={ye C’[a,b]:M,y = M,y =0}.

We call problem (P, ) a self-adjoint problem if and only if

(Ly,z) =y, Lz}
for all y, z € 2,. As a special case, problem (P) is a self-adjoint problem if and
only if

Ly,2) ={y Lz
forally,ze 2.

We now show that under the foregoing assumptions, problem
(P,) is indeed a self-adjoint problem.

Lemma 1.3. Problem (P,) is self-adjoint.
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Proof. Thedefinition of L and integration by parts can be used
to compute the Lagrange identity given by
18 [*[Wy)z - yLa))ds = [ [kyYz - (kz)ylds
= [ky'z — kZ'y]} = k(b)det O(b) — k(a)det D(a),

where @ denotes the matrix

 e- [i y ]
. z Yy
If det C # 0, then since Z and y satisfy the boundary condmons, we- have
C®(b) = D®(a). Thus,

cf (f L [detCo®)] - k(a) det d(a)
:(tb:: [det D ®(a)] — k(a) det d(a)
_ [ kb)detD ~
= [W - k(a)]det ®(a) =

by (1.3). If det C=det D = 0, then without loss of generality, problem (P,)
reduces to problem (P). Thus, a + B2 0 while

«Z(a) — pZ(a) | _ ,[ a] _ [o]
[«y(a) - ﬁ.v'(a)] @] _p|=|o]
Thus, det ®(a) = 0. Similarly, det ®(b) =0sothat I =0. W

We are now in a position to prove the folldwing result.

Theorem 1.4. For problem (P,) the following is true:

(i) All eigenvalues are real.
(ii) Eigenfunctions ¢, and ¢, correspondmg to distinct
engenvalues A, and A,, respectively, are orthogonal, i.c., (¢, $,>, =0.

Also, for problem (P), all eigenvalues are simple.

Proof. Since Lo, = —2,¢.p and Lo, = —1,,p, it follows
that .
)‘m<¢m’ ¢n>p = <Amp¢nn ¢u> = —<L¢m’ ¢n> == <¢m’L¢n>
= (G 108, = Tk B,
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To prove (i), assume that m = n. Since {¢,,, dn), # 0, we see
that A, = 4,,. Therefore 4,, is real.
To prove (ii), assume that m # n. Since 4, = 4,, we see that

(A = A P> ¢n>p =0.

But 4, # 4,,and so {¢,,,9,),=0. -~

For problem (P) an eigenfunction must satisfy the boundary
condition ay(a) — fy'(a) = 0. If « =0, then y'(a) = 0. If a # 0, then y'(a) =
+(B/a)y(a). In either case y'(a) is determined once y(a) is known. Hence, each
eigenvalue of problem (P) must be simple. B

Example 1.5. Inproblem (P,) mspossxble that the eigenvalues
are not simple. For example, for the problem

- Y'+Ady=0, yO0)=y@2r), y(0)=yQ2n),

wehave 4, = m?form = 0,1,2,. . . with eigenfunctions ¢(t) = Aand ¢,,(t) =
A cos mt or B sin mt.

Note that by Theorem 1.4, the eigenfunctions of problems Py
and of (P) can be taken to be real valued. Henceforth we shall assume that
these eigenfunctions are real valued.

4.2 SEPARATED BOUNDARY CONDITIONS

. - In this section we study the existence and behavior of eigen-
values for problem (P). Our first task is to generalize the oscillation results of
Section 3.6.

. Given the equation

(k@)y) +g()y =0 @n
and letting x = k(t)y’, we obtain the first order system
y = x/k(@),
, (2.2
x' = —g(t)y. )

(Reference should be made to the preceding section for the as’sinmptions on
the functions k and g.) We can transform (2.2) using polar coordinates to
obtain

x' =r'cos0 — (rsin0)0' = —g(t)rsin6,
y = r'sin0 + (rcos 0)0' = rcos 0/k(t),
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or

r = [1/k(t) — g(t)]r cos Osin 0,
0 = g(t)sin 0 + cos? 0/k(t).
If y # 0, then y and y’ cannot simultaneously vanish and r? = x? + y> > 0.
Thus we can take r(f) as always positive [or else as r(t) = 0]. Therel‘ore

Eq. (2.1) is equlvalent to Eq. (2.2) or to Eq. (2.3).
We now state and prove our first result.

23)

Theorem 2.1. Let k;e C'[a,h] and g,€ C[a,b] for i=1,2
with 0 < k, <k, and g, < ¢,. Let ¢; be a solution of (k;y’) + g,v = 0 and
let r; and 0, satisfy the ¢orresponding problem in polar coordinates, i.e.,

ri = [1/k{t) — gi()]ricos O;sin0;, .
0; = g,(t)sin? 0, + cos? 0,/k(t).

If 0,(a) < 0,(a), then 0,(1) < 0,(1) for all t € J = [a,b]. If in addition g, > g,
on J, then 0,(1) < 0,(¢) for all t € (a,b].

Proof. Define v = 0, — 0, so that

v' = [g2(t) — g,(0] sin? 0, + [1/ky(e) — 1/k,(8)] cos 0,
+ {g,(t)[sin? 0, — sin?0,] + [1/k,(t)}[cos? 0, — cos?0,]}.

Define
h(t) = [92(0) = 9,(0] sin? 0, + [1/ky(t) = 1/ky(©)] cos? 0,
and note that in view of the hypotheses, h(t) > 0. Also note that
{9,(0)[sin? 0, — sin?0,] + [1/ky()][cos? 0, — cos*0,]}
= [9.4() = 1/k,(8)][sin? 6, — sin?0,]. ‘
This term can be written in the form f(t,0,,0,)v where

[94(0 = 1/ky(t))(sinu, + sinu,)sinu, — sinu,)/(u; — uy)
St uy,uy) = if w,#uy,
[9:(t) = 1/ky()]2sinu, cosu,  if u; =u,.

This means that
v' = f(t,0,(t),0;())) + h()),  vla) 2 0.
If we define F(t) = f(t,0,(1), 0,(1)), then

o(t) = exp[_[: F(s) ds] v(a) + J;‘ exp[f: F(u)du]h(s)ds =0
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forteJ. If g; > g,, then h > 0 except possibly at isolated points and so
v()>0fort>a. W

In problem (P) we consider the first boundary condition
L,y = ay(a) — fy'(a) =

There is no loss of generality in assuming that 0 < |a| <1,0< Bk <1,
and a? + f%/k(a)® = 1. This means that there is a unique constant A4 in the
range 0 < 4 < m such that the expression L,y = 0 can be written as

cos A y(a) — sin A k(a)y'(a) = 0. (2.4)

Similarly, there is a B in the range 0 < B < n such that L,y = 0 can be
written as

cos By(b) — k(b)sinBy'(b) = 0. - 25

Condition (2.4) will determine a solution of (1.1) up to a multiplicative
constant. If a nontrivial solution also satisfies (2.5), it will be an eigenfunction
and the corresponding value of 4 will be an eigenvalue.

Theorem 2.2. Problem (P) has an infinite number of eigen-
values {/,,} which satisfy 2o < 1, <1, <---, and 4,, - 00 as m — c0. Each
eigenvalue 4,, is simple. The correspondmg elgenfuncuon ¢,, has exactly
m zeros in the interval a < t < b. The zeros of ¢,, separate those of ¢, .,
(i.e., the zeros of ¢, lie between the zeros of ¢, ,).

Proof; Let ¢(t, A) be the unique solution of (1.1) which satisfies
d(a,)=sind, k(a)p'(a,d) = cos A.

Then ¢ satisfies (2.4). Let r(t, ) and 0(t, ) be the corresponding polar form
of the solution ¢(t, 4). The initial conditions are then transformed to 0(a, 1) =
A, r(a,4) = 1. Eigenvalues are those values 4 for which ¢(t, A) satisfies (2.5),
that is, those values 4 for which 0(b,A) = B + mn for some integer m.

By Theorem 2.1 it follows that for any te€ [a,b], 0(t,4) is
monotone increasing in A. Note that 0(t, 2) =0 modalo = if and only if
¢(t,4) is zero. From (2.3) it is clear that 8’ = 1/k > 0 at a zero of ¢ and
hence 0(t, 1) is strictly increasing in a neighborhood of a zero.

We claim that for any fixed constant ¢, a < ¢ < b, we have

lim 0(c,2) = o0 and lim 6(c,4) =

A=+ A= -

To prove the first of these statements, note that 0(a,4) = 4 2 0 and that
0 >0 if 0=0. Hence 0(t,4) > 0 for all t and 1. Fix ¢, € (a,c). We shall
show that 0(c, 2) — 0(cy,4) — 00 as A — co. This will suffice.
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Pick constants K, R, and G such that k(1) < K, p(t) 2 R > 0,
and g(t) > — G. Consider the equation

Ky'+(AR=Gy=0 (1>0) (2.6)

with y(co) = ¢(cqo,4), Ky'(co) = k(co)p'(cy,A). If Y(t,2) is the solution of
(2.6) in its corresponding polar form, then by Theorem 2.1 and the choice
of K, R, and G, it follows that 0(t,4) > ¥(t, 4) for ¢y < t < c. Since 0(cq, 1) =
Y(cq, A), this gives -

O(C, )') - 0((—‘0,;‘.) 2 !/’(C: A) - '/‘(Co, l)

The successive zeros of (2.6) are easily computed. They occur at intervals
T(4) = =[K(AR — G)~*]*/2. Since T(4) -0 as 4 — oo, then for any integer
j> 1,y will have j zeros between c, and c for A large enough, for example,
for (¢ — co) = T(4)j. Then Y(c,A) — Y(co,A) = jn. Since j is arbitary, it
follows that 0(c, ) — 6(cy,A) = 00 as 4 — 0.

To prove that 0(c,1) = 0 as 1 5 — oo, first fix ¢ > 0. We may,
without loss of generality, choose ¢ so small that # — & > A > 0. Choose
K, R, and G so that 0 < K <k(), 0 <R < p(t), and G 2 |g(t)]. If A <O,
A>cande <0< n—egthen

@(t,4) < G + ARsin*c + l/K S —A-efc—a)<0

as soon as A < {(4A — e)/(a — ¢) — G — 1/K}(Rsin?*¢)~! < 0. Since 0(a, A) =
A > ¢, then for — A sufficiently large,

0("1) SA- [(A - 8)/((,‘ - a)](t - a)’

for as long as 0(t,4) = &. Let t = c to see that 0(t, 1) must go below ¢ by the
time t = c. If 0 starts less than ¢ or becomes less than s, then 0(1,4) <0
at 0 = ¢ guarantees that it will remain there.

With these preliminaries completed, we now proceed to the
main argument. Since 0 < B < =, since 0(b,4) —+ 0 as A —» — oo and since
0(t, 2) is monotone increasing to + co with 4, then there is a unique A = 4,
at which 0(b, 1) = B. Notice that 0 < 4 = 0(a, A,) and B = 0(b, 2,) < n while
0(t, A,) is increasing in a neighborhood of 0 = 0 and 0 = n. Hence 0 must
satisfy

0<0(tio)<m when a<t<b.

Thus, ¢o(t) = ¢(t,Ag) is not zeroona < t < b.
Let A increase from A, to the umque A, where 0(b, 4,) = B + 7.
Since A = 0(a,1,) < = < 0(b,A,) = B + mandsince 0(t,,4,) > 0at any point
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t, where 0(t,,4;) = n, then ¢,(t) = ¢(t,4,) will have exactly one zero in
a <t < b. Continue in this manner to obtain 4, where 0(b,4,) = B + mn
and ¢,(t) = ¢(t, 4,,). That the zeros of ¢,, and ¢,, ., interlace follows imme-
diately from Theorem 3.6.1. W

’ e

4.3 ASYMPTOTIC BEHAVIOR OF EIGENVALUES.

In the present section we shall require the notation O(-) and
o(-) encountered in the calculus. Recall that for a function g:R — R, and for
B = 0, the notation g(x) = O(|x|*) as |x| - co means that
" lg(x)| ‘
im sup P <

lx|—

Also, recall that g(x) = o(|x}?) as |x| = o0 means that

tim 20 _ g,
e [x[°

If in the above, the continuous variable x is replaced by an integer valued
variable m > 0, then g(m) = O(m") as m — co and g(m) = o(m’) as m — oo are
defined in the obvious way.

In this section we study in detail the behavior as m — oo of the
eigenvalues 4,, and eigenfunctions ¢,, of problem (P). We assume here that
k, p-€ C*[a,b], g € C'[a,b] and that the constants f and & in (BC) are not
zero.

Let K be the constant defined by

K= n",ﬂ' [e()/k(v)]'72 dv.
Then under the Liouville transformation
s=K' [ [p@k@]"2ds, ¥ =K"(pkMy,  p =K, (1)
Eq. (1.1) assumes the form '

d?Y/ds?) + [u? — q(s)]Y = 0. . (32)

Here Q, = (pk)'/4, @, = g/p (expressed as functions of s), and g = (Q/0,) +
Q,. The boundary conditions (BC) have the same general form. Hence we
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shall use
aY(0) - BY'(0) =0, yY(n) — 8Y'(n) = 0. (3.3)

We are now in a position to prove the following result.

Theorem 3.1. Let g e C'[0,n] and let 5 # 0. Then there is
a j > O such that for all large m

Hm+j=m+ c/(mn) + O(m™?),
and
Yo j(8) = (cosms)| 1 + O(m™ 2)] + (sin ms)[H(s)/m + O(m ?)).
Expressions for H(s) and c are specified in the proof.
Proof. 1f (3.2) is written as ' .
(d*Y/ds®) + p*Y = g(9)Y,
then by Theorem 3.5.4 the solution satisfying Y(0) = 1, Y'(0) = a/f8 is

Y(s) = cos s + a(Pu) " 'sinpus + pu~?! J: sin u(s — v)q(V)Y(v)dv. . (3.4)

The solution is continuous on [0, %] so that |Y(s)] < M on [0,n] for some
constant M. Hence

YO < 1+ o3BT + u™*M [ || do.

Since | Y| attains its upper bound, we can replaoe |Y(s)] by M and solve for
M. This ylelds for u large,

M<[l+ a*(m«)-’]"’(l — w7 [la0) dv)—'

The solution of (3.4) will automatically solve the first boundary
condition in (3.3). In order to solve the second boundary condition, it is
necessary and sufficient that u solve the equation

tanu. = Sy (u— S,), (3.5)

where

S, =a/f —y/6+ f; [cos us + (6p)~ ! sin us]q(s) Y(s) ds

and

Sy = —ay(fou)~" + j:[sin s — p(6p)~ ! cos us]q(s) Y(s) ds.
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Since |Y(s)| SM=1+ 0(;1"), then both S, and S, are bounded for u
sufficiently large. Also, the bound on M and Eq. (3.4) yield

Y(s) = cos us + p~ ' D(s, 1),
where D is bounded for 0 < s < n and u large. Use this in (3.4) to see that

Y(s) = cos ,us{l - ! J: sin po[cos uv + pu~ ' D(v, p)]q(v)dv}

+ sin us {a(ﬁ;«)" +u! J: cos uv[cos uv + p~ ' D(v, p)]q(v)dv}.
Note that by a trigonometric identity and integration by phrts
J: sin yw cos poq(v)do = § J:: sin(2uw)q(v) do
= — (@0 cosua)fs + @) [ cos@ur)g(@)dv = O(u).
Similarly
J;: cos? pvg(v)dv = 4 J:(l + cos(2uv))q(v)dv = & f; q)dv + O(u™")
and so

Y(s)=(cos us)[1 + O(u~2)] + (sin ps) ([a/i‘ '+4 J:: q(v)dv]u’ '+ou~ 2)).

This can be used in S, and S, above to see that
Si=a/f—v5+14 [ awdo+ 0, S;=0(u™).
Thus Eq. (3.5) has the form

tan pm = [c + O(u™")/[1 + O(u~ ')] (3.6)

where ¢ = a/f — y/6 + } [§ q(v)dv.
Equation (3.2) can be rewritten as .

@2Y/ds?) + [2 - (@s) + LY]Y =0, p>=p® +L,
for any L > 0. Hence it is no loss of generality to assume that
(% [ a9 ds)((y/&) +0)>0.
Since

ds,/du = J: (—sin us — p(6pu2) " sin us + 6~ ! cos us)q(s)Y(s) ds,
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then by the same type of argument as above,
(k= $)7"dSy/du = y/(289) [ a(5)ds + O(u~2)
Similarly, '
dS/dp = @12 [ als)ds + 0(),
so that

d S Y S,(1-8 1 = _
EI—; (I‘ "lsz) - 1 "isz - (lll(‘- Sz)i) = (571 J:’ q(s)ds)(—} + c) +0(u™?).

Thus for u sufficiently large, the curve y = S,(u — S,)”! is monotone. This

proves that there is an integer j > 0 such that for all integers m sufficiently

large, there is one and only one eigenvalue p,,,; = m + o(1) (see Fig. 4.1).
Near u = m we can expand tan np in the series

tan tu = n(u — m) + (3/3)(u — m)® + O(u — m)®.

Since p,, . is near m, this means that

c

) c
@ Wty ;= W(ftp s = M) + Oty — M) = ot O(u?) = —+ o(m~2).

m+ J
Thus
P+ j — m = c/(nm) + O(m™2).
The expression for y,,. ; can be used to estimate the shape of

the eigenfunction Y,,,; as follows:

COS fly 4 ;5 = (cOsms)[1 + O(m~2)] — (sin ms)[cs/m + O(m™2)],

SiN 4 5 = (sinms)[1 + O(m™2)] + (cosms)[cs/m + O(m™?)],
and so

Y4 i5) = (cosms)[1 + O(m~2)] + (sin ms)[H(s)/m + O(m™2)],
where

H(s) = /B +-}J:q(v) dv—cs. W

The analysis can be modified to cover the case in which § or
é or both are zero. This will be left to the reader in the problems at the end
of the chapter. When we refer to Theorem 3.1 we have in mind this extension
of the theorem.
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As a simple cxample consider
Y +4iy=0, y(0) =0, y&)=y(n).

Then ¢(t) = Asin ut where g is a solution of tannyu = pu and p? = A. From
a plot of y = tannu superimposed over y = y, it is clear that p,,;=m +
1 + o(1). Thus we see that Theorem 3.1 must be slightly modified if § or &
is zero.

Another example which illustrates this extension of Theorem
31is

Y+ @1+0)y=0,  y0)=y()=0.

Solutions of this differential equation are of the form y = (1 + ¢)%. It is easy
to compute thatd = (1 + /1 — 42)/2. Upon working through the boundary
conditions, one finds that N

A, =m?n?(log2)~2% + 4,
and ,
Gull) = A (1 + )2 sin[mnlog(l + 1)/log2].

4.4 INHOMOGENEOUS PROBLEMS

In this section we study inhomogeneous second order bound-
ary value problems. We begin with the consideration of

Ly=—=(py+[f), Li(y»)=_Lyy)=0. @.n

Here L,, L,, k, p, and g are real valued and satisfy the hypotheses of Section 1

while f can be complex valued. Let y, and y, be the solutions of Ly = — Apy
satisfying

nad)=1  yiad)=0, y,(a,l)=0 yaA)=1 (42)

Then By, + ay, will satisfy L,y = 0. The gigenvalues of problecm (P) exist
when Ly(fly, + ay,) = 0 also, i.c.,, when

A(4) = BLy(y,) + aLy(y)) =0,
where A is the function defined by (1.4).

Theorem 4.1. Problem (4.1) has a solution when 4, is an
cigenvalue if and only if f is orthogonal to the corresponding eigenvector
@m. i, ifand only if {f,¢,> = 0.
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_.Proof. Let y1 and y, be the solutions determined by (4.2) and
let ¢, and ¢, be arbitrary constants. (Since A will be fixed, the dependence of
y; on 4 will be suppressed.) Try a solution y of the form .

Y1) = c11() + €2y,(8) = y,(0) f ys) g ))ds—yz(t)f ) k:s)) ds. (43)

Clearly Ly— —(/Ipy+ /). In order to satisfy the boundary conditions
L,(y)= Ly y) 0, it is necessary and sufficient that

acy, — ey = — By, S /k(a),
Ly(yy)ey + Ly(ya)er = Ly(y )< y2, SO /k(a).

Now 4,, is an eigenvalue, so A(4,) =0 and there is an eigenvector ¢, =
By, + ay,. Hence, aL,(y,) = —BL,(y,), i.e, the determinant of the matrix
-on the right side in (4.4) is zero. Then (4.4) will have a solution if and only if
the matrix '

(44)

[ o -B —ﬁ(.%f)]
Ly(y)) Lyyz) La(p)XyarS>

has rank one. This requirement can be checked by cases. For a # 0 we use
A(4,,) = 0 to see that the second row of the matrix is [L,(y,), — Ly(y,)(B/a),
L;(91)<¥2, /7] U Ly(y,) =0, thensince a # 0and A(4,) = 0 we get L,(y,)=0.
Thus

n® Vo[ 7]_[0
. [y;(b) y;(b)][-é]’[O]’ V480

By (3.6.4) the determinant of the coefficient matrix is k(b)/k(a) # 0. Thus
L,(v,) # 0 and the rank one condition reduces to

alf,yd==B{f,y> o  {f,pn) =0.

If a =0, then L,(y,) =0 and ,By, ¢.- Since the eigenvalue 4, is sunple
y, is not an eigenfunction, ie., L,(y,) # 0. The rank one condition is
B{S,y>=00rf Ly, (ie, fis orthogonal to y,). W .

Corollary 4.2. For any eigenvalue 4,,, A'(4,,) # O.
Proof. Consider the problem

= —(Apy + pdn),  Li(y)=Ly(y)=0. 4.5)
By Theorem 4.1 lhere is a solution of (4.5) if and only if '
{2 pOg 0] dt =

But this is impossible.
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From A(2) = L,(¢(, 2)), where ¢ = By, + ay,, we compute
NG = L, (a"’ % ))

IfA'(4,,) = O, then y(t) = d¢(t, 4,,)/04 will solve (4.5). But (4.5) has no solution.
. .

Corollary 4.3. Let ( [, = = Ofor all eigenfunctions ¢,,. Then
(4.1) has a solution p(t,4) which is an entire funcnon of A for each fixed
te[ab] -

Proof. For A # A, try a solution of the form (4.3). Then in
. order to solve the boundary conditions [i.e., solve (4.4)], one must have

€1(d) = B(=Lo(y)<f, 11 + Ly S, )V [ADK(@)]

€3(d) = Ly(y MBL S,y ) + al, yz))/[A(l)k(a)] )

By Theorem 2.9.1, ¢,(4) and c,(4) are holomorphic functions except poss:bly
when A(2) # 0, i.e.,, except possibly when 1 is an eigenvalue. At 4 = 4, the
numerator is zero since by Theorem 4.1 {f,¢.> =0, ¢, = ay, + ﬂy,, and
aLy(y,) + BLy(y,) = 0. Since the zero of A(1) at 4, is simple, by Corollary4.2,
then ¢,(1) and c¢,(2) have removable singularities at ,,. W

and

Before proceeding further, we need to recall the following
concepts from linear algebra.

Definition 4.4. A set {y,,} of functions, y,,: [a,b] — R, is called
orthogonal (with respect to the weight p) if the constant defined by

Vs>, = [} V0G0 d

is zero when m # k and positive if m = k. An orthogonal set {{,.} is ortho-
normal if {Y,,,¥,,>, = 1 for all m. An orthogonal set {y,,} is complete if no
nonzero function f is orthogonal to all elements of the set.

Now let {¢,,} be the set of eigenfunctions for problem (P).
These functions are orthogonal by Theorem 1.4. Moreover, since the function
¢.. can be multiplied by the nonzero constants {¢,,,9,>, '/?, there is no
loss of generality in assuming that they are orthonormal. Finally, we note
that under the Liouville transformation (3.1), we have

[? v @ptorde = [ K 2k LK 26} o) 1 (p/) K~ dr]
= fo Y(s)Z(s) ds. 4.6)
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Thus, the Liouville transformation preserves the inner product and, in

particular, it preserves the orthonormality of the transformed eigenfunctions -

{Y.}. For this reason it is enough to prove completeness for (3.2) and (3.3)

rather than for problem (P). .
Consider the problem

(@*ptde®) + (A — q(t))y =0 4.7
and
ay(0) — By(0) =0,  yy(n) — éy'(n) =0, 4.8)

where g € C'[0,n]. Let this problem have eigenvalues 4,, and eigenfunctions
¢... We are now in a position to prove the following result.

Theorem 4.5. The set {¢,,} is complete.

Proof. Suppose f is real valued and { f, ¢,,) = 0 for all eigen-
functions ¢,, and consider

(dvfdt?) + [4 — q(0)]o = —£(0)

with boundary conditions (4.8). By Corollary 4.3 this problem has a unique
solution v(t, 2) which is an entire function of A for each t € [0,x]. Thus we
can expand v in a convergent power series

v(t, ) = vo(t) + v, (t) + A20,() + - -+, 4.9)
where the functions v,(t) satisfy
vg — q(thve = —f(1) or vy — gy, = —v,_,, i=123,...,
and the boundary conditions (4.8). Thus
f:("mnl’: = Ul sy)dt = J:[”.n 1(qox — Vs ) — V(U4 4 — v,)]dt

= j:(-—v,,,, W + vy0,)dt.
On the other hand, the left side reduces to
[+ 10t = O 115 =0
by (4.8). Thus
f: O+ 1(8)0x (1) dt = fo vn{ton(t)dt,

i.e., the value of the integral depends only on the sum m + k of the subscripts.
Call this common value I(k + m). The expression

[ (Ava_ + Bop, )2 dt = 12m — 2)A4* + 212m)AB + I2m + 2)B*
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is a positive semidefinite quadratic form in 4 and B. Thus I(2m + 2) > 0,
I2m — 2) > 0 and

12m)* = 12m + 2)I2m - 2) < 0. (4.10)
We see from this and a simple induction argument that either I(2m) > 0 for

allm>0orelse I2m)=0forallm> 1.
Suppose I(2m) > 0. By (4.10) we have

12)/100) < 1(4)/1Q2) < 1(6)/1(4) < - - - 4.11)

From (4.9) we sce that

f: volt)ult, A)de = 10) + AI(1) + A*I(2) + - - -

is an entire function of 4. Hence .
10) + 1(2)A* + 14)A* + - - -
is also an entire function. We can usc the lim sup test to compute the radius

of convergence of this function. However, the ratio test and (4.11) imply that
the radius of convergence is at most (1(2)/1(0)) "/ < oco. This contradiction

implies that I(2) = 1(4) = - - - = 0. In particular, I(2) = 0 means v,(t) = 0 on
0 <t <= Since v, =qv, — v] and f =qvy —vg, then f =0on0<t<m.
. .

We also have the following result.

Corollary 4.6. The sequence {¢,,} of eigenfunctions for prob-
lem (P) is complete with respect to the weight p provided k, p € C*[a,b]-and
ge C'[a,b].

We shall define L((a, b), p) as the set of all complex valued
measurable functions on (a, b) such that {f, /), < o0, where

Sofde= [ lr0fpwad
denotes a Lebesgue integral. For such an f we define the function ||-|| by
1= <A 32

Note that the function ||-|| is a norm, since it satisfics all the axioms of a norm
(sce Section 2.6). It is known that L?((a, b), p) is complete in this norm. Also,
we define the generalized Fourier coefficients of f as

Ju= S sbuo= [ SOBTOP0) 1
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and we dcfine the éeneralized Fourier series for [ as

@
S~ X Subult)
m=0
We shall require the following results.

Lemma 4.7 (Bessel inequality). If f € L*((a,b), p), then
P

Proof. Since {@pm, s>, =0 il m # k and since {¢,,d,>, = 1,
we have

M M M
0< <f - Z fm¢m’f - Z fm¢m> = <f)f>p - Z Ifnllz
m=0 m=0 P m=0
forany integer M > 1. B

Theorem 4.8. If f € L*((a,b), p), then the generaliud Fourier
series for f converges to f in the L2 sense, i.c., -

M
f_ z-:ofm¢m =0.

lim
M-w

Proof. Define Sy =Y™_, fo®n. Then S, is a Cauchy se-
quence since for M > N, -

M fn
i D T el

N+1

as N, M - oo by Lemma 4.7. By the completeness of the space L*((a, b), p),
there is a function g € L%((a, b), p) such that

g= lim S“.
M-o .
But {(f — g). ¢, = 0 for all eigenfunctions ¢,,. Since {¢,} is complete,
S—y=0. N
Let us now return to the subject at hand.
" Theorem 4.9. For problem (P) let k, pe C*[a,b] and let

g € C'[a,b]. If f € C*[a,b] and if f satisfies the boundary conditions (BC),
then the generalized Fourier series for f converges uniformly and absolutely

to f.
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Proof. Since Lf is defined and continuous on [a,b], then for
any eigenfunction ¢, we have

(Lf? "’m) = <f’ L‘/’m> = <j0 —'{m(”m>p = —'lmfm’

Here we have used the fact that L is self-adjoint. Since the coefficients
a,, = {Lf,,,» are square summable (by Lemma 4.7), then this sequence is
bounded say |[<Lf,$,>| < M for all m. By Theorem 3.1, 2,, = O(m?) so that

[fol < KIS, bmd/A0] < M /m?

for some constant M,. Again by Theorem 3.1 the eigenfunctions ¢,(1) are
uniformly bounded, say |¢,(1)| < K for all m and all 1. Thus

f Jntbmlt)
m=0

<|fol+ Y (My/mHK < 0.
m=1

The Weierstrass test (Theorem 2.1.3) completes the proof. 1
We now give the last result of this section.

Theorem 4.10. Let k, p € C*[a,h] and let g € C'[a,b]. For
any f € C[a,b] and for any complex A not an eigenvalue, the problem

Ly=—=pQy+/[), Liy=L,y=0 (*.12)

has a unique solution y. This solution can be written as the uniformly and
absolutely convergent series

¥O) =Y fulhm— A7 0. (4.13)
m=0
Proof. The series (4.13) is derived by assuming that

E 4 PO
S=X fubms  ¥= % Vubum
m=0 m=0

putting these series into Eq. (4.12), and solving for y,,. Since the ¢, (1) are
uniformly bounded and 4,, = O(m?), the proof that the scries converges -
uniformly and absolutely follows along similar lines as the proof of Theo-
rem 4.9. By Theorem 1.2, problem (4.12) has a unique solution z(1). Thus,
for any m we have

0=<(Lz+ p(Az+ [), > =Lz, > + 3(-.4'...) + <, d’...),,

Since L is self-adjoint, it follows that

.

<L:"l)m> = <:' L‘bm) = (Z, —lmp¢m> = —)'m<:t (’)m>;o'
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Thus we can solve for z,¢,,>, and find that
2wy = Suldn— 27" =y

Since z and y have the same Fourier coeflicients, then, by completeness,
they are the same function. B

P

For the problem
Y +dy=0, y0)=yn)=

it is easy to compute that 2, = m? and ¢,(1) = /2/nsinmti,m =1,2,3,... .
These eigenfunctions form a complete set on (0, n). Moreover, if f(1) ~ \/ 2
Yow_\ fu sin mt, then for 4 # m?,

Yy =—f), ¥ =ym=0
has the solution

p)
y) = ——[—-7 sinmt.
ﬂ m= l m

For the problem
Y+ Ay=0, Y(O) = y(m=0
it is easy to compute 4,, = m>form =0, 1,2, ... while

bty =1/yn and 0= Jrcosmt  (m= 1)

These eigenfunctions also form a complete set on (0, ).

4.5 GENERAL BOUNDARY VALUE PROBLEMS

Many of the results of the previous section cin be generalized
to a wide class of boundary value problems. The generalization is made by
transforming these boundary value problems into integral equations. These
equations can then be studied using integral equations or even functional
analytic techniques. The price paid for this generality is that the information
obtained is not so detailed as in the second order problem (P).

On a finite interval [a,b], let a;€ C/[a,b] be given for j =0,
1,2,..., 0 with a,(0) > 0 for all r. Consider the nth order linear differential
operator defined by

Ly=ay"™ +a,_ " "+ Uy V"D e g a,y + “o.";
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Let U be the boundary operator defined by

Uy = L l."aj)"j Da) 1 /‘.j.\"i "))
i
fori=1.2....,nand
Uy =[U»nUzp, ..., U]

Let peClu.b] be a lixed positive function. Consider the boundary value
problem

Ly = —7py, Uy=0. (5.1)

I for some £ there is a nontrivial solution ¢ of (5.1), then we
shall call 2 an cigenvalue of (5.1) and ¢ an cigenfunction of (5.1). Clearly, for
any scalar a0 # 0, a¢p is also an eigenfunction of (5.1). :

We shall take the point of view that the operator L is not
completely specified until its domain and range arc given. The range will
be the set Cla, h] while the domain will be

v ={yeC"[ub]:Uy =0}
Problem (5.1) will be called self-adjoint if {Ly,z> = {y,Lz)
for all y, z € . Here we usc the notation
{nzy = J;b ¥0)z(0)dt,
and

rnzy, = [Lypt)dr, (52)

as beforc. For example. if L* denotes the adjoint of L, then by the Lagrange
identity (see Theorem 3.5.9) we have

(Ly.2) =Ltz + P2,
So L will be sclf-adjoint, for example, if L =L* and P(y,z)|} =0 for all
wo€eY.

By the same proof as in Scejon 4.1, il L is sclf-adjoint, then
all cigenvaluces are real and all cigenfunctions corresponding to distinet cigen-
values arc orthogonal with respect to the inner product (5.2).

The inhomogencous problem

Ly + 2py + [ =0, Uy=10 (5.3)

will be solved by constructing a Green's function.
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.

Theorem 5.1. Supposc there cxists at lcast one complex
number 4, which is not an cigenvaluc of (5.1). Then there is a unique func-
tion G(t,s,4) which is defined for o <1, s < b and for all complex numbers
A which are not cigenvalues, and which has the following properties:

(i) G/od exists and is continuous on the set S, where
S = {(t,7,4):¢ < 1,5 < b, A not an cigenvalue}

forj=0,1,2,...,nexpect on the linc t = s when j=n — 1 and n.
(ii) The (n — I)st derivative has a jump discontinuity at
t = s such that
»rG o, "G
—_—{s",§, i) — - ".',). = —-.
-t (s7.54) ot (s7.5.2) a,(s)
(iii) As a function of «, y(t) = G(1,5, 1) satisfies Uy = 0 and
also Ly + Apy=0fora<t < h, t #s.

The solution of (5.3) at any 4 not an cigenvaluc is
¥) = — f " G(t,s, )f(s)ds 2 (%, ). (54)

Proof. Let ¢;(t,A) be the solution of Ly + Apy =0 which
satisfics the initial conditions ¢} ,(a,4) = §,; for 0 < j, k < n — 1. Herc §;;
denotes the Kronccker delta, i.c., d;; =0 when i # j and §;; = 1 when i = j.
Define

. d’l(sa A') e ;I’n(s’ '1.")
$is,4) o s A)
H(t,s,A) = det : : +{aIW(,, ..., D))}
PR e s
4’ l(l’ A) e ‘l’n(" A)

for 1 > s and H({t,s,4) = 0 il t < s. Since the Wronskian satisfies

Widio s ) = exp [ = [y i(5)/a)] as,

the denominator is never zero. '
Clearly ¥11/0¢ = 0forj = 0,1,2,....nand fora < t < s. Also
a determinant is zcro when two rows are cqual. Hence dHY/dtY exists for
a<t<sandiszcroatt=sforj=0.1,2,...,n — 2. Whenj=n—1,
'y 'l Widy....,¢,)5)

sz (87,8 4) — S 8T = —0=a,s)""

A T Wiy, pshayls)
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Thus H satisfies (i) (iii) of the theorem expect UTI(+,s,4) = 0. It will need
modification in order to satisfy this last property.

Define G(t,5,2) = H(1,5,2) + Y1, ¢;b (1, 1), where ¢; = ¢(s,4)
are to be chosen later. We need

U‘G= U‘[I"l“ z c]Ui(l)j=0
j=1

or

Z (‘jUide = - U‘,I(‘,S, 1). ‘5.5)
i :

Since the determinant A(4) of the matrix [U;,(-,4)] is an entire function

of 1 and since it is not zero at the value Ay, then A(4)™! is a memomorphic

function. Hence (5.5) has a unique and continuous solution set ¢(s,4) for

a<s<bandall 1 with A() # 0. T
Finally, we note that by Theorem 3.5.4

t o P, AWy, - -, PI(s) (-/‘(S)) i
2 W dae L )
is a solution of Ly + py = —/. Since

- 4’!{(" A)“’k(d’lﬁ ... 9(/,1)'(52
& TWb - - d9]ads)

when s < t, we see that y defined as

V) = — f * Gr,s, A)f(s)ds = — J' H(, s, A)f(5) ds

-y ( {Fefsnre ‘1s>4,,(:,1)
e

consists of a solution of the inhomogeneous problem Ly + Apy = —f and
a solution of the homogeneous problem Ly + Apy = 0. Hence v solves the
inhomogeneous problem. Moreover

= H(t,s,2)

Ur= - [" UGt safds = = [T0- finds =0,

We note that the values A where A(2) = 0 are the eigenvalues
of L. Since A is an entire function of 2 (cf. Section 2.9), there is at most a
countable set {4, of eigenvalues, and these eigenvalues cannot cluster at
,any finite value in the complex plane. Note also that if L is sell-adjoint, then
the existence of 4,, in Theorem 5.1 is trivial - any A with nonzero imaginary
part will do.
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The function G(t, 1, 2) must have the form
G(1,5,2) = Y Afs,Dp(t,7), a<t<y,
. £
and
Git,s, )= Y Bjs,)pj(1,7), s<t<h
it
The conditions of the theorem can be used to determine 4, and B;. For
example, at A = 0 the problem
yi==f, yO)=yx(1)=0
has the Green’s function ‘

! _ (S-l)lv OS‘S\
G(I,-\,O)-{s(,_ 1), s<i<l.

If (1) = 1, then the solution (5.4) has the form
vo = [0 (= ngfds + [ 11 = s)ft)ds
=(1-1 f(; sds + :f" (1 = s)ds = 1(1 = /2.

In the self-adjoint case we shall have {(Ly, 2> = {y, Lz} for all
y,z€ 2. Atagivendlety =%, fand z = ¥, h where 4 is the integral operator
defined in (5.4) and 4 is any complex number which is not an eigenvalue.
Then Ly + Apy = f and Lz + Tpz = h so that

S\ Ghy =Ly + Apy,z) = (¥, Lz + Zpz) = (G, £, h)
for any f, h e C[a,b]. This can be written as
L i _f * Gl S Ohs)ds di = j' " J;” G(t,5. ) f(sMD ds dr.

Interchanging the order of integration in the first integral, we see that

f, * f * G LA (O dsdt = f * 7 Gus oo dsa.
Since f and h can run over all continuous functions, one can argue in a variety
of ways that this implies that ‘
G(1,5,4) = G, 1,%).
The Green’s function provides an inverse for L in the sense

that L% = f and gLy = y for all y in 7 and all f in Cla,h]. (We are as-
suming without loss of generality that 2, = 0.) Using % at 2 = 0, the boundary
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value problem (5.3) may be restated in the cquivalent form

y+ 2%yp)=F,
where F = %/. This operator cquation can also be written as the integral
cquation

v(t) = F() — A f " Gt s, 0)p(s)y(s) ds. (5.6)

In case L is sclf-adjoint, (5.6) can be modificd to preserve the symmetry of
the terms multiplying v(s) under the integral sign. Let z(1) = \/p(l)y(l),
multiply (5.6) by /p(r). and compute

. . b . e e

20 = VpOF() — 2 f G(t,5,0)/ plO)p()z(s) ds. 6.7

Now
Glt,5.0)/p(0p(s) = G(s.1,0)y/pls)pl)

foraz<ts<h

The integral equation (5.6), and even more so, the symmetric
case (5.7), can most clliciently be studied under rather weak assumptions
on G using integral cquation techniques and/or functional analytic tech-

niques. Since no more theory concerning differential equations is involved,
we shall not pursue this subject further.

PROBLEMS

1. Let ke C'[a,b] and g € C[a.b] be real valucd functions and let a, f3,
7. and § in (BC) be coniplex numbers. Show that problem (P) is self-adjoint
if and only if aff = & and 75 = 7. Show that this-condition is true if and
only if (P) is equivalent to a problem with all coeflicients real.

2. For what values of ¢ and b, with 0 < a < b < =, is the problem
[@+siny] + (costly =0,  yla=y(b), y'(a)=y'(h)
sclf-adjoint?
3. Find all eigenvalues and eigenfunctions for the problem
[+ T +4r=0,  yO0)=y(1)=0.
Hint: Try y = (1 + 1)** < = (cos[alog(l + 0] + isin[alog(l + )])(1 + 1)
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4. Supposc the boundary conditions (BC,) are such that
b v d = — [ 1 w2
[wyyyde = = [ ke an
for all y € «*. Show that there exists a constant G > 0 such that 4, > -G

for all cigenvalues.
5. Show that for any f € C[0,n]

Jl_l.lli f: (sin At)f () dt = }l_l‘“n f:(cos ANfirydr = 0.

Hint: [ can be uniformly approximated by functions from C'[o.n].
6. In Theorem 3.1 show that if g € C[0, 7], then

My =m + o(1).
7. In Theorem 3.1 show that

(a) if =0 or f=0 but not both. then p,,;=m+ 4+
O(1/m), and 4 '

(b) ifd=pf=0thenp,,;=m+ 14+ O0(/m).
(¢) Compute the asymplotic form Y, /(s) for both cascs.
8. (Rayleigh quotients) Definc

V=1{peC[a,b]:L\pLyp =0,{p,p>, = 1}.
Let k, p € C*[a,b] and g € C'[a, b]. Show that
inf{(—Ly.y):ye V} =4,

the smallcst cigenvalue. Hint: Use Thcorem 4.9.
9. Find the asymptotic form of the eigenvalues and the cigenfunctions of
the problem
W) + @At =A%y =0,  »(1)=y2) =0
10. Find the Green’s function at 4 = 0 for
(@) Ly=y",y0)=yU)=0,
(b) Ly =y", y(0) =y(0), y(1) = —»(l).
(© Ly=)",y0) + y(1) =0, y'(0) + (1) = 0, and
(d) Ly=y"+4+ Ay, 30)=)(n)=0,4>0.
11. Show that 4 = 0 is not an cigenvalue for

Y4 Ap=0,  y0)=(0)=y"(1)=0.

At 1 = 0, compute the Green’s function. Is this problem sclf-adjoint?
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12. In problem (P), suppose that # =y = 0, and suppose that 1 = 0 is not
an eigenvalue. Let G(1,s) be the Green’s function at 4 = 0. Prove the fol-
lowing:

(@) u(r) 2 oG(t,a)/dssolves Lu = 0ona <t < b, withu(a*) =
~k(a)™!, u(b) =

(b) v(t) & 3G(t, b)/ds solves Lo =0 on a <t < b, with v(a) =
0,0(b”) = k(b)~".

" (c) For any fe C[a,b] and any constants A and B, the

solutionof Ly = —f, L,y = A, L,y=Bis

v = — f (;(l,s)f(s)ds—Al\(a) (: a) + Bk(b) u h).

13. Solve y" = — 1, 9(0) = 3, y(1) = 2.
14. For the problem

~

(ky') + g(t)y = —J11), a<t<b, L,y = A, L,y=B,
show that if 2 = 0 is not an eigenvalue and if 86 # 0, then

y(t) = —J;b G(t,s,00f(s)ds — »%’AG(:, 1,0) + L[b) BG(1,b,0)
is the unique solution. Solve 1" = —1, v'(0) = =2, «'(1) + u(1) = 3 by this

method.

I5. Solve )" = -1, (@) =2, ¥() + W) = L.

16. (Singular problem) Show that 2 = 0 is not an eigenvalue of
04+ Ay = () bounded as £ - 0%, y(1) = 0.

Compute the Green's function at 1 = 0.
17. Prove that the set {1, cost, sint, cos 2t, sin 2¢, . ..} is complete over the
interval [ -, x]. Hine: Use the two examples at the end of Section 4.
18. Let ke C'[a,b] and g € C[a,b] with both functions complex valued
and with k(1) # 0 for all ¢. Let a, 5, 3, and & be complex numbers. Show that
if (P) is self-adjoint, then

(i) k(1) and g(r) are real valued, and

(i) aff = pa, 0 = 75.
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In Chapter 2 we established suflicient conditions for the exis-
tence, uniqueness, and continuous dependence on initial data of solutions
to initial value problems described by ordinary differential equations. In
Chapter 3 we derived explicit closed-form expressions for the solution of
linear systems with constant coeflicients and we determined the general
form and properties of linear systems with time-varying coetlicients. Since
there are no general rules for determining explicit formulas for the solutions
of such equations, nor for systems of nonlincar equations, the analysis of
initial value problems of this type is usually accomplished along two lines:
(a) a quantitative approach is used which usually involves the numerical
solution of such equations by means of simulations on a digital computer,
and (b) a qualitative approach is used which is usually concerned with the
behavior of families of solutions of a given diflerential equation and which
usually does not seck specific explicit solutions. In applications, both ap-
proaches are usually employed to complement each other. Since there are
many cxcellent texts on the numerical solution of ordinary diflerential
equations, and since a treatment of this subject is beyond the scope of this
book, we shall not pursue this topic. The principal results of the qualitative
approach include stability properties of an equilibrium point (rest position)
and the boundedness of solutions of ordinary differential equations. We
shull consider these topics in the present chapter and the next chapter.

In Scction 1, we recall some essential notation that we shall
use throughout this chapter. In Section 2, we introduce the concept of an
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cquilibrium point. while in Scction 3 we define the various types of stability,
instability. and boundedness concepts which will be the basis of the entire
development of the present chapter. In Scction 4, we discuss the stability
propertics of autonomous and periodic systems, and in Sections 5 and 6 we
discuss the stability properties of lincar systems. The main stability results
of this chapter involve the existence of certain real valued functions (called
Lyapunov functions) which we introduce in Seclion 7. In Sections 8 and 9
we present the main stability, instability, and boundedness results which
constitute the direet method of Lyapunov (of stability analysis). Lincar
systems are discussed again in Scction 10, this time in the context of the
Lyapunov theory. Extensions and improvements of the Lyapunov theory
are presented in Sections 11 (invariance theorems) and 12 (extent of asymp-
totic stability). The stability resulis, as given in Section 9. constitute suflicient
conditions. It turns out that some of these results are also necessary condi-
tions. This is demonstrated in Section 13, where a sample result of a so-called
converse theorem is presented. Comparison theorems, as they arise in the
context of stability theory, arc treated in Scction 14, In Scction 15, the
stability propertics of an important class of problems that arisc in applica-
tions (regulator systems) arc discussed. '

5.1 NOTATION

We begin by recalling some of the notation which we Shd"
require throughout this chapter.

Ifx € R" then || will denote the norm of x, where |- | represents
any one of the equivalent norms on R™. Also, if A4 is any real (or complex)
m x n matrix, then || will denote the norm of the matrix of A induced by
the norm-on R i.c.,

|| = <up |[Ax| = sup Ay _ sup lax.
o0<|xl<1 I\l x*0 I\I

(see Section 2.6 for further details). Note in pdrticular that
ENESFIINE

Recall also that B(xy,h) and B(h) denote the spheres with
radius i > 0 and centers x = x,, and x = 0, respectively, ie.,

B(xg. )= {xe R":|x = xy| <h}) and  B(h)={xeR"|x| <h}.
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5.2 THE CONCEPT 'OF AN EQUILIBRIUM POINT

We concern ourselves with systems of equations
X= f{,x) . (L)

where x € R". When discussing global results, such as global asymptotic
stability, we shall always assume that /:R* x R" — R". On the other hand,
when considcering local results, we shall usually assume that [:R* x B(h) —
R" for some I > 0. On some occassions we may assumc that 1 € R, rather
than € R'. Unless otherwise stated, we shall assume that for every (1. &),
1y, € R, the initial value problem '

X'=fl.x), x(tg)=¢& ‘ ' n

posscsses a unique solution ¢(t,t,, &) which depends continuously on the
initial data (t,.<). Since it is very natural in this chapter to think of ¢ as
representing time, we shall use the symbol 1, in (1) to represent the initial
time (rather than using t as was donc carlicr). Furthecrmore, we shall fre-
quently usc the symbol x, in place of & to represent the initial state. This
nomenclature is standard in the literaturc on stability.

Definition 2.1. A point x, € R" is called an equilibrium point
of (LK) (at time * e R*Y) il

Jit,x)=0 forall r>1*.

Other terms for equilibrium point include stationary point,
singular point, critical point, and rest position. Note that if x.is an equilibrium
point of (E) at ¢*, then it is an equilibrium point at all T > ¢*. Note also that
in the casc of autonomous systems

X'= f(x) (A)
and in the casc of T-periodic systems
X'=flt,x),  Jlt,x)=f+ T,x) (P)

a point x, € R" is an cquilibrium at some time (* if and only if it is an equi-
librium point at all times. Also note that if x, is an cquilibrium (at 1*) of
(E), then the transformation s = ¢ — * reduces () to

dxjds = f(s + (*, x),

and x, is an cquilibrium (at s = 0) of this system. For this rcason, we shall
henceforth assume that * = 0 in Definition 2.1 and we shall not mention ¢*
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further. Note also that if x, is an equilibrium point of (E), then for any 1, > 0
DL, 1y, x) = X, forall t2>1,,

i.e., x, is a unique solution of (E) with initial data given by ¢(ty, 9, X.) = X,.

Example 2.2. In Chapter | we considered the simple pendu-

lum described by the equations

.\"‘ = .\'2, o)
2.1

Xy = —ksinx,, k>0. D
Physically, the pendulum has two equilibrium points. One of these is located
as shown in Fig. 5.1a and the second point is located as shown'in Fig. 5.1b.
However, the model of this pendulum, described by Eq. (2.1), has countably
infinitely many equilibrium points which are located in R? at the points
(mn,0),n=0, +1,+2,....

Detfinition 2.3. An equilibrium point x, of (E) is called an
isolated equilibrium point if there is an r > 0 such that B(x,,r) = R" contains
no equilibrium points of (E) other than x, itself.

Both equilibrium points in Example 2.2 are isolated equilib-
rium points in R Note however that none of the equilibrium points in our
next example are isolated.

O .

(a) . «b)
FIGURE 5.1 Equilibrium points of a pendulum.
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Example 2.4. In Chapter 1 we considered a simple epidemic
model in a given population described by the equations

Xy = —ax bx,x
i 1 +bxyx,, 22)

-

o Xy = —bx;x,,

where a > 0, b > 0 are constants. [Only the case x, = 0, x, > 0is of physical
~interest, though Eq. (2.2) is mathematically well defined on all of R2.] In
this case, every point on the positive x, axis is an equilibrium point for (2.2).

There are systems with no equilibrium points at all, as is the
case, e.g., in the system

Xy =2+ sin(x; + x,;) + x4,

, . (2.3)
xy =2 4+ sin(x; + x,;) — x4, )
We leave it to the reader to verify the next two examples.

Example 2.5. The linear homogeneous system
x" = A(t)x (LH)

has a unique equilibrium which is at the origin if A(ty) is nonsingular for
all to 2 0.

Example 2.6. Assume that for .

N = f(x), (A)
J is continuously differentiable with respect to all of its arguments, and let
. -
P
X X =X

where ‘OI'/ﬂ.\' is the n x n Jacobian matrix defined by
affex = [¢fifox;).
If f(x.) = 0 and J(x,) is nonsingular, then x, is an isolated equilibrium of (E).

Unless stated otherwise, we shall assume throughout this chap-
ter that a given equilibrium point is an isolated equilibrium. Also, we shall
usually find it extremely useful to assume that in a given discussion, the
equilibrium of interest is located at the origin of R". This assumption can
be made without any loss of generality. To see this, assume that x, # 0 is
an equilibrium point of

X' = f(t,x), (E)



172 3. Suability

ie, f(t,x,)=0 for all t > 0. Let w = x — x,. Then w = 0 is an equilibrium
of the transformed system

w = F(t,w), (2.4)
where

F(t,w) = f(t, w + x,). (2.5)

Since (2.5) establishes a one-to-one correspondence between the solutjons of
(E) and (2.4), we may assume henceforth that (E) possesscs the equilibrium
of interest located at the origin. This equilibrium x = 0 will sometimes be
referred to as the trivial solution of (E).

5.3 DEFINITIONS OF STABILITY AND BOUNDEDNESS

We now give precisc definitions of several stability, instability,
and boundedness concepts. Throughout this section, we consider systems of
equations (E),

x'=[(t,x), (E)

and we assume that (E) possesses an isolated equilibrium at the origin. Thus,
J(t,0O)=0forallt > 0.

Detfinition 3.1. The equilibrium x = 0 of (E) is stable if for
every ¢ > 0 and any 1, € R* there exists a (s.1,) > 0 such that

[Pt 10.8) < & forall (>1, a.n
whenever
|{| < (&, ty)- 3.2)

Note that if the equilibrium point x = 0 satisfics (3.1) for a
single 1o when (3.2) is true, then it also satisfies this condition at every initial
time 1y > t,, where a different value of § may be required. To sec this, we
note that the spherical ncighborhood B(d(z, t,)) is mapped by the solutions
@(t,14,£) onto a neighborhood of the origin at 1. This ncighborhood con-
tains in its interior a spherical neighborhood centered at the origin and with
a radius &'. If we choose & € B(&), then (3.1) implies that |¢(r. 1", &)| < ¢ for
all t 2 t3. Hence, in Definition 3.1 it would have been enough to take the
single value 1, = 0 in (3.1) and (3.2).
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In Fig. 5.2 we depict the behavior of the trajectories in the
vicinity of a stable equilibrium for the casc x € R2. By choosing the initial
points in a sufliciently small spherical neighborhood, we can force the graph
of the solution for t > t, to lic entirely inside a given cylinder.

In Definition 3.1, § depends on ¢ and (,, [i.c., § = 8(e.tg)]. I 6
is independent of 1y, i.e., if & = d(¢), then the equilibrium x = 0 of (E) is said
to be uniformly stable.

Definition 3.2. The cquilibrium x = 0 of (E) is asymptotically
stable if

(i) itis stable, and

(ii) for every 1, >0 there cxists an () > 0 such that
lim, ., ¢(1,15.€) = 0 whenever |¢] < o

The set of all £ € R" such that ¢i(1,1,,&) = 0 as 1 - oo for some
to 20 is called the domain of attraction of the equilibrium x =0 of (E).
Also, if for (E) condition (n) is true, then the cquilibrium x = 0 is said to be
attractive.

Definition 3.3. The equilibrium x =0 of (E) is uniformly
asymptotically stable if

(i) it is uniformly stable, and
(ii) there is a , > 0 such that for cvery « > 0 and for any
o€ R*, there exists a T(g) > 0, independent of 1, such that

|p(t, 0,8 < & forall 1 >1,+ T() whenever | < .

In Fig. 5.3 we depict property (ii) of Definition 3.3 pictorially.
By choosing the initial points in a sufliciently small spherical ncighborhood
at t = t,, we can force the graph of the solution to lie inside a given cylinder
for all t > ty, + T(x). Condition (ii) can be paraphrased by saying that there
exists a dg > 0 such that
lim Ot + 1,14, 6) =0
=
uniformly in (t4.¢) for t, = 0 and for [¢] < d,.
Frequently, in applications, we arc interested in the following
special case of uniform asymptotic stability.

Definition 3.4. The cquilibrium x = 0 of (I}) is exponentially
stable if there cxists an o > 0, and for every « > (), there exists a d(c) > 0,
such that

ot 10,8 S e~ forall 12>1,

whenever [¢| < 8(c) and 1 > 0.



£5 TA291d

'§ JANOId




3.3 Definitions of Stability and Boundedness 175
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In Fig. 5.4, the behavior of a solution in the vicinity of an
exponentially stable equilibrium x = 0 is shown.

Definition 3.5. The equilibrium x = 0 of (E) is unstable if it is
not stable. In this case, there exists a t, = 0 and a sequence £,, — 0 of initial
points and a sequence {1,,} such that |¢(to + t,,, to, &,)| = eforallm, ¢, > 0.

If x = 0 is an unstable equilibrium of (E), it still can happen
that all the solutions tend to zero with increasing t. Thus, instability and
attractivity are compatible concepts. Note that the equilibrium x =0 is
necessarily unstable if every neighborhood of the origin contains initial
points corresponding to unbounded solutions (i.e., solutions whose norm
|#(t, 24, )| grows to infinity on a sequence t,, — o (cf. Definition 3.6). How-
ever, it can happen that a system (E) with unstable equilibrium x = 0 may
have only bounded solutions.

The preceding concepts pertain to local properties of an equi-
librium. In the following definitions, we consider some global characteriza-
tions of an equilibrium.

Detinition 3.6. A solution ¢(t, 14, &) of (E) is bounded if there
exists a B > 0 such that |(t,1,,&)| < B for all t 2 t,, where § may depend
on each solution. System (E) is said to possess Lagrange stability if for each
to = 0 and ¢ the solution ¢(t, t,, ) is bounded.
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Definition 3.7. The solutions of (E) are uniformly bounded if
for any « > 0 and 1, € R*, there exists a # = fi(a) > 0 (independent of ty)
such that if |¢| < a, then |4>(l 1. 8)| < Blorallt>1,.

Definition 3.8. The solutions of (E) are uniformly ultimately
bounded (with bound B) if there exists a B > 0 and if corresponding to any
a>0and t, € R*, there exists a T = T(a) > 0 (independent of t,) such that
|¢] < « implies that |p(1,14,8)| < Bforallt > 15+ T.

In contrast to the boundedness properties defincd in Defini-
tions 3.6-3.8, the concepts introduced in Definitions 3.1--3.5 as well as those
to follow in Definitions 3.9 3.11 arc usually referred to as stabtlu)‘ (respec-
tively, instability) in the sense of Lyapunov.

Definition 3.9. The equilibrium x = 0 of (E) is asymptotically
stable in the large if it is stablc and if every solution of (E) tends to zcro as
1 — o0,

In the casc of Definition 3.9, the domain of attraction of the
cquilibrium x = 0 of (E) is all of R". Note that in this case, x = 0 is the only
equilibrium of (E).

Definition 3.10. The equilibrium x =0 of (E) is uniformly
asymptotically stable in the large if

(i) it is uniformly stable, and

(ii) for any a« >0 and any > 0, and o€ R*, there exists
T(e,a) > 0, independent of 1y, such that if |¢] < a, then |¢(r, to.C)l <eforall
121y + T(e).

Definition 3.11. The equilibrium x = 0 of (E) is exponentially
stable in the large il there exists a > 0 and for any 8 > 0, there exists k(f}) > 0
such that

[o(t,15.8)] < k(ﬂ)]{le“‘"““’ forall t>1¢,
whenever [¢| < f.
We conclude this scction by considering a few examples.
Example 3.12. The scalar equation
X=0 3.3

has for any initial condition x(0) = ¢ the solution ¢(t,0,c) = ¢, i.e., all solu-
tions are equilibria of (3.3). The trivial solution is stable; in fact, it is uniformly
stable. However, it is not asymptotically stable.
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Example 3.13. Thc scalar cquation
X' = ax, a> 0, (3.4)
has for every x(0) = ¢ the solution ¢(1,0,¢) = ce™ and x =0 is the only
equilibrium of (3.4). This equilibrium is unstable.
Example 3.14. The scalar equation
X'= —ax, a>0, 3.5)
has for every x(0) = ¢ the solution ¢(1,0,¢) = ce™™ and x = 0 is the only
cquilibrium of (3.5). This cquilibrium is exponentially stable in the large.
Example 3.15. Thce scalar cquation

-1
X =-- X 3.0)
1+ 1 (
has for cvery x(1,) = ¢, 1, = 0, & unique solution of the form

|
o, ty.¢) = (1 + 1) ;—.'T' 3.7)

and x =0 is the only equilibrium of (3.6). This equilibrium is uniformly
stable and asymptotieally stable in the large, but it is not uniformly asymp-
totically stable.

Example 3.16. As mentioned before, a system
X = [(t,x) (E)

can have all solutions approaching its critical point x = 0 without the critical
point being asymptotically stable. An example of this type of behavior is
given by the system

SRR (L St ) B S
P ) + (2 4+ x)T
o = =)
T 4 X+ (4 D)
For a dctailed discussion of this system, see the book by Hahn [17, p. 84].

We shall consider the stability propertics of higher order
systems in much greater detail in the subsequent sections of this chapter
and the next chapter, after we have developed the background required to
analyze such systems.



178 5. Stability

5.4 SOME BASIC PROPERTIES OF AUTONOMOUS
AND PERIODIC SYSTEMS

In this section, we show that in the case of autonomous systems

X' = flx) (A)

and periodic systems
x'=f,x),  flt,x)=ft+T,x), (P)

stability of the equilibrium x = 0 is equivalent to uniform stability, and
asymptotic stability of the equilibrium x =0 is equivalent to uniform
asymptotic stability. Since an autonomous system may be viewed as a
periodic system with arbitrary period, it suffices to prove these statements
only for the case of periodic systems.

Theorem 4.1. If the equilibrium x = 0 of (P) [or of (A)] is
stable, then it is uniformly stable,

Proof. For purposes of contradiction, assume that the equilib-
rium x = 0 of (P) is not uniformly stable. Then there is an £ > 0 and sequences
{‘0»‘} Wllh t()m ->-0’ {cm}’ and {lm} SUCh that én—’o' tnu Z ’Ouu and l¢(tn'
loms En)| 2 & Let 1, =k, T + 1, where k, is a nonnegative integer and
0 < 1, < Tand deline 1} =1, — &k, T > t,,. Then by uniqueness and period-
icity of (P), we have ¢(t + kT, to,., &) = P8, 7,0, &) since both of these
solve (P) and satisfy the initial condition x(z,,)) = §,,. Thus

P2, 1,0 €| = & @.1)

We claim that the sequence t} — oo. For if it did not, then by
going to a convergent subsequence and relabeling, we could assume that
T,,— t* and 1% — r*. Then by continuity with respect to initial conditions, .
oGy, 1,5, — O(1*,t*,0) = 0. This contradicts (4.1).

Since x = 0 is stable by assumption, then at t, = T there is a
d > O'such that if |¢] < & then |¢(¢, T, £)| < ¢ for t = T. Since £,,— 0, then by
continuity with respect to initial conditions, |¢(T,t,,,&,)| < 8 for all m >
m(d). But then by the choice of 4 and by (4.1), we have

£> l‘p(':’ To ¢(T,T,., Q..))l = I‘b(’;s tnn Cm)' 2t

This contradiction completes the proof. WM

Theorem 4.2. If the equilibrium x =0 of (P) [or of (A)] is
asymptotically stable, then it is uniformly asymptotically stable.
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Proof. The uniform stability is already proved. To prove at-
tractivity, i.e., Definition 3.3 (ii), fix £ > 0. By hypothesis, there is an n(T') > 0
and a ¢(¢, T) > O such that if || < y(T'), then |p(1, T,8)| <cforall e 2 T +
t(e, T). Uniform stability and attractivity imply (s, T) is independent of
|€] < n. By continuity with respect to initial conditions, there is a &' > 0 such
that |p(T,7,8)| <n(T) if |§] <& and 0<t<T. So |p(t + T, 1. &)| <e if
[{|] <&, 0<t<T, and t2 (e, T). Thus for 0<t<T, |¢{| <6 and t >
(T — 1)+ 1(e, T), we have |p(t + 1,7,¢)] <& Put 3(c) =& and t(e) =
e, T) + T.IkT <t <(k + 1)T,then(t,1,€) = dp(t — kT, 1 — kT, §). Thus,
if|§] <d()and t >t + t(e), thent — kT >t — kT + 1(¢) and

[p(t,7,8)] = |$t = kT, 1 — kT, &) <e. W

5.5 LINEAR SYSTEMS

In this section, we shall first study the stability properties of
the equilibrium of linear autonomous homogeneous systems

X' = Ax, t >0, (L)
and linear homogeneous systems [with A(t) continuous]
X'= Al)x, 121y, 1,20. (LH)

Recall that x = 0 is always an equilibrium of (L) and (LH) and that x =0
is the only equilibrium of (LH) if A(¢) is nonsingular for all t = 0. Recall
also that the solution of (LH) for x(t,) = £ is of the form

¢('s ‘Oté) = ‘b(‘, ‘0)&* t2 ‘0!

where @ denotes the state transition matrix of A(t). Recall further that the
solution of (L) for x(t,) = £ is given by .

B(t,10,8) = DL, 16)E = Dt — 1o} = e1¢™",
We first consider some of the properties of system (LH).

Theorem 5.1. The equilibrium x = 0 of (LH) is stable if and
only if the solutions of (LH) are bounded. Equivalently, the equilibrium
x = 0 of (LH) is stable if and only if

sup |(t, to)] £ e(to) < oo,
t2to

where |®(t, 1,)| denotes the matrix norm induced by the vector norm used on
R*.



180 5. Stability

Proof. Supposc that the cquilibrium x = 0 of (LH) is stable.
Then for any 15> 0 and for £ =1 there is a 6 = d(ty,1) > 0 such that
|#(t.10,8)| < 1 for all 1 > 1, and all & with |[&] < 8. But then

(e, 1. &) = [®U1, 10)E] = |®(e, 10)E8)/|E]|(1/) < [&]/5

for all £ # 0 and all t > 1. Using the definition of matrix norm (see Section
2.6 or 5.1), we sce that this is equivalent to

Ot <07, 121,

Conversely, suppose that all solutions ¢(t,1,¢§) = ®(1, 1g)¢
arc boundcd. Let Jey, ..., e,} be the natural basis for n space and let |¢(t, 14,
e)| < pjforallt > 1,. For any vector & = Y1, a;e; we have
"
Z. ajf/)(f.‘n. ('j)

< 2': ldB; < (max If,) }E o] < K|¢]
j= i=1 J Jj=1

for some constant K > 0 when ¢ > 1,,. Given ¢ > 0, we choose é = ¢/K. If
[€] < &, then |p(t.15.6)| < K|E| < forall 1 >¢,. W

Theorem 5.2. The cquilibrium x =0 of (LH) is uniformly
stable if and only if

b1, 10.6)| =

sup c(ty) & sup (sup [d’(l.lo)l)é Co < 0.

020 to> 0 \12¢to

The proof of this theorem is very similar to the proof of The-
orem 5.1 and is left to the rcader as an exercise.

For the asymptotic stability ofthe equilibrium x = 0 of (LH)
we have the following result.

Theorem 5.3. The following statements are equivalent.

(i) The equilibrium x = 0 of (LH) is asymptotically stable.
(i) The equilibrium x = 0 of (LH) is asymptotically stable
in the large.
(i) lim|d(.14)| = 0.
1o

Proof. Supposc (i) is true. Then there is an (1) > 0 such that
when || < y(ty). then ¢(t,14.8) =0 as 1 — co. But then we have for any
$#0,

dlt,10.8) = d’(l,lo~’l(’o)ﬁ/‘é')(lé'/’l('o” -0
as 1 — oo. Thercforc (i) is true. '
Next, assume that (ii) is true and fix 1, > 0. For any £¢> 0
there must exist a T(z) > O such that forall t > t, + T(z), we have |p(t, 1o, o)l =
[®(r, £)¢] < ¢. To sce this, Iet {e,} be the natural basis for R”. Thus for some
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fixed constant K > 0,if ¢ = (a,.05, ... ,o) andif |¢] < Lthen & =Y., aye;
and Y., |o] < K. For each j therc is a T(x) such that |d’(l,to)c,f <¢/K
and t > to + Tye). Define T(e) = max{T&):j = I....,n}. For || < I and
t >ty + T(r), we have

Y a0, ty)e;
ji=1

By the definition of the matrix norm, this means that |®(t,1,)| < ¢ for t >
to + T(€). Hence (iii) is true.

Assume now that (iii) is true. Then |d(1.1,)] is bounded in ¢
for t >21,. By Theorem S the trivial solution is stable. To prove
asymptotic stability, fix 1o > 0 and £ > 0. If || < y(to) = 1, then |p(t,1,.8)| <
[®(e,10)] |€] = O as t — oo. Hence (i) is true. W

ot 1o)t] =

< Y lal@/K) < e
i=1

For the exponential stability of the cquilibrium x = 0 of (LH),
we have the following result.

Theorem 5.4. The equilibrium x =0 of (LH) is uniformly
asymptotically stable if and only if it is exponentially stable.

Proof. Exponential stability implies uniform asymptotic sta-
bility of the equilibrium x = 0 for all systems (E) and hence for systems (LH)
in particular.

For the converse, assume that the trivial solution of (LH) is
uniformly asymptotically stable. Thus therc is a 6 >0 and a T > 0 such
that if |¢| < 6, then

[ DG + 1o + T, 14)E] < 6/2
for all t, ty, = 0. This mecans that
D@+ to+ T, 00| <3 il ,1520. (5.1
Since by Theorem 3.2.12, d(1,s) = &1, 1)d(z, s) for any ¢, s, and t, then
[ D@ + 1o+ 2T, )| = @ + 1o + 21,0 41+ TYD + 14+ T, 1) < &
by (5.1.). By induction for ¢, t, = 0 we have
|+ 1y + 0T 1)) <27 (5.2)
Let a = log 2/T. Then (5.2) implies that for 0 < t < T we have
[t + 1y + nT, 19, &) < 227"+ 1 = 2J¢Je " IT < 2fe|e ¢+, W

In the next theorem, we summarize the principal stability
results of lincar autonomous homogencous systems (L).

Theorem 5.5. (i) The cquilibrium x = 0 of (L) is stable if all
eigenvalues of A have nonpositive rcal parts and cvery cigenvalue of A
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which has a zero real part is a simple zero of the characteristic polynomial
of A.

(i) The equilibrium x =0 of (L) is asymptotically stable if
and only if all eigenvalues of A have negative real parts. In this case, there
exist constants k > 0, ¢ > 0 such that

|D(t,t,)] < kexp[—o(t —tg)]  (to <t <),
where d(1,1,) denotes the state transition matrix of (L).

Proof. We shall have to make reference to the discussion in
Section 3.3 concerning the use of the Jordan canonical form J to compute
exp(Ar). Let P™'AP = J and dcfine x = Py. Then

y =P 'APy = Jy.
Note that x = 0 is stable if and only if y = 0 is stable, and furthermore, x = 0
is asymptotically stable if and only if y = 0 is asymptotically stable. Hence,
we can assume without loss of generality that the “system matrix A" is in
Jordan canonical form, i, 4 is in block diagonal form
A= diag(Jo,J|, .o ,J,),
where
Jo = diag(d,,...,4) and Jy= Ao Ei+ N;

for the Jordan blocks J,, ..., J,.

As in (3.3.17) we see that

e = diag(e', ..., eM) (5.3)
and
| N Ly (PN )
R I R (O 1 I
000 - i
for i=1,...,s Clearly |¢’| = O(e”) if Red; < f for all i. Also |¢’*| =

O(t™~ ') = O(e¥ ***) for any £ > 0 when 8 = Re,, ;.

From the foregoing statements, it is clear that if Re 4; < 0 for
I<i<kandifRel,, <Ofor1<i<s, then |e*| < K for some constant
K > 0. Thus |[®(t,14)| = |¢** ™| < K for t > 14 > 0. Hence, by Theorem 5.1,
y =0 (and therefore x = 0) is stable. The hypotheses of part (i) guarantee
that the eigenvalues A; satisfy the stated conditions.

If all eigenvalues of 4 have negative real parts, then from the
preceding discussion, there is a K > 0 and an « > 0 such that

IeAu—m)I < Ke"“ -«.).
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Hence y = 0 (and therefore x = 0) is exponentially stable. Conversely, if
there is an eigenvalue A; with nonnegative real part, then either one term
in (5.3) does not tend to zero or else a term in (5.4) is unbounded as ¢t — oo.
In either case, exp(J1)¢ will not tend to zero when ¢ is properly chosen.
Hence, y = 0 (and therefore x = 0) cannot be asymptotically stable. W

It can be shown that the equilibrium x = 0 of (L) is stable if
and only if all eigenvalues of 4 have nonpositive real parts and those with
zero real part occur in the Jordan form J only in J, and not in any of the
Jordan blocks J;, 1 € i <s. The proof of this is left as an exercise to the
reader.

We shall find it convenient to use the following convention,

Definition 5.6. A real n x n matrix A is called stable or a
Hurwitz matrix if all of its eigenvalues have negative real parts. If at least
one of the eigenvalues has a positive real part, then A is called unstable.
A matrix A which is neither stable nor unstable is called critical and the
eigenvalues of 4 with zero real parts are called critical eigenvalues.

Thus, the equilibrium x = 0 of (L) is asymptotically stable if
and only if A is stable. If A is unstable, then x = 0 is unstable. If A is critical,
then the equilibrium is stable if the eigenvalues with zero real parts corre-
spond to a simple zero of the characteristic polynomial of A; otherwise, the
equilibrium may be unstable.

Next, we consider the stability properties of linear periodic
systems

X' = A(r)x, A(t)= A(t + T), (PL)

where A(1) is a continuous real matrix for all t € R. We recall from Chapter 3
that if &(r,1,) is the state transition matrix for (PL), then there exists a
constant n x n matrix R and an n x n matrix ‘¥(t, t,) such that

a1, 1) = (1, to)exp[R(t — ty)], (5.5)
where
Wt + T, t,) = W(1,t,) forall ¢>0.

Theorem 5.7. (i) The equilibrium x = 0 of (PL) is uniformly
stable if all eigenvalues of R [in Eq. (5.5)] have nonpositive real parts and
any eigenvalue of R having zero real part is a simple zero of the characteristic
polynomial of R.

(i) The equilibrium x = 0 of (PL.) is uniformly asymptotically
stable if and only if all eigenvalues of R have negative real parts.

Proof. According to the discussion at the end of Section 3.4,
the change of variables x = W(t,t4)y transforms (PL) to the system y' = Ry.
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Morcover, ‘P(1.10) " exists over 1, <t <ty + T so that the cquilibrium
x =0 is stable (respectively, asymptotically stable) if and only if y =0 is
also stable (respectively, asymptotically stable). The results now follow from
Theorem 5.5, applied to y' = Ry. B

The final result of this section is known as the Routh-Hurwitz
criterion. It applics to nth order lincar autonomous homogeneous ordinary
differential equations of the form

N +a X" b4 XV +ax =0,  aq#0, (5.6)

wherc the cocflicients a,,., . . . . a, arc all real. We reeall from Chapter 1 that
(5.0) is cquivalent to the system of first order ordinary differential equations
X'= Ax, (5.7
where 4 denotes the companion-form matrix given by

0 1 o --- 0

0 0 P 0

A= . . . .

—d,fag —d,_yfay - o —dyfag

To determine whether or not the equilibrium x = 0 of (5.7) is
asymptotically stable, it suflices to determinc if all eigenvalues of A have
negative rcal parts, or what amounts to the same thing, if the roots of the
polynomial

ps)=aps" +as" '+t a,s+a,=0 (5.8)

all have ncgative rcal parts. Similarly as in Definition 5.6, we shall find it
convcenicnt to use the following nomenclature.,

Delinition 5.8. An nth order polynomial p(s) with real coef-
ficients [such as (5.8)] is called stable if all zeros of p(s) have negative real
parts. It is callcd unstable if at lcast one of the zeros of p(s) has a positive
real part. It is called critical if p(s) is neither stable nor unstable. A stable
polynomial is also called a Hurwitz polynomial.

It turns out that we can determine whether or not a polynomial
is Hurwitz by cxamining its cocflicicnts without actually solving for the
roots of the polynomial cxplicitly. This is demonstrated in the final theoremn
of this section. We first state the following necessary conditions.

Theorem 5.9. For (5.4) to bc a Hurwitz polynomial, it is
necessary that ‘
difag >0, daylag >0, ..., a,lae > 0. (5.9)

The proof of this result is simple and is left as an exercise to
the reader.
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Without loss of gencrality, we assume in the following that
ag > 0. We will require the following array, called a Routh array.

Cio = Qg C20 = Cap = dy Cap =dg" "
Cyy =4y Cyy = Ay Cyy = dg Cay =g "
by=uag/uy cy=a;—byy ey =ay—has oy =a,— by,

by=cyyfery ey =y —byeyy 3=y = byeyy 3= = hyeyy

€y, j-2 . .
,’I=l—'.—.;—; cy=cChr g a—hey e i= N2 0000 =203,

Cia = Q4.
Notethatifn = 2m,then we have oy 0= Cnr 1.2 = UpsCmrt. 1 = Cmaq. 3 =0,
Also, if n = 2m — 1, then we have Cpp = d,_ |y Cy = Uy Cyz = €3 = 0. The
foregoing array terminates after n — 1 steps if all the numbers in ¢;; are not

zero and the last line determines ¢y,,.

In addition to incqualitics (5.9), we shall require in the next

result the incqualities
c1>0, ¢,,>0,....¢,,>0. (5.10)

Theorem 5.10. The polynomial p(s) given in (5.8) is a Hurwitz
polynomial if and only if the inequalities (5.9) and (5.10) hold.

The usual proof of this result involves some background from
complex variables and an involved algebraic argument. The proof will not
be given here. The reader should refer to the book by Hahn [17, pp. 16 22]
for a prool.

An alternate form of the foregoing criterion can be given in
terms of the Hurwitz determinants dcfincd by

ay dy dg
dy Ay
D|=a'. Dz=dct N D,=dc| “" llz (l,, Nee .
- 0 a, ay

ay ay ag o Ay y |
g d; Ag *°° Uy,
0 ay a3 - day-,
0 ay ay " day 4

.

Dh = del

L‘:) 0 6 te ‘.'k

where we take a; = 0if j > n.
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Corollary 5§.11. The polynomial p(s) given in (5.8) is a Hurwitz
polynomial if and only if the inequalities (5.9) and the inequalities
D;>0 for j=1,...,n (5.11)
are true.

For example, for the polynomial p(s) = s® + 3s° + 2s* +
9s® + 552 + 125 + 20, the Routh array is given by

1 2 52
3912 0
-1 12
2 72 0
7 2
264/1 0
20

Since —1 < 0, the polynomial p(s) has a root with positive real part.

5.6 SECOND ORDER LINEAR SYSTEMS

In the present section, we study the stability properties of
second order linear autonomous homogeneous systems given by

Xy =ay,X, + ay2%,,

, (6.1)
N2 = d31 X%, -+ UyX,
or in matrix form
X' = Ax, 6.2)
where .
A= ["“ ""]. (6.3)
dyy dzp

Recall that when det A # 0, the system (6.1) will have one and only one
equilibrium point, namely x = 0. We shall classify this equilibrium point
[and hence, system (6.1)] according to the following cases which the eigen-
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values 4,, 1, of A can assume:

(a) A,,4, are real and 1, <0, 1, < 0:x = 0 is a stable node.

(b) A,,4, are real and 4; > 0,4, > 0:x = 0 is an unstable
node.

(¢©) 4,,4,arereal and 1,1, < 0:x =0 is a saddle.

(d) 2,,4, are complex conjugates and Rel;, =Red, <
0:x = 0 is a stable focus.

(e) A,,4, are complex conjugates and Rel, =Rel, >
0:x = 0 is an unstable focus.

(f) A4,,4, are complex conjugates and Rel, =Red, =
0:x = 0 is a center.

The reason for the foregoing nomenclature will become clear
shortly. Note that in accordance with the results of Section 5, stable nodes
and stable foci are asymptotically stable equilibrium points, centers are
stable equilibrium points (but not asymptotically stable ones), and saddles,
unstable foci, and unstable nodes are unstable equilibrium points.

In the following, we let P denote a real constant nonsingular
2 x 2 matrix and we let

y=P 'x (6.4)

Under this similarity transformation, system (6.2) assumes the equivalent
form

Yy =Ap. (6.5)

where )
A=P AP (6.6)

Note that if an initial condition for (6.2) is given by x(0) = x,, then the

corresponding initial condition for (6.5) will be given by

y(0) = yo = P x,. (6.7)

We shall assume without loss of generality that when 1,, 4, are real and
not equal, then 4, > 1,.

We begin our discussion by assuming that A, and 1, are real
and that A can be diagonalized, so that

4 0
A‘[o A,]'
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where the 4,, 4, are not necessarily distinct. Then (6.5) assumes thc form

So= Ay,
)'1 11 (6.8)
Y= Az_\'z.

For a given set of initial conditions (y,4. ¥20) = (¥,(0). y,(0)),
the solution of (6.8) is given by

yilt) 2 1,0, vi0) = vy,
Ya(t) £ 91,0, ¥30) = va0¢™".

We can study the qualitative propertics of the equilibrium of
(6.8) [resp., (6.1)] by considcring a family of solutions of (6.8) which have
initial points ncar the origin. By climinating ¢ in (6.9), we can cxpress (0.9)
equivalently as

(6.9)

Y20 = yaol 31 (031012 (6.10)

Using either (6.9) or (6.10), we can sketch familics of trajectories in the
y1¥2 plane for a stable node (Fig. 5.5a), for an unstable node (Fig. 5.6a),
and for a saddle (Fig. 5.7a). Using (6.4) in conjunction with (6.9) or (6.10),
we can sketch corresponding familics of trajectorics in the x,x, plane. In all
of these figures, the arrows signify increasing time t. Note that the qualitative
shapes of the trajectories in the y,y, plane and in the x,x, planc are the
same, i.c., the qualitative behavior of corresponding trajectories in the y, v,
plane and in the x,x, planc has been preserved under the similarity trans-
formation (6.4). However, under a given transformation, the trajectories
shown in the (canonical) y,y, coordinate frame arc generally subjected to
a rotation and distortions, resulting in corresponding trajectories in the
original x,x, coordinate frame.

Next, let us assume that matrix A has two real repeated eigen-
values, A, = 4, = A, and that A is in the Jordan canonical form

Al
A _[O A].
In this case, (6.5) assumes the form

Yi=4Avi+ ya

, 6.11)
¥y =4y,
For an initial point, we obtain for (6.11) the solution
V(0 2 (0.0, ¥y, ¥20) = ¥r00™ + ¥aote™, (6.12)

_"2(1) 4 (/’z(’. 0, .Vzo) = ."zofu.
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"rajectories near an unsiable node.

5.7 Trajectories near a saddle.
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As before, we can eliminate the parameter ¢, and we can plot trajectorics in
the y,y, plane (resp., x,x, plane) for different sets of initial data near the
origin. We leave these details as an exercise to the rcader. In Fig. 5.8 we
have typical trajectorics near a stable node (1 < 0) for repeated eigenvalues.

Next, we consider the case when matrix A has two complex
conjugate cigenvalucs

ly=0+4it, A;=d-irt

In this case, there cxists a similarity transformation P such that the matrix
A = P~ ' AP assumcs the form

5 T
A= « .
[— T (SJ @13
so that
."'| = 6.\', + ty,, (6 |4)
¥y= g+ dy,. .

The solution for the case 6 > 0, for initial data (y,¢, v2¢) is

i) = ,(t,0. 10, y20) = e¥[ y10c08 Tt + yyosintt],
¥at) = ¢(1,0. 310, ¥30) = €[ —¥yosintt + yyocos ).

(6.15)

2

(a) (v)
FIGURE 5.8 Trajectories near a stable node (repeated cigenvalue case).
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Letting p = (2, + y2)"2, cosa = v,o/p. and sina = v,,/p. we can rewrite
(6.15) as

i) = @ (6.0, ¥y 4. ¥30) = e"pos(tt — a). (6.16)
¥olt) = (1,0, ¥yg. ¥20) = —eMpsin(tt — a). )

Il we let r and 0 be the polar coordinates, y, = rcost) and y, = rsinf), we
may rewrite the solution as

r(t) = pe®, o) = —(tt — a). (6.17)
I, as before, we climinate the paramcter 1, we obtain
r = Cexp(—d/t)0), C = pexpl(d/t)z). (6.18)

For different initial conditions ncar the origin (the origin is in this case an
unstable focus), Eq. (6.18) yields a family of trajectorics (in the form of
spirals tending away from the origin as ¢ increases) as shown in Fig. 59
(fort > 0).

When 6 < 0, we obtain in a similar manner, for different initial
conditions ncar the origin, a family of trajectorics as shown in Fig. 5.10
(for © > 0). In this case, the origin is a stable focus and the trajectorics are
in the form of spirals which tend toward the origin as 1 incrcases.

Finally, if 0 =0, the origin is a center and the preceding
formulas yield in this case, for different initial data ncar the origin, a family
of concentric circles of radius p, as shown in Fig. 5.11 (for the case t > 0).

A

FIGURE 5.9 Trajectory near an unstahle focus.
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FIGURE 5.10  Trajectory near a stable focus.

| B

N\
&

FIGURE 5.11 Trajectory near a center.

5.7 LYAPUNOV FUNCTIONS

In Section 9, we shall present stability results for the equi-
librium x = 0 of a system

X' = flt,x). (E)
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Such results involve the existence of real valued functions v:D — R. In the
case of local results (e.g., stability, instability, asymptotic stability, and
exponential stability results), we shall usually only require that D = B(h) < R"
for some h > 0, or D = R* x B(h). On the other hand, in the case of global
results (e.g., asymptotic stability in the large, exponential stability in the
large, and uniform boundedness of solutions), we have to assume that
D = R"or D= R"* x R" Unless stated otherwise, we shall always assume
that v(1,0) = 0 for all 1 € R* [resp., v(0) = 0].

Now let ¢ be an arbitrary solution of (E) and consider the
function t — v(1, p(n)). If v is continuously differentiable with respect to all
of its arguments, then we obtain (by the chain rule) the derivative of v with
respect 1o ¢ along the solutions of (E), vy, as ¥ Editiyy _,),..d,'.,,‘:,;j‘..é, 1,;_

. o T
v, P(0) = M (1, () + Vo, ) f 1, (o).
Here Vv denotes the gradient vector of v with respect to x. For a solution
o1, 1y, &) of (E), we have
o(t, pl1)) = (1, ) + J‘::. (e, 1, ENdr.
These observations lead us to the following definition.

Definition 7.1. Let v:R* x R" — R [resp., v:R* x B(h) - R]
be continuously differentiable with respect to all of its arguments and let Vo
denote the gradient of v with respect to x. Then v, :R* x R" — R [resp.,
g R x B(h)— R] is defined by

e e
vt X) = a (t,x) + ‘g. i (£, x)fi(t, x)

v T
= (1, x) + Vo, x)' 1, x). (7.1)

We call vy, the derivative of v (with respect to 1) along the solutions of (E)
[or along the trajectories of (E)].

- It is important to note that in (7.1), the derivative of v with
respect to 1, along the solutions of (E), is evaluated without having to solve
Eq. (E). The significance of this will become clear in the next few sections.
We also note that when v: R" — R [resp., v: B(h) = R], then (7.1) reduces to
vyt xX) = Vo(x)'f(1, x). Also, in the case of autonomous systems,

X = [(x), (A)

if 0:R" - R [resp., v: B(h) - R], we have
oAl x) = Ve(x)f(x). (7.2)
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Occasionally we shall only require that v be continuous on
its domain of definition and that it satisfy locally a Lipschitz condition with
respect to x. In such cases we define the upper right-hand derivative of v
with respect to / along the solutions of (E) by

Vgl X) = al.iT‘ sup(1/0){e(r + 0, Pt + 0.1, x)) — v(t. x)}

= lim sup(1/0){v(r + 0, x + 0 - f{1,x)) — v(t, x)}. (7.3
6-0*

When v is continuously dilferentiable, then (7.3) reduces to (7.1). Whether
v is continuous or continuously differcntiable will cither be clear from the
context or it will be specified.

We now give scveral important properties which v functions
may possess.

Definition 7.2. A continuous function w:R" — R [resp.,
w:B(h) — R] is said to be positive definite if

(i) w(0) =0, and

(i) w(x) > 0forall x # 0 [resp,, 0 < |x| < r for some r > 0].

Definition 7.3. A continuous function w:R" — R is said to be
radially unbounded il

(i) w(0)=0,
(i) w(x)>0for all x e R" — {0}, and
(i) w(x) - oo as |x| - o0.
Definition 7.4. A function w is said to be negative definite if
—w is a positive dcfinite function.

Definition 7.5. A continuous function w:R"— R [resp.,
w:B(h) - R] is said to be indefinite if

(i) w(0) =0, and
(ii) in every neighborhood of the origin x = 0, w assumes
negative and positive valucs.

Definition 7.6. A continuous function w:R"— R [resp.,
w:B(h) — R] is said to be positive semidefinite if

(i) w( =0, and

(i) w(x) = 0 for all x € B(r) for some r > ().

Definition 7.7. A function w is said to be negative semidefinite
if —w is positive semidcfinite.

Next, we consider the case v:R* x R"— R, resp., v:R* x
B(h) = R.



5.7 Lyapunov Functions 197

Definition 7.8. A continuous function v:R* x R" [resp.
v:R* x B(h)] — R is said to bec positive definite if there exists a positive
definite function w:R" — R [resp., w: B(h) = R] such that

(i) v(,0)=0Torallt >0, and
(i) v(t,x) = w(x) for all 1 > 0 and for all x € B(r) for some
r>0. :

Definition 7.9. A continuous function v:R* x R" - R is ra-
dially unbounded i therc exists a radially unbounded function w:R" —» R
such that

(1) o(r,0)=0forallr >0, and
(i) o(t,x) = w(x)forallt > 0 and for all x e R".

Definition 7.10. A continuous function:R* x R" — R[resp.,
v:R* x B(h) - R] is said to be decrescent if there exists a positive definite
function w:R" — R [resp., w: B()i) - R] such that

[o(r, X)) < wix) forall >0 andforall ~e B(r)
for some r > (.

The definitions of positive semidefinite, negative semidefinite,
and negative definite, when v:R* x R" > R or v:R* x B(h) = R, involve
obvious modiflications of Definitions 7.4, 7.6, and 7.7.

Some of the prsceding characterizations of v functions (and
w functions) can be rephrascd in equivalent and very uscful ways. In doing
s0, we employ certain comparison functions which we introduce next..

Definition 7.11. A continuous function ¢:[0,r,] - R* [resp.,
¥:[0,00) » R*] is said to belong to class K. i.c., € K, il (0) = 0 and if
is strictly increasing on [0,r,] [resp.. on [0,00)]. IT:R* - R' il Y € K,
and if lim, ., ¥(r) = oo, then f is said to belong to class KR.

We are now in a position to state and prove the following
results.

Theorem 7.12. A continuous function v:R* x R" — R [resp.,
v:R* x B(h)— R] is positive definite il and only if

i) o(r,0)=0forallt >0, and
(ii) forany r > O [rcsp., some r > 0] there exists a ¢ € K such
that v(t, x) > Y(|x]) for all ¢ > 0 and for all x € B(r).

Proof. If v(t, x) is positive dcfinite, then there is a function
w(x) satisfying the conditions of Definition 7.2 such that v(t,x) = w(x) for
1 > 0and |x] < r. Define Yo(s) = inf{w(x):s < |x| < rj forO<s<r Clearly
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Y, is a positive and nondecreasing function such that @(]x]) < w(x) on
0 < |x| < r. Since Y, is continuous, it is Riemann integrable. Define the
function ¥ by ¥(0) = 0 and

Yy =u""! J:(s/r)‘p,,(.\')ds, O0<u<r

Clearly 0 < (1) < Yolu) < w(x) < o(t,x) if t > 0 and |x| = u. Moreover, ¢
is continuous and increasing by construction.
Conversely, assume that (i) and (ii) are true and define w(x) =

Yixp. |

We remark that both of the equivalent definitions of positive
definite just given will be used. One of these forms is often easier to use in
specific examples (10 establish whether or not a given function is positive
definite), while the second form will be very useful in proving stability results.

The proofs of the next two results are similar to the foregoing
proof and are left as an exercise to the reader.

Theorem 7.13. A continuous function v:R* x R"— R is ra-
dially unbounded if and only if

(1) e@t,0)=0forallt =0, and
(i) there exists a e KR such that o(r,x) = y(|x]) for all
t > Oand for all x € R".

Theorem 7.14. A continuous function v:R* x R* — R [resp,,
iR x B(hy-» R] is decrescent if and only if there exists a € K such that

[ote, )] < w(x)) forall >0 andforall xe B()
for some r> 0.

We now consider several specific cases to illustrate the pre-
ceding coneepts.

Example 7.15. (1) The function w:R* — R given by w(x) =
xTx = x? 4 x3 + x?is positive definite and radially unbounded.

(h) The function w: R* = R given by w(x) = x + (x; + x;)?
is positive semidefinite. It is not positive definite since it vanishes for all
N € R3such that x, = 0and x; = —x;. '

(¢) The function w:R?— R given by w(x)=x?+ x2—
(x2 + x3) is positive definite (in the interior of the unit circle given by
x2 + x2 < 1); however, it is not radially unbounded. In fact, il x"x > 1,
then wix) < 0.

() The function w:R* -» R given by w(x) = x? + x} is posi-
tive semidefinite. It is not positive definite.
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(e) The function w:R* = R given by w(x) = x3/(1 + x%) + x%
is positive definite but not ruadially unbounded.

Note that when w:R"— R [resp., B(h)— R] is positive or
negative definite, then it is also decrescent, for in this case we can always
find ¢, ¢, € K such that

X)) < wx)] < gy(|x))  forall xeB(r) forsome r>0.
On the other hand, in the case when v:R* x R"— R[resp., v:R* x B(h)— R],
care must be taken in establishing whether or not v is decrescent.

Example 7.16. (a) For the function v:R* x R? - R given
by v(t,x) = (1 + cos?1)x? + 2x2, we have
ViAD 2 xTx So(x) S 2xTx & yu(]). ¥, ¢, e KR,

for all t > 0, x € R%. Therefore, v is positive definite, decrescent, and radially
unbounded.
(b) Foruv:R* x R? - R given by v(1,x) = (x? + x2)cos? 1, we
have
0<e(,x)<xTx2y(x)), ek,

for all x € R? and for all t = 0. Thus, v is positive semidefinite and decrescent.
(©) Forv:R* x R*— Rgivenbyv(r,x) = (1 + 1){(x} + x3),we
have
Y] 2 x'x < o, x), Y € KR,

for all 1 > 0 and for all x € R2. Thus, v is positive definite and radially un-
bounded. It is not decrescent.

(d) Fore:R* x R?— Rgivenby v(t,x) = xj/(1 + 1) + x3, we
have

o, x) < X' A Y(a]), Y eKR.

Hence, v is decrescent and positive semidefinite. [t is not positive definite.

(¢) The function v:R* x R? - R given by

o, x) = (x; — x )21+ 1)

is positive semidefinite. 1t is not positive definite nor decrescent.

We close the present section with a discussion of an important

class of v functions. Let x € R" let B=[b;;] be a real symmetric n x n
matrix, and consider the quadratic form v:R" — R given by

v(x) =x"Bx= Y b,‘,;'ix,. (1.4)

k=1
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Recall that in this case, B is diagonizablc and all of its eigenvalues are real.
We state the following results (which are due to Sylvester) without proof.

Theorem 7.17. Let v be the quadratic form defined in (7.4).
Then

(i) vis positive definite (and radially unbounded) if and only
if all principal minors of B are positive, i.e., if and only if
byy - by
det| : P 1>0, k=1.....n
by 0 by
(These inequalitics are called the Sylvester inequalities.)
(ii) v is negative definite if and only if
byy -+ bu
(—1)det] : S>>0, k=1,...,n
by - bu

(iii) v is definite (i.e, either positive definite or negative
definite) if and only if all eigenvalues are nonzero and have the same sign.
(Thus, v is positive definite, if and only if all eigenvalues of B are positive.)

(iv) v is semidefinite (i.e., either positive semidefinite or nega-
tive semidefinite) if and only if the nonzero eigenvalues of B have the same
sign.

(v) 1If4,,...,4,denote the cigenvalues of B (not necessarily
distinct), if 4,, = min; 4;, if 4,, = max, 4;, and if we use the Euclidean norm
(x| = (x"x)'"?), then

LXP <o) < Ay|x]*  forall xeR"

(vi) wvis indefinite if and only if B possesscs both positive and
negative cigenvalues.

The reader will find the following example very instructive.
Example 7.18. The purpose of this example is to point out

some of the gcometric properties of (two-dimensional) quadratic forms. Let
B be a real symmetric 2 x 2 matrix and let

v(x) = x"Bx.

Assume that both eigenvalues of B are positive so that v is positive definite
and radially unbounded. In R, let us now consider the surfacc determined by

z = v(x) = x"Bx. (1.5)
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v(x) = ey

v(x) = ¢

FIGURE 5.12

Equation (7.5) describes a cup-shaped surface as depicted in Fig. 5.12. Note

that corresponding to every point on this cup-shaped surface there exists

one and only one point in the x,x, plane. Notc also that the loci defined by
C;={xeR¥r(x) = ¢; = 0} (¢; = const)

determine closed curves in the x,x, planc as shown in Fig. 5.13. We call
these curves level curves. Note that C,, = {0} corresponds to the case when

A
Cy= (xLRZ:v(x) - CJ} 2
\ c = {xeR":v(x) = cl)
/f [ .
0'co‘c‘<ez<c3... /
c, = (xeR%v(x) = =0} Ne, = {xeR%ivin) = e }
0 X€El vix Co 2 H 2

FIGURFE 5.13
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2= ¢, = 0. Note also that this function ¢ can be used to cover the entire
R? plane with closed curves by selecting for z all values in R*.

In the case when o = X" Bx is a positive definite quadratic form
with x € R", the preceding comments are still true; however, in this case, the
closed curves C; must be replaced by closed hypersurfaces in R” and a simple
geometric visualization as in FFigs. 5.12 and 5.13 is no longer possible.

5.8 LYAPUNOV STABILITY AND INSTABILITY
RESULTS: MOTIVATION

Before we state and prove the principal Lyapunov-type of
stability and instability results, we give a geometric interpretation of some
of these results in R2 To this end, we consider the system of equations

~\"| = .’l("l, xl)’

' (8.1)
Xy =[x, x0),

and we assume that f, and f, are such that for every (14, x,), t, = 0, Eq. (8.1)
has a unique solution (1, 1, X,) With (1,1, x,) = Xo. We also assume that
(x,.X,)" = (0,0)" is the only equilibrium in B(h) for some h > 0.

Next, let ¢ be a positive delinite, continuously diflerentiable
function with nonvanishing gradient Vo on 0 < |x| < h. Then

o{x) = ¢ (c=0)

defines for sufliciently small constants ¢ > 0 a family of closed curves C;
which cover the neighborhood B(h) as shown in Fig. 5.14. Note that the
origin x = 0 is located in the interior of each such curve and in fact C, = {0}.

Now suppose that all trajectorics of (8.1) originating from
points on the circular disk |x| < r, < h cross the curves v(x) = ¢ from the
exterior toward the interior when we proceed along these trajectories in the
direction of increasing values of . Then we can conclude that these trajec-
tories approach the origin as ¢ increases, i.e., the equilibrium x = 0 is in this
cuse asymptotically stable. ’

In terms of the given v function, we have the following inter-
pretation. For a given solution ¢(t, 1, x4) to cross the curve v(x) = r, r = v(x),
the angle between the outward normal vector Ve(x,) and the derivative of
Plt,14,x4) at 1 = 1, must be greater than n/2, i.e.,

Ui 1(No) = Vo) flxg) < 0.
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x, Cy = (xt.llzw(x) = 0}

(tq.x,)

(t,,x.)
0’70 (e, ,x - 2, .
\ (ty.x)) 2'72 < {xeR"sv (x) cl)

c, = (xcn2:v(x) - ':2)

cy= (xsaz:v(x) - c3)

N —

FIGURE 5.14

For this to happen at all points, we must have g ,,(x) <0 for 0 < |x| < ry.
The same result can be arrived at from an analytic point of view. The function

Vi) = olpl 1y, x4))

decreases monotonically as ¢ increases. This implies that the derivative
v'(h(t, 1y, Xo)) along the solution (1, 1, x4) must be negative definite in B(r)
for r > 0 sufliciently small.

Next, let us assume that (8.1) has only one equilibrium (at
x = 0) and that v is positive definite and radially unbounded. It turns out
that in this case, the relation n{x) = ¢, ¢ € R*, can be used to cover all of R?
by closed curves of the type shown in Fig. 5.14. If for arbitrary (t4, xo), the
corresponding solution of (8.1), ¢(1,14,x,), behaves as already discussed,
then it follows that the derivative of v along this solution v'(¢(t, 1y, X)), will
be negative definite in R2.

Since the foregoing discussion was given in terms of an arbi-
trary solution of (8.1), we may suspect that the following results are true:

1. If there exists a positive definite function v such that vy,
is negative definite, then the equilibrium x = 0 of(8.1) is asymptotically stable.
2. If there exists a positive definite and radially unbounded
function v such that vjg ,, is negative definite for all x € R2, then the equi-

librium x = 0 of (8.1) is asymptotically stable in the large.
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In the next scction we shall state and prove results which
include the forcgoing conjectures as special cases.

Continuing our discussion by making refercnce to Fig. 5.15,
let us assume that we can find for Eq. (8.1) a continuously differentiable
function ¢: R? = R which is indcfinite and which has the properties discussed
below. Since v is indcfinite, there exist in cach neighborhood of the origin
points for which v > 0. v < 0, and ¢(0) = 0. Conlining our attention to B(k),
where k > 0 is sufliciently small, we let D = {x € B{(k):v(x) < 0}. The bound-
ary of D, 0D, which may consist of several subdomains, as shown in Fig. 5.15,
consists of points in ®B(k) and of points determined by v(x) = 0. Assume
that in the interior of D, v is bounded. Suppose 14q 4 ,(x) is ncgative definite
in D and that x(1) is a trajectory of (8.1) which originates somewhere on the
boundary of D (x(1y) € ®D) with v(x(14)) = 0. Then this trajectory will pene-
tratc the boundary of D at points where v = 0 as t increascs and it can never
again reach a point where v = 0. In fact, as  increascs, this trajectory will
penetrate the set of points determined by |x| = k (since by assumption,
ts.1) < 0 along this trajectory and v < 0 in D). But this indicates that the
equilibrium x = 0 of (8.1) is unstable. We are once more led to a conjecture
(which we shall prove in the next section):

3. Lect a function v:R? = R be given which is continuously
differcntiable and which has the following properties:

(i) There exist points x arbitrarily close to the origin such
that v(x) < 0; they form the domain D which is boundcd by the set of points
determined by v = 0 and the disk |x| = k.

FIGURE 5.15
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(i1) In the interior of D, v is bounded.
(iii)) In the interior of D, v(g ,, is negative.

Then the equilibrium x = 0 of (8.1) is unstablc.

5.9 PRINCIPAL LYAPUNOV STABILITY
AND INSTABILITY THEOREMS

We are now in a position to give precise statements and proofs
of some of the more important stability, instability, and boundedness results
for the system of cquations given by

X'= f{1,x). (E)

These results comprise the direct method of Lyapunovy, which is also sometimes
called the second method of Lyapunov. The reason for this nomenclature is
clear: results of the type presented here allow us to make qualitative state-
ments about whole familics of solutions of (E), without actually solving this
cquation.

As alrcady mentioncd, in the casc of local stability results, we
shall require that x = 0 is an isolated equilibrium of (E), and in the case of
global stability results, we shall require that x = 0 is the only cquilibrium
of (E).

The results given in this scction require the existence of func-
tions v:R* x B(h) - R (resp., v:R* x R"— R) which arc assumed to be
continuously differentiable with respect to all arguments of ¢. We emphasize
that these resulis can be generalized to the case where v is only continuous on
its domain of definition and where v is required to satisfy locally a Lipschitz
condition with respect to x. In this case, vjg, must be interpreted in the sense
of Eq. (7.3). :

A. Stability

In our first two results, we concern oursclves with the stability
and uniform stability of the equilibrium x = 0 of (Ii).

Theorem 9.1. Ifthcre exists a continuously differentiable pos-
itive definite function v with a negative semidefinite (or identically zero)
derivative v, then the cquilibrium x = 0 of (E) is stable.
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Proof. According to Definition 3.1, we fix ¢ >0 and 1, >0
and we seck a d = 0 such that (3.1) and (3.2) are satisfied. Without loss of
generality, we can assume that ¢ < hy. Since v(1, x) is positive definite, then
by Theorem 7.12 there is a function ¥ € K such that v(t,x) > ¢(|x]) for
0<|x| <hy, 120, Pick >0 so small that v(ty,x,) < ¢(e) if |x,| < 0.
Since vy(1,x) <0, then o(t, Pp(1,14,X,)) is monotone nonincreasing and
oty plt, 1y, X)) < Yle) for all 1 > 1. Thus, [p(t, 14, Xo)| cannot reach the value
¢, since this would imply that o1, (1,14, x4)) = |//(|<l)(l,lo,.\'0)|) =) A

Theorem 9.2. Ifthereexists a continuously differentiable, pos-
itive definite, decrescent function v with a negative semidefinite derivative
iy, then the equilibrium x = 0 of (E) is uniformly stable.

Proof. By Theorems 7.12 and 7.14, there are two functions ¢,
and ¢, € K such that  (|x]) < (1, x) < @o(|x]) for allt > 0 and for all x with
[x| < by Fixcinthe range 0 < & < hy. Pick & > 0so small that ¢ (8) < ¥, (e).
M1y = 0 and il x| < 8, then o1y, x4) < ¥,(8) < ¥, (&). Since v, is nonposi-
tive, then v(t, (1,1, X¢)) is monotone nonincreasing. Thus vo(t, d(1, 1o, X)) <
() for all 1 = 1,. Hence, (|1, 1y, X4)]) < ¢ (¢) for all 1 > 1. Since §, is
strictly increasing, then |¢(1, 1, x0)| < e forall e > 1,. W

Let us now consider some sypecific examples.

Example 9.3. Consider the simple pendulum (see Chapter |
and Example 2.2)
N| = X,,

9.0

Ny = —ksinx,,

where k > 0 is a constant. As noted before, the system (9.1) has an isolated

equilibrium at x = 0. The total energy for the pendulum is the sum of the
kinetic energy and potential energy, given by

o(x) = {x3 + l\f sinndy = yx3 + k(1 — cosx,).

Note that this function is continuously differentiable, that v(0) = 0, and that
v is positive definite. Also, note that v is automatically decrescent, since it
does not depend on 1.

Along the solutions of (9.1) we have

Vio. (X)) = (ksinx,)x| + x,x5 = (Ksinx,)x, + x(—ksinx,) =0

In accordance with Theorem 9.1, the equilibrium x = 0 of (9.1) is stable,
and in accordance with Theorem 9.2, the equilibrium x = 0 of (9.1) is uni-
formly stable.

Note that since v}y ,, = 0, the total energy in system (9.1) will
be constant for a given set of initial conditions for all ¢ > 0.
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There are in general no specific rules which tell us how to
choose a v function in a particular problem. This is perhaps the major
shortcoming of the results that comprise the direct method of Lyapunov.
The preceding example suggests that a good choice for a v function is the
total energy of a system. It turns out that another widely used class of v
functions consists of quadratjc forms defined by (7.4).

Example 9.4. Consider the second order system

X"+ x+e'x=0. 9.2)
Letting x = x,, X' = x,, we can express (9.2) equivalently by

X" = .\'2, . (93)

X = —X;—€ Xy.

This system has an isolated equilibrium at the origin (x,,x;) = (0,0). In
studying the stability properties of this equilibrium, let us choose the positive
definite function
v(x,, X)) = X2 + x3.
Along the solutions of (9.3), we have
0.3, X1, X3) = 2x,X,(1 — ¢7') — 2x3.
Since for this choice of v function neither of the preceding two theorems is
applicable, we can reach no conclusion. So let us choose another v function,
(1, x,,x;) = X3 + e'x3.

In this case, we obtain
Vo3l Xy, X,) = "‘"~\'§-

This v function is positive definite and v}y », is negative semidefinite. There-
fore, Theorem 9.1 is applicable and we conclude that the equilibrium x =0
is stable. However, since v is not decrescent, Theorem 9.2 is not applicable
and we cannot conclude that the equilibrium x = 0 is uniformly stable.

Example 9.5. Consider a conservative dynamical system with
n degrees of freedom, which we discussed in Chapter 1 and which is given
by

i= 2 ()
4= 7, (P, s
, o 04

pi= 2 (r.q)



208 5. Stability

where ¢" = (4,....,¢,) dcnotes the gencralized position vector, p' =
(P, - - - » pa) the momentum vector, H(p,q) = T(p) + W(q) the Hamiltonian,
T(p) the kinctic energy. and W(q) the potential encrgy. The positions of
equilibrium points of (9.4) correspond to the points in R2" where the partial
derivatives of H all vanish. In the following, we assume that (p*, ¢") = (07,0%)
is an isolated equilibrium of (9.4). and without loss of generality we also
assume that H(0,0) = 0. Furthcrmore, we assume that I1 is smooth and that
T(p) and W(q) are of the form

T(p)=Typ)+ Ts(p) + - -~
and

Wig) = Wdg) + W) + -+, k=2

Here T;(p) denotes the terms in p of order j and W(qg) denotes the terms in
q of order j. The kinctic energy T(p) is always assumcd to be positive definite
with respect to p. If the potential encrgy has an isolated minimum at ¢ = 0,
then W is positive definite with respect to ¢. So let us choose as a v function

v(p,q) = H(p,q) = T(p) + W(q)
which is positive definite. Since

to.a(P ) = H'(p,q) =0,

Theorem 9.1 is applicable and we conclude that the equilibrium at the
origin is stable. Since v is independent of ¢, it is also decrescent, Theorem 9.2
is also applicable, and we conclude that the equilibrium at the origin is also
uniformly stable. Notc that Example 9.3 (for the simple pendulum) is a
special case of the present example.

B. Asymptotic Stability

The next two results address the asymptotic stability of the
equilibrium x = 0 of (E).

Theorem 9.6. If there exists a continuously differentiable,
positive definite, decrescent function v with a negative definite derivative
V(g then the equilibrium x = 0 of (E) is uniformly asymptotically stable.

Proof. By Theorem 9.2 the equilibrium x =0 is uniformly
stable. It remains to be shown that Definition 3.3(ii) is also satisfied.

The hypotheses of this theorem along with Theorems 7.12-
7.14 imply that there arc functions ¢, W,, and ¢, in class K such that

Vil <o) <yy(x)  and v (6X) S —¥s(lx)
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for all (1,x)€ R* x B(r,) for some ry > 0. Pick &, > 0 such that ,(5,) <
¥ ,(ry). Choose ¢ such that 0 <& <r,. Choose &, such that 0 < §, < §,
and such that ,(5,) < ¢ (). Define T = yr,(r)) ) (8,). Fix 1, >0 and x,
with |xo| < 6.

We now claim that [p(t*. 1. x,)| <28, for some t*e[ 14,1, + T
For if this were not true, we would have |p(1,1.x0)| = 8, for all 1€ [1,,
ty + T]. Thus

0 < (8;) < el Pl 1y, x0))

< ety Xg) F [:' rads s g v ) ds

< Pol0,) - Jl' W oS, ds.
Now at t = t, + T we find that
0 <Y (dy) — TYaS,) =W o(Sy) — P y(r) <0,

a contradiction. Hence, t* cxists.
Now for 1 > 1* we have

'/’I(I‘/’('s'()a-\'o)l) S e(t, i1y, x0)) S 0" Plr*, 1y X))
< d/z(w’(’*"o.-\'u)l) =< '/’z(‘sz) < l/’l(':)-
Since ¢, € K it follows that | (1,1,. x,)| < &for all ¢ > * and hencee for all
(1Z2t,+T. B

Theorem 9.7. I therc cxists a continuously differentiable,
positive dcfinite, decreseent, and radially unbounded function v such that
i is negative definite for all (L) R x R" then the cquilibrium x = 0
of (E) is uniformly asymptotically stable in the large.

Proof. The trivial solution of (E) is uniformly asymptotically
stable by Theorem 9.6. It remains to be shown that the domain of attraction
of x = Ois all of R".

Fix (tg,xo) € R* x R". Then v(1, (1,14, x,)) is nonincreasing
and so has a limit 5 > 0. If |xo| < «, then

'pz(a) = v(’v (I"’v ’Ov XO)) = '/’ I(w)("’O"\.O)l)v ',’i € KR'

and so (1, o, xp)| < &, = ¢y (Y 5(a)).

Suppose that no Tia,«) exists. Then for some xq, 4 > 0. By
Theorem 7.12, for |x| < &, find ¢5 € K such that vj(t.x) < — ¢ (|x]). Thus,
for t > to we have 3 '(n) < |p(1, 10, Xo)| and

N < ot d(t, 1y, x0)) < vty xy) — J:‘ '/’.\(l'/’(-"-'ov\'u)l)‘l-"

< blto. o) = | Wal3 (N ds.
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Thus, the right-hand side of this inequality becomes negative for t suf-
ficiently large. But this is impossible when iy > 0. Henee, p =0. W

Example 9.8. Consider the system

Xy = (6 = X)) + x3 = 1),

N 9.5)
Ny=(cv + X)xT+x3-1) (

which has an isolated equilibrium at the origin x = 0. Choosing

0(x) = ¢, X7 + ¢pn3,
we obtain
Vo si(X) = 20, x] + epxd)n + x3 = 1)

If ¢, >0, ¢; >0, then v is positive definite and radially unbounded and
1y.s, is negative definite in the domain x} + x3 < 1. As such, Theorem 9.6
is applicable and we conclude that the equilibrium x =0 is uniformly
asymptotically stable. Theorem 9.7 is not applicable and we cannot con-
clude that the equilibrium x = 0 is uniformly asymptotically stable in the
large.
Example 9.9. Consider the system
Xy = X3 + exy(x3 + x3),

9.6
=Xy + exy(x? + xd), .6)

N
.\ 2
where ¢ is a real constant. Note that x = O is the only equilibrium. Choosing

"(-\') = -\':;' + -\'g’
we obtiin
Uly.ofX) = 2¢(x} +x3)%

If ¢ =0, then Theorems 9.1 and 9.2 are applicable and the
equilibrium x = 0 of (9.6) is uniformly stable. If ¢ < 0, then Theorem 9.7
is applicable and the equilibrium x = 0 of (9.6) is uniformly asymptotically
stable in the large.

C. Exponential Stability

The next two results deal with the exponential stability of
the equilibrium x = 0 of (E). -

Theorem 9.10. If there exists a continuously differentiable
function v and three positive constants ¢,, ¢,, and c¢; such that

oz <ol x) < ety o x) < —eglxf?
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forall t € R* and for all x € B(r) for some r > 0, then the equilibrium x =0
of (E) is exponentially stable.

Proof. Given any (ty,Xo) € R* x B(r), let ¢ylt) = (1,14, x0)
and let V(1) = v(1, p4(1)). Then V(1) satisfies the diflerential inequality

V() < —esldn)? < =(es/e)V ).
By Lemma 2.8.2 it follows that V(1) < V(ty)exp[(—cs/fe)0t — to)]. Thus
apulDf? < Vo) exp[(—cs/e )t — 14)]
< ¢yfxoF expl(—c3/e)r — 1))

Hence, the conditions of Definition 3.4 are fulfilled with a = ¢3/(2¢;) and
(&) = (cyfe ). W

Theorem 9.11. If there exists a continuously differentiable
function v and three positive constants ¢, ¢, and ¢ such that

AN <o) < ey et x) < —elx?

for all te R* and for all xe R, then the equilibrium x = 0 of (E) is
exponentially stable in the large.

Proof. Similarly as in the proof of Theorem 9.10, we have for
any (1y,x9) € R* x R" the estimate

I‘/‘U"ov\'u)l < “'z/"l)"ll.\-ol exp[(—¢3/2e2)1 = 14)]. u

Let us consider a specific example.

Example 9.12. Consider the system described by the equa-
tions "

Xy = —a(t)x, — bx,,
,\"2 = h.\'l - ('(l)v\'z, (9'7)

where b is a real constant and where « and ¢ are real and continuous func-
tions defined for ¢ > 0 satisfying a(f) = d >0 and ¢(t) > d >0 forall t = 0.
We assume that x = 0 is the only equilibrium for (9.7).

If we choose

v(x) = §(x} + x3)
then
Vg2t x) = —a(tx? — c(Oxf < —d(xf + x).

Since all hypotheses of Theorem 9.11 are satisfied, we conclude that the
equilibrium x = 0 of (9.7) is exponentially stable in the large.
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D. Boundedness of Solutions

The next two results are conccrned with the boundedness of
the solutions of (E). The assumption that x = 0 is an isolated equilibrium
of (E) is not necded in thesc results.

Theorem 9.13. If there exists a continuously differentiable
function v defined on |x] = R (where R may be large) and 0 < t < oo, and if
there exist §,, ¢, € KR such that

Vil < e S vally]). vl ) <0

for all |x| > R and for all 0 <t < 0, then the solutions of (E) are uniformly
bounded.

Proof. Fix k> R, let (19,x¢) € R* x B(k) with |xo| > R, let
$olt) = dlt.19,x0), and let V(1) = v(1, dy(t)) for as long as |¢e(1)] > R. Since
vyt x) < 0, it follows that

Villdo()]) < V(1) < Vity) < Walk).

Since ¥, € KR, its inversc exists and |¢o(1)] < B 2 ¢i '(¥,(k)) for as long as
|#o(t)] > R. '

If |¢>0(l)| starts at a value less than R or if it reaches a value
less than R for some t > 1, then ¢4(t) can remain in B(k) for all subsequent
t or else it may leave B(k) over some interval 1, <t <t, < +00. On the
interval I = (1,,1,), the forcgoing argument yields |¢o(1)] < f# over I. Thus
|#()| < max{R,p} forallt>1,. M

Theorem 9.14. If there exists a continuously differentiable
function v defined on |x| > R (where R may be large) and 0 < t < o0, and if
there exist ,, ¥, € KR and 5 € K such that

i) s vt Sy vl x) < —gsllx))

for all |x| > R and 0 <t < oo, then the solutions of (F) arc uniformly
ultimately bounded. , '

Proof. Fix k, > R and choose B > k, such that y,(k,) <
V(B). This is possible since , € KR. Choose k > B and let T = [,(k)/
Vak)]+ 1. With B<|xo| <k and 1,20, let ¢lt) = P(t,19,x,) and
V(1) = v(t, olr)). Then |do(1)] must satisly |polt*)] < k; for some 1* € (1,
to + T), for otherwise

Vi) < Vig) = [ walki)ds < 9ak) = ¥slkae = 1)
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The right-hand side of the preceding expression is negative when t = T,
Hence, t* must exist.

Supposc now that |¢y(t*)] = k, and |py(1)] > k, for 1 € (1*,1,),
where t; < + 0. Since V(1) is nondecrcasing in t, we have

¥illdoln]) < V(1) < V(%) < b o[bo(r*)]) = otk ) < b,(B)
for all t > *. Hence, |py(t)] < Blorall 1 > r*. W
Lei us now consider a specilic casc.
Example 9.15. Considcr the system

x'=—-x-—o, ©9.8)

g

0'=—0— fla)+ x,

where f(a) = a(6? — 6). Note that there are isolated cquilibrium points at

x=0=0x=-0=2andx=—0= -2,
Choosing
v(x,0) = Y(x? + a?),
wce obtain
Vo.a(x.0)= —x? —a¥a? - 5) < —x2 = (62 - )’ + ¥.

Note that v is positive definite and radially unbounded and that (g, is
negative for all (x,0) such that x? + 62 > R?, wherc, c.g, R = 10 will do.
It follows from Theorem 9.13 that all solutions of (9.8) arc uniformly bounded,
and in fact, it follows from Thcorem 9.14 that the solutions of (9.8) are uni-
formly ultimately bounded.

E. Instability

In the final three results of this scction, we present conditions
for the instability of the equilibrium x = 0 of (E).

Theorem 9.16. Thc cquilibrium x = 0 of (E) is unstable (at
t =ty = 0) if there exists a continuously diflerentiable, decrescent function
v such that vig, is positive definite (negative definite) and if in every ncighbor-
hood of the origin there are points x such that v(fy,x) > 0 (v(ty. x) < 0).

Proof. Pick a function ¥, € K and ¢ such that 0 < £ < h and
such that |u(t, x)| < ¥,(|x]) for all (1,x)€ R* x B(r). Pick ¢, € K such that
vig(.X) = ¥s(]x]) on R* x B(e). (If vy, is ncgative definite, we replace v by
—v) Let !x,,} be a scquence of points satisfying 0 < |x,,| <&, x,, > 0asm—
o, and v(tg,x,) > 0. Let ¢ (1) = {1, 1,,x,) and V(1) = v(t, $,(t)). Then
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¢,{0) must reach the sphere || = ¢ in finite time. For otherwise we have for
allr > 1,

WallbaulD]) 2 V(1) 2 Vofto)

or

[balD)] 2 45 ' (Vlt)) = 2, > 0.
Thus,

W) > Wl lbul)]) 2 Vo) 2 Vilto) + [ Wrslen)ds

2 'I:n(‘()) + tI/S(am)(' - lo)

for all 1 > 1,,. But this is impossible. Hence x = 0 is unstable. W

Theorem 9.16 is called Lyapunov’s first instability theorem.

In the special case when in Theorem 9.16 v and v, are both
positive definite (or negative definite), the equilibrium x = 0 of (E) is said to
be completely unstable (since in this case all trajectories tend away from the
origin).

Example 9.17. If in Example 99 ¢ > 0, then we have v(x) =
X7+ X3 and pjy () = 2¢(x] + x3)? and we can conclude from Theorem
9.16 that the equilibrium x = 0 of (F) is unstable, in fact, it is completely
unstable.

Example 9.18. Consider the system
Xy =Ny + XX,

9.9)
Xy = —¢X, + X3,

where ¢; > 0, ¢; > 0 are constants. Choosing
u(x) = x? — x2,
we obtain
to.of) = 2epxt + ).

Since v is indefinite and vy o, is positive definite, Theorem 9.16 is applicable
and the equilibrium x = 0 of (9.9) is unstable.

Example 9.19. Let us now return to the conservative system
considered in Example 9.5. This time we assume that W(0) = 0 is an isolated
maximum. This is ensured by assuming that W, is a negative definite homo-
geneous polynomial of degree k. (Clearly & must be an even integer.) Recall
that we also assumed that T, is positive definite. So let us now choose as a
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v function

vip.g) =p'qg =3 pu;.

i=1
Then
n orT
"{9 -H(p"l)’- Z pl 1 Z 0 ‘
l i= l,l
ud A 2 o,
3-—21 4 Oy i;l &« q;

=2T,(p) + 3Ts(p) + - - — kWilg) — (k + W, ((g) — -~

In a sufficiently small neighborhood of the origin, the sign of vjy 4, is deter-
mined by the sign of the term 2T,(p) — kW,(¢), and thus, v, 4, is positive
definite. Since v is indefinite, Theorem 9.16 is applicable and we conclude
that the equilibrium (p, ¢") = (0, 07) is unstable.

The next result is known as Lyapunov’s second instability
theorem.

Theorem 9.20. Let there exist a bounded and continuously
differentiable function 0:D — R, D = {{t,X):1 > 1, x € B(h)}, with the follow-
ing properties:

(i) vyt,x) = Ao(e, x) + wit, x), where 4 > 0 is a constant and
w(t, x) is either identically zero or positive semidefinite;

(i) in the set D, = {(1,x):t = t,, x € B(h,)} for fixed 1, >0
and with arbitrarily small h, there exist values x such that o(¢,,~) > 0.

Then the equilibrium x = 0 of (E) is unstable.
Proof. Fix h; > 0 and then pick x, € B(h,) with v(t,,x,) > 0.
Let ¢, () = ¢l1,1,,x,) and V(1) = v(t, ¢,(¢)) so that
Vi) = AV (1) + wit, ¢ (1)).
Hence

V()= Ve " + J:" T Ne(s, Gy ds = V()

for all £ such that ¢ > t, and ¢ (1) exists and satisfies |, ()| < h. If|¢, ()] < h
for all 1 > 1,, then we see that V(1) » o as t = «. But V(1) = o(t, (1)) is
bounded since v is bounded on R* x B(h), a contradiction. Hence ¢,(1)
must reach |x| = h in finite time. W
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Let us now consider a specific example.

Example 9.21. Consider the systcm

Xy =Xy + X3 + xx3,

9.10
Xy =X, + x5 — xix,, ©-10)

which has an isolated cquilibrium at x = 0. Choosing
v(x) = (x} — x3)/2,
we obtain
Cig.10X) = Av(x) + w(x),

where w(x) = x}x% + xIx2 and 1 = 2. It follows from Theorem 9.20 that the
equilibrium x = 0 of (9.10) is unstable.

Our last result of the present section is called Chetaev’s
instability thcorem.

Theorem 9.22. Let there cxist a continuously diflercntiable
function v having the following properties:

(i) For every £ > 0 and for every t 2 ¢,. there exist points
X € B(e) such that v(t,X) < 0. We call the set of all points (t,x) such that
x € B(h) and such that o(t, x) < 0 the “domain v < 0.” It is bounded by the
hypersurfaces which are determined by |x| = 1 and by v(t, x) = 0 and it may
consist of several component domains.
(ii) In at lcast one of the component domains D of the
domain v < 0, v is bounded from below and 0 € &D for all ¢ > 0.
(iii) In the domain D, vg, < —¥(|v]), where ¢ € K.

Then the equilibrium x = 0 of (E) is unstable.

Proof. Let M > 0 be a number such that — M < v(t,x) on D.
Givenany h, > Ochoose(0,x,) € R* x B(h;) n D. Then the solution ¢t) =
$(¢,0, xo) must leave B(h) in finite time. Indeed, |$o(t)] must become equal
to h in finite time. To sce this, assume the contrary. Let V(1) = v(t, $(1)).

Since V(0) < 0 and vig,(1, x) < —y(|o(t, x)|). we have V(1) < V(0) < O for all
t 2 0. Thus

Vi) < V(0) — ﬂ Y(VO))ds » — o

as t — o0. This contradicts the bound V(t) = — M. Hence there is a (* > 0
such that (1*, ¢4(t*)) € AD. But V(t*) < 0, so the only part of dD which (t,
¢ol1)) can penetrate is that part where |¢o(f)| = h. Since this can happen for
arbitrarily small |x,|, the instability of x = 0 is proved. W
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A simpler version of this instability theorem can be proved
for the autonomous system (A).

__Theorem 9.23. Let there exist a continuously differcntiable
function v: B(h) — R having the following properties:

(i) The set {x € B(h):v(x) < 0} is called the “domain r < 0."
We assume that this domain contains a component D for which 0 € &D.
(i) vafx) <Oforall xe D, x #0.

Then the equilibrium x = 0 of (A) is unstable.

The proof of Theorem 9.23 is similar to the proof of Theorem
9.22 and will be left as an exercisc for the reader. We now consider two
specific examples.

Example 9.24. Consider the system

Xy =x; + X3, ©.11)
Xy =X, = X; + NN, ’

which has an isolated cquilibrium at the origin x = 0. Choosing

. v(x) = —x;x,,
we obtain

’ O 2 2
Vo1 1)X) = —Xj — X3 — XjX,.

Let D= {xeR%*x,>0,x,>0and x} + x} < 1}. Thenforall xe D,» <0
and v 4, < 2v. We see that Theorem 9.22 is applicable and conclude that
the cquilibrium x = 0 of (9.11) is unstable.

Example 9.25. Returning to the conservative system con-
sidered in Example 9.5, let us assume that W(0) = 0 is not a local minimum
of the potential energy. Then there are points ¢ arbitrarily ncar the origin
such that W(q) < 0. Since 11(0, q) = W(q). there arc points (p,q) arbitrarily
near the origin where H(p, q) < 0 for all p sufliciently near the origin. There-
fore, there are points (p,q) arbitrarily close (o the origin where p'q > 0 and
—H(p,q) > 0. Now let U be some neighborhood of the origin, and let U,
be the region of points in U where both of the inequalitics

P’q>0 and —H(p,q) >0

are satisfied. The origin is then a boundary point of U . So let us now choose
the v function

v(p.q) = pTqll(p.q).
Since H'(p,q) = 0, we havc, as before,
Vio.o(Prq) = —H(p. @[ =2T,(p) = 3Ts(p) — - - + kWi(@) + - - -] (9.12)
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If we select U sufficiently small, then T(p) > 0 within U and therefore W, (q)
< 0 within U,. Hence, for U sufliciently small, the term in brackets in (9.12)
is negative within U, and v, ,, is negative within U,. On the boundary
points of U, that are in B(h) it must be that either p'q = 0 or H(p,q) =0
and at these points v = 0. Thus, all conditions of Theorem 9.23 are satisfied
and we conclude that the equilibrium (p*,¢%) = (0,0") of (9.4) is unstable.

Hencelorth, we shall call any function v which satisfies any
one of the results of the present section (as well as Section 11) a Lyapunov
function.

We conclude this section by observing that frequently the
theorems of the present section yield more than just stability (resp., instability
and boundedness) information. For example, suppose that for the system

N = flx), (A)

there exists a continuously differentiable function v and three positive con-
stants ¢, ¢,, ¢; such that

P A R I Y AN R LY 5 PN BN £ 9.13)

for all x € R". Then, clearly, the equilibrium x = 0 of (A) is exponentially
stable in the large. However, as noted in the proof of Theorem 9.11, the
condition (9.13) yields also the estimate

|‘/‘('-‘u»‘:)l < \/"_2/(' I{le |A‘3“2£‘2'l(l'*lu]‘
5.10 LINEAR SYSTEMS REVISITED

Most of the important questions concerning the stability of
lincar systems

X' = Ax (L)

were answered in Section 5. However, further investigation is necessary
to construct a suitable Lyapunov function for (L), since by modifying such
a function, we can find appropriate Lyapunov functions for a large class of
nonlinear equations, consisting of a “linear and nonlinear part.” Such sys-
tems, which are sometimes called “nearly linear systems,” are treated in
the next chapter.
We begin by considering as a Lyapunov function the quadratic
form
v(x) = x"By, B =BT, (10.1)
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where x € R” and B is a real n x n matrix. If we evaluate the derivative of
v with respect to ¢ along the solutions of (L), we obtain

v(x) = —=x"Cx, (102)
where
—~C = A"B + BA, C=C". (10.3)

Our objective will now be to determine the as yet unknown matrix B in
such a way that v}, , becomes a preassigned negative definite quadratic form
(i.e., in such a way that C is a pressigned positive definite matrix).

Equation (10.3) constitutes a system of n(n + 1)/2 linear equa-
tions. We need to determine under what conditions we can solve for the
n(n + 1)/2 elements, b, given C and A. To this end, we choose a similarity
transformation P such that

PAP' = 4, (10.4)
or equivalently,
A=P'4P, (10.5)

where A4 is similar to 4 and P is a real n x n nonsingular matrix. From (10.5)
and (10.3), we obtain

(AP YBP ' +(PYBP 'A=—(PY)CP! (10.6)

or
(A'B+BA=-C, B=(r YyBr', C=(P")'cp'. (107
In (10.6), B and C are subjected to a congruence transformation and B and
C have the same deliniteness properties as B and C, respectively. Since
every real n x n matrix can be triangularized, we can choose P in such a
fashion that 4 = [a,,] is triangular, ie., @; =0 for i <j. Note that in this
case the eigenvalues of 4, 4,,...,4,, appear in the main diagonal of 4. To

simplify our notation, we rewrite (10.7) [in the form of (10.3)] by dropping
the bars, i.e.,

_ ATB+BA=—-C, C=C", (10.8)
and we assume that A = [a;;] has been triangularized, ie., u;; = 0 for i <.

Since the eigenvalues 4,, ..., 4, appear in the diagonal of A4,
we can rewrite (10.8) as

2hbyy = —eyy,

109
ayhyy + (A + 23)bya = —¢yy, (109)
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Since this system is triangular and since its determinant is equal to

20,0, A [T A + 4)), (10.10)
i<j

the matrix B can be dctermined (uniquely) if and only if this determinant
is not zero. This is true when all eigenvalues of A are nonzero and no two
of them are such that 4, + 1; = 0. This condition is not affected by a similarity
transformation and is therefore also valid for the original system of equations
(10.3).

The foregoing construction assures that ¢y, is negative definite.
We must still check for the definiteness of the matrix B. This can be accom-
plished in a purely algcbraic way. However, it is much casicr to apply the
results of Section 9 to make the following obscrvations:

(a) Ifall the eigenvalues 4; have ncgative rcal parts, then the
equilibrium x = 0 of (L) is asymptotically stable and B must be positive
definite. Indeed, if B were not positive definite, then for § positive and
sufficiently small, (B — 5E) will have at lcast onc negative cigenvalue while
the function V(x) = x"(B — §E)x has ncgative dcflinite derivative, i.c.,

Vax) = x"[(B = dE)A + AT(B — 6E)]x = x"[-C — 34 + AN]x"T <0

for all x # 0. By Theorecm 9.16, x = 0 would be unstable, a contradiction.
Hence B must be positive dcfinite.

(b) If at least one of the eigenvalues 4, has positive real part
and none of the eigenvalues has zero real part, then B cannot be positive
definite. Otherwise, we could use an argument similar to (a), apply Theorem
9.7, and arrive at a contradiction. Furthcrmore, if the real parts of all eigen-
values are positive, then B must be negative definite.

If A has eigenvalucs with positive real parts and if we have the
case in which one of the sums (4, + 4,) vanishes, then B cannot be constructed
in the foregoing manner. However, in this case we can usc a transformation
x = Py so that P~' AP is a block diagonal matrix of the form diag(4,.4,),
all eigenvalues of A, have positive real parts, and all cigenvalues of A4, have
nonpositive real parts. By the results already proved, given any positive
definite matrices C, and C, there exist two symmetric matrices B, and B,
with B, positivc dcfinite such that

A}‘B|+B,A'=C|, A;Bz“‘BzAz:—Cz.

Thus w(y) = y"By, with B = diag(— B,, B,), is a Lyapunov function foz y' =
P~ ' APy which satisfics the hypotheses of Theorem 9.16.

We can now summarize the foregoing discussion in the fol-
lowing theorcm.
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Theorem 10.1. Assumc dct A # 0. If all the cigenvalucs of
the matrix A have negative real parts or if at least one of the cigenvalucs
have a positive real part, then there cxists a Lyapunov function v of the
form (10.1) whose derivative ty,, is definite (i.c., ncgative definite or positive
definite). '

The preceding result shows that if A is a stable matrix, then
for (L), the conditions of Theorem 9.7 are also nccessary conditions for
asymptotic stability. Also, if 4 is an unstable matrix, then for (L), the condi-
tions of Theorem 9.16 are also necessary conditions for instability.

When all the cigenvalues of A4 have negative real parts, we
can solve Eq. (10.3) in closed form. We have:

Theorem 10.2. 17 all the cigenvalucs of 4 have negative real
parts, we can solve (10.3) in closed form; in fact, we have

.
B= J:’ e Ce s,

Proof. Let ¢(t) be the solution of (L) satislying ¢(0) = x,.
i.e., (1) = [exp(A1)]xo. Define v(x) = x"Bx and compute

T kg T
v(P(t)) = xge?™ ( fo et ’Ce"’ds)e"‘.\'o
w
= xg, (fo et "’Ce’“”“’ds) Xy

wf " ave.
= '((',(J: et t"“d.&‘)x(,.

Tﬁus
v (@) = XY — e Ce?)xy = (1) (— O;p(1)
and at ¢ = 0 we sce that vg,(xg) = —x{Cxq forall x,e R". W

5.11 INVARIANCE THEORY

In the present section, we extend some of the results of Scction
5.9 for autonomous systcms

X = f(x). (A)
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Here we assume that f and &f/dx;, i =1, ..., n, are continuous in a region
D < R"(where D may be all of R") and we assume that x = 0 is in the interior
of D. As usual, we assume that x = () is an isolated equilibrium. Note that
our assumptions are suflicient for the local existence, uniqueness, continu-
ability, and continuity with respect to parameters of solutions of (A). Note
also that the solution (1,14, x,) of (A) satisfying x(t5) = x, must satisfy
Pl 1y, X0) = Pt — 1, 0,x,). Thus, the initial time is not important and it
will be suppressed, i.e. we shall write (1, x,) for the solution of (A) satisfying
X(0) = xy, ie., Plt, x4) & P(1,0,x,).

Recall that the solutions of (A) describe in R x R" the motions
for (A) and that the projections of the motions into R" determine the
trajectories for (A). The trajectory C(x,) is the set of points (1, x,) over
— o <1 < o when (1, x,) exists on all of R. Similarly, the positive semi-
trajectory (' (x,) is the set of points ¢(r,x,) for t =0 and the negative
semitrajectory C(x,) is the set of all points ¢(t, x,,) for ¢ < 0. If the point
Xg is understood or unimportant, we shall write C* in place of C*(x,) and
C~ in place of C7(x,). Note that if C(x,) exists, then C(x,) = C*(x,) U
C ™ (xp)

Definition 11.1. A set " of points in R" is invariant (respec-
tively, positively invariant) with respeet to (A) if every solution of (A) starting
in I" remains in I” for all time (respectively, for all ¢ > 0).

Note thatif v, = (1) isa point of the set ' and if T is positively
invariant with respect to (A), then the semitrajectory C*(x,) lies in T, for
all 1, € R'. Similarly, if I" is invariant with respect to (A), then the trajectory
C(xo) lies in T for all 1, € R.

Example 11.2. A sct consisting of any equilibrium point of
(A) is an invariant st with respect to (A).
Example 11.3. Consider the nonlinear spring problem dis-
cussed in Chapter 1,
,\"l = .Yz,
Ny = —ylxy),
where ¢ is continuously differentiable and where x,¢g(x,) > 0 for all x, # 0.

This has only one equilibrium which is located at the origin. The total energy
for this system is given by

(11.1)

o(x) = Ix? + J:' g dn = 3x2 + G(x,),

where G(x,) = |3 ¢0p) dy. Note that v is a positive definite function and that

Fanafx) = 0.
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FIGURE 5.16

Therefore, (11.1) is a conservative dynamical system and x = 0 is a stable
equilibrium. Since v}, ,, = 0, it follows that

2+ G(x)) =, (11.2)

where ¢ is determined by the initial conditions (x . X;0). For different values
of ¢, we obtain different trajectories, as shown, e.g., in Fig. 5.16. The exact
shapes of these trajectories depend, of course, on the nature of the function
G. Note, however, that the curves determined by (11.2) will always be sym-
metric about the x, axis. If G(x) = 00 as |v| — oo, then each one of these
closed trajectories is an invariant set with respect to (11.1).

Example 11.4.  Let us now consider a somewhat more com-
plicated and general situation. Assume that all solutions ¢(t, x,) of (A) exist
for all 1 = 0 and for all x, € R". Let v:R" — R be continuously differentiable
and not necessarily positive definite. Assume that v is such that along the
solutions of (A) we have v;,,(x) < 0 for all x € R". Now let

S, ={xveR"v(x)<k}.

As depicted in Fig. 5.17 for the case n = 2, such a set may consist of several
components, say, Si;, Si2,... . We now show that for every k, the set S,
and in fact, each of the components of S,, is a positively invariant set with
respect to (A).

To show this, assume that ¢(t,x,) is the solution of (A) such
that (0, xg) = x,. Then v'(dh(t,xp)) <0 and thus v(d(r, X)) < pv(x,). Since
by assumption v, € S,, it follows that v(¢p(t, x5)) < k for all ¢ > 0 and thus
(1, x,) € S, for all 1 > 0, which shows that S, is positively invariant with
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FIGURE 5.17

respect to (A). Furthermore, if x, belongs to a particular component of S,,
then since C*(x,) is a connccted sct. ¢(1, xo) will remain in the same com-
ponent for all ¢t > 0. This shows that cach component of S, is a positively
invariant set.

We note that if solutions of (A) are not assumed to exist for
all time ¢ > 0, then the foregoing argument still works for any bounded
component of S,. However, the preceding conclusions are not necessarily true
for unbounded components of S, as the following example shows. For x’ = x2,
let v(x) = —x so that vig(x) = —x? < 0. The set S, is not invariant for
any value of k € R, since there exist x, for which ¢(t, x,) has finite escape time
(i.e., there exist xq for which ¢(t, x,) does not exist for all ¢ in the future).

Since in the preceding discussion, no conditions were imposed
on S,, the solution ¢(1, x,) that lics in S, can become “infinite™ (i.e., |p(t, xo)|
can become arbitrarily large) whenever any one of the components of S,
is unbounded. Now if in particular, v is positive definite, then the set S,
must have at least one component, say H,, which for sufficiently small k > 0
contains the origin. Note that H, will become an arbitrarily small neighbor-
hood containing the origin as k — 0. Since H, is a positively invariant set,
every solution starting in H, will remain in H, for sufficicntly small k. This,
of course, means that the cquilibrium x = 0 of (A) is stable.

To establish the main results of this section, we also rejuire
the following concept.

Definition 11.5. A point a € R" is said to lie in the positive
limit set Q(C*) (or to be an Q- limit point of the semitrajectory C*) of the
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solution ¢(r) of (A) if there exists a sequence {1,,) = o as m — o such that

lim (t,) = a.
m-*on
Thus, Q(C*) is the sct of all accumulation points of the semi-
trajeclory C*.

Example 11.6. In the casc of a stable focus (sec Fig. 5.10),
QC*) = {0}.

Example 11.7. Referring to Fig. 5.16, we scc that (for €] small)
every trajectory C* of system (11.1) has the property that Q(C*) = €' - C.

Example 11.8. Every cquilibrium point x, of (A) is the limit
set Q(C*) of the semitrajectory C*(x,).

In the proofs of thc main results of this scction, we require
some preliminary results which we now state and prove.

Lemma 11.9. If the solution (1, xy) of (A) remains in a com-
pact set K for 0 <t < 00, then its positive limit sct Q(C*) is a nonempty,
compact, invariant set with respect to (A). Moreover, ¢(t,x,) approaches
the set Q(C*) as t = oo (i.e., for cvery £ > 0 there cxists a T > 0 such that
for every t > T there exists a point a € Q(C*) (possibly depending on 1)
such that | (1, xo) — a| < ¢).

Proof. We claim that

QC*) = T (@1 xgn]:t = 0}, (11.3)
where [-B—] denotes the closure in R" of the set B. Clearly if y € Q(C*), then
there is a sequence {t,,}, with t,, = oo as m — oo, such that ¢(1,,, x,) = y as
m — co. Forany t > 0 we can delete the t,, < t and see that y € [C ¥ (h(1, xo))]-
Conversely, if y is a member of the sct on the right-hand side of (11.3), then
for any integer m, there is a point y,, € C*(¢(m, x,)) such that |y — y,| < 1/m.
But y,, has the form y, = ¢(t,.xq), where 1, > m. Thus ¢, = o and
d(t,,, xo) = y. i€, y € Q(C*). The right-hand side of (11.3) is the intersection
of a decreasing family of compact sets. Hence Q(C*) is compact (i.e., closed
and bounded). By the Bolzano-Wcierstrass thcorem, Q(C * ) is also nonempty.
The invariance of Q(C*) is a dircct consequence of Corollary 2.5.3.

Suppose now that ¢(t, x,) docs not approach Q(C*) as t — 0.
Then there is an & > 0 and a scquence {1,,}, such that 1, — o as m — oo,
and such that the distance from ¢(1,,. x,) to QC*) is at least ¢ > 0. Since
the scquence {(t,,, x,)} is bounded, then by the Bolzano- Weierstrass theo-
rem a subsequence will tend to a limit y. Clearly y e (C*) and at the same
time the distance from y to (C*) must be at Icast ¢, a contradiction. W
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Lemma 11.10. Let v be a continuously differentiable function
defined on a domain D containing the origin and let vj, (x) < 0 for all x € D.
Let xp € D and let (1, x,) be a bounded solution of (A) whose positive
semitrajectory C' lies in D for all ¢ > 0 and let the positive limit set Q(C*)
of (1, xo) lic in D, Then
Vg =0
at all points of Q(C™).

Proof. Let y, € Q(C*). By Corollary 2.5.3, there is a sequence
{t,.}, such that ,, » o as m - oo, and such that ¢(t + t,,,x,) = ¢(t, yo) as
m — o uniformly for 1 on compact subsets of R. Since v(¢)(t, X)) is nonin-
creasing and bounded, it tends to a limit vy. Thus for any t € R we have
lim olp(t + 1,,,x,)) = v(P(t, yy)) = v,

me s
Since v(¢(t, vo)) is constant, its derivative is zero. W

We are now in a position to present the main results of this
section.

Theorem 11.11. Let v be a continuously diflerentiable, real
valued function defined on some domain D = R” containing the origin and
assume that v,, <0 on D. Assume that v(0) = 0. For some real constant
k =0, let H, be the component of the set S, = {x:0(x) < k} which contains
the origin. Suppose that !, is a closed and bounded subset of D. Let E =
{x € Divjs,(x) = 0}. Let M be the largest invariant subset of E with respect
to (A). Then every solution of (A) starting in H, at t = 0 approaches the set
Mast— w.

Proof. Let x, € I,. Since I, is compact and invariant, then
by the remarks in Example 11.4, it is positively invariant. By Lemma 11.9,
(1, xg) = QUC ") as t - w0, where C* = C*(x,). By Lemmas 11.9 and 11.10,
the set Q(C*)isan invariant set and vj,(x) = 0on Q(C*). Hence Q(C*) = M.
]

Using Theorem 11.11, we ean now establish the following
stability results.

Corollary 11.12. Assume that for system (A) there exists a
continuously dillerentiable, real valued, positive definite function v defined
on some set D < R" containing the origin. Assume that vj,, < 0 on D. Sup-
pose that the origin is the only invariant subset with respect to (A) of the
set E = {x € D:vjy, = 0}. Then the equilibrium x = 0 of (A) is asymptotically
stable.

Proof. In Example 11.4 we have already remarked that x =0
is stuble. By Theorem 11.11 any solution starting in /I, will tend to the origin
ast—-» o, A
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If by some method we can show that all solutions of
remain bounded as 1 —» w0, then the following result concerning boun
solutions of (A) will be useful.

Corollary 11.13. Let 0:R" — R* be a continuously differ
tiable function and let ©(0) = 0. Suppose that v,, <0 for all x e R".
E = {x € R":vj,(x) = 0}. Let M be the largest invariant subset of E. T
all bounded solutions of (A) approach M as t — co.

Proof. The proof of this result is essentially the same as
proof of Theorem 11.11. By Lemma 11.9, a bounded solution ¢(t, x,)
tend to Q(C*) as t —» o, By Lemmas 119 and 11.10, Q(C*)c M. R

From Corollaries 11.12 and 11.13, we know that if v is po
tive definite for all x € R", if v}y, < 0 for all x€ R" and if in the set A
{x € R™:t,(x) = 0} the origin is the only invariant subset, then the origii
(A) is asymptotically stable and all bounded solutions of (A) approach 0
t = o, Therefore, if we can provide additional conditions which ensure tk
all solutions of (A) are bounded, then we have shown that the equilibri’
x =0 of (A) is asymptotically stable in the large. However, this folla
immediately from our boundedness result given in Theorem 9.13. We the:
fore have the following result.

Theorem 11.14. Assume that there exists a continuously ¢

ferentiable, positive definite, and radially unbounded function v:R" —
such that

(i) 1a(x) <O0forallxve R and
(if) the origin is the only invariant subset of the set

E = {x € R":vj5(x) =0},
Then the equilibrium x = 0 of (A) is asymptotically stable in the large.
Sometimes it may be diflicult to find a v function which satisfi
all of the conditions of Theorem 11.14. In such cases, it is often useful

prove the boundedness of solutions first, and separately show that ¢

bounded solutions approach zero. We shall demonstrate this by means of a
example (see Example 11.16).

Example 11.15. Let us consider the Lienard equation di
cussed in Chapter 1, given by
N4 NN+ g(x) =0, (11.

where / and gy are continuously differentiable for all x € R, where g(x) =
ifand only if x = 0,x¢g(x) > Oforallx # Oand x € R, lim, ., §§ g(p)dy = 2
and f(x) > 0 for all x € R. Letting x, = x, x, = X', (11.4) is equivalent to th
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system of equations
X} =X,,
=S5 )x; = glxy).
Note that the only equilibrium of (11.5) is the origin (x,. x,;) = (0,0).
If for the moment, we were to assume that the damping term

J =0, then (11.5) would reduce to the conservative system of Example 11.3.
Recall that the total encrgy for this conservative system is given by

(1L5)

|,
X5

r(x,. ) = 4 + J::' g(n)dn (11.6)

which is positive definite and radially unbounded.
Returning to our problem at hand, let us choose the v function
(11.6) for the system (11.5). Along the solutions of this system, we have

UresiNpoN) = —=x3f(x) <0 forall (x,,x,)eR%

The sct E in Theorem 11.14 is the x, axis. Let M be the largest
invariant subset of E. If x = (x,.0) e M, then at the point x the differential
cquation is x} =0 and ) = —g(x,) # 0 if x, # 0. Hence the solution
cmanating from x must cross the x, axis. This means that (x,,0)¢ M if
x; # 0. If x, = 0, then x is the trivial solution and docs remain on the x,
axis. Thus M = {(0,0)"}. By Theorem 11.14 the origin x = 0 is asymptotically
stable in the large.

Example 11.16. Lct us rcconsider the Lienard equation of
Example 11.15,

X} = x,.
"f(.\'|)Xz —y(X|).

This time we assume that x,g(x,) > 0 forall x, # 0, f(x,) > Ofor all x, € R,
and limy,,-..|{3' flo)da| = . This is the case if. e.g., f(a) =k >0. We
choose again as a r function

(11.7)

’
.\'z

r(x) = {x3 + _’:' g(n)dn
so that

vy elX) = —f(x)x3.

Since we no longer assume that limy.;..,. {3 ¢(7)dy = 2, we cannot apply
Theorem 11.14, for in this casc, v is not necessarily radially unbounded.
However, since the hypotheses of Corollary 11.12 are satisfied, we can still
conclude that the equilibrium (x,,x;) =(0,0) of (11.7) is asymptotically
stable. Furthermore, by showing that all solutions of (11.7) arc bounded, we



S.11  Invariance Theory 229

can conclude from Corollary 11.13 that the equilibrium x = 0 of the Licnard
equation is still asymptotically stable in the large.

To this end, let [ and « be arbitrary given positive numbcers
and consider the region U dcfined by the incqualitics

2
v(x)<!  and (.\‘2 + ﬁ:' f(:;)dn) <al.

For cach pair of numbers (/,a), U is a bounded rcgion as shown, c.g., in
Fig. 5.18.

Now let X7 = (x,0.X20) = (x,(0). X,(0)) be any point in R If
we choose (1, ) properly, x, will be in the interior of U. Now let (1, x) be
a solution of (11.7) such that ¢(0,x,) = x,. We shall show that (1, x,)
cannot leave the bounded region U. This in turn will show that all solutions
of (11.7) are bounded, since (1, xo) is arbitrary.

In order to leave U, the solution ¢(1, x,,) must cither cross the
locus of points determined by v(x) =1 or onc of the loci determined by
Xy + [& fO)dy = +a. Here we choose. without loss of gencrality, ¢ > 0 so
large that the part of the curve determined by x, + 5 f(9)dn = a that is
also the boundary of U corresponds to x, > 0 and the part of the curve
determined by x, + [ f(n)dy = —a corresponds to x, < 0. Now since
v'(¢(t, xo)) < 0, the solution ¢(1, x,) cannot cross the curve determined by
r(x) = I. To show that it does not cross cither of the curves determined by

x
vix) = ¢ x, + fo‘ f(n)dn = a

~ hS

*1
x4 /o () dn = -a

FIGURE 5.18
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X, + j'{,' Jopdy = Fa, we consider the function

w(r) =

’ 2
¢y (1, x0) + J::MM"’ ](I’)lh[] R
where (1, xg)' = | (1, x0). (1, x| Then

" [ dn]g(, (1, x,)).

Now suppose that ¢(1, x,) reaches the boundary determined by the equation
Xy + [ Spdy = a, x; > 0. Then along this part of the boundary w'(t) =
—2ag(sp(t, X)) < 0 becavse x; > 0 and a > 0. Therefore, the solution (1, x)
cannot cross outside of U through that part of the boundary determined by
Xy + [ Sy = a. We apply the same argument to the part of the boundary
determined by x, + [5' fOndy = —u.

Therefore, every solution of (11.7) is bounded and the equi-
librium x = 0 of (11.7) is asymptotically stable in the large. B

, TR
wi)y = =2[,tx,) + 0' *

5.12 DOMAIN OF ATTRACTION

Many practical systems possess more than one equilibrium
point. In such cases, the concept of asymptotic stability in the large is no
longer applicable and onc is usually very interested in knowing the extent
of the domain of attraction of an asymptotically stable equilibrium. In this
section, we briefly address the problem of obtaining estimates of the domain
of attraction of the equilibrium x = 0 of the autonomous system

X' = f(x). (A)

As in Section 11, we assume that f and of/0x;, i = 1,.. ., n, are continuous
ina region D < R"and we assume that x = 0 is in the interior of D. As usual,
we assume that x = 0 is an isolated equilibrium point. Again we let ¢(r, x)
be the solution of (A) satisfying x(0) = x,,.

Let us assume that there exists a continuously differentiable
and positive delinite function v such that

Uia)(N) <0 forall xeD.

Let £ = {x € D:vi,(x) = 0} and suppose that {0} is the only invariant subset
of E with respect to (A). In view of Corollary 11.12 we might conclude that
the set D is contained in the domain of attraction of x = 0. However, this
conjecture is false, as can be seen [rom the following. Let n = 2 and suppose
that $; = {x:o(x) <1} is a closed und bounded subset of D. Let I, be the
component of S, which contains the origin for [ = 0. (Note that when [ =0,
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H,={0}.) Referring to Fig. 5.19, we note that for small | >0, the level
curves v = | determine closed bounded regions which are contained in D
and which contain the origin. However, for I sulliciently large, this may no
longer be true, for in this case the sets H, may extend outside of D and they
may even be unbounded.

Note however, that from Theorem 11.11 we can say that every
closed and bounded region H, which is contained in D, will also be contained
in the domain of attraction of the origin x = 0. Thus, we can compute | = I,,,
so that H, has this property, as the largest value of [ for which the component
of 8, = {x:v(x) = I,} containing the origin, actually meets the boundary of
D. Note that even when D is unbounded, all sets H, which are completely
contained in D are positively invariant sets with respect to (A). Thus, every
bounded solution of (A) which starts in /, tends to the origin by Corol-
lary 11.13.

Example 12.1. Consider the system

Xy =X; —&(x, = D, 12.1)

.\”2 = —“.\'|,

where &> 0. This system has an isolated equilibrium at the origin.

™
RN

SO

)

FIGURE 5.19
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Choose r(x) = }(x] + x3). Then
tya¥) = —exi(l = §xi),

and v}y, < 0 when x| < /3. By Corollary 11.12, the equilibrium x = 0 is
asymplotically stable. Furthermore, the region {xe R%:x} + x3 <3} is
contained in the domain of attraction of the equilibrium x = 0.

Therc are also results which determine the domain of attrac-
tion of the origin x = 0 precisely. In the following, we let G = D and we
assume that G is a simply connected domain containing a neighborhood of
the origin. The following result is called Zubov's theorem.

Theorem 12.2. Supposc there exist two functions v:G — R
and hi: R" — R with the following properties:

(i) vis continuously differentiable and positive definite in G
and satisfies in G the incquality 0 < v(x) < 1 when x # 0. For any be (0,1)
the set {x € G:v(x) < b} is bounded.

(ii) A is continuous on R", h(0) = 0, and h(x) > 0 for x # 0.
(iii)) For x € G, we have

ta(x) = —h()[1 = o()][1 + |S(0)2]"2 (122)

(iv) As x € G approaches a point on the boundary of G, or
in case of an unbounded region G, as |x| - oo, limv(x) = 1.

Then G is exactly the domain of attraction of the equilibrium
x=0.

Proof. Under the given hypotheses, it follows from Theo-
rem 9.6 that x = 0 is uniformly asymptotically stable. Note also that if we
introduce the change of variables

ds = (1 + | f(gp))})"* dt,
then (12.2) reduces to

dvfds = —h(x}(1 — v(x)),

but the stability propertics of (A) remain unchanged. Let V(s) = v(¢(s)) for
a given function ¢(s) such that $(0) = x,. Then

d
s log[1 — V(s)] = h((s)),

or

1 — lf(s) = (1 — V(0))exp [J: h(c/)(u))du]. (12.3)
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Let x4 € G and assume that x,, is not in the domain of attrac-
tion of the trivial solution. Then hi(¢h(s)) = § > 0 for some fixed ¢ and for
all s > 0. Hence, in (12.3) as s — o0 the term on the left is at most onc, while
the term on the right tends to infinity. This is impossible. Thus x,, is in the
domain of attraction of x = (.

Suppose x, is in the domain of attraction but x, ¢ G. Then
¢(s,x,) = 0 as 5 — 00, so therc must exist s, and s, such that ¢(s,,x,) € G
and ¢(s;.x,) € G. Let x, = ¢(s,,x,) in (12.3). Take the limit in (12.3) as
s — s, . We sce that

lim [t-V®]~=1-1=0,

s sy

whilc the limit on the right-hand side is

[1 = v(xy)] cxp[f:; h(PLs, .\',))(ls] > 0.

This is impossiblc. Hence x, mustbein G. W

An immcediate consequence of Theorem 12.2 is the following
result.

Corollary 12.3. Suppose therc is a function h which satisfics
the hypotheses of Theorcm 12.2 and supposc there is a continuously dif-
ferentiable, positive definite function v: G — R which satisfics the incquality
0 < v(x) < 1 for all x € G as well as the differential cquation

VoT(x)f(x) = = h(x)[1 — e()][1 + | f0)]7]2 (12.4)

Then the boundary of the domain of attraction is defined by
the equation

v(x) = 1. (12.5)

If the domain of attraction G is all of R", then we have asymptotic stability
in the large. The condition on v in this case is

v(x) — 1 as x| = oo,

In the forcgoing results, we can also work with a diflerent
v function. For example, if we lct

w(x) = —log[1 — v(x)]. (12.6)
then (12.2) assumes the form
wia(x) = —h(x)[ 1+ |f(x)]2]'72
and the condition (12.5) dcfining the boundary becomes w(x) — 0.
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Note that the function h(x) in the preceding results is arbitrary.
In applications, it is chosen in a fashion which makes the solution of the
partial differential equations easy.

From the proofs of the preceding results, we can also conclude
that the relation

v(x) = |, 0<lI<l,

defines a family of closed hypersurfaces which covers the domain G. The
origin corresponds to | = 0 and the boundary of G corresponds to / = 1.

Example 12.4. Consider the system

, I —x+ 2
Xy = + x,x; = filx,,x
1 (\l+ ” + x 2 1-82 fl( 1 2)
(12.7)
c_b=xi+exd Ay,
'\l - “.-‘—2'” o (\l + I)Z + x fZ(x’I'xl)'
The equilibrium is at vy == 1, x, = 0, The partial differential equation is
. i 5 vy = l)2 + \z
4. N .,' + JaAN, N = l
e XN ) e SN X)) (\'_ e ( v),
where
(\l l) + \2
Ix,, x5 = L+ S/
b AL
It is easily verified that a solution is
(\| 1’ + \1
Xy, X)) = - eyl
( 12 ( Xy +’ 1)2 + \2

Since v(x;,xz) = 1 if and only il x; = 0, the domain of attraction is the set
X2 0< vy <, —0 < X, < ).

5.13 CONVERSE THEOREMS

It turns out that for virtually every result of Section 9 there is
a converse theorem. That is, in virtually every case, the hypotheses of the
results of Section 9 constitute necessary and sufficient conditions for some
appropriate stability, instability, or boundedness statement. (See the books



5.13 Converse Theorems 235

by Hahn [17, Chapter 6] and Yoshizawa [46, Chapter 5].) To establish these
necessary and suflicient conditions, one needs to prove the so-called converse
Lyapunov theorems. Results of this type are important, since they frequently

~allow us to establish additional qualitative results; however, they are not
useful in constructing Lyapunov functions in a given situation. For this
reason, we shall confine ourselves to presenting only one sample result.
We first prove two preliminary results.

Lemma 13.1. Let [, f.e€ C(R* x B(h)). Then there is a
function ¢ € C'(R™) such that (0) =0, ¢'(1) > 0 and such that s = y(r)
transforms (E) into

dx/ds = f*(s,x), (E*)

where |0/ *(s,x)/0x| < 1 on R* x B(h). Moreover, if (s, x) is a C'-smooth
function such that v{g.(s, X) is negative definite, then v((r), x) has a derivative
with respect to (E) which is negative definite.

Proof. Pick a positive and continuous function F such that
[fte, x)/ox| < Fay for all (r,x) e R* x B(h). We can assume that F(1) > 1
for all 1 > 0. Define

Yl = J:: F(v)dv

and define ‘¥ as the inverse function W = ¢ ', Define s = (1) so that (E)
becomes (F*) with

S*(s.xX) = J(P(s), X)/F(W(s)).
Clearly, for all (1, x) € R* x B(h) we have

ax (9] =[5, ¥ 0Pk < e .

If v(s, x) has negative definite derivative with respect to system
(E*), then define (1, x) = v((1),x). There is a function ¥, € K such that
Vg8, X) £ —(|x]). Thus

Vit x) = o), W' () + Vo((n), x)f(, x)
= v (Y(r), \IF(1) + Vo(pii), x) ﬂt—\«) F(r)
F(r)
= F(1)v{g.((t), X)
< Vgenl0), X) < — ().
Thus V1, x) is also negative definite. W
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Lemma 13.2. Let g(1) be a positive, continuous function
defined for all 1 > 0 and satisfying g(1) — 0 as 1 — oo. Let h(t) be a positive,
continuous, monotone nondecreasing function defined for all 1 > 0. Then
there exists a function G(v) dcfined for u > 0, positive for u > 0, contirmious,
increasing, having an incrcasing, continuous derivative G’, and such that
G(0) = G'(0) = 0, and such that for any ¢ > 0 and any continuous function
g*(t) which satisfics 0 < g*(1) < ag(r) the integrals

fo"‘ Glg*n)dt  and fo” G'ly™ () dt (13.1)

converge uniformly in g*.

Proof. We first construct a function u(f) defined for + > 0,
continuous, decrcasing, u(1) — 0 as t — oo, and u(r) - o as ¢ — 0* such that
for any a > 0 there cxists a T(«) with the property that if 1 > T(a) then
ag(t) < u(t).

Pick a sequence {1,,} such thatt, > 1,1,,,, =1, + 1 and such
that if t > 1,, then g(1) < (m + 1) 2, Define u(t,,) = m *, u(r) lincar between
the t,,'s and such that u(1) = (¢,/1)" on 0 < t < t,, where p is chosen so large
that w'(t;) < w'(t}). Fort, <1 <1, , we have

agy<am+1)"2  and wu(®=(@m+ 1"
so that

ag(t) < u(a(m + )™ < ug)

as soon as m is larger than [«], the integer part of a. Thus we can take T(a) =
[a].

Definc F(u) to be the inverse function of u(() and define
GG = [Mle "/[hF$N]} d. (13.2)

Since F is continuous and /i is positive, the integrand in (13.2) is continuous
on 0 <u < o while Flu)— oo as u—0*. Hence the integral exists and
defines a function G € CY(R*).

Fix a >0 and choose a continuous function g* such that

0 < g*(t) < ag(t). For t > T(a) we have 0 < g*(1) < u(t) or F(g*(t)) = t. Thus
- Fg*tn e”!

[ — S e

h(Fg*(1)) =~ h)

G'ly*(n) = t = T(a).

Hence the uniform convergence of the second integral in (13.1) is clear.
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The tail of the first integral in (13.1) can be cstimated by

n u(t) ¢~ Fis)
J"I'(a) (J:) I'—(O,— (IS> di.

Since u(r) is piecewise C' on 0 <t < oo, we can change variables from u to
s in the inner integral to compute

,’:;, (ﬂ " [ (s)e™*/h(s)] ds) dt < 'Ta)(.‘-: N [ (s)e™*/h(0)] ds)dl

<hi! J;'«» (J:' ¢ "(I.\')(ll < A

since 0 > u'(1) > — 1. Hence the uniform convergence of the first integral in
(13.1) is also clecar. W

We now state and prove the main result of this section.

Theorem 13.3. If J and [, arc in C(R* x B(r)) and if the
equilibrium x = 0 of (E) is uniformly asymptotically stable, then there exists
a Lyapunov function ve C'(R* x B(r,)) for some r, >0 such that v is
positive definite and decrescent and such that v, is negative definite.

Proof. By Lemma 13.1 we can assume without loss of gener-
ality that [«71‘/("x| < lonR* x B(r). Thus by Thcorem 2.4.4 we have

l‘/’('v T, X) - ¢('~ T .V)l < lx - _)'|('“ -0
for all x, ye B(r), t > 0, and all t > t for which the solutions exist. Define
h(t) = ¢'.
Pick r, such that 0 < r, < randsuch thatif(r,x)e R* x B(r,),
then ¢(1, 7, x) € B(r) for all 1 > t and such that

lim ¢ +1.1,x)=0
[Rad ]
uniformly for (r,x) e R* x B(r,). This is possiblc since x = 0 is uniformly
asymptotically stable. Let g(s) be a positive, continuous function such that
g(s)—~0 as s— oo, and such that |¢p(s + 1, 1. X)|> < g(s) on s >0, 1 >0,
x € B(r,).
Let G be the function given by Lemma 13.2 and define

01,0 = [ 7 Gllpts + 1. 1.x)[)ds,
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where |$| denotes the Euclidean norm of ¢. Clearly v is defined on R* x
B(r,). Since the integral converges uniformly in (t,x) € RY x B(r}), then v is
also continuous. If D = d/dx,, then D(s + 1,1, X) must satisfy the linear
equation

dyfds = fils, Pls + 6,0, XNy, p0) =(1,0,...,0)"

(by Theorem 2.7.1). Thus |Dp(s + 1,1, x)| < ke* for some constant k > 1.
Thus

nl' 'S N ad)
oo ) = ’ ‘4 SN BT . (e 5 .
ax, (t,x) J:» G'(|pts + 1,1, x)] )[-«/:(.s + 4,1, x) ox) (s+ 1,1, .\)](l.s

exists and is continuous while

s J:: G'(g(s)k,* ds < o

v
- - (X
ox, (t.x)
for some constant k, > 0. A similar argument can be used on the other
partial derivatives, Hence ve CYR' x B(r,)).

Since v, exists and is bounded bty some number B while v(t, 0)
is zero, then clearly
0 < o(1,x) = o(1,x) — o(1,0) < B|x|.

Thus v is decrescent. To sce that v is positive definite, first find M, > 0 such
that | f(r,x)] < M |x| for all (r,x) € R* x Bir,). Thus, for M = M ,r, we have

[bte + 5,1, %) — x| < J:' " [ S, Pl 0, )| de < M.
Thus for 0 < s < |x]|/(2M) we have [p(t + s, 1, x)| = |x]/2 and
el x) = J"',"“"‘" G+ s, 1, D) ds = (|x]/@MNGH|x|2/4).

This proves that v is positive definite.
To compute 15, we replace x by a solution ¢(t, r,, xg). Since
by uniqueness G(r + s, t, Plt, 14, X)) = Pt + 8, 14, Xy), then

o(t, ple, 1y, xg)) = J:: G(l'/’(' + 5, I‘,..\'(,)|2)ds = J‘". G(l‘/’(& 'o,f\'o)lz)‘l-\\
and
d . 2
i ol Pt ty, o)) = - ('(l'/'("’uv\.u)l ).

Thus l’;”('"y-\.()) = - (;(I'Y"‘Z)' u
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5.14 COMPARISON THEOREMS

In the present section, we state and prove several comparison
theorems for the system

X' = f(1,x) (E)

which are the basis of the comparison principle in the stability analysis of
the isolated equilibrium x = 0 of (E). In this section, we shall assume that
J:R* x B(r) - R" for some r > 0, and that f is continuous there.

We begin by considering a scalar ordinary differential equation
of the form

¥ =G(,y), (©)

where ye R, te R*, and G:R* x [0,r) = R for some r > 0. Assume that G
is continuous on R* x [0,r) and that G(1,0) = 0 for all 1 > 0. Recall that
under these assumptions Eq. (C) possesses solutions (1,1, y,) for every
Plty, 10, ¥0) = yo € [0,r), 1o € R*, which are not necessarily unique. These
solutions either exist for all t € [t,,00) or else must leave the domain of
definition of G at some finite time 1, > 1. Also, under the foregoing assump-
tions, Eq. (C) admits the trivial solution y =0 for all 1 > 1,. We assume
that y = 0 is an isolated equilibrium. For the sake of brevity, we shall fre-
quently write ¢(r) in place of p(1, 14, vo) to denote solutions, with ¢(ty) = y,.
We also recall that under the foregoing assumptions, Eq. (C)
has both a maximal solution p(f) and a minimal solution ¢(1) for any p(1,) =
q(ty) = yo. Furthermore, each of these solutions either exists for all ¢ € [t,, o0)
or else must leave the domain of definition of G at some finite time t, > t,.

Theorem 14.1. Let [ and G be continuous on their respective
domains of definition. Let 0:R* x B(r) = R be a continuously differentiable,
positive definite function such that

v (1, X) < G(t, 0(1, X)) (14.1)
Then the following statements are true.

(i) If the trivial solution of Eq. ©)is stable, then the trivial
solution of system (L) is stable.
(i) Il v is decrescent and if the trivial solution of Eq. (C) is
uniformly stable, then the trivial solution of system (E) is uniformly stable.
(iii) Il v is decrescent and if the trivial solution of Eq. ()
is uniformly asymptotically stable, then the trivial solution of system (E)
is uniformly asymptotically stable.
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(iv) If there are constants @ > 0 and b > 0 such that ajx|* <
u(t, x), if v is decrescent, and if the trivial solution of Eq. (C) is exponentially
stable, then the trivial solution of systcm (E) is exponentially stable.

(v) Hf:R* xR">R" G:R* x R=R, v:R* x R"> R is
decrescent and radially unbounded, if (14.1) holds for all t € R*,xe R", and
if the solutions of Eq. (C) arc uniformly bounded (uniformly ultimately
bounded), then the solutions of system (E) arc also uniformly bounded
(uniformly ultimately bounded).

Proof. We make usc of the comparison theorem, which was
proved in Chapter 2 (Theorem 2.8.4), in the following fashion. Given a
solution (1,14, o) of (E) definc v, = v(ty, Xo) and let y(f,15,0) be the
maximal solution of (C) which satisfics y(t,) = v,. By (14.1) and Theorem
2.8.4 it follows that

L Pl 1y, o)) S W1 1o 1) - (142)

for as long as both solutions exist and 1 > 1,,.

(i) Assumc that the trivial solution of (C) is stable. Fix
£ > 0. Since v(1, x) is positive definite, there is a function ¢, € K such that
¥1(Jx]) < v(t,x). Let = ¢,(c) so that (1, x) < n implics |x| < &. Since y =0
is stable, there is a v > 0 such that if jve| < v then y(,15,10) < forall > t,.
Since ©(ty,0) = 0, there is a § = d(14.£) > 0 such that v(ty, xg) < vif lx(,l < 4.
Take |xo| < 6 so that by the foregoing chain of reasoning we know that (14.2)
implies v(t, (1. to. Xo)) < 1) and thus |P(1, 19, Xo)| < &forall t > t,. This proves
that x = O is stable.

(i) Let ¢, ¥, € K be such that ¢,(|x]) < v(t,x) < ¥ 5(]x]).
Lety = y,(e)and choose v = v(y) > Osuch that |vg| < vimplies y(1,1o,00) < 1
for all > 1,. Choose & > 0 such that y,(d) < v. Take |x,| < & so that by
the foregoing chain of reasoning, we again have |¢(1.14.x,)| < eforall 1 > (.

(it)) We note that x = 0 is uniformly stable by part (ii). Let
Vi(|x]) < v(r.x) < ¥,(|x]). as before. Fix £ > 0 and let n = ¢,(c). Since y =0
is asymptotically stable, there is a v > 0 and a T(y) > 0 such that

|,\'(l + 1o, (o, vo)| <n for 2= T(n), |a:0| <.

Choose > 0 so that ,(8) < v. For |xo| < 6 we have v(tg.x,) < v, so by
(14.2) o(t + to, DU + 1y, 1. X)) <1 for £ 2 T() or [Pt + 1y, 19, Xo)| S &
when t > T(n).

(iv) There is an a > 0 such that for any n > 0 therc is a
v(n) > 0 such that when |vo| < v, then |y(e, to U0 < me” " for all ¢ > ¢,,.
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Let alx|* < o(t,x) < ¢,(|x|) as before. Fix ¢ > 0 and choose i = ar". Choose
d such that §,(5) < v(n). If |xo| < &, then (1. X)) < P,(0) < vso (11,04 <
ne """ So for t > 1, we have

dlpt, 1y, xp)|* < e,
or

l‘l’(”‘(”'\‘")l < w/")l/hc - (ajbne - ),

But (y/a)!™ = & which compleles the proof of this part.

(v) Assumec that the solutions of (C) are uniformly bounded.
(Uniform ultimate boundedness is proved in a similar way.) Let , € KR,
¥,€ KR be such that y(Jx]) < v(t,x) < ¢ y(|x]). 1T |vy| < &, then vy =
0ty Xo) < ¥,(a) & & Since the solutions of (C) arc uniformly bounded and
since (14.2) is true, it follows that e(r, (1,19, x0)) < filay) for ¢ > 1. So
I‘/’(’o'o-'\'o)l <Y (Biay) = fla). B

In practice, the special case G(1, y) = 0 is most commonly used
in parts (i) and (ii), and the spccial case G(1. ) = —ay for some constant
a > 0 is most commonly used in parts (iii) and (iv) of the preceding theorem.
An instability theorem can also be proved using this method. For further
details, refer to the problems (o the end of this chapter.

When applicable, the foregoing results are very useful in appli-
cations because they cnable us to deduce the qualitative propertics of a
high-dimensional system [system (Eﬂ from thosc of a simpler onc-dimen-
sional comparison system [system (C)]. The generality and cffectiveness of
the preceding comparison technique can be improved and extended by con-
sidering vector valued comparison equations and vector Lyapunov functions.
This will be accomplished in some of the problems given at the end of this
chapter.

Example 14.2. A large class of time-varying capacitor - lincar
resistor networks can be described by cquations of the form

xj=-Y Vg )+ iy (0} x5 i=1.....m (14.3)
j=1

where a;; and b;; are real constants and where dyj:R* —» R and d;:R* = R
arc continuous functions. It is assumed that a; > 0 and b; > 0 for all i,
that d, (20 and dy1) = 0 for all ¢ > 0 and for all j, and that d, (1 +
dy(t) =6 > 0forall 1 = 0and for all j.
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Now choose as a v function
"
o(x) =Y Ax),
i=1

where it is assumed that 4; > 0 for all i. Assume that there exists an ¢ > 0
such that

N .
a;— Yy },‘ o] Ze>0,  j=1...,n,
i=1i#jh

(14.4)

L]
by— Y fjlh,.l|_>_oz>0, j=1...,n
=1 i#j 4

For this Lyapunov function, we shall need the more general
definition of vy, given in (7.3). Note that if D denotes the right-hand Dini
derivative, then for any ye C'(R) we have D|y(1)| = y'(t) when y(1) >0,
D|y()] = —y'(1) when p(1) <0, and D|y(1)] = |y'()] when p(1) = 0. Thus
D|y(1)| = [sgn y()]y'(r), except possibly at isolated points. Hence,

Pia.alX) < Z Ad —lagd i + hii"z-‘)l"‘ll
i=1
0 iy (b2l )]
J-Vj#i
< - z )‘i“ljl"li + h“(lzj)l_\'jl
i

n n
+ XY Adlagldyy+ [bylda ]|
PV dgsi
We want

(ajulyj 4 byl ) = Y

n
"
i-1.is]

j:: (aidy ) + l”i;l‘lzj). >¢>0
for some ¢ > 0. But conditions (14.4) and the condition d,; + d;; =8 > 0
are suflicient to ensure this for ¢ = «d. Hence we find that
By a(N) < —cr(x),
from which we obtain the comparison equation
V= —cy ¢>0. (14.5)

Since the equilibrium y = 0 of (14.5) is exponentially stable in the large, it
follows from Theorem 14.1 (iv) (and from Theorem 5.3) that if there exist
constants 4y, ..., 4, such that the inequalities (14.4) are true, then the equi-
librium x = 0 of system (14.3) is exponentially stable in the large.
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5.15 APPLICATIONS: ABSOLUTE STABILITY OF
REGULATOR SYSTEMS

An important class of problems in applications are regulator
systems which can be described by equations of the form

X=Ax+by, o=c"x+dy, n=—¢0), (15.1)

where A4 is a real n x n matrix, b, ¢, and x are real n vectors, and d, ¢, and n
are real scalars. Also, ¢(0) = 0 and ¢: R — R is continuous. We shall assume
that ¢ is such that the system (15.1) has unique solutions for all t > 0 and
for every x(0) € R", which depend continuously on x(0).

We can represent system (15.1) symbolically by means of the
block diagram of Fig. 5.20. An inspection of this figure indicates that we
may view (15.1) as an interconnection of a linear system component (with
“input” n and “output” ¢) and a nonlinear component. In Fig. 5.20, r denotes
a “reference input.” Since we are interested in studying the stability properties
of the equilibrium x = 0 of (15.1), we take r = 0.

If we assume for the time being that x(0) = 0 and if we take the
Laplace transform of both sides of the first two equations in (15.1), we obtain

(sE — AR(s) = bij(s)  and  a(s) = TR(s) + dij(s).

Solving for a(s)/iji(s) £ j(s), we obtain the transfer function of the linear
component as

d(s) = c"GE — 4)"'b + d. (15.2)

This enables us to represent system (15.1) symbolically as shown in Fig. 5.21.
Systems of this type have been studied extensively and several
monographs have appeared on this subject. Sce, e.g., the books by LaSalle
and Lefschetz [27], Lefschetz [29], Hahn [17]), Narendra and Taylor [34],
and Vidyasagar [42].
We now list several assumptions that we shall have occasion
to use in the subsequent results.

(A1) A is a Hurwitz matrix.
v (A2) A has a simple eigenvalue equal to zero and the re-
maining eigenvalues of A have negative real parts.
(A3) rank [b}Ab}----1 A" 'h] = n.
(Ad) ofa)=0forallaeR.
(AS) there exist constants ky = k; > 0 such that k6% <
a(a) < k,a® forall a € R.
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#(s) = ¢T(sE-A) 'btd - 0

¢ () t———————

FIGURE 5.21 Block diagram of the regulator system.

When (A3) holds, we say the pair (4,h) is controllable and
when (AS5) holds, we say that ¢ belongs to the sector [k,,k,]. Similarly, if
we require that k02 < ad(o) < k,02, we say that ¢ belongs to the sector
(ky, k3). Other sectors, such as (k;.k, ] and [k,.k,), are defined in the obvious
way.

If we Ict d = 0 and if we replace (o) by ka, k; < k < k,, then
we can associate with (15.1) the linear system

x'=(A = kbeMx. (15.3)

One might conjecture (as was done by M. A. Aizerman in 1949) thatif d = 0,
if ¢ belongs to the sector [k,,k,]. and if for cach k € [k,,k,] the matrix
(A — kbcT™) is a Hurwitz matrix [so that system (15.3) is exponentially stable
in the large], then the equilibrium x =0 of thc nonlinear system (15.1)
is asymptotically stable in the large. This conjecture, called Aizerman's
conjecture, turns out to be falsc. However, this conjccture is still useful, for
it enables us to determine how conscrvative some of the subscquent results
arc in a particular application.

In the sequel, we shall address the following problem, which
is called the absolute stability problem for (15.1): Find conditionson A, b, ¢, d
(involving assumptions of the type given in (Al)--(A3)) which ensure that
the equilibrium x = 0 of system (15.1) is asymptotically stable in the large
for any nonlincarity ¢ satisfying cither (A4) or (A5). A system (15.1) satisfying
this property is said to be absolutely stable.

We shall address the absolute stability problem by different
methods which will result in (a) Lure's criterion and (b) Popov's criterion.
There are several ways of establishing (b), some of which depend heavily
on results from functional analysis. In the present approach, we shall make
use of the Yacubovich-Kalman lemma, given in Theorem 15.1. The reader
should consult the book by Lefschetz [29, pp. 114- 118] for a proof of this
result. ,
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Theorem 15.1. Given is a Hurwitz matrix A4, a vector b such
that the pair (4, b) is controllable, a real vector w, real scalars y > 0 and
&> 0, and a positive definite matrix Q. Then there exist a pusitive definite
matrix P and a vector ¢ satisfying the equations

AP + PA= —qq" — £Q (15.4)
and
Ph—w= \/;’q (15.5)
ifand only if ¢ is small enough and
¥+ 2Rew'(iwE — A) " 'h >0 (15.6)

forallmwe R.

A. Lure's Result

In our first result, we let d = 0, we assume that 4 is Hurwitz
and that ¢ belongs to the sector [0, %) [ie., ¢ satislies (Ad)], and we use a
Lyapunov function of the form
px) = X'Px + 8 j: " e, (15.7)
where P is a positive definite matrix and f# > 0. This result will require that
P be a solution of the Lyapunov matrix equation
AP+ PA = -, (15.8)
where, as usual, Q is a positive definite matrix of our choice. We have:

Theorem 15.2. Suppose that 4 is Hurwitz, that ¢ belongs
to the sector [0, «), and that d = 0. Let Q be a positive definite matrix, and
let P be the corresponding solution of (15.8). Let

w=Ph—(f/2)A"c, (15.9)
where f§ > 0 is some constant [see (15.7)]. Then the system (15.1) is absolutely
stable if

B — wTQ ' > 0, (15.10)

Proof. Let ¢p:R — R be a continuous function which satisfies
assumption (A4). We must show that the trivial solution of (15.1) is asymp-
totically stable in the large. To this end, define v by (15.7). Computing the
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dervative of v with respect to t along the solutions of (15.1), we obtain
bys.1fx) = XTP(Ax — b(0)) + (xTAT — BP(@))Px + Bipla)o’
XYATP + PA)x — 2x"Pb(0) + fp(0)cT(Ax — bp(a))
—xTQx — 2xTPb(0) + BxTATcd (o) — PlcTh)p(0)?
—xT0x - 2¢(a)x"w — B(cTb)p(a)?

= —(x + 0" 'wd(0))"Q(x + Q" 'wop(a)) — (BcTh — wTQ ™ 'w)d(a)2.
In the foregoing calculation, we have used (15.8) and (15.9). By (15.10) and
the choice of Q, we see that the derivative of v with respect to (15.1) is negative
definite. Indeed if v, 5 ,(x) = 0, then ¢(a) = 0 and

X+0 'wplo)=x+Q 'w-0=x=0.

Clearly v is positive definite and v(0) = 0. Hence x = 0 is uniformly asymp-
totically stable. W

B. Popov Criterion

In this case, we consider systems described by equations of
the form

XN'= Ax — b(a), a=c¢"x + dE, & = — (o), (15.11)

where A4 is assumed to be a Hurwitz matrix. We assume that d # 0 [for
otherwise (15.11) would be essentially the same as (15.1) with d = 0]. System
(15.11) can be rewritten as

e S e ol e

Equation (15.12) is clearly of the saume form as Eq. (15.1). However, note
that in the present case, the matrix of the linear system component is given by

- A O
A=
00
and satisfies assumption (A2), i.e., it has an eigenvalue equal to zero since

matrix A satisfies assumption (Al).

Theorem 15.3. System (15.11) with (A1) true and d >0 is
absolutely stable for all nonlinearities ¢ belonging to the sector (0,k) if (A3)
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holds and if there exists a nonnegative constant & such that
Re[(l + imwd)glin)] + k= >0 forall weR, w#0, (15.13)
where
gis) = (d/s) + ¢"(sE — A)"'b. (15.14)
Proof. In proving this result, we make use of Theorem 15.1.
Choose a > 0and > 0 such that § = #(2ad) " '. Also, choose y = fi(c"h +d) +
(2ad)/k and w = adc + {ATc. We must show that y > 0 and that (15.6) is
truc.
Note that by (15.13) we have
0 < Re(l + iwd)glim) + k™!
=k™' + 0d + Rec"[iw(iwE — A)™'6 + (iwE — A)~']b
=k™' + do + Rec"[SE + SA(ImE — A)~" + (iwE — A)~']b
for all @ > 0. In the limit as = — o0 we have
O0<k™ ' +6(d+ c"b)=k""' + B/ )d + c*h) = y/(2ad).

Thus y > 0.

To verify (15.6), we note that since 6 = f/(2ad) ™", then (15.13)
is equivalent to

Pl2ad)d + Refc'[1 + io(p/2ad)))(iwE — A)~*b} + k™' >0
or

Pd + Relc"[2ad + iwf)(iwE — A)~'b} + (20 /k) > 0.

Since s(sE — A)™' = E + A(SE — A)~! for any complex number s, then
(15.13) is equivalent to

Pd + Re{c"iwp(ioE — A)~" + 2ad(iE — A)~']b} + Qad/k) > 0

or A

pd + Re{c"[BE + BAlIwE — A)~"' + 2ud(iwE — A)~']b + (2ad/k) > 0.
This can be further rearranged to

B(c™h + d) + Re{c"(2ad + PA)NiwE — A)~'b} + (2ad/k) > 0
or
[B(c™b + d) + (2ad/k)] + 2 Re{[adc + §BATc] (iwE — A)~'b} > 0

for all w # 0. For choice of 3 and w, this is (15.6).
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Use Theorem 15.1 to pick P, ¢, and & > 0. Deline
(&) = xX"Px 4+ ad?*E2 + 8 J:’ P(s)ds

for the given values of I, a, and f§. The derivative of ¢ with respect to 1 along
the solutions of (15.11) is computed as

Uys.1 )X, E)=X"P(AX = bp(a))+ (xT AT = D' p(a))Px — 2d*al (o) + fip(o)a’
=xWPA+ ATP)x = 2xX" Php(a) = 2l *Ela)
+ Bp(a) [ M (Ax — (o)) —dip(a)]
=x"(—qq" = Q) x = 2x" Php(6)— 20dP(a) (6 — ' X)
+ T AT ed(a) - B(e¥h + d)Pla)?
=x"(—qq" —£Q)x = 2x"(I’h — w)p(a)
= [B(cTh+d)+ Qad/k)]P(a)? — 2ad[o — (p(a)/k)]d(a).
We have used (15.4) and the definition of w. Define
" R(o) = 2ad(a — a)/k)p(a).

Since ¢ is in the sector (0, k), it follows that R(a) > 0 for all 6 € R. The def-
inition of R(a), Eq. (15.5), and the choice of y can now be used to sce that

tys.an% &) = —x'Qx — R(o) — [.\'f‘qu.\' + 2x"/yqdla) + yp(a)?]
< —ex'Ox = [X'g + V1@

If x # 0, then since Q is positive definite, it follows that vj;4 ,,(x.&) < 0.
If x =0, but £ # 0, then o = d& # 0 and so ¢(a) # 0. Henee vy, 5 ,,(x. &) < 0
in this case. This show that v, ,,, is ncgative definite along solutions of
(15.11) for any continuous furction ¢ in the sector (0,k). W

Theorem 15.3 has a very useful gcometric interpretation. If
we plot in the complex plane, Re g(iw) versus o Im d(iw), with o as a param-
cter (such a plot is called a Popov plot or a modified Nyquist plot), then con-
dition (15.13) states that there exists a number 6 > 0 such that the Popov
plot of § lies to the right of a straight linc with slope 1/0 and passing through
the point — 1/k + i0. A typical situation for which Theorem 15.3 is satisficd,
using this interpretation. is given in Fig. 5.22. Note that it suffices to consider
only @ > 0 in generating a Popov plot, since both Reg(iw) and w Im g(iw)
arc even functions of w. In Fig. 5.22, the arrow indicates the dircction of
incrcasing o.

We conclude by noting that results of the form given in The-
orem 15.3 can also be established for other system configurations [c.g., when
in(15.11)d = 0].
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‘ w Im E(im)

1/6

v Re §(1w)

)

-1/k

FIGURE 5.22 Geometric interpretation of inequality (15.13).

PROBLEMS

1. Show that the trivial solution of (E) is stable if and only if for some
fixed ty € R* it is true that for any ¢ > 0, there is a 8(¢) > 0 such that when
[¢] < 8(e) then |¢(e,14,8)| < e for all £ > 1.

2. Show that the trivial solution of (k) is unstable if and only if for any
1o € R* there are sequences {&,,} and {1,,} such that &, — 0 and 1,,— 00 as
m — oo while |[p(t,, + 1o, 1y, &)| 2 &

3. Show that if the trivial solution of (E) is uniformly asymptotically stable
in the large, then solutions of (E) are uniformly bounded, provided either
that f is periodic in ¢ or that |/, x)] < K,|x| + K, for some constants K,
and K.

4. Show that if solutions of (E) arc uniformly ultimately bounded, then
they are uniformly bounded, provided that | f(1,x)| < K,|x| + K, for some
constants K, and K,.

5. Show that if solutions of (P) are uniformly ultimately bounded, then the
solutions of (P) are uniformly bounded.
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6. Prove Theorem 5.2.

7. Prove that if the trivial solution of (LH) s uniformly stable, B(t) € C[0, )
and [§ |B(1)|dt < co, then the trivial solution of

x' = [A(t) + B(1))x (16.1)
is uniformly stable. (You may assume that x = 0 is an isolated equilibrium
point for both systems.)

8. Prove that if the trivial solution of (LH) is uniformly asymptotically
stable and if B(t) e C[0, c0) with sup{lB(t)l:t >0} < M, then the trivial
solution of (16.1) is uniformly stable when M is sufficiently small.

9. Let B be a real 2n-dimensional, symmetric matrix, and let

~[ 5 5]

and define A = JB. Show that whenever A is an eigenvalue of 4, then sois — 4.
10. Show that the trivial solution of a linear, autonomous Hamiltonian
system with Hamiltonian H(g, p) = ¢"S,q + p'S,p can never be asymptoti-
cally stable.

11. Prove that if the equilibrium x = 0 of (L) is stable, then all eigenvalues
of A have nonpositive real parts and in the Jordon canonical form J =
diag(Jy,J,, - - -, JJ), all eigenvalues with zero real part occur only in J, and
not in a block J, = 4,,,E; + N;,wherel <k <.

12. Show that the trivial solution of an nth order, linear autonomous
equation
ay” +dyy" "Vt ay +ay=0,  a,#0,
is stable if and only if all roots of
PA)=a "+ +ayd +ay (16.2)
have nonpositive real parts and all roots with zero real parts are simple roots.
13. Prove Theorem 5.9.

14. Use Theorem 5.10 to prove Corollary 5.11. Hint: Let M be the matrix
whose determinant is D,. Use row operations to show that M is similar to
a triangular matrix whose diagonal elements are the ¢,,'s.

15. Assume that ¢;> 0 for j=0,1,...,n. Find necessary and sufficient
conditions that all roots of (16.2) have negative real part in case n = 2, 3, 4.
16. Let a(f) # O be a continuous, T-periodic function and let ¢, and ¢, be
solutions of ’

y' +a()y=0 " (16.3)
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such that ¢,(0) = ¢5(0) = 1, $(0) = ¢,(0) = 0. Define a = —(¢4(T) + $3(T)).
For what values of « can you be sure that the trivial solution of (16.3) is
stable?

17. In Problem 16, let a(t) = ao + ¢sint and T = 2x. Find values a4 > O for
which the trivial solution of (16.3) is stable for |¢| sufficiently small.

18. Repeat Problem 17 for ay < 0.
19. Verify (7.3), i.e,, show that if v(r, x) is continuous in (t,x) and is locally
Lipschitz continuous in x, then

[v(H-O. x+0f(t, x))—v(t,x):l__= limsup v(t+0, p(t+0, t, x))=v(t, x)
00"

limsup
00"

0 0

20. Prove Theorem 7.13.
21. Prove Theorem 7.14.
22. In Theorem 7.17, (a) show that (i) implies (ii), and (b) prove parts (iii) -(vi).
23. Let v:R* x B(h)— R*, let ve C'(R* x R"), let v be positive definite,
and let vjg, be negative definite. Prove the following statements.

(a) Iff(t,x)is bounded on R* x B(h), then the trivial solution
of (E) is asymptotically stable.

(b) If f(t,x) is T-periodic in ¢, then the trivial solution of (E)
is uniformly asymptotically stable.

(c) If x =0 is uniformly stable and if v(t, x) is bounded on
R* x B(h), then the equilibrium x = 0 of (E) is uniformly asymptotically
stable.
24. Suppose there is a C' function v:R* x B(h)— R* which is positive
definite and which satisfies v(t, x) > k|x|* for some k > 0 and a > 0 such that
vie)t, ) < —bo(t, x) for some b > 0. Show that the trivial solution of (E) is
exponentially stable.

25. Letve C'(R* x R"),v(t,x) 2 0,and vjg/t, x) < 0. Let v(t, x) be ultimately
radially unbounded, i.e., there is an R, > 0 and a y € KR such that v(t,x) >
¥(|x|) for all £ >0 and for all x € R* with |x| > R,. Prove the following
statements:

(a) System (E) possesses Lagrange stability.

(b) If for any h > 0, v(t,x) is bounded on R* x B(h), then
solutions of (E) are uniformly bounded.

(c) 1If for any h > 0, v(t, x) is bounded on R* x B(h) and if
—vgt, x) is ultimately radially unbounded, then solutions of (E) are uni-
formly ultimately bounded.

26. Suppose ve C'(R* x R") is positive definite, decrescent, and radially
unbounded and vig(t, x) is negative definite. Show that for any r > 0 and
4 €(0,r) there is a T > O such that if (¢, x,) € R* x B(r), then |¢(t, to,xo)l
must be less than 6 before t — to = T.
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27. Let Ge C'(R* x R) with G(t,y) = G(t, —y) and G(1,0)=0 and let
ve C(R* x B(h)) be a positive definite and decrescent function such that
viglt, x) = G(1, v(t, x))
on R* x B(h). If the trivial solution of ¥’ = G(t, v) is unstable, show that the

trivial solution of (E) is also unstable.
28. Let ve C(R* x B(h), let v(t, x) satisfy a Lipschitz condition in x with
Lipschitz constant k, and let vig(t,x) < —w(f,x) < 0. Show that for the
system
x'= f(t,x) + h(t, x) (16.4)

we have vy, 41, x) < —w(t,x) + k|h(1, x)|.
29. In Theorem 13.3 show that:

(a) If f is periodic in t with period T, then v will be periodic
in 1 with period T.

(b) If fis independent of ¢, then so is v.
30. Let f e C'(R") with f(0) =0, he C'(R* x R") with |h(1, x)| bounded on
sets of the form R* x B(r) for every r > 0, and let the trivial solution of (A)
be asymptotically stable. Show that for any £ > 0 there is a § > 0 such that
if |¢| < & and i || < &, then the solution (t, &) of

x" = f(x) + ah(t, x), x(0)=¢&

will satisfy |y(t,&)| < e for all t > 0. Hint: Use the converse theorem and
Problem 29.
31. If in addition, in Problem 30, we have lim,_, ,|h(t, x)| = O uniformly for
x on compact subsets of R", show that there exists a & > 0 such that if |¢| < &
and o] < & then Y(t,&) — 0 as t — co. Hint: Use Corollary 2.5.3.
32. Show that if a positive semiorbit C* of (A) is bounded, then its positive
limit set Q(C*) is connected.
33. Let f e CY(R") with f(0) =0 and let the equilibrium x = 0 of (A) be
asymptotically stable with a bounded domain of attraction G. Show that
dG is an invariant set with respect to (A).
34. Find all equilibrium points for the following equations (or systems of
equations). Determine the stability of the trivial solution by finding an
appropriate Lyapunov function.

(@) y =siny,

b)) y=yAy*-3v+2),

© x"+(x2=1Dx+x=0,

(d) system (1.2.44) as shown in Fig. 1.23 with f,(1) = f;() =0,

(€) xy=x,+x%; X)=—x;+2x,,

N x"+x+sinx=0,

@ x"+x+x(x>-4)=0,

(h) x' =a(l +t*) 'x,wherea>0o0ra<0.
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35. Analyze the stability properties of the trivial solution of the following
systems.

@) X' = —dapf(x) = Y az,
i=1

Zi=—=Az;+ biflx) (1<i<n
where «;, 4;, and b; are all positive and xf(x) > 0 if x # 0. Hint: Choose
v(x,2) = [§ f(s)ds + §) 7. \(a/b)z}.
(b) x'=—ayy— Y az,

i=1
y =/ ),
z:' = —A‘Z‘ + b‘f(\) (l S ' < ”).

where xf(x) > 0 if x # 0 and q;/b; > 0 for all i.

36. Check for boundedness, uniform boundedness, or uniform ultimate
boundedness in cach of the following:

(@ x"+x +x(x2—=4)=0,
(b) x" + X'+ x¥=sint,

© X)\=x3+-—-3 Xy==2x; + 2x, +
arctan x,,

, () xy=x3+ 0341,  xy=—x7+x(x3+2),
xy= —(x3)".

Hint: Choose v = x} + x%.
37. Analyze the stability properties of the trivial solution of
x™ + g(x) =0,

when n > 2, nis odd and xg(x) > 0if x # 0. For n = 2m + 1, use

v= z (= DA g 2ot (1002,
k=1

38. Check the stability of the trivial solution of x' = — Ax for the following
cases.
11 2 1 -1
@ A={1 1 1|, (b A4=] 1 2 0}
1 10 -1 0 2

Check by applying Sylvester’s theorem and also by direct computation of
the eigenvalues.
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39. For each of the following polynomials, determine whether or not all
roots have negative real parts.

(@) 3 —T7s+4s+1,

(b) s*+s3+22+25+5,

(0 s’+2s‘+3s’+4s’+7s+5,

(d) s+ 2s% + s + k, k any real number.
40. Let f € C'(R x R") with f(¢,0) = 0 and suppose that the eigenvalues of
the symmetric matrix

J(t, %) = $[£(t, %) + £, %))

satisfy A(t,x) < —ufori=1,2,...,n and for all (,x) in R x R".

(a) If u=0, show that the trivial solution of (E) is stable
and that solutions of (E) are uniformly bounded.

(b) If u> 0, show that the trivial solution of (E) is expo-
nentially stable in the large.

() Find hg such that if h > h,, then the trivial solution of

X=y—(x*+3x>+x), y=—hy+(x+x*3)
is uniformly asymptotically stable.
41. Let y e R" and let B(y) = [b;(»)] be an n x n matrix valued function
in C(R"). Consider the system
y = B(y)y. (16.5)

Show that if for all y e R" — {0} we have

(@) max(by(y) — Zwalbu(}’)l) & —¢(y)<0,0r

(b) max;(b;(y) — Zaﬁlbu()’)‘) & —d(y)<0,or

(© maxy(bu(y) — 1Y iby(») + bu(y)]) & —e(y) <0,
then the trivial solution of (16.5) is globally uniformly asymptotically stable.
Hint: Let v,(y) = max|y], v2(y) = Y7= 1|y, and vy(y) = Y., y?. Compute
v1(y) < —c(yoy(y).
42, Let B(y) be as in Problem 41, let p:R — R" be a continuous, 2zn-periodic
function and let

lim sup max {b,,( y) + Z b y)|} <0.

Iyl=
Show that solutions of y' = B(y)y + p(t) are uniformly ultimately bounded.
43. (Comparison principle) Consider the vector comparison system
y =G(,y) (C,)
where G:R* x R' - R', G is continuous, G(t,0) =0, and G(t, y) is quasi-

monotone in y (see Chapter 2, Problem 17 for the definition of quasimono-
tone).
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Letw:R* x R"— R', 1 < n,be a C' function such that |w(t, x)|
is positive definite, w(t, x) > 0 and such that

w;E)(‘v X) < G(to W(t’ x))'
where wig, = (W), . . . ,Wig)" is defined componentwise.
Prove the following.

(i) If the trivial solution of (C,) is stable, then so is the

trivial solution of (E).

(ii) If |w(t, x)| is decrescent and if the trivial solution of (C,)
is uniformly stable, then so is the trivial solution of (E). )

(i) If |w(r, x)| is decrescent and if the trivial solution of (C,)
is uniformly asymptotically stable, then so is the trivial solution of (E).

(iv) 1f there are constants a > 0 and b > 0 such that a|x|* <
[wt, x)], w(t, x)| is decrescent, and if the trivial solution of (C,) is exponentially
stable, then so is the trivial solution of (E).
Hint: Use problem 2.18.

44. Let A = [a;;] be an I x | matrix such that a;; 20 for i,j=1,2,...,n
andi#j Supposeforj=1,2,....,!
1

ay— Y |af<o.
i=1,i%)

Show that the trivial solution of x’ = Ax is exponentially stable.
45. Show that the trivial solution of the system

xy = —x, — 2x3 + 2kx,,

Xy = =X + 2x,%;,

Xy = —3xy + x4 + kx,,

Xy = —2x, — x3 — kx,
is uniformly asymptotically stable when |kl is small. Hint: Choose v, =
x} + x}and v, = x} + x3. '
46. For the-predator—prey model (cf. Example 1.2.12)

Xy = a;x; — byx;x,,
Xy = —ax3 + byxx,

with a,, a,, b,, and b, all positive, find all equilibrium points and determine
their stability properties. Hint: The function
w & ((x,by/as)e™*be2)ter((x,by fa, e~ *brierytie:

may be of use.
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47. For (E) and (C) let F and G be C' functions and let p:R* x B(r)— R
be a positive definite and decrescent C' function such that G(1,0) =0,
G(t, —y) = G(t, y) and

vyt X) = G(t, v(t, X))

If the trivial solution of (C) is unstable, then the trivial solution of (E) is
also unstable.



PERTURBATIONS OF
LINEAR SYSTEMS

In this chapter, we study the effects of perturbations on the
properties of trajectories in a neighborhood of a fixed critical point or in a
neighborhood of a periodic solution. Throughout, the analysis is accom-
plished by arranging matters so that the system of interest can be considered
as a perturbation of a linear equation with constant coefficients.

In Section 1 we provide some preliminaries. In Section 2 we
analyze the case in which the linear part of the equation has a noncritical
coefficient matrix. In this section we also show how, in certain situations,
the problem of stability of the trivial solution of periodic nonlinear systems
can be reduced to this noncritical case. In Section 3 we study conditional
stability of the trivial solution of nonlinear autonomous systems, and in
Section 4 we study stability and instability of perturbed linear periodic
systems. Finally, in Section 5 we define and study the notion of asymptotic
equivalence of systems.

6.1 PRELIMINARIES

We recall that for a function g: R' — R, the notation g(x) =
O(|x|?) as |x| - & means that
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and that the interesting cases include & = 0 and « = oo. (Here = 0 and
|l denotes any of the equivalent norms on R') Furthermore, when g:R x
R'— R, then g(t,x) = O(|x|*) as |x| = & uniformly for ¢ in an interval I
means that

lim sup (sup g(t,x) ) < o0.
|x|=a tel xl

Also, we recall that g(x) = o(]x|’) as |x| - « means that

I lg(x)
ive PP

Further variations of the foregoing [such as, e.g, g(t,x) = o(|x}?) as |x| » «
uniformly for ¢ € I, or g(x) = o(x*) as x — 0*] are defined in the obvious way.

In this chapter as well as in a subsequent chapter, we shall
also require the implicit function theorem which we present next. To this
end we consider a system of functions

=0.

gl(xt}')=yl(xl»'°"xnyl,-“’yr)t I<i<r

and we assume that these functions have continuous first derivatives in an
open set containing a point (x,, o). We recall that the matrix

0g,/0y, 0g,/0y, --- 04,/0y,
a ‘ZQ_ a | 092/0y, 9gaf0y; -+ 0g,/[0y,
=% : :

agr/ayl agr/a}’z Tt agr/ayr

is called the Jacobian matrix of (g,, . . . ,g,) with respect to (y,, . . ., y,). Also,
_the determinant of this matrix is called the Jacobian of (g,, .. .,g,) with
respect to (y,, - - -, y,) and is denoted by

J = det(dg/0y).
The implicit function theorem is as follows:

Theorem 1.1. Letyg,,..., g, have continuous first derivatives
in a neighborhood of a point (x4, yo). Assume that gi(xy, ) =0,1<i<r,
and that J # 0 at (x,, yo). Then there is a 4 neighborhood U of x, and a y
neighborhood § of y, such that for any x in U there is a unique solution y of
gi(x, y)=0,1 < i < r,in S. The vector valued function y(x) = (y,(x), . . ., y,(x))
defined in this way has continuous first derivatives in R. If ge C* or if g is
analytic, then so is y(x).
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6.2 STABILITY OF AN EQUILIBRIUM POINT

In this section, we consider systems of n real nonlinear first
order ordinary differential equations of the form

x' = Ax + F(t, x), (PE)

where F:R* x B(h)— R" for some h > 0 and A is a real n x n matrix. Here
we assume that Ax constitutes the linear part of the right-hand side of (PE)
and F(t,x) represents the remaining terms which are of order higher than
one in the various components of x. Such systems may arise in the process
of linearizing nonlinear equations of the form 1

x' = g(t,x), (¢))

or they may arise in some other fashion during the modeling process of a
physical system.

To be more specific, let g: R x D — R" where D is some domain
in R". If ge C'(R x D) and if ¢ is a given solution of (E) defined for all
t = to = 0, then we can linearize (G) about ¢ in the following manner. Define
y = x — ¢(t) so that

y =g(t,x) — g(t, p(1)) = g(t, y + $(0)) — g(t, $(1))

=2 .o+ Gt .

Here
Gt 2 [glt,y + ) — 66 6] — 2 (1, 60y

is o(|y|) as |y] - O uniformly in ¢ on compact subsets of [t,, c0).

Of special interest is the case when g is independent of ¢ [i.c.,
when g(1, x) = g(x)] and ¢(t) = , is a constant (equilibrium point). Under
these conditions we have

y = Ay + G(y),

where A = dg(&,)/ox.

Also of special interest is the case in which g(t, x) is T periodic
in t (or is independent of t) and ¢(t) is T periodic. We shall consider this case
in some detail in Section 4.
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Theorem 2.1. Let A be a recal, constant, and stable n x n
matrix and let F:R* x B(h) — R" be continuous in (1, x) and satisfy

F(1,x) = o(|x|) as |x| -0, (2.1

uniformly in t € R*. Then the trivial solution of (PE) is uniformly asymptot-
ically stable.

Since this type of result is very important in applications, we
shall give two different proofs of this theorem. Each proof provides insight
into the qualitative behavior of perturbations of the associated linear system
given by

Vo= Ay. (L)

Proof 1. Since (L) is an autonomous linear system, Theo-
rem 5.10.1 applies. In view of that thcorem, there exists a symmetric, real,
positive definite n x n matrix B such that BA + ATB = —C, where C is
positive definite. Consider the Lyapunov function v(x) = x"Bx. The deriva-
tive of v with respect to ¢ along the solutions of (PE) is given by

Ve, X) = —xTCx + 2X"BF(1, x). (22

Now pick y > 0 such that x"Cx > 3y|x|? for all x € R". By (2.1)
there is a & with 0 < 6 < h such that if |x] < 4, then |BF(1, x)| < y|x| for all
(t,x) € R* x B(3). For all (t,x) in R* x B(J) we obtain, in view of (2.2), the
estimate

Vet x) < = 3y|x]? + 2y|x|* = —y|x|%

It follows that vjeg(t, ) is negative definite in a neighborhood of the origin.
By Theorem 5.9.6 it follows that the trivial solution of (PE) is uniformly
asymptotically stable. Il

Proof 2. A fundamental matrix for (L) is e*'. Moreover, since
A is stable, there are positive constants M and « such that

le*] < Me™" forall ¢>0.

Given a solution ¢ of (PE), for as long as ¢ exists we can use the variation of
constants formula (3.3.3) to write ¢ in the form

(1) = e "%(t,) + J:; AUIE(s, P(s)) ds.
Hence, for all t > t, we have

|6(0)] < Mlgtgle™= = + M [ &=~ |Fis, pls)]ds.
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Givenewith0 < & < 0,by(2.1)thereis a 6 with0 < § < hsuch that |F(¢, x)| <
g|x|/M for all pairs (¢, x) in R* x B(J). Thus, if |¢(t,)| < &, then for as long as
|¢(2)| remains less than 8, we have

|6(0)] < Md(to)le " + ¢ J:: e~ U= (s)|ds

and

(e + tol] < MlpGalle™ + & [, e~ (s + to)] ds

or

16t + to)] < Mlgteo)| + & [[ elpls + to)| ds. (23)

Applying the Gronwall inequality (Theorem 2.1.6) to the function e”|(t + t,)|
in (2.3), we obtain

ot + 1o)] < Mb(ey)e”,
or
|6(0)] < M|p(to)|e @~ (24)

for as long as |¢(1)| < 8. Choose y < 6/M and pick ¢ so that |¢(to)] < 7.
Since ¢ — € > 0, inequality (2.4) implies that |¢(1)] < My < é. Hence, ¢ exists
for all t > t, and satisfies (2.4). It follows that the trivial solution of (PE) is
exponentially stable, and hence, also asymptotically stable. Wl

We now consider a specific case.
Example 2.2. Recall that the Lienard equation is given by
X"+ f(x)x' +x=0, (2.5)
where f: R — R is a continuous function with f(0) > 0. We can rewrite (2.5) as
xX'=y, y=-x—fOy+[f0) - f(x)]y
and we can apply Theorem 2.1 with x = (x;,x,)",

0 1 0
A= [—1 —f(())]’ Flex) = [[f(O) - f(x‘)]xz]'

Noting that A is a stable matrix and that F satisfies (2.1), we conclude that
the trivial solution (x, x') = (0,0) of (2.5) is uniformly asymptotically stable.
We emphasize that this is a local property, i.e., it is true even if f(x) becomes
negative for some or all x with |x| large.

In the next result, we consider the case in which 4 has an
eigenvalue with positive real part.
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Theorem 2.3. Assume that A is a real nonsingular n x n
matrix which has at least one eigenvalue with positive real part. If F:R* x
B(h) — R" is continuous and satisfies (2.1), then the trivial solution of (PE)
is unstable.

Proof. We use Theorem 5.10.1 to choose a real, symmetric
n x n matrix B such that BA + A"B = —C is negative definite. The matrix
B is not positive definite or even positive semidefinite. Hence, the function
v(x) 2 x"Bx is negative at points arbitrarily close to the origin. Evaluating
the derivative of v with respect to ¢ along the solutions of (PE), we obtain

viert, X) = —x"Cx + 2x"BF(t, x).
Pick y > 0 such that x"Cx > 3y|x|? for all x € R*. In view of

(2.1) we can pick J such that 0 < & < h and |BF(t,x)| < y|x| for all (t,x) €
R* x B(5). Thus, for all (¢, x) in R* x B(J), we obtain

viee(t, x) < = 3y|x|? + 2xlylx| = —¥jx|%

so that vpg, is negative definite. By Theorem 5.9.16 the trivial solution of
(PE) is unstable.

Let us consider another specific case.

Example 2.4. Consider the simple pendulum (see Example
1.2.9) described by

x" 4+ asinx =0,

where a is a positive constant. Note that x, = =, x, = 0 is an equilibrium of
this equation. Let y = x — x, so that

Yy’ +asin(y + n) = y" — ay + a(sin(y + n) + y) = 0.
This equation can be put into the form (PE) with

01 0
4= [a 0]’ Fit,x) = [a(sin( y+n)+ y)]'

Applying Theorem 2.3, we conclude that the equilibrium point (x,0) is
unstable.

Next, we consider periodic systems described by equations of
the form

x' = P(t)x + F(t,x), (2.6)

where P is areal n x nmatrix which is continuous on R and which is periodic
with period T > 0, and where F has the properties enumerated above.
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Systems of this type may arise in the process of linearizing equations of the
form (E) or they may arise in the process of modeling a physical system. For
such systems, we establish the following result.

Corollary 2.5. Let P be defined as above and let F satisfy the
hypotheses of Theorem 2.1.

(1) If all characteristic exponents of the linear system
7 = P(t)z @7
have negative real parts, then the trivial solution of (2.6) is uniformly asymp-
totically stable.

(i) Ifat least one characteristic exponent of (2.7) has positive
real part, then the trivial solution of (2.6) is unstable. -

Proof. By Theorem 3.4.2 the fundamental matrix ® for (2.7)
satisfying ®(0) = E has the form

() = U(t)e'4,

where U(t) is a continuous, periodic, and nonsingular matrix. (From the
results in Section 3.4, we see that A4 is uniquely defined up to 2nniE. Hence
we can assume that 4 is nonsingular.) Now define x = U(t)y, where x solves
(2.6), so that

Uty + U(t)y = P()U(r)y + F(t, U(t)y),
while

U'=PU - UA.
Thus y solves the equation
y = Ay + UT'(OF(t, U(ty),

and U~ '(¢)F(t, U(t)y) satisfies (2.1). Now apply Theorem 2.1 or 2.3 to deter-
mine the stability of the equilibrium y = 0. Since U(t) and U~(¢) are both
bounded on R, the trivial solutions y = 0 and x = 0 have the same stability
properties. Wl

We see from Theorems 2.1 and 2.3 that the stability properties
of the trivial solution of many nonlinear systems can be determined by check-
ing the stability of a linear approximation, called a “first approximation.”
This technique is called determining stability by “linearization” or determining
stability from the first approximation. Also, Theorem 2.1 together with Theo-
rem 2.3 are sometimes called Lyapunov’s first method or Lyapunov’s indirect
method of stability analysis of an equilibrium point.
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6.3 THE STABLE MANIFOLD

We reconsider the system of equations
X' = Ax + F(t,x) (PE)

under the assumption that the matrix A is noncritical. We wish to study in
detail the properties of the solutions in a neighborhood of the origin x = 0.
In doing so, we shall need to strengthen hypothesis (2.1) and we shall be able
to prove the existence of stable and unstable manifolds for (PE). The precise
definition of these manifolds is given later.

' We begin by making the following assumption:

F:R x B(h)— R", F is continuous on R x B(h), F(1,0) =0
forallte Rand foranye > O thereisadwith0O<d < h

such that if (1,x) and (1, y) € R x B(d), then |F(t,x) — F(t, y)|
<elx—y. (3.1)

This hypothesis is satisfied for example if F(t, x) is periodic in t (or indepen-
dent of t), if Fe C'(R x B(h)) and both F(t,0) = 0 and F,(t,0) = 0 for all
teR.

In order to provide motivation and insight for the main results
of the present section, we recall the phase portraits of the two-dimensional
systems considered in Section 5.6. We are especially interested in the non-
critical cases. Specifically, let us consider Fig. 5.7b which depicts the qualita-
tive behavior of the trajectories in the neighborhood of a saddle. There is a
one-dimensional linear subspace S* such that the solutions starting in S*
tend to the origin as t — oo (see Fig. 6.1). This set S* is called the stable mani-
fold. There is also an unstable manifold U* consisting of those trajectories
which tend to the origin as r - — co. If time is reversed, S* and U* change
roles. What we shall prove in the following is that if the linear system is
perturbed by terms which satisfy hypothesis (3.1), then the resulting phase
portrait (see, e.g., Fig. 6.2) remains essentially unchanged. The stable mani-
fold S and the unstable manifold U may become slightly distorted but they
persist (see Fig. 6.2).

Our analysis is local, i.e., it is valid in a small neighborhood
of the origin. For n-dimensional systems, we shall allow k eigenvalues with
negative real parts and n — k cigenvalues with positive real parts. We allow
k = 0 or k = n as special cases and, of course, we shall allow F to depend
on time t. In (¢, x) space, we show that there is a (k + 1)-dimensional stable
manifold and an (n — k + 1)-dimensional unstable manifold in a sufficiently
small neighborhood of the line determined by (1,0), t € R.
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Definition 3.1. A local hypersurface S of dimension k + 1
located along a curve v(t) is determined as follows. There is a neighborhood
V of the origin in R" and there are (n — k) functions H; € C'(R x V) such that

S={(t,x):teR,x—v(t)e Vand H(t,x + v(t)) =0fori=k +1,...,n}.

Here H(t,v(t)) =0 for i=k+ 1,...,n and for all t e R. Moreover, if V
denotes the gradient with respect to x, then for each t € R, {VH(t,v(t)):k +
1 <i<n}is a set of n— k linearly independent vectors. A tangent hyper
surface to S at a point (¢,x) is determined by {y € R":{y, VH(t,v(t))> =0,
i=k+1,...,n}. We say that S is C* smooth if the functions v and H, are
in C™ and we say that S is analytic if v and the H, are holomorphic in ¢t and
in (¢, x). .

In the typical situation in the present chapter, v(t) will be a
constant [usually v(¢) = 0] or it will be a periodic function. Moreover, typ-
ically there will be a constant n x n matrix Q, a neighborhood U of the origin
in §=(y1,.-.,y)" space, and a C! function G:R x U — R** such that
G(t;0) = 0 and such that

S={(t,x):y=0Q(x—v)e Uand (yys1,.-.,ya)" =G(t,y1,..., ¥}

The functions H(t, x) can be determined immediately from G(t, y) and Q.
We are now in a position to prove a qualitative result for a
noncritical linear system with k-dimensional stable manifold.

Theorem 3.2. Let the function F satisfy hypothesis (3.1) and
let A be a real, constant n x n matrix which has k eigenvalues with negative
real parts and (n — k) eigenvalues with positive real parts. Then there exists
a (k + 1)-dimensional local hypersurface S, located at the origin, called the
stable manifold of (PE), such that S is positively invariant with respect to
(PE), and for any solution ¢ of (PE) and any t such that (r, ¢(1)) € S, we
have ¢(t) - 0 as t - co. Moreover, there is a > 0 such that if (z,¢(z)) €
R x B(é) for some solution ¢ of (PE) but (z,¢(z)) ¢ S, then ¢(r) must leave
the ball B(d) at some finite time ¢, > 1.

IfFe C'(R x B(h)forl=1,2,3,...0rl= o0 orif F is holo-
morphic in (t, x), then S has the same degree of smoothness as F. Moreover,
S is tangent at the origin to the stable manifold S* for the linear system (L).

Proot. Pick a linear transformation x = Qy such that (PE)
becomes

y' = By +g(t, y), (PE)
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where B = Q' AQ = diag(B,, B,) and g(t, y) = Q' F(t, Qy). The matrix Q
can be chosen so that B, is a k x k stable matrix and — B, is an (n — k) x
(n — k) stable matrix. Clearly g will satisfy (3.1). Moreover, if we define

u,(r)=[0' g], Uz(r)=[g g,,.]»

then e® = U,(1) + U,(¢) and for some positive constants K and ¢ we have
U] < Ke™?, t>0, and |U,()|<Ke”, t<0.

Let ¢ be a bounded solution of (PE’) with ¢(t) = . Then by
the variation of constants formula we have

$(0) = e™ =% + [ eX-9g(s, ¢(s))ds
= Uit — 0 + [ Uyt — )gls, gD ds + Ut — 1)

+ [7 Ut - 990, 0 ds - 7 Ut - g, 90N ds. -

Since U,(t — s) = Ux(t)U,(—s), the bounded solution ¢ of
(PE’) must satisfy

()= Uyt — ¢ + [ Uyt — (s, (s))ds — [ Ut — s)gls, p(s)) ds
+ UAD[UA=0E + [* Us(=9)g(s, $(s)) ds]). (32)

Conversely, any solution ¢ of (3.2) which is bounded and continuous on
[z, 00) must solve (PE’).

In order to satisfy (3.2) it is sufficient to find bounded and
continuous solutions of the integral equation

V(7,0 = Uyle — 0 + [ Ule — s)gls, s, 7, £))ds

— [ Ut - 996 905,7.0) ds (3.3)
which also satisfy the side condition
Un(=tK + [” U~ 9)gls,¥(s, 7, 8))ds = 0. ©)

Successive approximation will be used to solve (3.3) starting with (t, 7, §) =
0. Pick ¢ > 0 such that 4eK < o, pick & = 8(¢) using (3.1), and pick & with
[¢] < 8/(2K). Define

W]l 2 sup{jw():¢ = z}.
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If||y)|| < &, then ¢, must satisfy
Wyt 2.0 < KJE| + [ Keo el flds + [ K™=l | ds
< 18 + (2eK/o)||yr | < 6.
Since Yo = 0, then the y, are well defined and satisfy ||| < & for all j. Thus
I‘l’]‘l’ l(tv T, ‘:) - l/’;(tv T, C)I
< f: Ke™"=9%|y; — ¢;-||ds + J:m Ke™ 9%y ; — ;|| ds

< eK/a)ly = sl < Sy =yl
By induction, we have ||[Wy41+1 — Yisd]l < 27|k s — ¥il| and

MWis s = vdl < Wes = Yaasall + -+ s = Wl
<@ I*v4p o270y l)"'/’ul - '/'k"

< 2ies =l < 274l

From this estimate, it follows that {i;} is a Cauchy sequence
uniformly in (¢, 7,£) over 1€ R, t € [1, ), and & € B(6/(2K)). Thus y(t,,&)
tends to a limit y(t, 7, ) uniformly for (1,1, &) on compact subsets of (r,{) €
R x B(6/(2K)), t € [, 00). The limit function ¢ must be continuous in (t, 7, )
and it must satisfy ||y|] < 6.

The limit function y must satisfy (3.3). This is argued as follows.
Note first that

J:m Uyt = s)g(s. (s, 1,8))ds — J:m Uyt = $)gls, i j(s,1,&))ds

< [ Kert=9elyts,7,0) — ¥ fs.1,8)| ds
<(Kefol — ¢l =0, j— oo

A similar procedure applies to the other integral term in (3.3). Thus we can
take the limit as j — oo in the equation

Vit 0,8) = Uit = 08 + [ U0 = 905,95 7,8 ds
_J:m UZ(' - S)g(s‘ .//j(s" T, {))ds

to obtain (3.3). Note that the solution of (3.3) is unique for given t and £ since
a second solution § would have to satisfy ||y — §|| < 3|lv — ¥||-

The stable manifold S is the set of all points (t,¢) such that
Eq. (S) is true. It will be clear that S is a local hypersurface of dimension
(k+1). If £ =0, then by uniqueness Y(,7,0)=0 for t 2>t and so
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g(t,¥(t,7,0)) = 0. Hence (7,0) € S for all T e R. To see that S is positively
invariant, let (z, &) € S. Then y(t, 7, £) will solve (3.2), and hence it will solve
(PE'). For any 1, >t let §, = y(r,,7,{) and define ¢(t,7,,&,) 2 Y(t,7,$).
Then ¢(t,1,,&,) solves (PE’) and hence it also solves (3.2) with (, &) replaced
by (,,¢,). Hence

IUZ(‘)[UZ(-tI){l + f: Uax(—3)g(s, §(s,7,,&,))ds]

= ‘d’('ﬁufn) - Ut —1,)¢, - _’: U,(t — s)g(s, (s, 14, ¢y))ds

+ [ Ut - hots, 05,7, E))ds

<8+ Ke 0 g | + [! Ke®0=9esds + [° Keet~9esds

<0+ 06+ (2Ked/o) < 36 < o0. 34

Since U,(t) = diag(0,e®”') and — B, is a stable matrix, this is only possible
when (z,,§,) € S. Hence S is positively invariant.

To see that any solution starting on S tends to the origin as
t— oo, let (1,£) € S and let §; be the successive approximation defined above.
Then clearly

Wi, 7, 8] < K|Ele™ 2749 < 2K|¢le ¢,
If (1, 7,8)| < 2K|Ele™¢~9, then

w’ﬁ (3 Ré)' < Klfle"""" + j‘: Ke'2"('-l)c(leﬂe—a(s-t))ds ’
+J"uo Kea(l—zlc(lede—gu-,,)ds
< Klfle‘««—:’ + 2K|{'(5K/¢)e~¢(a—:) + 2K|£|(eK/2¢)e"“'"
< 2Kl§le-m—v)

since (4eK)/o < 1. Hence in the limit as j— oo we have |[Y(t,1,¢)| <
2K|¢|e~ ¢~ for all t > 7 and for all { € B(5/(2K)).

Suppose that ¢(t, 1,£) solves (PE’) but (1,£) does not belong
to S. If |¢(t,7,£)| < & for all ¢ > 1, then (34) is true. Hence (1,£) € S, a con-
tradiction.

Equation (S) can be rearranged as

Cuvrs- - &" = = [7 Ut = )gls, wls, 7, £))ds. (35)
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Utilizing estimates of the type used above, we see that the function on
the right side of (3.5) is Lipschitz continuous in { with Lipschitz constant
L < 4. Hence, successive approximations can be used to solve (3.5), say

(ﬁnw--;f.)r=h(f-fu-u,5x) (3.6)

with h continuous. If F is of class C' in (¢, x), then the partial derivatives of
the right-hand side of (3.5) with respect to &,, .. ., ¢, all exist and are zero
at §, =---=¢§,=0. The Jacobian with respect to ({,4,,..-,¢s) on the
left side of (3.5) is one. By the implicit function theorem, the solution (3.6)
is C! smooth, indeed h is at least as smooth as F is. Since oh/o¢ ;=0 for
k<j<snaté,=---=¢§,=0, then § is tangent to the hyperplane ¢, ,, =
coo=¢,=0at{=0,ie, S is tangent to the stable manifold of the linear
system(L)até=0. W '

If we reverse time in (PE) to obtain

y=—Ay-F(-ty) A
and then apply Theorem 3.2, we obtain the following result.

Theorem 3.3. If the hypotheses of Theorem 3.2 are satisfied,
then there is an (n — k + 1)-dimensional local hypersurface U based at the
origin, called the unstable manifold of (PE), such that U is negatively invariant
with respect to (PE), and for any solution ¢ of (PE) and any t € R such that
(tr, ¢(1)) € U, we have ¢(t) = 0 as t = — c0. Moreover, there is a 6 > 0 such
that if (z,¢(r)) € R x B(J) but (1,¢(1)) ¢ U, then ¢(t) must leave the ball
B(d) at some finite time ¢, < t.

, The surface U has the same degree of smoothness as F and
is tangent at the origin to the unstable manifold U* of the linear system (L).

If F(t, x) = F(x) is independent of t in (PE), then it is not neces-
sary to keep track of the initial time in Theorems 3.1 and 3.2. Indeed, it can
be shown that if (S) is true for some (1, {), then (S) is true for all (¢, ) for ¢
varying over all of R. In this case, one usually dispenses with time and one
defines S and U in the x space R". This is what was done in Figs. 6.1 and 6.2.

Example 3.4. Consider the Volterra population model given
in Example 1.2.13. Assume that in Eq. (1.2.32), ¢ = f = 0 while all other
constants are positive. Then these equations reduce to

X'. = ax‘ - bxlx2’ xl(o) = cl 2 0’
Xy =dx; —exyx;, x00=¢§,20.
There are two equilibrium points, namely,

Ey: xy.=x3,=0, E;: x,, =dlfe, X2¢ = af/b.
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The eigenvalues of the linear part at equilibrium E; are A =aq and 41 =d.
Since both are positive, this equilibrium is completely unstable. At the second
equilibrium point, the eigenvalues are 1 = /ab>0 and 1 = —,/ab <0.
Hence, ignoring time, the stable and unstable manifolds each have dimen-
sion one. These manifolds are tangent at E, to the lines

Jadx, + (bdfe)x,; =0,  —.[adx, + (bd/e)x, = 0.

Notice that if x, = a/b and 0 < x; < d/e, then x}; =0 and
x5 > 0. If x, > a/b and 0 < x, < d/e, then x; <0 and x > 0. If x,(0) =0,
then x,(t)=0 for all t>0. Hence, the set G, = {(x,x,):0 < x; < dfe,
x, > afb} is a positively invariant set. Moreover, all solutions (x,(t), x,(f))
which enter this set must satisfy the condition that x,(t) - oo as t — oo.
Similarly, the set G, = {(x;,x,): x; > dfe, 0 < x, < a/b} is a positive invari-
ant set and all solutions which enter G, must satisfy the condition that
x4(t) - o0 as t — 0. ,

Since the unstable manifold U of E, is tangent to the line
Jadx, + (bd/e)x, = 0, then one branch of U enters G, and one enters G,
(see Fig. 6.3). The stable manifold S of E, cannot meet either G, or G,.
Hence, the phase portrait is completely determined as shown in Fig. 6.3.
We see that for almost all initial conditions one species will eventually die

= 4 v
s
a/v L
%)
/\ U
3 %1
E d/e

FIGURE 6.3
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out while the second will grow. Moreover, the outcome is unpredictable
in the sense that near S a slight change in initial conditions can radically
alter the outcome.

6.4 STABILITY OF PERIODIC SOLUTIONS

We begin by considering a T-periodic system
x' = f(t,x), P

where f € C'(R x D), D is a domain in R", and f(t + T, x) = f(t, x) for all
(t,x) € R x D. Let p be a nonconstant, T-periodic solution of (P) satisfying
p(t) € D for all t € R. Now define y = x — p(f) so that

Y = ft,p())y + h(t, y), 4.1)
where ’

h(t, y) & f@t, ¥ + p(1)) — f(t, p(1)) — f(t, p(D))

satisfies hypothesis (3.1). From (4.1) we now obtain the corresponding linear
system

v = [t p(0)y. 4.2)

By the Floquet theory (see Chapter 3) there is a periodic, nonsingular matrix
V(t) such that the transformation y = V(f)z transforms (4.1) to a system of the
form

2 = Az + V' (0)h(t, V(1)2).

This system satisfies the hypotheses of Theorem 3.2 if A4 is noncritical. This
argument establishes the following result.

Theorem 4.1, Let f € C'(R x D) and let (P) have a noncon-
stant periodic solution p of period T. Suppose that the linear variational
system (4.2) for p(t) has k characteristic exponents with negative real parts
and (n — k) characteristic exponents with positive real parts. Then there
exist two hypersurfaces S and U for (P), each containing (t, p(t)) for all t € R,
where § is positively invariant and U is negatively invariant with respect to
(P) and where S has dimension (k + 1) and U has dimension (n — k + 1)
such that for any solution ¢ of (P) in a § neighborhood of pand any t € R we
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have

(i) ¢(t)— p(t)>0ast— oo if (r,¢(1)) € S,
(i) () — p(t) »0ast - —o0 if (1,¢(1)) € U, and
(iii) ¢ must leave the & ncighborhood of p in finite time as
t increases from t and as t decreases from t if (z, ¢()) is not on Sand not on U.

The sets S and U are the stable and the unstable manifolds
associated with p. When k = n, then S is (n + 1)-dimensional, U consists
only of the points (t, p(t)) for t € R, and p is asymptotically stable. If k < n,
then clearly p is unstable.

This simple and appealing stability analysis breaks down com-
pletely if p is a T-periodic solution of an autonomous system

X' = f(x), A)

where f € C!(D). In this case the variational equation obtained from the
transformation y = x — p(t) is

Y = fp(®)y + h(t, y), 4.3)

where h(t, y) & f(y + p(t)) — f(p(t)) — f.(p(1))y satisties hypothesis (3.1). In
this case, the corresponding lincar first approximation is

y = fp)y. (4.9

Note that since p(t) solves (A), p'(t) is a T-periodic solution of (4.4). Hence,
Eq. (4.4) cannot possibly satisfy the hypotheses that no characteristic ex-
ponent has zero real part. Indeed, one characteristic multiplier is one. The
hypotheses of Theorem 4.1 can never be satisfied and hence, the preceding
analysis must be modified. Even if the remaining (n — 1) characteristic ex-
ponents are all negative, p cannot possibly be asymptotically stable. To see
this, note that for t small, p(t + 1) is near p(t) at ¢ = 0, but |p(¢ + ) — p(1)]
does not tend to zero as t — co. However, p will satisfy the following more
general stability condition.

Definition 4.2. A T-periodicsolution p of (A) is called orbitally
stableif there is a & > O such that any solution ¢ of (A) with |¢(t) - p(t)l <o
for some t tends to the orbit

C(p(1) ={p():0<t< T}

as t — oo, Ifin addition for each such ¢ there is a constant a € [0, T") such that
¢(t) — p(t + o) = 0 as t — oo, then ¢ is said to have asymptotic phase o.

We can now prove the following result.

Theorem 4.3. Let p be a nonconstant periodic solution of
(A) with least period T > 0 and let f € C'(D), where D is a domain in R",
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If the linear sys'em (4.4) has (n — 1) characteristic exponents with negative
real parts, then p is orbitally stable and nearby solutions of (A) possess an
asymptotic phase.

Proof. By a change of variables of the form x = Qw + p(0),
where Q is assumed to be nonsingular, so that

w = 0~'f(Qw + p(0)),

Q can be so arranged that w(0) = 0 and w'(0) = @~ 'f(p(0)) = (1,0, ...,0)".
Hence, without loss of generality, we assume in the original problem (A)
that p(0) =0 and p'(0) = ¢, £ (1,0,...,0)".

Let ®, be a real fundamental matrix solution of (4.4). There
is a real nonsingular matrix C such that ®y(t 4+ T) = @y(t)C for all t € R.
Since p’ is a solution of (4.4), one eigenvalue of C is equal to one [see Eq.
(3.4.8)]. By hypothesis, all other eigenvalues of C have magnitude less than
one, i.e, all other characteristic exponents of (4.4) have negative real parts.
Thus, there is a real n x n matrix R such that

10
-1 =
weerey b}

where D, is an (n — 1) x (n — 1) matrix and all eigenvalues of D, have
absolute value less than one.

Now define ®,(t) = O(¢)R so that @, is a fundamental matrix
for (4.4) and

(¢ + T) = Byt + T)R = Bo(t)CR = D(R(R™'CR) = ‘”‘"’B > ]
0.

The first column ¢,(¢) of ®,(t) necessarily must satisfy the relation
¢t + T) = ¢,(1) forall teR,

i.e, it must be T periodic. Since (n — 1) characteristic exponents of (4.4)
have negative real parts, there cannot be two linearly independent T periodic
solutions of (4.4). Thus, there is a constant k # 0 such that ¢, = kp". If
®,(¢t) is replaced by

®(1) & diag(k™', 1, ..., DO,(0),

then @ satisfies the same conditions as ®, but now k = 1.
There is a T periodic matrix P(t) and a constant matrix B
such that

™8 = [(‘) ‘,’)o], (1) = P()™.
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[Both P(t) and B may be complex valued.] The matrix B can be taken in
the block diagonal form
00
B= [o B,]’

where ¢®'T = D, and B, is a stable (n — 1) x (n — 1) matrix. Define

0,69 = PO o]P0

and
0
Uslt.s) = P() [g ,.,«.-.y]P"(s)
so that

U,(t,s) + U,(t,s) = P(t)eP* 2P~ Y(s) = D(e)® '(s).
Clearly U, + U, is real valued. Since

Py o]=@u0.....00

this matrix is real. Similarly, the first row of

1 0}.._
[0 o]P (s)

is the first row of ®~!(s) and the remaining rows are zero. Thus,

v69=P0 oflo of7®

is a real matrix. Hence,

Us(t,5) = DOO~(s) - U,(t,5)
is also real.
Pick constants K > 1 and ¢ > 0 such that |U,(t,s)| < K and
|U(t,5)] < Ke™27¢~" for all t > s > 0. As in the proof of Theorem 3.1, we
utilize an integral equation. In the present case, it assumes the form

VO = Ust, R + [} Ut s o) ds — [° Ut his, pis))ds, (45)

where h is the function defined in (4.3). This integral equation is again solved
by successive approximations to obtain a unique, continuous solution
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Y(1,7,8) for t > 1, 1€ R, and |¢] < 6 and with
Wit + 1,1, &)| < 2K|E|e™ .

Solutions of (4.5) will be solutions of (4.3) provided that the
condition

Uy, 08 + [ Ut )hs, s, . 8)) ds = 0 (4.6)
is satisfied. Since

U,(t,5) = P(I)“ g]P" '(s),

equivalently one can write

[(‘) g](l’"(t)f + J: “p- Y(s)h(s, (s, T, f))ds) =0.

Since h, and y, exist and are continuous with h,(t,0) = 0, then by the implicit
function theorem one can solve for some ¢; in terms of t and the other
¢.s. Hence, the foregoing equation determines a local hypersurface. For
any 1, let G, be the set of all points & such that (t, §) is on this hypersurface.
The set of points (z, ) which satisfy (4.6) is positively invariant
with respect to (4.3). Hence G, is mapped to G,. under the transformation
determined by (A) as t varies from t to t’. As t varies over 0 < t < T, the sur-
face G traces out a neighborhood N of the orbit C(p(0)). Any solution which
“starts within N will tend to C(p(0)) as t— co. Indeed, for |@(t) —p(t")|
sufficiently small, we define ¢,(1) = ¢(t + t — t'). Then ¢, solves (A),
|#1(t') — p(r')] is small, and so, by continuity with respect to initial conditions,
¢,(t) will remain near p(f) long enough to intersect G, at T = 0 at some ¢,.
Then as t — o0,

&yt + 1) — p(t) = (1) = 0,
or

t—tv+t+1t)—-p()—-0. B

Theorem 3.3 can be extended to obtain stable and unstable
manifolds about a periodic solution in the fashion indicated in the next

result, Theorem 4.4. The reader will find it instructive to make reference
to Fig. 6.4.

Theorem 4.4. Let [ e C'(D) for some domain D in R" and
let p be a nonconstant T-periodic solution of (A). Suppose k characteristic
exponents of (4.4) have negative real parts and (n — k — 1) characteristic
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FIGURE 6.4

exponents of (4.4) have positive real parts. Then there exist T-periodic
C'-smooth manifolds S and U based at p(t) such that S has dimension
k + 1 and is positively invariant, U has dimension (n — k) and is negatively
invariant, and if ¢ is a solution of (A) with ¢(0) sufficiently close to C(p(0)),
then

(i) ¢(t) tends to C(p(0)) as t — o if (0,¢(0)) € S,
(i) () tends to C(p(0)) as t - — o0 if (0, ¢(0)) € U, and
(iii)  ¢(t) must leave a neighborhood of C(p(0)) as ¢ increases
and as t decreases if (0,¢(0))¢ S U U.

The proof of this theorem is very similar to the proof of
Theorem 4.3. The matrix R can be chosen so that

10 0
R-'CR=|0 D, 0 |,
00 D,

where D, is a k x k matrix with eigenvalues which satisfy |4| < 1 and D,
is an (n—k — 1) x (n — k — 1) matrix whose cigenvalues satisfy |4| > 1.
Define B so that

0
2 0 . eBT'—_' R_lCR.
B,

Define U, as before and define U, and U, using e and . The rest of
the proof involves similar modifications.

0
B=1|0
0

cwo
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Example 4.5. If ge C'(R) and if xg(x)>0 for all x #0,
then we have seen (cf. Example 5.11.3) that near the origin x = x’ =0, all
solutions of

X' +g(x)=0

are periodic. Since one periodic solution will neither approach nor recede
. from nearby periodic solutions, we see that the characteristic multipliers
of a given periodic solution p must both be one.

The task of computing the characteristic multipliers of a
periodic linear system is complicated and difficult, in fact, little is known at
this time about this problem except in certain rather special situations such
as second order problems and certain Hamiltonian systems (see the problems
in Chapter 3 and Example 4.5). Perturbations of certain linear, autonomous
systems will be discussed in Chapter 8. It will be seen from that analysis how
complicated this type of calculation can be. Nevertheless, the analysis of
stability of periodic solutions of nonlinear systems by theuse of Theorems 4.2
and 4.3 is of great theoretical importance. Moreover, the hypotheses of these
theorems can sometimes be checked numerically. For example, if p(t) is
known, then numerical solution of the (n? + n)-dimensional system

x' = f(x), x(0) = p(0),
Y'=f(x)Y, YQO0)=E
over 0 <t < T yields C, = Y(T) to good approximation. The eigenvalues
of C, can usually be determined numerically with enough precision to
answer stability questions.
As a final note, we point out that our conditions for asymp-

totic stability and for instability are sufficient but not necessary as the
following example shows.

Example 4.6. Consider the system
X =xf(x* +y*) -y,
Yy =00 +y)+x,

where fe C'[0,00), f(1)=0=f'(1), and f(r)ir — 1) <O, r# 1. Clearly
X = cost, y = sint is a solution whose linear variational equation is

_[o-17,
Z—l 0.
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The characteristic multipliers are both one. Using polar coordinates x = r
cos 0 and y = rsin 0, this system becomes
=1 and * = rf(r?).

Since f(r?) > 0 if r is less than 1 but near one and negative if r is greater than
one but near one, then clearly the periodic solution r = 1 is asymptotically
stable.

6.5 ASYMPTOTIC EQUIVALENCE

Let us next consider a linear system

x' = A(t)x (LH)
and a corresponding perturbed system
Y =AWy +Fey, Lp)

where A(t) and F{(t, y) are defined and continuous for t > 0 and y € B(h) for
some h > 0. We wish to study the asymptotic equivalence of these two
systems. This property is useful in characterizing the asymptotic behavior
in certain situations where (LH) need not be asymptotically stable.

Definition 5.1. Systems (LH) and (LP) are called asymptoti-
cally equivalent if there is a 6, 0 < 8 < h, such that for any solution of (LH)
with |x(to)| < 6 there is a solution y(t) of (LP) such that

lim [x(t) — y(N] =0 (5.1)
=+
and for each solution y of (LP) with |y(to)| < & there is a solution x of (LH)
such that (5.1) is true.
Let us consider some specific cases.

Example 5.2. Consider x' = a and y’ = a + f(t). Since x(t) =
¢; +atand y(1) = c, + at + [, f(s)ds for some constants c, and c,, the two
equations are asymptotically equivalent if and only if

lim _‘: f(s)ds = d Y

Lind ]

exists and is finite. This is most easily accomplished when f is absolutely
integrable, i.c., when

N fis)lds < 0.
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Example 5.3. Consider the equations x’ = ax and ¥y = ay +
f(t)y. The solutions are '

x(f) = c,e” and yi)=c, exp(at + f; f(s)ds).

Here again when a < 0 condition (5.2) is sufficient for asymptotic equiva-
lence of the two systems.

Example 5.4. Consider the equations x'= —x and y =
—y + y2 In this case, both x = 0 and y = 0 are uniformly asymptotically
stable equilibrium points and as such they are automatically asymptotically
equivalent. Noticc that here (5.1) is possible only when |y(r0)] < I. This
example demonstrates why in general the constant é in Definition 5.1 will
be needed.

Example 5.5. Consider the equations x” + w?x =0 and
¥y’ + w3y + f(t) = 0. It is easy to check that if f is absolutely integrable, then
y(t) = ¢, cost + ¢ sinat + w2 J:m sinw(t — s)f(s)ds

is the general solution of the second equation and the two equations are
asymptotically equivalent.

Let ® be a fundamental matrix for (LH). Then y = ®(¢)v trans-
forms (LP) into the system

v = O (OF(L, D(0)). (5.3)
We are now in a position to prove the following result.

Theorem 5.6. Let @ be a fundamental matrix for (LH). If ®
and ®~! are uniformly bounded on t > 0, then (LH) and (LP) are asymptot-
ically equivalent if and only if there is a & such that for any ¢ € B(d), there is
a solution v of (5.3) such that

lim o(t) = ¢ (5.4)
1=
and for any solution v with |v(fo)] < & there is a ¢ € R" such that (5.4) is true.
Proof. We first prove sufficiency. Let K > 0 be chosen so that
[®(0] < Kand |®~'(1)] < K forall t € R* = [0, c0). In order to show asymp-
totic equivalence of (LH) and (LP), fix x(t) = ®()®~'(r)¢ and letc = &~ }(1)¢.
Pick v so that (5.4) is true for this ¢. Then y(t) = ®(t)v(r) satisfies
fx(0) — y(0)] = [®(t)c — D()o(1)] < K]c — v(1)] -0

as t -+ co0. On the other hand, given y(t) = ®(1)v(t) we can choose ¢ such that
(5.4) is true and then let x(r) = ®(t)c. Then (5.1) is true.
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Conversely, let (LH) and (LP) be asymptotically equivalent.
Given c € R" with |c| small, let x(t) = ®(t)c and choose y(t) such that (5.1) is
true. Then v(t) = ®~(1)y(2) satisfies

o) — o = [@7(Oy(t) = | = [0~ O[y() — x(0]] < K]y(t) - x(1)] =0

as t — oo0. Given v with |v(to)| small, let y(t) = ®(t)v(t) and choose x(t) = O(t)c
such that (5.1) is true. Then again |v(t) — ¢/ > 0ast—»co. W

We can now also prove the next resuit.

, Corollary 5.7. Let @ and ® ! be uniformly bounded on R*.
If there is a continuous function such that jz’ b(t)dt < o0 and

|F(t, y) — F(t, )| < b(0)ly - |

for all (¢, y) and (¢, ¥) in R* x B(h) and if F(¢,0) = 0, then (LH) and (LP) are
asymptotically equivalent.

Proof. Let |®(1)] < K and |®~'(1)] < K for all t > 0. Then for
any solution v of (5.3) we have

|v'(0)] = |@~ "(O[F(t, D(t)) — F(t,0)]].

By the comparison theorem (Theorem 2.84) it follows that if w(t) > |v(1)|
for some t > 0 and if

w = K2b(t)w,
then w(f) > |u(1)|. Hence, for any t > O and ¢ > t, we have

|o()] < o) exp(K’ I b(t)dt) =M.
Fix ¢ > 0 and pick T > 0 such that
f:’ b(s)ds < e(K*M)™ 1.
Then
ot — o(T)| < [; K2bis)fots)ds < 7 K2bM ds <e

for t > T. Hence, v(t) has a limit ce R as t — 0.
Given ¢ € R" with |¢| small, consider the integral equation

o) = ¢ — f("" @~} (s)F(s, D(s)u(s)) ds.
Pick T > 0 so large that
2K2 j' “ bs)ds < 1.
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With vy(t) = ¢ and an argument using successive approximations, we see
that this integral equation has a solution v € C[ T, ) with |v(t)| < 2||. On
differentiating this integral equation, we see that v solves (5.3)on T < ¢ < 0.
Moreover,

o) — o < [ K2b(s)|o(s)| ds < 2K%e] [* blsyds 0
as t — oo. Hence, Theorem 5.6 applies. This concludes the proof. B
Let us consider a specific case.

Example 5.8. Let a scalar function f satisfy the hypotheses of
Corollary 5.7. Consider the equation .

] Y+ wly = f6,))

where w > 0 is fixed. By Corollary 5.7 this equation (written as a system of
first order differential equations) is asymptotically equivalent to

X'+ 0x=0

(also written as a system of first order differential equations).

Corollary 5.7 will not apply when (LH) is, e.g., of the form

0-1 0
xX=|1 0 O]x
1 0 -1

This coefficient matrix has eigenvalues +i and — 1. Thus ® is uniformly
bounded on R* but ®~! is not uniformly bounded. For such linear systems,
the following result applies.

Theorem 5.9. Ifthe trivial solution of (LH) s uniformly stable,
A(t) = A and if B is a continuous n x n real matrix such that

f:’ |B()]dt < oo,
then (LH) and

y =[4+B@)y (55)
are asymptotically equivalent.

Proof. We can assume that A = diag(4,,4;) where all
eigenvalues of A, have zero real parts and where A, is stable. Define @,(t) =
diag(e? ",0) and ®,(t) = diag(0,e**). There are constants K >0 and
o > 0 such that |®,(1)] < K for all t <0 and |®,(t)] < Ke™* for all ¢ > 0. Let
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@(t) = D,(t) + D,(t) = e*'. Let x be a given solution of (LH). Given is the
integral equation

¥ = x(0) = [ 0y(t — IBEI(s)ds + [, Oslt — BlsIy(s)ds.
Let T > 0 be so large that
4 [ K|B@)|ds <1.

Then successive approximations starting with y(f) = x(t) can be used to
show that the integral equation has a solution y € C[T, o) with | y(t)l <
2(max, > 7]x(1)]) = M. This y satisfies the relation |x(f) — y(t)] - 0 as t — co.
Moreover, y solves (5.5) since

yi) = Axt)) = A [ @y — IB(s)y(s)ds + A [} @t — )B(s)yls)ds

+ 0,(0)B(1)y(1) + P,(0)B(1)y(t)
= Ay(1) + B()y(1).

Let y(r) solve (5.5) for t > t. Then by the variation of constants
formula, y solves .

y(1) = ®(t)y(z) + f: ®()® ™ (s)B(s)y(s)ds.
Thus, for t > t we have
yo] < Kly@) + [} K|B)|yis) .
By the Gronwall inequality (Theorem 2.1.6), we have

|y(0] < K| y(t)|exp( [} kiBes) ds).

Thus, y(¢) exists and is bounded on [t, ). Let |y(t)] < Ko, on 1 < t < 0.
Then the function

x(©) 2 y(0) + [ ®(¢ — 9BEy(s)ds — [! ®s(t — Bls)y(s)ds
is defined for all ¢ > <. Since
x() = [A + BO]y(©) — Boy(®) + A [” ®y(¢ = )B(s)y(s)ds
— 4 [ 0, - 9BlsIyte)ds,
then x() solves (LH) and [y(t) — x(f)] »Oast—»co. W



Problems 285

PROBLEMS

1. Let f € C'(D), where D is a domain in R" and let x, be a critical point of
(A). Let the matrix A be defined by 4 = f.(x,). Prove the following:
(a) 1If A is a stable matrix, then the equilibrium x, is expo-
nentially stable.
(b) If A has an eigenvalue with positive real part, then the
equilibrium is unstable.
Show by example that if A is critical, then x, can be either stable or unstable.

2. Analyze the stability properties of each equilibrium point of the following
equations using Problem 1.

@ x"+e(x?-Dx+x=0,¢%0,
(b) x"+x"+sinx=0,

(©) X"+ x4+ x(x*-4)=0,

(d) 3x"=7x"+3x"+e*—1=0,
(€) X"+ cx +sinx=x3¢c%£0,and
) x"+2¢+x=x

3. For each equilibrium point in Problems 2(a)-2(d), determine the dimen-
sion of the stable and unstable manifolds (ignore the time dimension).

4. Analyze the stability properties of the trivial solution of each of the
following equations:

2 1 ' — 1)sin()
() X'=[7 3]X+[( e-.i?::(w}], X =(x;,%)"

) x = [(arctan x,) + xz]’ = (e,

sin(x, — x,)
31 —1 XX
() x=-— 1 4 Olx+ X1X3 ’
-1 0 4 sin(x,x,X3)

(d) x'= —agy—a,z Y = bole” — 1),
2= —lz+ b - 1),

where A > 0, b, £ 0,and a;/b; > 0 for i = 0, 1.

5. In Problem 4, when possible, compute a set of basis vectors for the
stable manifold of each associated linearized equation.

6. Prove the following result: Let A be a stable n x n matrix, let F satisfy
hypothesis(3.1),let G € C'(R* x B(h)),and let G(t, x) - O as t — co uniformly.
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for x € B(h). Then for any ¢ > 0, there exist constants > 0 and T > 0 such
that if ¢ solves

X = Ax + G(t,x) + F(t,x), x(1)=¢

with t > T and |£| < 9, then (1) exists for all t 2 1, |p(1)| <eforall t > v,
and ¢(t) + 0 as ¢t — oo.

7. Let f € C¥(D), where D is a domain in R" and let x, be an equilibrium
point of (A) such that f,(x.) is a noncritical matrix. Show that there is a
4 > 0 such that the only solution ¢ of (A) which remains in B(x,, é) for all
te Ris ¢(t) = x,.

8. Let f € C¥(D), where D is a domain in R", let x, € D, let f(x,) = 0, and
let f(x.) be a noncritical matrix. Let g e C'(R x D) and let g(¢,x) -0 as
t — oo uniformly for x on compact subsets of D. Show that there exists an
o > 0 such that if ¢ € B(x,, ), then for any t € R* the solution ¢ of

x'=flx)+g(t,x), x(r)=¢

must either leave B(x,,a) in finite time or else ¢(f) must tend to x, as t — oo.

9. Let f € CX(R x D), where D is a domain in R” and let p be a nonconstant
T-periodic solution of (P). Let all characteristic multipliers 4 of (4.2) satisfy
[4] # 1. Show that there is a 6 > 0 such that if ¢ solves (P) and if |p(t)-p(1)] < &
for all t € R, then ¢(t) = p(t) for all t € R.
10. Let f € C*(D), where D is a domain in R" and let p be a nonconstant
T-periodic solution of (A). Let n — 1 characteristic multipliers 4 of (4.4)
satisfy |).| # 1. Show that there is a 6 > 0 such that if ¢ is a solution of (A)
and if ¢ remains in a é neighborhood of the orbit C(p(0)) for all ¢ € R, then
¢(t) = ¢(t + p) for some S € R.
11, Let F satisfy hypothesis (3.1), let T = 2x, and consider

x’-*[ —1+43cos®t 1 —3sintcost

—1—3sintcost —1+ 3sin¢ ]" + F(t, x). (6.1)

Let Py(t) denote the 2 x 2 periodic matrix shown in Eq. (6.1).
(a) Show that y = (cost, —sint)"¢"? is a solution of

Y = Pyt)y. 6.2)

(b) Compute the characteristic multipliers of (6.2).

(¢) Determine the stability properties of the trivial solution
of (6.1).

(d) Compute the eigenvalues of P(t). Discuss the possibility
of using the eigenvalues of (6.2), rather than the characteristic multipliers,
to determine the stability properties of the trivial solution of (6.1).
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12. Prove Theorem 4.4.

13. Under the hypotheses of Theorem 3.2, let —a = sup{ReA:4 is an eigen-
value of A with Red <0} <0. Show that if ¢ is a solution of (PE) and
(t,¢(1)) € S for some 7, then

lim sup b_s[‘ﬂi)_l < —o.

[had ]

14. Under the hypotheses of Theorem 3.2, suppose there are m eigenvalues
{A1s ..., Ay} With Red; < —a <0 for 1 < j < m and all other eigenvalues
A of A satisfy ReA > — f > —a. Prove that there is an m-dimensional posi-
tively invariant local hypersurface S,, based at x = 0 such that if (z,¢(¢)) € S,,
for some t and for some solution ¢ of (PE), then

lim sup I_og_]:ﬁ(_t)l < -a

[ ]
If ¢ solve; (PE) but (1, ¢(1)) € S — S,,, then show that
lim sup log ‘4’(‘) > —a.

t-*a0
If Fe C'R x B(h)), then S,, is C' smooth. Hint: Study y = e"x, where
a>y>p
15. Consider the system

' __ -ll 0
x—[ 0 _lz]x-i-l"(x),

where F € C3(R?), F(0) =0, and F,(0) = 0 and A,, 4, are real numbers sat-
isfying 4, > 4, > 0. Show that there exists a unique solution ¢, such that,
except for translation, the only solution satisfying

lim sup M‘ﬂﬁl = -1

[ad ]

is ¢,.

16. Suppose A is an n x n matrix having k eigenvalues A which satisfy
Rel < —a <0, (n — k) eigenvalues A which satisfy ReA > —f > —a, and
at least one eigenvalue with Re 1 = —a. Let hypothesis (2.1) be strengthened
to Fe C'(R* x B(h)) and let F(t,x) = O(]x|* *) uniformly for t > 0 for some
4 > 0. Let ¢ be a solution of (PE) such that

lim sup (Igg_!?(_tll) < —-a.

-~
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Show that there is a solution ¥ of (L) such that lim sup(log |y/(1)|/t) < —a as
t — o0 and there is an n > 0 such that
&) — Y(t) = O(e™™*™),  t— o0 (6.3)

Hint: Suppose B = diag(B,, B,, B,), where the B, are grouped so that their
eigenvalues have real parts less than, equal to, and greater than — a, respec-
tively. If ¢(t) is a solution satisfying the lim sup condition, then show that ¢
can be written in the form

Cy

4
$() = e [Cz] + [} diag(e™~,0,0(5, () ds

~ [ diag(0, -2, e~ MF(s, ¢(s5)) ds.
Show that ¢; = 0.
17. For the system
Xy =2x; — e + 1,
x5 = —sinx, — 2arctanx,,
show that the trivial solution is asymptotically stable. Show that if § = (¢,(1),

¢5(1))" is in the domain of attraction of (0,0)", then there exist constants -
a€ R, B >0, and y > 0 such that

&.(t) = ye~*cos(2t + a) + O(e~ 1 +/7),
@,(t) = —ye~'sin(2t + @) + O(e~ 1 +#%)
ast— oo.

18. In problem 17 show that in polar coordinates x, = rcos 0, x, = rsin#,
we have

lim [0(t) — 2logr(t)] = a — 2logy.

19. Consider the system

-4 0
x’=[ l_a]x+l"(x),

where 4 > 0, F € C}(R"), F(0) = 0, and F,(0) = 0. Show that for any solution
¢ in the domain of attraction of x = 0 there are constants ¢, and ¢, € R
and a > 0 such that

o1 = e'”[ o ]+ O(e= 4+ ™),

Cy + cyt
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20. In Problem 16 show that for any solution § of (L) with

limsup(logy(N|/0) < —a

as t — oo, there is a solution ¢ of (PE) and an 5 > 0 such that (6.3) is true.

21. Suppose (LH) is stable in the sense of Lagrange (see Definition 5.3.6)
and for any ¢ € R" there is a solution v of (5.3) such that (5.4) is true. Show
that for any solution x of (LH) there is a solution y of (LP) such that x(¢) —
y(t) = 0 as t — oo. If in addition F(t, y) is linear in y, then prove that (LH)
and (LP) are asymptotically equivalent.

22. Let the problem x’ = Ax be stable in the sense of Lagrange (see Definition
5.3.6) and let B € C[0, ov) with |B(r)| intcgrable on R*. Show that
X' = Ax and ¥ = Ay + B(t)y

are asymptotically equivalent or find a counter example.

23. Let A be an n x n complex matrix which is self-adjoint, i.e, 4 = A*.
Let F e C'(C") with F(0) = 0 and F,(0) = 0. Show that the systems

’

X' =iAx,
V¥ =idy + F(e™'y)
are asymptotically equivalent.

24. What can be said about the behavior as t =+ oo of solutions of the
Bessel equation

X'+ 17 4 alx =127
Hint: Let y = \/tx.
25. Show that the equation
2% + tx' + 4x = x/\J1

has solutions of the form x = ¢, cos(2log?) + c,sin(2logt) + o(1)ast - 0*
for any constants ¢, and c,. Hint: Use the change of variables t = logt.



PERIODIC SOLUTIONS OF
TWO-DIMENSIONAL
SYSTEMS

In this chapter, we study the existence of periodic solutions
for autonomous two-dimensional systems of ordinary differential equations.
In Section 1 we recall several concepts and results that we shall require in
the remainder of the chapter. Section 2 contains an account of the Poincaré—
Bendixson theory. In Section 3 this theory is applied to a second order
Lienard equation to establish the existence of a limit cycle. (The concept
of limit cycle will be made precise in Section 3.)

7.1 PRELIMINARIES

In this section and in the next section we concern ourselves
with autonomous systems of the form

x' = [(x), GY)

where f:R? - R?, f is continuous on R?, and f is sufficiently smooth to
ensure the existence of unique solutions to the initial value problem x’ =
f(X), x(1)=¢.

We recall that a critical point (or equilibrium point) ¢ of (A)
is a point for which f(£) = 0. A point is called a regular point if it is not a
critical point.

290
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We also recall that if £ € R? and if ¢ is a solution of (A) such
that ¢(0) = £, then the positive semiorbit through £ is defined as

C*'(®) ={¢(®):t 20},
the negative semiorbit through { is defined as

C~ ()= {¢(n:t <0},
and the orbit through ¢ is defined as
C(®) = {$(1): —o0 <t < o0}

when ¢ exists on the interval in question. When ¢ is understood or is not
important, we shall often shorten the foregoing notation to C*, C~, and
C, respectively.

. Given ¢§, suppose the solution ¢ of (A), with ¢(0) = &, exists
in the future (i.e, for all ¢t > 0) so that C* = C*(¢{) exists. Recall that the
positive limit set Q(¢) is defined as the set

Q¢) = ‘Qo C¥ (¢,

and the negative limit set «f(¢) is similarly defined. Frequently, we shall
find it convenient to use the notation Q(¢) & Q(C*) for this set. We further
recall Lemma 5.11.9 which states that if C* is a bounded set, then Q(C*)
is a nonempty, compact set which is invariant with respect to (A). Since
C*(¢(1)) is connected for each T > 0, so is its closure. Hence Q(C*) is also
connected.

We collect these facts in the following result.

Theorem 1.1. If C* is bounded, then Q(C*) is a nonempty,
compact, connected set which is invariant with respect to (A).

In what follows, we shall also require the Jordan curve theorem.
Recall that a Jordan curve is a one-to-one, bicontinuous image of the unit
circle.

Theorem 1.2. A Jordan curve in the Euclidean plane R?
separates the plane into two disjoint sets P; and P, called the interior and
the exterior of the curve, respectively. Both sets are open and arcwise con-
nected, P, is bounded, and P, is unbounded.

We close this section by establishing and clarifying some
additional nomenclature. Recall that a vector b = (b,,b,)T € R? determines
a direction, namely, the direction from the origin (0,0)" to b. Recall also that
a closed line segment is determined by its two endpoints which we denote
by &, and &,. (The labeling of &, and &, is arbitrary. However, once a labeling
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has been chosen, it has to remain fixed in a given discussion.) The direction
of the line segment L is determined by the vector b = £, — &, and L is the
set of all points

c=€1+b‘, OSISI.

Let a € R? be a nonzero vector perpendicular to b, i.e., {a,b) = 0, a # (0,0)".
A continuous map ¢:(x, f) = R? is said to cross L at time ¢, if ¢(to) e L
and if there is a § > 0 such that either {¢(t) — &,, a) is positive for t, — § <
t <ty and negative for to <t < to + 6 or else {¢(t) — &,, a) is negative for
to — J < t < t, and positive for t; < t <ty + J. The sign of {¢(1) — &,, a)
as t varies over t, — d <t < to + & determines the direction in which ¢ is
said to cross L. If ¢, crosses L at t,, for i = 1, 2, then ¢, and ¢, cross L
in the same direction if there is a y > 0 such that [{¢,(t + to,) — &, a)
(Pt + toz) — &, a)] > O for all ¢ in the interval 0 < |¢] < y.

7.2 POINCARE-BENDIXSON THEORY

We shall construct Jordan curves with the aid of transversals.
A transversal with respect to the continuous function f:R? — R? is a closed
line segment L in R? such that every point of L is a regular point and for
each point € L, the vector f(§) is not parallel to the direction of the line
segment L. We note that since f is continuous, given any regular point
¢ € R? and any direction n € R? which is not parallel to f(¢) [i.e., n # af(¢)
for any nonzero constant a € R], there is a transversal through ¢ in the
direction of 5. Note also that if an orbit of (A) meets a transversal L, it must
cross L. Moreover, all such crossings of L are in the same direction. A deeper
property of transversals is summarized in the following result.

Lemma 2.1. If {, is an interior point of a transversal L, then
for any & > O there is a § > 0 such that any orbit passing through the ball
B(&,,0) at t = 0 must cross L at some time t € (—¢,£).

Proof. Suppose the transversal L has direction n = (n,,7,)".
Then points x = (x,, x,)" of L will satisfy an equation of the form

9(x) & a,x, + ax; — c =0,
where c is a constant and a = (a,,a,)" is a vector such that a"y =0 and
la] # 0. Let ¢(t, £) be the solution of (A) such that ¢(0,¢) = ¢ and define G by

G(1,8) = g(¢(1,%)).
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Then G(0,&,) = 0 since &, € L and

e
-‘—‘(.' 0,&0) = a"f(x) # 0
at

since L is a transversal. By the implicit function theorem, there is a C!
function t: B(¢,,8) — R for some 8 > 0 such that 1(&,) = 0 and G(1(£), &) = 0.
By possibly reducing the size of §, it can be assumed that |t(¢)| < & when
¢ € B(&,,0). Hence ¢(t, &) will cross L at t(f)and —e<t(é)<e. W

In the next result, we establish some important monotonicity
propertics of a transversal.

Lemma 2.2. If a compact segment S = {p(1):a <t < B} of
an orbit intersects a transversal L, then L n § consists of finitely many points
whose order on L is monotone with respect to t. If in addition ¢ is periodic,
then L N § consists of exactly one point.

Proof. The proof is by contradiction. Assume that S inter-
sects L in infinitely many points. Then there is an infinite sequence of distinct

points {t,,} and a point t, € [a, #] such that ¢(t,,) € L and such that t,, — t,.
By continuity we have ¢(t,,) = ¢(t,) and

i Ht) = 910

mem  bp— o

= [((1o)). 2.1

Since ¢(t,) € L and ¢(t,) € L, the quotients on the left side of (2.1) are all
parallel to the direction of L. Hence, f(¢(t,)) is parallel to the direction of
L, a contradiction. Hence S n L contains only finitely many points.

Let ¢(t,) and ¢(t,) be two successive points of intersection of
S and L as t increases with a < t; <1, < f and ¢(t,) # ¢(t;). Then the
Jordan curve J consisting of the arc {¢():1, <t <t,} and that part of L
between P = ¢(t,) and Q = ¢(t,) separates the plane into two pieces. There
are two cases (see, e.g., Figs. 7.1a and 7.1b), depending on whether the
solution ¢ enters the interior P, (Fig. 7.1a) or the exterior P, of J (Fig. 7.1b)
for t > t,. We consider the first case. (The second case is handled similarly.)
By uniqueness of solutions, no solution can cross the arc {¢(1):t, <1 < t,}.
Since L is a transversal, solutions can cross L in only one direction. Hence,
solutions will enter P, along the segment of L between P and Q, but may
never exit from P,. This means the solution ¢ will remain in P; for all
1 € (t,,a] and any further intersections of S and L must occur in the interior
of J. This establishes the monotonicity.

Suppose now that ¢ is periodic but @(t,) # ¢(ty). By the
foregoing argument, ¢(1) will remain for ¢ > t, on the opposite side of J
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(a)
FIGURE 7.1 Intersection of a transversal.

(b)

from ¢(t,). But by periodicity ¢(t) = ¢(t,) for some ¢t > t,. This is a contra-
diction. Hence, ¢(t,) must equal ¢(¢,). W

The next result is concerned with transversals and limit sets.

Lemma 2.3. A transversal L cannot intersect a positive limit
set (¢) of a bounded solution ¢ in more than one point.

Proof. Let Q(¢) intersect L at §'. Let {t,,} be a sequence of
points such that ¢, — o0, t 4, > t, + 2, and ¢(1,,) > &. By Lemma 2.1
there is an M > | such that if m > M, then ¢ must cross L at some time t,,
where |t,, — 1| < 1. By Lemma 2.2, the sequence {¢(t,)} is monotone on
L. Hence it tends to a point £ € L N Q(¢). We see from Lerhma 2.1 that
|t — tw] = 0 us m — c0. Since ¢'(t) = f($(1)) is bounded, it follows that

lim ¢1) = lim (§() + [9(1n) — $(6a)]) = & +0.

Hence ¢ =¢.

If n is a second point in L n Q(¢), then by the same argument
there is a sequence {s,,} such that s, » oo and ¢(s,,) tends monotonically
on L to 5. By possibly deleting some points s,, and t,,, we can assume that
the sequences {t,.} and {s,} interlace, i, t, <s, <t; <s; <---, so that
the sequence {$(t,), (s,), d(t;), (s), . . .} is monotone on L. Thus £ and n
must be the same point. W

We can also prove the next result.

Corollary 2.4. Let ¢ be a bounded nonconstant solution of
(A) with ¢(0) = &,

(@) IfQ(¢) and C*(£) intersect, then ¢ is a periodic solution.

(b) If Q(¢) contains a nonconstant periodic orbit C, then
Q¢) = C.
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Proof. Let n € Q(¢) n C*(£). Then n must be a regular point
of (A) and thus there is a transversal L through n and there is a T such that
n = ¢(t). Since Q@) is invariant with respect to (A), it follows that C(n) =
C({) = Q(¢). Since n € Q(¢), there are points {r,} such that f, o and
¢(t.)—n. By Lemma 2.1, there are points ¢, near £, with ¢(t,) € L, |t —tn|—0,
and ¢(t,)—n as m— co. By Lemma 2.3, we must have ¢(t,) = n on the
sequence {t,}. But the solutions of the initial value problem (A) with x(0) =
are unique. Hence, if ¢(t,,) = ¢(t) = n for t,, > 1, then ¢(t + t,.) = P(t + 1))
for all £t >0 or ¢(t) = ¢(t + [t. — &.]). Thus ¢ is periodic with period
T = t. - ‘g.

Assume there is a periodic orbit C = Q(¢) and assume, for
purposes of contradiction, that C # Q(¢). Since Q(¢) is connected, there
are points ¢, € Q(¢) — C and a point &, € C such that §,, + {o. Let Lbea
transversal through {,. By Lemma 2.1, for m sufficiently large, the orbit
through £, must intersect L, say ¢(t,,,&,) = & € L. By Lemma 2.3, it follows
that {{,} is a constant sequence. But from this it follows that &, =

¢(— 1., &) € C which is a contradiction to our earlier assumption that £,, ¢ C.
This concludes the proof. W

Having established the foregoing preliminary results, we are
in a position to prove the main result of this section.

Theorem 2.5. (Poincaré—Bendixson). Let ¢ be a bounded
solution of (A) with ¢(0) = §. 1f Q(¢) contains no critical points, then either

(a) ¢ is a periodic solution [and Q(¢) = C*(§)], or
(b) Q(¢) is a periodic orbit.

If (b) is true, but not (a), then Q(¢) is called a limit cycle.

Proof. If ¢ is periodic, then clearly Q(¢) is the orbit deter-
mined by ¢. So let us assume that ¢ is not periodic. Since Q(¢) is nonempty,
invariant, and free of singular points, it contains a nonconstant and bounded
semiorbit C*. Hence, there is a point § € () where ¢ is the solution which
generates C*. Since Q(¢) is closed, it follows that £ € Q(y) = Q(¢).

Let L be a transversal through {. By Lemma 2.1, we see that
points of C* must meet L. Since Lemma 2.3 states that C*, which is a
subset of Q(¢), can meet L only once, it follows that ¢ € C*. By Corollary 2.4,
we see that C* is the orbit of a periodic solution. Again applying Corol-
lary 2.4, we see that since Q(¢) contains a periodic orbit C, it follows that
Q¢)=C. B

Example 2.6. Consider the system, in spherical coordinates,
given by

=1, ¢ =mn, p' = p(sin@ + nsin ).
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We see that if 0(0) = ¢(0) = 0, p(0) = 1, then
o) =t ¢(t) = mt, p(t) = exp(—cost — cos xt).

This solution is bounded in R® but is not periodic nor does it tend to a periodic
solution. The hypothesis that (A) be two-dimensional is absolutely essential.

The argument used to prove Theorem 2.5 is also sufficient to
prove the following result.

Corollary 2.7. Suppose that all critical points of (A) are iso-
lated. If C*(¢) is bounded and if C is a nonconstant orbit in Q(¢), then either |
C = Q(¢) is periodic or else the limit sets Q(C) and .o¢/(C) each consist of a
single critical point.

Example 2.8. Consider the system, in polar coordinates, given
by

P, O=0 17,

where f(1) =0 and f’(1) < 0. This example illustrates the necessity of the
hypothesis that (A) can have only isolated critical points. Solutions of this
system which start near the curve r = 1 tend to that curve. All points on
r = 1 are critical points.

Example 2.9. Consider the system, in polar coordinates, given
by

r=rf(r), O=0*-1)>+sin®0+e,

where f(1) =0 and (1) < 0. This example illustrates the fact that either
conclusion in Corollary 2.7 is possible. Solutions which start near r = 1 tend
tor=1if &> 0. When ¢ = 0, this circle consists of two trajectories whose
Q- and of-limit sets areatr = 1,0 = 0, n. If ¢ > 0, then r = 1 is a limit cycle.

In the next result, we consider stability propertiés of the
periodic orbits predicted by Theorem 2.5.

Theorem 2.10. Let ¢ be a bounded solution of (A) with
¢(0) = &, such that Q(¢) contains no singular points and Q(¢) N C*(&,) is
empty. If &, is in the exterior (respectively, the interior) of Q(¢), then C*(&,)
spirals around the exterior (respectively, interior) of Q(¢) as it approaches
Q(¢). Moreover, for any point n exterior (respectively, interior) to Q(¢) but
close to Q(¢), we have ¢(t,77) — Q(¢) as t — co.

Proof. By Theorem 2.5 the limit set ((¢) is a periodic orbit.
Let T > 0 be the least period, let § € Q(¢), and let L be a transversal at §.
Then we can argue as in the proof of Lemma 2.3 that there is a sequence {t,,}
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such that t,, = ou and ¢(1,,) € L with ¢(t,,) tending monotonically on L to £.
Since C*(¢) does not intersect Q(¢), the points ¢(t,,) are all distinct. Let
s, be the first time greater than t,, when ¢ intersects L. Let R,, be the re-
gion bounded between Q(¢$) on one side and the curve consisting of -
{p(0):t,, <t <s,} and the segment of L between (1) and ¢(s,) on the
other side (sce Fig. 7.2). By continuity with respect to initial conditions, R,,
is contained in any ¢ neighborhood of Q(¢) when & > 0 is fixed and then m
is chosen sufficiently large. Hence, R,, will contain no critical points when
m is sufficiently large. Thus, any solution of (A) starting in R,, must remain
in R,, and must, by Theorem 2.5, approach a periodic solution as t —» .
By continuity, for m large, a solution starting in R, at time ©
must intersect the segment of L between & and ¢(s,,) at some time ¢ between
t and t + 2T. Thus, a solution starting in R,, must enter R, , ; in finite time
(for all m sufficiently large). Hence, the solution ¢(t,n) must approach
QAp)={R,m=12,...}ast>c0. B

O(tm)

#s) \\L e $(t)

(e

FIGURE 7.2

Example 2.11. Consider the system in R2, written in polar
coordinates, given by

r=r(r—r-233-r), 0=1.

There are three periodic orbits at r = 1, r = 2, and r = 3. At r = 3 the hy-
potheses of Theorem 2.10 are satisfied from both the interior and the exterior,
at r = 2 the hypothescs are satisfied from the interior but not the exterior,
while at r = 1 the hypotheses are satisfied on neither the interior nor the
exterior.

We now introduce the concept of orbital stability.

Definition 2.12. A periodic orbit C in R? is called orbitally
stable from the outside (respectively, inside) if there is a 6 > 0 such that if n
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is within 6 of C and on the outside (inside) of C, then the solution ¢(¢,n) of
(A) spirals to C as t — o0.

C is called orbitally unstable from the outside (inside) if C is
orbitally stable from the outside (inside) with respect to (A) with time reversed,
i.e., with respect to

y ==/ 22)

We call C orbitally stable (unstable) if it is orbitally stable
(unstable) from both inside and outside.

Now consider the system
X = —y+xf(x* +y?),
Y =x+ 03+
which can be expressed in polar coordinates by
r=rr}), 0¢=1

We can generate examples to demonstrate the various types of stability
given above by appropriate choices of f. For instance, in Example 2.11
the periodic orbit r = 3 is orbitally stable, r = 2 is orbitally stable from the
inside and unstable from the outside, and r = 1 is orbitally unstable.

7.3 THE LEVINSON-SMITH THEOREM

The purpose of this section is to prove a result of Levinson
and Smith concerning limit cycles of Lienard equations of the form

X' 4+ f(x)x' + g(x) =0 3.1)
when f and g satisfy the following assumptions:

f:R—=R is even and continuous, and

3.2
g:R— R isodd,isin C!(R), and xg(x) > O for all x # 0; 2

there is a constant a > 0 such that F(x) 2 f: fls)ds <0
on0<x < a,F(x)>00nx>a,and f(x)>0o0nx > a; G.3)
G(x) & J‘; g(s)ds — o0 as [x] » o and F(x) > 0 as x » 0.  (3.4)

We now prove the following result.
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Theorem 3.1. 1f Eq. (3.1) satisfies hypotheses (3.2)-(3.4),
" then there is a nonconstant, orbitally stable periodic solution p(t) of Eq. (3.1).
This periodic solution is unique up to translations p(t + 7), T € R.

Proof. Under the change of variables y = x’ + F(x), Eq. (3.1)
is equivalent to

X=y=Fx), y=-gx (3.5)

The coeflicients of (3.5) are smooth enough to ensure local existence and
uniqueness of the initial value problem determined by (3.5). Hence, existence
and uniqueness conditions are also satisfied by a corresponding initial value
problem determined by (3.1). ’

Now define a Lyapunov function for (3.5) by

v(x,y) = y*/2 + G(x).
The derivative of v with respect to ¢t along solutions of Eq. (3.5) is given by
dv/dt = v{3 x, y) = —g(x)F(x). (3.6)
Also, the derivative of v with respect to x along solutions of (3.5) is given by
dv/dx = —g(x)F(x)/(y — F(x)), 0<x<a, (3.7)
and the derivative with respect to y along solutions of (3.5) is determined as
dv/dy = F(x), x2a. (3.8)

From (3.5) we see that x(t) is increasing in ¢t when y > F(x) and decreasing
for y < F(x) while y(t) is decreasing for x > 0 and increasing for x < 0.
Thus for any initial point A = (0,«) on the positive y axis, the orbit of (3.5)
issuing from A is of the general shape shown in Fig. 7.3.

Note that by symmetry (i.e., by oddness) of F and g, if (x(t),
y(t)) is a solution of (3.5), then so is (— x(t), — y(f)). Hence, if the distance
OA in Fig. 7.3 is larger than the distance OD, then the positive semiorbit
through any point 4’ between O and A must be bounded. Moreover, the orbit
through A will be periodic if and only if the distance OD and OA are equal.

Referring to Fig. 7.3, we note that for any fixed xon0 < x < q,
the y coordinate on 4B is greater than the y coordinate on 4’'B’. Thus from
(3.7) we can conclude that v(B) — v(A4) < v(B’) — v(A4’). From (3.8) and (3.3)
we see that v(E) — v(B) < 0. From (3.2), (3.3), and (3.8) we see that v(G) —
v(E) < v(C’) — v(B’). Similar arguments show that »(C)— v(G) <0 and
v(D) — v(C) < v(D') — v(C’). Thus we see that v(D) — v(4) < v(D') — v(4’).
Hence, if A = (0,a) and t(a) is the first positive t for which the x coordinate
of the orbit through A4 is zero, then a® — y(t(®))* = 2((A4) — v(D)) is an
increasin function of a. (The same result is true by essentially the same
argument for a > 0, a small.)
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FIGURE 7.3

For a small, let (x(f), y(t)) be the orbit through A =(0,0a).
When x(t) # 0, then by (3.6) it follows that dv/dt > 0. Thus a® — y(t(x))> < 0
near a = 0. We wish to show that a? — y(t(a))> > 0 for « sufficiently large.
For a large we note that

8 g(x)F(x) o g(x)F(x)
oAD) = ol dy= = J'y o™~ Je y=F

where the integrals are line integrals. Let x(a) be the x coordinate of the
first point H where the semiorbit C*(A) intersects the curve y = F(x). Then
x(«) is an increasing function of a. If x(«) is bounded, say 0 < x(«) < B on
0 <a < oo, then by continuity with respect to initial conditions, y(t(a)) is
also bounded. Hence a? — y(t(x))* > O for « sufficiently large. Therefore,
we may assume that x(x) — oo and y(t(a)) — oo as ¢ — 00.

Since for 0 < x < a and y large we have

dyldx = —g(x)/(y — F(x)),  y(0)=

bounded, then y(x,a)— o0 as a— oo uniformly for 0 < x < a. Similarly,
the y coordinate of the curve from D to C tends uniformly to — oo as a — oo.

G0 e — f F(x)dy, 39)
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This implies that the intcgrals
J‘" g(x)F(x) J'n g(x)F(x) !

LAl i

4y—Fx)~

—
¢ y— F(x
from (3.9) tend to zero as a — on.
Fix a so large that C*(A) intersects the x axis at some point
to the right of (a,0). By Green’s theorem (in the plane), we have

f: F(x)dy = .”n S(x)dxdy, (3.10)

where R is the region bounded by the curve C*(A), between B and C, and
the line x = a (see Fig. 7.4). The integral on the right in (3.10) is clearly
positive and is monotonc increasing with a. Thus it is now clear that in
(3.9), v(D) — v(A) - — oo as a — o, Hence, there is a unique point o* where
v(D) = v(A). The corresponding orbit C(A4*), A* = (0,a*), is periodic. Since
v(D) — v(A) changes sign from positive to negative exactly once, it is clear
from Theorem 2.10 that the periodic orbit is orbitally stable. W

We conclude this section with the following example.

Example 3.2. Pcrhaps the most widely known example
which can be used to illustrate the applicability of Theorem 3.1 is the van
der Pol equation [sce Eq. (1.2.18)] given by

X' He(x2 - DX +x=0,

y = f(x)

FIGURE 74
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where ¢ is any positive constant. In this case

S(x) =¢elx? = 1), g(x) = x
and

F(x)=edx® - x), G(x)=4x2
Thus (3.2)-(3.4) are easy to verify.

PROBLEMS

1. Find the periodic orbits and determine their orbital stability for the
system
r=r(?, 0=1
when
@ fls)=(s — a’)s — 4n?),
(b) f(s) = sin(s), and
© JSis) = [sin(s)].
2. Prove that any nonconstant periodic solution of a two-dimensional
system (A) must contain a critical point in its interior.

3. For system (A) show that two adjacent periodic orbits cannot both be
orbitally stable on the sides facing each other if there are no critical points
in the annular region between these two periodic orbits. -

4. Show that the equation
X' 4 (3x% —8x3 - 12x)x' + x=0

has a unique nontrivial periodic solution.
S. Show that the problem

x" 4+ (1 —400cos4x)x’ + x =0

has at least one nontrivial periodic solution. Hint: Generalize Theorem 3.1.

6. Assume that F e C'(R), that F is odd, that F(0) = 0, that F(x)— o0 as
x — oo and that F satisfies Eq. (3.3). Show that

Y'+Fy)+y=0

has a unique, nonconstant, orbitally stable periodic solution. Hint:Letx = y'.
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7. Let ¢ be the solution of
x" +g(x)=0, x(0)= -A4<0, x'(0) =0,

where g satisfies hypotheses (3.2) and (3.4). Show that when ¢'(¢t) > 0, then
¢(¢) solves the equation

dx/dt = \/2[G(A) — G(x)].
8. For the problem
X' +ax+bx*=0 with a>0 and b>0,
_ show that the solution satisfying x(0) = A, x'(0) = 0 is periodic with period

/2 do
T=4,/2 .
J_-[° J2a + bA*(1 + sin?0)

Hint: Use Problem 7.

9. Let f:R x R— R, assume that f(t + T, x) = f(¢,x) for all te R, x € R,
and for some T > 0, and assume that f e C!(R x R). Show that if x' =
f(t,x) has a solution ¢ bounded on R*, then it has a T-periodic solution.
Hine: If ¢ is not periodic, then {¢(nT):n=0,1,2,...} is a monotone se-
quence.

10. Assume that /' € C!(R"), let D be a subset of R" with finite area, and let
¢(¢, &) be the solution of

x=flx), x(0)=¢

for £ € D = R*. Define F(£) = ¢(z, §) for all §{ € D. Show that the area of the
set F(D) = {y = F({):£ € D} is given by

i1 °xp(,fJ e Z g6, .:)')ds)ac.

Hint: From advanced calculus, we know that under the change of variables

x = F(®)
[T o€ = [, ldet Fete)| 2,

where F, is the Jacobian matrix.
11. Consider the equation

X'+ x +x(x2—1)=0
or equivalently, the system of equations
x'=y,

Y= —y—x(t = 1), (@.1)
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(a) Show that this system is uniformly ultimately bounded.

(b) Find all critical points and compute the dimension of
their stable and unstable manifolds.

(c) Show that there are no compact sets D with positive
area which are invariant with respect to Eq. (4.1). (See Problem 9.) In par-
ticular, there are no periodic solutions.

(d) Show that any solution ¢ on the stable manifold of the
unstable critical point of (4.1) must spiral outward with |¢(¢)] + |¢'(1)| - oo
ast — —oo.[Use part (c) and the Poincaré-Bendixson theorem.]

(¢) In the (x,y) plane, sketch the domain of attraction of
each stable critical point.



PERIODIC SOLUTIONS
or SYSTEMS

In this chapter we introduce the interesting and complicated
topics of existence and stability of periodic solutions of autonomous and of
periodic systems of ordinary differential equations of general order n. In
Section | we establish some required notation. In Section 2 we study in
detail existence and nonexistence of periodic solutions of periodically forced
linear periodic systems of equations. These results are interesting and impor-
tant in their own right and they are also required in the study of certain

nonlinear problems. In Section 3 we investigate a periodic system of the
form

X'= flt,x), f(t + T, x) = f(t,x) ()

and perturbations of this system in the case where (P) has a known periodic
solution. In Section 4 we study the autonomous system

x' = f(x) (A)

and perturbations of (A) in the case where (A) has a known periodic solution.
In Section 5 we consider perturbation problems of the form

X' = Ax + gg(t, x,¢£)

where |¢| is small and y* = Ay has nontrivial T-periodic solutions. In Section 6
we study the stability, in certain simple situations, of the periodic solutiops
whose existence was established in Section 5. Section 7 contains a Pnef
introduction to the important topic of averaging and Section 8 contains a

308
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brief introduction to Hopf bifurcation. In Section 9 we prove a nonexistence
result for certain autonomous systems. We note here that even though a
large theory for existence of periodic solutions has been developed, in certain
applications, the very difficult question of nonexistence of periodic solutions
is more interesting and useful. In Section 9 we give one result which will
serve Lo introduce the idea of nonexistence.

8.1 PRELIMINARIES

We consider the periodic system (P) where f € C(R x D) and
D is a domain in R". Throughout, we assume for (P) that f is sufficiently
smooth to ensure the uniqueness of solutions of initial value problems. A
simple but very useful fact that motivates most of the work presented in
this chapter is that a solution ¢ of (P) is T periodic if and only if $(0) = ¢(T).
Indeed, if we define ¢o(t) & ¢(t + T), then ¢, will solve (P), i.e.,

dolt) =@’ (t + T)=f(t + T, d(t + T)) = f(t, $o(t)),

and ¢¢(0) = ¢(0). By uniqueness of solutions of the initial value problem,
we have ¢o(t) = d(t)for T>t > 0,ie, Pt + T)=Pp() for0<t < T.Bya
simple induction argument it can be shown that ¢ exists for all t € R and
that ¢(t + T) = ¢(t) for all te R. Hence, in order to find a T-periodic
solution of (P), it is sufficient to find fixed points of a period map. Specifically,
if (¢, 7, &) solves (P) with ¢(z,1,&) = &, then

FQAHT+1,10)

for § € D (and any fixed 1), is called a period map. We need to find ¢, € D
such that F(&,) = &,.

We define the set 2 by
&r = {g e C(R):g is T periodic}.

The range of the function g can be R", C", or the real or complex n x n

matrices. The particular range required in a given situation will always be
clear from context.

8.2 NONHOMOGENEOUS LINEAR SYSTEMS

Consider a real nonhomogeneous linear periodic system

x'= A(t)x + f(1), (LN)
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where A(¢) is an n x n matrix and both A and f are in ;. Let ®(t) be a
fundamental matrix solution of the corresponding homogeneous system

X = A(t)x (LH)

with ®(0) = E so that y = [®~!(¢)]" is a fundamental matrix solution of the
adjoint system

y=—AQ% (2.1)
(refer to Section 3.2 for further details).

Lemma 2.1. Systems (LH) and (2.1) have the same number
of linearly independent solutions in 2.

Proof. A solution p(t) = ®(t)¢ of (LH) is in 2, if and only if
O(T) = ¢, or equivalently,

(®(T)— E¥X =0. (2.2)

Solutions of (2.1) have the form g(t) = ®~'(t)"y, where n is an n-dimensional
column vector. Hence, q € 2y if and only if

(@ T)-E)=0. (2.3)

The number of linearly independent solutions of (2.3) is the same as the
number of linearly independent solutions of

(@} (T) - E)(T) = n"(E — &(T)) = 0. 24

The number of linearly independent solutions of (2.2) and of (2.4) is the
same. W

We are now in a position to prove the following result.

Theorem 2.2. If A and f are in &, then (LN) has a solution
p € Z; if and only if

Jo vorrwde=o 25)

for all solutions y of (2.1) which are in &. If (2.5) is true and if (2.1) has k
linearly independent solutions in 2, then (LN) has a k-parameter family of
solutions in #y.

Proof. Solutions of (LN) have the form
ple) = 0K + [, OO0 ()ds. 26)
Thus, p(T) = ¢ if and only if
' ((T) - EX = — [ &(TIO*()f(s)ds
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or

@ (T - EX = [} 7' )f(5)ds.
This equation has the form
@ ' T)-EX=a

where (®~Y(T) — E) may be singular. Hence, there is a solution ¢ if and
only if n%a =0 for all nontrivial row vectors n7 which solve (2.4). This
condition coincides with (2.5). If p is one periodic solution of (LN) and x is
any solution of the homogeneous problem (LH) which is in &, then x + p
solves (LN) and is in 2. Hence, by Lemma 2.1 there is a k-parameter
family of solutions of (LN)in%;,. W

Let us consider a specific case.

Example 2.3. Consider the problem
x” + x = sinwt. 27

Two linearly independent solutions of the adjoint system for (2.7) are sint
and cos t. They are not periodic of period T = 2n/w ifw # 1,4, 4,... . fw
is not one of these exceptional values, then (2.7) has the unique T-periodic
solution

p() =(1 — 0 'sinwt.

Jf @ =1, then (2.5) is not satisfied and moreover, (2.7) has no 2n-periodic
~solution. Indeed, in this case the general solution of (2.7) is easily seen to be

x = ¢y sint 4+ c,cost — (tcost)/2.

If @ = 1/m for some integer m > 1, then (2.5) reduces to

-

2em , , 0
J; (sint, cost) [sin (t/m) dt =0,

and

-

dt =0,

f:m (cost, —sin t)[

- Since (2.5) is satisfied in this case, we know that (2.7) has a two-parameter
i family of 2mn-periodic solutions. Indeed, it is easy to compute

p(t) = ¢, sint + c; cost + (m?/(m* — 1))sin(t/m).

0
sin(t/m) |
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Corollary 2.4. If A € #; and [ € @, and i (2.1) has no solu-
tions in #p, then (LN) has a unique solution p in %, and

pi0) = "7 (DN (T) = EYO' (0] 'f(s)ds. 28) .
Proof. According to the proof of Theorem 2.2, the periodic
solution is the unique solution of (LN) which satisfies the initial condition
p(0) = &, where
(=@M -E) [[ o G)fis)ds.

Substituting this expression into (2.6) and simplifying, we obtain

pit) = S®(T) = B)" [ (9™ 'f(ds + &) [ @~ "(5)f(w)ds

= D)@~ YT) - E)* ( [T o110 ds
+ [y - E)"’"(S)f(s)ds)

= ®(eNP~(T)- E)™! ( fo’ @~ 1(s)f(s)ds
+ .’:["’_ (T +5)—®" '(S)]f(S)ds)

= O()®~(T) - E)"(J:Td)"(s)f(s)ds + fr”‘ O \(5)f(s — T)ds)
= 0@ (M) - B 0 Hssts)ds

= [*"[ox0 ' (T) — E)o=' (0] () ds.

In the foregoing calculations we have used the fact that f(s + T) = f(s) and
that " "(T)® '(s) =@~ (T +5). W

If A1) is independent of ¢, then the representation (2.8) can be
replaced in the following fashion.

Corollary 2.5. Consider the real n-dimensional system

X = Ax + f(1), (29)

i where f € #; and where the time-independent n x n matrix 4 has no eigen-
values with zero real part. Then (2.9) has a unique solution p in 2. Moreover,
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there is a matrix G(t) (independent of f in %) which is piecewise continuous
in ¢ and satisfies

f: |G()|dt < oo,

such that the periodic solution p can be written as

)= [ G- 9)fs)ds. (2.10)

Proof. Let x = By where B is an n x n real matrix chosen so

A 0
-1 = 1
B~ 'AB [0 Az]

is block diagonal and both — A4, and A, are Hurwitzian. By Corollary 24,
the system

that

y =B 'ABy + B~ 'f(1) (2.11)
has a unique solution in #;. Moreover, if

diag(—e**,0) for t<0,

a
Galt) 2 {diag(o,e“") for >0,

then
a®) = [, Golt — 9B~ f(s)ds
is defined for all t € R and
@] < [, Gute = 9] 1B~ | f1s)| s

< x( [0 lemsde + et dt)
for some constant K > 0. Clearly
4t +T)= ["_ Gt + T— B~ 'f(s)ds
= 2 Gt — 9B~ \f(s — T)ds = q(0)

so that q € Zr. We can now express 4(t) in the form

. o s
‘1(‘) = f—w [g eA,g-‘)]B-'f(S)ds - J: [CA 0 g]B"f(s)ds
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so that

¢(z)=[g :,JB"‘](:)+ fiw[:' ?42][2 &32_”]5-7(3)«1.9

E, 0], w4, 0 J[ete 0],_
+[0 o]B Yo - |, [0 A,][ 0 o]” 1(s)ds,

where E, and E, are identity matrices of appropriate orders. Thus, g is a
solution of (2.11). Now if we define G(t) = BG(t)B~"* and p(t) = Bgq(t), then
p€ Prand (210) is true. W

We conclude this section with a specific example.
Example 2.8. Consider the linear problem

1 3 sinwt
of [

where w = 2a/T > 0. Since

1 3] .1 o)., 1 -1
4=lo2]=olo 2] 2=[o 73]

the eigenvalues of A are 1 and —2. Since 4 has no eigenvalue of the form
A = 2mni/T = imw for any integer m, the homogeneous system x’ = Ax has
. ho nontrivial solution in 9. Hence, Corollary 2.4 can be applied. Since

[®(6)@~(T) - E)o~'(n]™'

e 0 Ye™-1 0 et 0.,
‘{B[o e"’][ 0 e"-n][o ez']‘? }

) ¢ e T—-1)"! 0 -
= B[ 0 e~ 22T _ 1)1 B!
et-—:(e—‘l'__ l)—l d—c(e-‘l‘ — l)—l - e-z«-a)(ezr — 1)—1
= 0 e-z«—: ezr - l)-l ’
then (2.8) reduces in this case to
JAOK
t) =
P [p,(t)

J:”T[e'"("-r — 1)"Ysinws + 1) — e~ 2" Ne2T — 1)"1]ds
J:Hre-z(g-.)(ez'r_ 1)"ds .
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Since wT = 2nr, this expression reduces to

4 -3 1 .
pi(t) = 3 T iT7al (sin wt + w cos wt) (2.12a)
and
pat) = 1. (2.12b)

We note that this solution could be obtained more readily by
other methods (e.g., by making use of Laplace transforms). The usefulness
of (2.8) is in its theoretical applicability rather than in its use to produce
actual solutions in specific cases.

Since the eigenvalues of A have nonzero real parts, the more
stringent hypotheses of Corollary 2.5 are also satisfied in this case. An
elementary computation yields in this case

g ofpr=s 8] we<e
K 2-,,]B—x -[s 7] e
so that
p(t) = fiw [g _z:::::::][Sinle]ds— J: © [;‘“ ;n"][sinlam] ds
= ﬁw 9“2“"’[—:]& _ J"w e,-,[sinm;-d- l]ds

is the unique solution in 2;. This is the same solution as computed earlier
in (2.12).

G() =

8.3 PERTURBATIONS OF NONLINEAR PERIODIC SYSTEMS

The behavior of the system
x' = g(t,x) + eh(t, x,e), (3.1)

for |¢| small, can often be predicted, in part, from an analysis of this system
when & = 0. We are interested in the case where g and h are T periodic in ¢
and where the reduced system with & = 0 has a nontrivial solution p € #;.
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This situation may be viewed as a perturbation of the linear problem which
we studied in Section 2 when g and h are sufficiently smooth. Indeed, if
y = x — p, then y satisfies

Y =g(t, y + p(1)) — g(t, p(1)) + e[ h(t, y + p(1), €) — h(t, p(t),€)]
= g,(t, p(N)y + O(|y|>) + e[h(t, y + p(1), ©) — h(1, p(1),€)]
or

Y = g.{t,p()y + H(t, y,¢), (3.2)
where g, (t, p(t)) is a periodic matrix, Il € C' near£ =0, y = 0, and
11(t,0,0) = 0, H(1,0,0) = 0. (3.3)

If the linear system (LH) with A(t) = g.(r, p(t)) has no nontrivial solutions in
2y, then the perturbed system (2.2) is not hard to analyze (see the problems

. at the end of this chapter). However, when (LH) has nontrivial solutions in
%y, the analysis of the behavior of solutions of (3.2) for |¢| small is extremely
complex. For this reason, we shall adopt a somewhat different approach
based on the implicit function theorem (cf. Theorem 6.1.1).

Theorem 3.1. Consider the real, n-dimensional system
x' = f(t,x,8), (3.4)

where f:R x R" x [ —¢o,&] — R", for some &, > 0, where [, f,, and f, are
continuous and where f is T periodic in 1. At ¢ = 0, assume that (3.4) has a
solution p € 2, whose first variational equation

Yy = f{t, p(1),0)y (3.5)

has no nontrivial solution in 2. Then for |¢| sufficiently small, say |¢] < &,
system (3.4) has a solution Y(t,£) € #; with J continuous in (t,£) € R x
[—&1,&:] and Y(1,0) = p(1).

In a neighborhood N = {(,x):0 <t < T, |p(1) — x| < &,} for
some &, > 0 there is only one T-periodic solution of (3.4), namely (1, ).
If the real parts of the characteristic exponents of (3.5) all have negative real
parts, then the solution y(t, £) is asymptotically stable. If at least one charac-
teristic root has positive real part, then y(t, ¢) is unstable.

Proof. We shall consider initial values x(0) of the form x(0) =
p(0) + n where n € R" and where |n] is small. Let ¢(t,£,1) be the solution of
(3.4) which satisfies ¢(0,&,n7) = p(0) + n. For a solution ¢ to be in %y it is
necessary and sufficient that

(T,&n) — p(0) —n =0. (3.6)
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We shall solve (3.6) by using the implicit function theorem. At ¢ = 0 there is
a solution of (3.6), i.e., n = 0. The Jacobian matrix of (3.6) with respect to n
will be ¢(T,&,7) — E. We require that this Jacobian be nonsingular at e = 0,
n = 0. Since ¢ satisfies

o'(t,e,n) = S(t, dt,e,n),¢),

we see by Theorem 2.7.1 that ¢, solves
$5(1,0,0) = £,(t,$(1,0,0),0),(1,0,0),  ¢,(0,0,0) = E.

Now (3.5) has no nontrivial solutions in &y if and only if ¢,(T,0,0) — E is
nonsingular. Hence, this matrix is nonsingular.

By the implicit function theorem, there are constants &, > 0
such that for |¢| < g, (3.6) has a one-parameter family of solutions n(e) with
1(0) = 0. Moreover, n € C'[ —¢,,¢,]. In a neighborhood || < a, |¢| <&,
these are the only solutions of (3.6). Define yi(¢, €) = ¢(t, ¢, y(e)) for (t,e) € R x
[ —&y,&,] Clearly, i is the family of periodic solutions which has been sought.

To prove the stability assertions, we check the characteristic
exponents of the variational equation

Y = fdt,¥(t,e)e)y 3.7
for |¢| < &, and invoke the Floquet theory (see Corollary 6.2.5). Solutions of
(3.7) are continuous functions of the parameter ¢ and (3.7) reduces to (3.5)
when ¢ = 0. Thus, if ®(t,¢) is the fundamental matrix for (3.7) such that
®(0,¢) = E, then the characteristic roots of ®(T,¢) are all less than one in
magnitude for |¢| small if those of ®(T,0) are. Similarly, if ®(T,0) has at
least one characteristic root 4 with |4] > 1, then ®(T, ¢) has the same property
for |¢] sufficiently small. This proves the stability assertions. W

When f(t, x, ¢) is holomorphic in (x, ¢) for each fixed ¢ € R, the
proof of the above theorem actually shows that

Y(t,e) = o, e,n(e))

is holomorphic in ¢ near ¢ = 0. In this case, we can expand  in a power
series of the form

)

viLe) =Y Y,
Jj=0

where each ¢, € 2. Since

v'(t,e) = 120 Vil = f(L ¥, e) ),
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by equating like powers of g, we see that
Yolt) = f1t,¥(1),0),
1(6) = £, ¥0(8), OW4(2) + it ¥o(0), 0),
¥2(t) = £t Yole), OW2(t) + 1{/lt, Yo(0), 0) + 2/ (8, Wolt), O, (8) + h(r)},

where hy(t) = YT(0)fixx(t, Y olt),OW 1 (t). The first equation above has solution
Volt) = p(t). This solution can be used in the f, term of the second equation
above. Since (3.5) has no nontrivial solution in 2, then we see from Corollary
2.4 that the second equation has a unique solution y/, € #;. Continuing in this
manner, these equations can, in theory, be successively solved.

Example 3.2. For fixed a > 0 consider the second order
problem
x" + a(x® — 1)x' + x = esint, (3.8)
or the equivalent system
X =y—a(x33 - x),
Yy = —x + &sint.
At ¢ = 0 the periodic solution p of Theorem 3.1 is the singular point x = y =
0. The variational system (3.5) reduces here to
x' =y + ax,
y=-x
The characteristic equation of this system is A2 —ad + 1 =0 and both
roots of the characteristic equation have positive real parts. Hence, all
hypotheses of Theorem 3.1 are satisfied. We conclude that in a neighbor-
hood of x = y = 0 there is a unique T-periodic family of solutions x(t, €).

These solutions are unstable.
Next, we expand x(t, £) as

x(t,e)= Y ¥ (0¢.
=0

We see that x(f) = 0 and x,(¢) is the unique solution of the equation
2’ —az +z=¢(t), 3.9)

in %, with g(t) = sint. Hence, x,(t) = a~* cost. Additional computations
show that x,(f) solves the same equation with g(t) = 0. Hence, x,(t) = 0.
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Further computations show that x;(t) is a solution of (3.9) with

1
g(0) = —ax3()x'(t) = = cos?tsint = 4—%—,- (sint + sin 3¢).

Thus, we obtain
x(t)———l—oost— sin3t + 3 cos 3t
T add a’(9a? + 64) 4a(%9a” + 64) :

Next, we can verify that x,(t) = 0. Thus, there is a family of 2zn-periodic
solutions of the form

e 1[e\} & 3 2. s
x(t,€) = [Z + Z (—&) ]COSI + m(i cos 3t — ; sm3t)+ 0(e>).

It is important not only to understand what situations the
theory which we are developing will cover, but also what situations it will
not cover. For example, when ¢ = 0, Eq. (3.8) reduces to the van der Pol
equation. By the results in Section 7.3, we know that when ¢ = 0 this equa-
tion has a nontrivial stable limit cycle. However, our theory gives no clue
to the behavior of the solutions of (3.8) near the limit cycle when ¢ is small
but not zero.

The Duffing equation
X +x+ex’=0 (3.10)

provides another interesting example which is not covered by the theory
developed here. We know that all solutions of (3.10) are periodic and that
the period varies with amplitude. With initial conditions x(0) = 4, x'(0) =
0, let us try to solve for a solution of the form

x(t,8) = i ex (1)
j=0

Substituting this expression into (3.10) and equating the coefficients of like
powers of ¢, we find that

Xg+x0=0, x50)=A4, x5(0)=0.
Thus, x4(t) = 4 cost. Next, we compute
x|+ x, = —3A4%cost — §A4%cos3t,  x,(0) = x}(0) =0,
and thus,

x,(f) = —§A3tsint — 45A43(cos t — cos 31).
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Note that the coefficient x,(t) contains a secular term, i.e,, a term containing
multiplication by t. If the procedure is continued [to obtain x,(t), and so
forth], then secular terms containing higher powers of t will occur. These
secular terms occur because the solution x(t,¢), though periodic, does not
have period 2n. Thus, the chosen representation is simply not appropriate
if accuracy is desired from a few terms of the series. This idea is nicely il-
lustrated by the series
. . (en? (en?
sin(l + &)t =sint + gtcost — ——2~- sint — —i—cos t+-

8.4 PERTURBATIONS OF NONLINEAR AUTONOMOUS SYSTEMS

Now consider an autonomous system

x'= f(x,£) 4.1

which has a nontrivial periodic solution p(t). On linearizing (4.1) about p(r),
we obtain the variational equation

v = fAp(1),0)y. 4.2)

This equation always has at least one Floquet multiplier equal to one since
y=p'(t) is always a nontrivial periodic solution. Thus we see that the
hypotheses of Theorem 3.1 can never be satisfied. For this autonomous case,

a somewhat different approach is needed and a slightly different result is
proved.

Theorem 4.1. Let f:R" x [ —¢q.80] = R" with f, df/dz and
df/dx continuous on R" x [ —£q.£¢]- At £ =0, suppose that (4.1) has a
nontrivial periodic solution p(f) of period T, and suppose that (n — 1)
Floquet multipliers of (4.2) are different from one. Then for |¢| sufficiently
small, there is a continuous function T(g) and a continuous family |//(l,e)
of T(¢)-periodic solutions of (4.1) such that y(t,0) = p(t) and T(0) =

Proof. Under the change of variables x = Bz + p(0), Eq. 4.1)
at ¢ = 0 takes the form

= B~'f(Bz + p(0), 0).

We now choose the n x n nonsingular constant matrix B such that if P(t) &
B~ (p(1) — p(0)), then

P(0)=B"'p(0)=(1,0,...,0)" & ¢,.
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Hence, without loss of generality we can assume for p(t) and for (4.1) that
p(0)=0and p'(0) = ¢,.

By continuity with respect to parameters, if follows that for
l¢| and |y| sufficiently small, the solution ¢(t,n,€) of (4.1) which satisfies
¢©0,m,8)=n=(ny,...,n,)" with n, = 0 must return to and cross the plane
determined by x; = 0 within time 2T,. In order to prove the theorem, we
propose to find solutions t(¢) and #(¢) of the equation

¢ (To+1,0,8)—n=0. 4.3)

The point t = 0, = 0, ¢ = Ois a solution of (4.3). The Jacobian
of (4.3) with respect to the variables (1,7, . . .,n,) is the determinant of the
matrix

L odyfon,  ---  O¢y/fon,

0 a¢2/a"2 - l tet 04’2/3"!! (4.4)
0 g, - dpafong, — 1

evaluatedatt=¢=0,5 =0.

Note that d¢(t,0,0)/0y, is a solution of (4.2) which satisfies
the initial condition y(0) = ¢, (see Theorem 2.7.1). Since y = p'(t) satisfies
the same conditions, then by uniqueness d¢(t,0,0)/dn, = p'(t). By periodicity,
0¢(T,,0,0)/0n, = e,. But (n — 1) Floquet multipliers of (4.2) are not one.
Hence, the cofactor of the matrix

o¢

5 (T0:0.0)— E (45)
obtained by deleting the first row and first column is not zero. Since this
cofactor is the same for both (4.4) and (4.5), then clearly the matrix (4.5) is
nonsingular,

This nonzero Jacobian implies, via the implicit function
theorem, that (4.3) has a unique continuous pair of solutions t(¢) and 7;(e)
forj=2,...,nina neighborhood of ¢ = 0 such that t(0) = 0 and 5,(0) = 0.
We conclude the proof by defining n,(g) = 0, T(¢) = T, + t(¢) and Y(t,¢) =
d(t,n(e),e). W

We now study the stability question for y(t, ¢).

Theorem 4.2. If in Theorem 4.1 there are (n — 1) Floquet
multipliers with magnitude less than one, then the periodic solution (1, ¢)
of (4.1) is orbitally stable.

Proof. Let ®(1,c) be the matrix which solves the equation

y = fWe)ay,  y0)=E. (4.6)
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Then ®(T(e),¢) is a continuous matrix valued function of ¢ and ©(T(0),0)
has (n — 1) eigenvalues 4 with || < 1. By continuity ®(T'(¢), ) will have, for
|¢] sufficiently small, (n — 1) eigenvalues with magnitude less than one. W

The functions t(c) and n(e) obtained in the proof of Theorem 4.1
will be as smooth as is f(x, ¢). In particular, if f is holomorphic in (x, ), then
t(e) and #(e) will be holomorphic in ¢ near ¢ = 0. In this case we can expand
T(c) as

TE)=To+ Tie+ T+ -. 47
If we define t = T(g)s, then (4.1) reduces to
dx
% = Tefx.e) 48)

with a family g(s, €) = Y(T'(€)s, &) of periodic solutions of period one. More-
over,

[ ]
4q(s,6) = Zo E"qS) 49
and the periodic functions ¢,(s) can be computed by substituting (4.7) and
(4.9) into (4.8) and equating the coefficients of like powers of ¢.

8.5 PERTURBATIONS OF CRITICAL LINEAR SYSTEMS

Consider a periodic system of the form
x' = Ax + eg(t, x, €), ;.1

where A4 is a real n x n matrix, g:R x R" x [—¢,&,] — R" is continuous
and g is 2n periodic in t. In this section we shall be interested in the case
where A has an eigenvalue iN for some nonnegative integer N. A real linear
change of variables x = By will leave the form of (5.1) unaltered. Hence,
without loss of generality we shall assume that A is in real Jordan canonical
form (cf. Problem 3.25). The following example is typical and is general
enough to illustrate the method involved. We consider the case where

S 00 -+ 0 0 0]
ESO:--000
00

a=ly P00 52
000 --ESO
0 0 0 0 0 CJ
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0 —N 10
=[x o} #=lo 1]
and C is an (n — 2k) x (n — 2k) matrix with no eigenvalue of the form iM

for M=0,1,2,... . [The form of (5.2) could be generalized considerably;
however, that would serve no purpose in our discussion.]

where

Notice that
s _ [cosNt —sin Nt
= [ sinNt  cos Nl]' (53)
i & 0O 0 -+ 0 0 0]
te™ S0 - 0 0 0
| e e 0 0 0 54
EISYk— 1) - o e g S0
i 0 . P | 0 ec'_
Moreover, e*** = E and "¢ — E is not singular.
Solutions of (5.1) can be written in the form
$(6.b,e) = b + & [ A %(s, $(s, b,e) ) ds.
By uniqueness, a solution ¢ is in 2,, if and only if b is a solution of
(e — EYb +& [1" e*"Mg(s, ¢(s, b, ).e)ds = 0. (5.5)

Now suppose that (5.5) has a solution b(e) which we put in
the form

b(e) = (b,(a)", bz(B)T' oo .bk(B)T- by l(G)T)T.

where b, is a 2 vector for 1 < j < k and by, is an (n — 2k) vector. Similarly,
we writeg = (g7, 47, .. .,gr. g5+ )" From (5.4) it is clear that for any possible
solution b(c) we must have

b,(0) = by(0) = - - = by_,(0) = 0, by 1(0)=0. (5.6)
The first pair of equations in (5.5) can be replaced by
Gutb.e) & [ €2 ~%g(5,9(s,b,e),e)ds = 0. (57)
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The remaining equations can be grouped as follows:
G(h,¢) & 2nb, + O(2),

2
(—2—@- b, + 2rh, + O(e),

Gz(b, 8) é 2

(2n)k-|
Gu- ol & G55

by, + -4 2nb,_, + O(z),

and
Gy o(h,e) = (e - E)by 4y + O(e).
The terms O(e) involve integrals of the g/'s. The above equations define an

n-vector valued function G(b, ¢).
We are now in a position to prove the first result of this section.

Theorem 5.1. Let ‘A have the form (5.2), let g and g, be in
C(R x R" x [ —&o.£q)) With g 2n periodic in t. Suppose there is a 2 vector a
such that if b(0) = (0,0, .. .,a",0)", then b(0) solves (5.7) at ¢ = 0 and such
that det(9G,/da)(h(0),0) # 0. Then for |¢| sufficiently small, (5.1) has a con-
tinuous isolated 2n-periodic family y(t, €) of solutions such that

¥(1,0) = e*'h(0) = (0,0, . .., 0,(c%)",0)".

Proof. The assumptions in the theorem are sufficient in order
to solve G(b, £) using the implicit function theorem. Clearly b(0), as defined

above, solves G(b(0),0) = 0. Notice that

2nE 0 0 0 0
2
(-2122— E 2nE 0O 0 0
oG
7 (h(0),0) =
4G, 0G,
7, (h(0),0) 7, (h(0),0) 0
| 0 0 "¢ — E |
Thus
G,

‘3(_; - 2%~ 2
det ah (h(0),0) = (2n) del(

ot

(h(O),O)) det(e?™ — E) # 0.




322 8. Periodic Solutions of Systems

By the implicit function theorem there is a unique solution b(e) in a neighbor-
hood of ¢ = 0 and b(¢) is continuous in ¢. Finally, define y(t, &) = ¢(t, b(e), ).
n

Let us now apply the preceding theorem to a specific case.

Example 5.2. For a, f, and A real, $#0 and a#0, let
ht,y) & —ay — By + Acost and consider the equation

y'+y=eht,y),  y0)=b,, y(0)=b,. (5.8
This equation can be expressed as the system of equations
y =z, y
2= —y+eh(t,y)

In order to apply Theorem 5.1 it is necessary to find values b,(0) and b,(0).
Since the transformation b, = ycosd and b, = ysind is nonsingular for
y > 0, we can just as well find y and é. Replacing in (5.8) ¢t by ¢ + J and letting
Y(t) = y(t + 6), we obtain

Y'+ Y=ch(t+9,7Y), Y(0)=9y Y(0)=0. (5.9)
For this problem, Eq. (5.7) at ¢ = 0 reduces to
—f: * sin(2n — s)h(s + J, ycoss)ds = 0,

J' :" cos(2n — s)h(s + S, ycoss)ds = 0,
or
ay + (3/4)y* — Acosd =0, sind =0.
Clearly, this means that é = 0 while y = y, must be a positive solution of
ay + (3fy*/4) — A = 0.
The Jacobian condition in Theorem 5.1 reduces in this example to

+(9/9)Bys oA sin0
det[a ( é By todsin ]=a+(9/4mr3¢0-

If a positive y, exists such that this Jacobian is not zero, then there is a con-
tinuous, 2n-periodic family of solutions y(t, ¢) such that
y(t,0) = yocost,  y'(1,0) = —yosint.

As in the eurlier sections, the solution (t,¢) is as smooth as
the terms of g(t, y,£) are. If g is holomorphic in (y,¢), then y(t,&) will be
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holomorphic in & near ¢ = 0. In this case, ¢ has a convergent power series
expansion

Vite) = i Valt)em

Substituting this series into Eq. (5.1) and equating coefficients of like powers
in & we can successively determine the periodic coefficients y.(f). For
example, in the case of Eq. (5.8), a long but elementary computation yields
y(t + 8(e), &) = yocost + e[y, cost + (By3/32) cos 3t] + O(e?), (5.10)

where y; = —3p%y3/[128(x + (9/4)By3)] and where 5(c) = O(e?).
Theorem 5.1 does not apply when g is independent of ¢ since
then the Jacobian in Theorem 5.1 can never be nonsingular. [For example,
one can check that in (5.8) with h independent of ¢ that the right-hand side

of (5.9) is independent of J so that the Jacobian must be zero.] Hence, our
analysis does not cover such interesting examples as

Y +y+ey!=0 or Yy +e(y? -1)y+y=0.

We shall modify the previous results so that such situations can be handled.
Consider the autonomous system

x' = Ax + eg(x, g), (5.11)

where A is areal n x nmatrix of the form (5.2) and where g: R x [ —€,,60] —
R*. We seek a periodic solution y(t,e) with period T(e) = 2n + t(¢), where
7(e) = en(e) = O(¢). In this case (5.5) is replaced by
(€4 — E)b + e 4e™ — E)b + ¢ [[""" e3**+-g(g(s,b,2),e)ds = 0.
(5.12)

The initial conditions b(¢) still need to satisfy (5.6). The problem is to find
b,(e) = (a(e), B(e))". Since solutions of (5.11) are invariant under translation
and since at ¢ = 0 we have

e*'b(0) = (0,0, . . . ,0,[¢¥b,(0)], 0)",

there is no loss of generality in assuming that f(¢) = 0. Thus, the first two
components of (5.12) are '

_ | cos(Nne) - 1 |a 2K+t 3nbies ) |0
G.(c.e)—[ sin(Nne) ];+ Jir e “y.wu,b,e),s)d»-[o]
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ife # 0, and

0 2x 0
= (2% —9)S =
Gi(c,0) [ N"(O)a] + fo 2"~ 95g,(¢(s, b,0),0)ds [0]
ate =0, where c = (b, b,, ... ,b_y,0,m,b 4 ) € R".

Theorem 5.3. Assume that A satisfies (5.2) and that g, g,, and
g, are in C(R" x [ —¢&y,60)). Suppose there exist 1, and o, such that ¢y =
(,...,0,ay,10,0)satisfies G,(co,0) = 0 and that det(0G x/dc)(c,,0) # 0. Then
there exist a continuous function c(g) and solutions y(t, £) such that ¢(0) = c,,
W(t,£) € Py, where T(e) = 2n + en(e), and

"’(" 0) = e'“(o’ RN ,0,(“0,0), O)T

We remark that y(¢, €) and T'(¢) will be holomorphic in € when
g is holomorphic in (x, ). The proaf of Theorem 5.3 and of this remark are
left to the reader.

8.6 STABILITY OF SYSTEMS WITH LINEAR PART CRITICAL

The present section consists of two parts.. In Section A, we
consider time varying systems and in the second part we consider autono-
mous systems.

A. Time Varying Case

Letg:R x R" x [ —¢9,80] — R" be 2x periodicin t and assume
that g is of class C2 in (x, £). Suppose that x’ = Ax has a 2n-periodic solution
p(¢) and suppose that

x' = Ax + eg(t, x, &) 6.1

h_as a continuous family of solutions y(t,&) e P, with Y(t,0) = p(1). To
simplify matters, we specify the form of 4 to be

SO0 0 —N
A=[0 C], s=[~ 0], (62)

~where N is a positive integer and C is an (n — 2) x (n — 2) constant matrix
with no eigenvalues of the form iM for any integer M.
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The stability of the solution y(t,£) can be investigated using
the linearization of (6.1) about y, i.e.,

y = Ay + eg.(1,Y(t,¢),e)y,

and Corollary 6.2.5. Let Y(t,¢) be that fundamental matrix for this linear

system which satisfies Y(0,¢) = E. Our problem is to determine whether or

not all eigenvalues of Y(2n, ¢) have magnitudes less than one for ¢ near zero.
By the variation of constants formula, we can write

Y(t,8) = e + ¢ J": e =g (s, ¥(s,e),8)Y(s,£) ds. (6.3)

At t = 21 we have Y(2x, &) = ***® for some R(¢) so that

™R _ 24 {E +¢ f:' e g (s, Y(s, ), £) Y(s,£) ds}. (6.4)

Using (6.3) and (6.4), we obtain

g3t — g2nd {s e [ e g s, Y5, et ds

+¢? J’o’* e (s, Y(s, ), e ( f;’ (1, Y1, €),£) Y (1, £) du)ds}.

By the mean value theorem, there exists £* between 0 and ¢ such that

v(t,e) = p(t) + e (t,e*)

so that
%9, _ %0
axj (” W(" 3), 8) - axl (‘v P(t), 0) + O(B)'

This means that ‘
e¥"RO) = o2*ALE + eD + £2G(e)},
where G(g) is a continuous matrix valued function and

D= f:l e-ng(s’ p(s).O)e" ds.

By (6.2) it is easy to compute
1 +Gd||+o(62) 8d|2+0(62) }
ez"'“" = Gdu + 0(':2) 1+ Edzz + 0(82) :
O(e) i

O(r)

eln(' + O(E)
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where

dy, d x s M 0y, /0x, Oy, /0x :
D Y [§] IZ] = (,(ln S {[ ] 1 1 2 e;.s ds.
: [‘l n dy, J‘ 0 Y2 /0xy 0g2/0X2 s pisy,0)

We wish to compare
f()')") 4 det[lE — eZRR(;’]

h(d,e) & del[lE - [Ez *(-)81)2 eg'c]:l'

To do this, we need the following result from complex variables (which we
give here without proof).

and

Theorem 6.1 (Rouché). If F(z) and H(z) are holomorphic
in a simply connected region D containing a closed contour I' and if
[H(z2)| < |F(z)] on I, then F and F + H have the same number of zeros inside
of I'.

Invoking this result, we now prove the following result.

Theorem 6.2. Suppose, as above, ¥ is a family of 2z-periodic
solutions of (6.1), y € C? in (x,¢), and 4 satisfics (6.2). Suppose that

(i) both eigenvalues of D, have negative real parts, and

(ii) all eigenvalues of C have negative real parts.

Then for ¢ positive and sufficiently small, the periodic solution y(t,¢) is
uniformly asymptotically stable.

Proof. The function f(A, &) = dey(AE — ¢****®) can be evalu-
ated by first expanding by cofactors down the first row and then expanding
each cofactor down its first remaining row. This process yields

J(4,€) = det[(A — 1)E; — eD,] det[AE, _, — €**C + O(e)]
+ O((A = 1)e?) + 0(?)
=h(de) + O@(A — 1)2 + (1 — 1)e2 + &3).
As £ — 0% there are (n — 2) zeros A;(c), 3 < j < n, of f(4,¢) which approach
cigenvalues 4;(0) of ¢2*¢. These numbers 4;(0) are inside of the unit disk
|l| < 1. The remaining two zeros 4,(¢) and 4,(¢) approach one. We wish to

show that for ¢ small and positive, A,(¢) and 4,(¢) are inside of the unit disk.
The zeros of det[(4 — 1)E; — eD,] have the form

B =1+, j=12
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where §; is an eigenvalue of D,. From (i) it follows that [A}(e) — 1]/e = §;
has negative real part. Thus |A(e)| < 1 for & positive and sufficiently small.
We now consider two cases:

Case 1. 4, # 6,,Imd, > 0. Let I be the circle in the com-
plex 4 plane with center at Af(e) and radius er. Let 6, = —a, + ib,, where
a, > 0and b, > 0. Fix r > 0 so small that 0 < r < min{a,, b,}. Notice that

[A@)|* = |1 + &d,|* = 1 — 2eqa, + O(?),
and thus :
(A% + re)? = |A%(e)|? + 2erjad(e)| + rie?
= | — 2¢a, + 2er(l + O(e)) + O(c?)
=1+2(r—a)+0E)<1
for ¢ positive and sufficiently small. Hence, I" contains exactly one zero 1}(e)
and I' is entirely inside of the unit disk.
IfAeT, then 2 = A%(e) + ree”® = 1 + &8, + ree®® and so
|h(4, €)| = |det[(A — 1)E, — &D,]||det(AE, _ , — €**€)|
2 e?|det[(re” + 8,)E; — D,]||det[AE,_, — e**C]|
2eK

for some constant K. Also, on I" we have

S(,e) = h(d,e)| < O((1 — A)%e + (1 — A)e? + &%) = O(e?) < K&?
| )| ‘

where ¢ is sufficiently small. By Rouché’s theorem, h and f = h + (f — h)
have the same number of zeros inside of I', namely one zero. The same
argument applies to 4,(e).

Case 2. 4, =, =03 <0. In this situation, the argument is
the same except that here we choose r < |6//2. By Rouché’s theorem, f and
h each have two zeros in a circle I inside the unit circle.

Case 3. 6, <d, <0. In this situation, the argument is the
same as in Case 1, except that we choose r < (5, — 6,)/2. W

The reader is invited to prove the following result.

Theorem 6.3. If in Theorem 6.2 either e <0 or, fore > 0, D,
has a root with positive real part or C has a root with positive real part,
then for |¢| sufficiently small (¢, €) is unstable.
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B. Autonomous Case

We now consider the autonomous system
x' = Ax + eg(x, €), (6.5)

where A satisfies (6.2), g:R" x [ —¢€0,€0] — R" and g € C2. We assume the
existence of a smooth family y(t,¢) of solutions in %y, where T(e) =
2n + 1(e) € C*[—&o, &0}, 1(0) =0 and Y(¢, 0) = p(1). We can check the
stability of Y(t, ) by studying the linear system

y = Ay + eg,(Y(t, 2), e)y. (6.6)

If Y(¢,¢) is the fundamental matrix solution of (6.6) such that Y(0,¢) = E,
then Floquet multipliers can be determined from

Y2 + (), &) = 2+ HNRE),

One Floquet multiplier will always be one. The problem is to determine
where the others lie. As before, we can compute

e(2¢+t)! - e(2x+tM{E + eD + 0(62)},

where
b= .’.02 ) e~ *4g.(p(s),0)e** ds
and
[cos Nt —sin Nt |
: 0
g2xtna _ | S0 Nt __cosNt l
| 0 } ERTEN
Thus
2%+ RO E + &D$ + O(?) 0(e)
5 0() e*C 4 0(e) |
where

Dt = dy, dy, — N7'(0) t'=d—t
: d2| + Nf’(O) dz; ' de’

We are now in a position to state the following result.

Theorem 6.4. If A, g, ¥, and t are defined as above, if all
eigenvalues of C have negative real parts, and if one eigenvalue of D} has
negative real part, then for ¢ positive and sufficiently small, y(z, ¢) is orbitally
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stable. If instead ¢ is negative or for £ > 0, D3 or C has an eigenvalue with
positive real part, then (¢, ¢) is unstable.

The proof of this theorem is similar to the proof of Theorem 6.2
and is left to the reader as an exercise.

The technique of proof of Theorem 6.2 can be generalized
considerably. We shall give one example of such a generalization since we
shall need this generalization later. Consider the system

x' = PJ(X) + sgl("xo .V, a),
¥ = By + £g,(t, x, y, 2),

where ¢;:R x R"*" x [ —¢q, 0] = R™, ¢, is 2r periodic in t, g, € C?, and
g1x(t, X0,0,0) = 0. Assume z(t, £) = (x(t, )", y(t,£)")" is a continuous family
of solutions in #,, such that there is an x4, with f(x,) = 0 and

x(1,0) = x,, y(t,0)=0.

Let fe C'(R™) and define C = f,(x,). Under this condition we now prove
the following resuit.

(6.7)

Theorem 6.5. Suppose no eigenvalue of B or of C has zero
real part. For ¢ positive and sufficiently small, z(t, ¢) is uniformly asymptoti-
cally stable if all eigenvalues of B and C have negative real parts and is
unstable if at least one eigenvalue has a positive real part.

Proof. On linearizing (6.7) about z(t, £), we obtain a coefficient
matrix of the form

[Eﬁ(x(t, &) + &Gy, 2(t,0),8) Gyt 2(1, ), €)
eGyy(t, z(t, €), €) B + £G,,(t, 2(t, €), €)

for some functions G;; where G,,(t,0,0) = 0. If we follow the proof of
Theorem 6.2 we find that

00 . [E o
=losh 5 %]

E + eD,, + O(?) O(e)
O(z) e*® 4+ 0(e) |’

and

R ezu(g +¢eD + O(e?)) = [
Here

Dy = [ fulxo)ds = 2nC.
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As before, m eigenvalues 4;(¢) tend, as ¢ — 0%, to eigenvalues 1,(0) of e"2,
These eigenvalues satisfy |4;(¢)| # | for ¢ ncarly zero. The other A;(c) can
be shown, by Rouché’s theorem, to be close to 1 + 2aed; where 9; is the
corresponding eigenvalue of C. B

8.7 AVERAGING

We now study periodic systems of equations which can be
decomposed into the form

x' = ¢F(t, x, y,¢),

(7.1
y' = By +¢G(1, x, y, &),

where x € R", y € R™, B is a constant m x m matrix and F and G are smooth
functions defined on a neighborhood of x =0, y=0, ¢ =0 and are 2n
periodic in t. For |y| and |¢| small, we conjecture that y has little effect on
the first equation in (7.1). Indeed, it seems likely that the constant term in
the Fourier series for F provides a good approximation for F(t, x, y, &).
Therefore, as an approximation we replace (7.1) by

X = 8Fo(x),

, (7.2)
y' =By

where
‘ 2n
Fulx) = 5 L F(u, x,0,0) du.

If (7.2) has a critical point (x,,0) whose stability can be de'ermined by
lincarization, then we expect (7.1) to have a 2r-periodic solution which is
near (xo, 0) and which has the same stability properties as (x4, 0). The follow-
ing result shows that this approximate analysis is indeed valid.

Theorem 7.1. Let F and G be continuous in (¢, x, y,&) € R x

B(xq,h) x B(h) x [ —¢&o,€0], 2n periodic in ¢, and of class C? in (x, y).

Suppose that F,(t,x4,0,0) = 0. Let (x,,0) be a critical point of (7.2) such
that all eigenvalues of the linearized system

J ’

oF
X =e2(x)x, Y =By (3

have nonzero real parts for ¢ # 0. Then for ¢ positive and sufficiently small,
system (7.1) has a unique 2n-periodic solution z(t,&) = (x(t,£), y(t,¢)) in a
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neighborhood of (x,,0) which is continuous in (t,¢) and which satisfies
z(t, &) = (x,,0) as ¢ » 0*. Moreover, the stability properties of z(t, &) are the
same as those of (x4, 0).

Proof. Since F(t, x,0,0) is 2n periodic in ¢, we can subtract its
mean value and integrate the resulting difference to obtain a 2z-periodic
function of t. Thus, if we define

u(t, x) = j’;{ (v,x,0,0) — 51; f o" F(s,x,0,0)ds}dv,

then u is 2n periodic in ¢, and C! in (¢, x), and C? in x.
For ¢ small, we can invert the change of variables x =
w + cu(t,w), y = y, to obtain w = x — gu(t, x) + O(¢?). Under this change of
variables, we can obtain a new equation to replace (7.1) as follows:
x'=w + e(u + u,w) =eF(t, w + ey, y,¢)
or

(1 + e )W =e{F(t,w + eu, y, €) — u,}
= ¢Fo(w) + e{F(t, w + eu, y,&) — F(t,w,0,0)}
+ e(F(t,w,0,0) — Fo(w) — u,).
By the choice of u(t,w), the last term is zero. Hence, (7.1) is replaced by
w = eFy(w) + eF((t,w, y,8),
y = By + €G,(t,w, y,¢),
where G,(t,w, y,&) = G(t, w + cu(t,w), y,&) and

Fy(t,w, y,&) = [1 + eu (e, w)]'[F(t, w + eu, y,€) — F(t,w,0,0)
— eFy(W)n, (1, w)].
Thus, F,(t,w,0,0) = 0 and F, (t,w,0,0) = 0.
We now generate a sequence with elements (w,(¢, €), ya(t, £)) €

2. as follows. Let wy(t,€) = xo and let yq(t,€) = 0. Given w,, and y,,, let
W+, and y,, be the unique 2n-periodic solutions of

(74)

! = gFo(xol(W — Xg) = EF 3(t, Wpes Vs 8)s

Y — By = €G,(t, Wus Y &),

where Fy(t,v, y,&) = Fo(v) — Fo(xo)(v — Xo) + F,(t, v, y,€) and Fy = 0F o/ow.

Since Fy(xy) = 0, it follows that F,(t, x,,0,0) = 0 and F,,(¢, x4,0,0) = 0. By
Corollary 2.5 wz can write these periodic solutions in the form

(1.5)

W0 1(4,8) = Xo + [ 81t = S)F (5, Wl ) ylss€)6) ds
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and

Ym+1(t,8) = f.m,, eJ 5(t — )G (s, Wp(S, €), Ym(S, €), €) ds,
where

[T drelas<k  and [ |i)ds< K.

In a sufficiently small ball about (x,,0), say |w — xo| < and |y| < 6,and fore
sufficiently small (say 0 < £ <&,), we can arrange things so that |F,(t,w, el <
3K~ " and |¢G,(t, w, y,£)| < K™ ! and both F,(t,w, y,€) and &G,(t,w, y,€) are
Lipschitz continuous with constant L as small as we please, say L < (2K)™'.
By the method of successive approximations it is easy to see that

[Walt,€) — xol <8,  |ym(t.€)| < 6.
form=0,1,2,...and t € R while

Iwm* I('o 8) - w,,,(t,c)l + ‘.Vn-!» ‘(1,8) - YM(t’e)' s
< 0-5('”'»("6) - wn-l(tys)‘ + lym(" 3) = Vm- I('v 8)')
form=1,273,... and t € R. This sequence converges uniformly for (t,x) €
R x (0,¢0] to solutions w(t,£) and y(t,e) of (7.5). These functions also solve

(7.4) so that x = w + eu(t,w) and y solve (7.1). The stability properties of
(x(t, &), y(t,¢)) follow from Theorem 6.5. W

Theorem 7.1 cannot usually be directly applied to systems of
interest. Typically, the problem in question must first be transformed in
such a way that the result will apply to the transformed system. We shall
illustrate two common methods of arranging such a transformation. In the
first method, use is made of rotating coordinates and in the second method,
polar coordinates are utilized. We give a simple example to demonstrate each
of these methods.

Example 7.2. Consider the problem
Y’ +y=¢(y) (7.6)

For & = 0, this problem reduces to the (linear) harmonic oscillator. For ¢
small but not zero, we define

([ ]

u' = —gf(ucost + vsint, —usint + vcost)sint,
v =¢f(ucost + vsint, —usint + vcost)cost.

so that

This system is in the proper form to apply Theorem 7.1.
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Alternately, we can use the transformation
y=rcos0, y =rsinl
to transform (7.6) into the system of equations
r = gf(rcos 0, rsin0)sin 0,
0’ = —1 + ¢f(rcos 0, rsin0)cos 0/r.
If we replace the independent variable t by the variable 0 so that

dr . rf(rcos, rsin0)sin0
a0~ "y = 4f(reosO, rsin0)

then Theorem 7.1 can be applied to (7.7). W

(1.7

8.8 HOPF BIFURCATION

The results of the preceding section show how an existing
periodic solution varies as a parameter varies. In contrast to this, bifurcation
occurs when periodic solutions are suddently created (or destroyed) as a
parameter varies. For example, consider the following system in polar
coordinates:

r=rl(r—1*-¢], 0=1.

For & < 0 there are no nontrivial periodic solutions, while at e =0 a 2n-
periodic solution exists with r = 1 which immediately bifurcates into two
solutions with r = 1 — \/¢ and r = 1 + \/&. In general, exactly what might
happen when bifurcation occurs depends very much on the form of the
equation in question. The reader may want to analyze, for example, th:
following problem, given in polar coordinates. Notice that the form of this
system is similar to that of the last example written above, namely,

r=rie—r?, 0=1.

In this system, the origin is globally asymptotically stable for ¢ < 0. When
¢isincreased beyond ¢ = 0, this system has a periodic solution with amplitude
¢'/2. In such a case, the equilibrium r = 0 has been described as having
suddenly “blown a smoke ring.” This particular type of bifurcation is an
example of what we call Hopf bifurcation. The purpose of this section is to
study Hopf bifurcation for systems of two equations.

Consider the two-dimensional system

x' = A(e)x + G(x,¢), (8.1)
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where 4 is a C' smooth real 2 x 2 matrix, G:R? x (—¢g,£0) = R is of class
C3,G(0,¢) = 0, and G,(0,¢) = 0. Let A(e) have eigenvalues A(e) = a(e) + if(e),
where

a(0) = 0, a’'(0) > 0, B) > 0.

We are now in a position to prove the following result.

Theorem 8.1. Under the foregoing assumptions, there is a
continuous real valued function &(a) with £(0) = 0 and a one-parameter
family x(t, a) of nontrivial periodic solutions of (8.1) with periods T(a) =
27/B(0) + Of(a) such that x(t,a) >0 asu— 0",

Proof. By a real and linear change of variables, we can put

A(e) into the form
_ @ —Be
A(e)_[li(e) a(s)]'

Hence, we can utilize polar coordinates and assume that the system trans-
forms into an equivalent system of the form

d
o= YO + HE0.0, 3 & ale)/Ble). 82)
Here H(r,0,¢) = rp~"(rf§ + cos UG, — sin 0G,)™'[(B cos 0 — asin 0)G, +
(Bsin0 + acosU)G,].

Let r(0, q,¢) be the solution of (8.2) such that r(0,q,¢) = a. By
the variation of constants formula, solutions of (8.2) have the form

r(0,a,c) = ae®® + J: ere -y (r(s,a,2), s, £)ds. (8.3)

For the existence of a periodic solution we require that r(2m, a,¢) = a. Now
define

F(a,e) = e2™® — | 4+ a™! 2 "N (p(s, g, €), 5, £)ds
0

for a # 0 and F(0,¢) = e**"® — |, For the existence of a periodic solution we
need F(a,&) = 0. By (8.3) we see that r(0,dq,¢) = O(4) as a — 0 uniformly on
(0,€) € [0,21] x (— &g, €0). Thus Fla,¢) is continuous in a neighborhood of
a =& = 0. Since H(r,a,&) = O(r*) uniformly in (u,&) € [0,21] x (—¢€o,&0), 2
similar argument shows that F € C! near a = & = 0. But F(0,0) = 0 and

oF Ot .- 3(0)a’(0) — O - f(0)
5;(0,0).—42 12y (e))e= 0 = (€ °)(2n)(’ 50) il )

= 2na'(0)/5(0) > 0.
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By the implicit function theorem, there is a solution () of F(a, &) = 0 defined
near a = 0 and satisfying ¢(0) = 0. The family of periodic solutions is
r(0,a,e(a)). B

We close this section with a specific case.

Example 8.2. Consider the problem
X' —2%x' +ex+ax+bx>=0

where a > 0, b # 0. Theorem 8.1 applies with a(e) = eand f(e) = (a + & — £2)"/%.

8.9 A NONEXISTENCE RESULT*

In this section, we consider autonomous systems
x' = F(x), (A)

where F:R"— R" and F is Lipschitz continuous on R* with Lipschitz con-
stant L. For x = (x;,...,x,)Tand y = (y;, ..., y.)", we let

{xp) = ‘z’ XY
denote the usual inner product on R". We shall always use the Euclidean
norm on R", i.e., |x|> = {x, x) for all x € R".
Now assume that (A) has a nonconstant solution ¢ € 2;. Then
there is a simple relationship between T and L, given in the following result.

Theorem 9.1. If F and ¢ are as described above, then T 2
2n/L.

Before proving this theorem, we need to establish the following
auxiliary result.

Lemma 9.2. If y(1) & F(¢(1))/|F(¢(1))], then y’ exists almost
everywhere and

J'OT |y'()dt = 2=

Proof. Since ¢ is bounded and F is Lipschitz continuous, it
follows that F(¢(t)) is Lipschitz continuous and hence so is y. Thus y is
absolutely continuous and so y' exists almost everywhere. To prove the
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above bound, choose t, and t; +  in [0, T] so that t > 0 and
[ty + ©) = ¢(1y)] = sup{|(s) — d(u)|:s, ue [0, T]}.

Since ¢,(1) & @(t — t,) is also a solution of (A) in 2, we can assume without
loss of generality that ¢, = 0. Define )

p=¢O) — () and  u()=|p() - S(o)/2.
Then u has its maximum at t = 0 so that
w(0) = {&(t) — $(z), 'O |s=0 = (v,4'(0)) = {v, F(¢$(0))) = 0.
Similarly we see that {v, F(¢(1))) = 0.
We now show that

[ 1@l 2. ©.1)

First note that if y(0) = — y(t), then the'shortcst curve between y(0) and
y(t) which remains on the unit sphere S has length =. So the length of y(t)
between y(0) and y(z) is at least n. If y(0) # — y(t), define

y=y0)+ y(r), m= y0)— y(z).
Then {y,m) = |y(0)]* — | ¥1)]* = 1 — 1 = 0. Define
a(r) & {y(0, /<0 7>

and note that

a(r) = {(y — m)/2, )/{n. 7> = 4.

If we define h(t) = y(t) — a(t)y, then {y,h(t)) = 0. Thus y(t) = a(t)y + h(t)
and —a(t)y + h(t) have the same norm, namely, one. Now

¢'(0) = |[F(®)|y(1) = |F($(0)|(alr)y + h(r))
and {y, h) = 0. Therefore

( [2 1F@at) dz) >+ [, I - 0t

= {p(1) — $(0), ¥> = {—0, ¥(0) + y(1))
= — (o, FGOD|FON|™* = (o, F$) |F@é)] " =0.
Hence
(2 1@t =o,

and a must be zero at some point t4 € (0, 7).
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Define y,(t) on [0,7,] and y,(1) = h(t) — a(t)y on [to,7].
Then y, € Sfor 0 <t < 1, y, is absolutely continuous, and
(1) + y4(0) = [ (1) — 2a(z)y] + y(0) = y(r) + y(0) — 2(})y = 0.

Thus y,(t) = —y,(0). Hence, the length of the arc from y,(0) to y,(t) is at
least #. Since {h,y) = 0, the arc lengths for y and y, are the same over [0,1].
This proves (9.1).

Finally, the length of y over [t,T] is at least = by the same
argument [by starting at ¢() instead of ¢(0))]. This concludes the proof. W

Proof of Theorem 9.1. Now let y(1) be as defined in Lemma
8.2. Then y is Lipschitz continuous on R, and hence, absolutely continuous
and differentiable almost everywhere. Since |v(1)] = 1, it follows that

0= é{i <y({)’ y([)) = 2()’(')' .""(‘)>

. or y 1 y' almost everywhere. This fact and the fact that y|F(¢)| = F(¢) yield
F(¢y = y|F(9)| + y|F(P),
or
IF@)1 = yPIF@I + P IFo
Thus we have
|¥] < |F@Y|/|F(#)| < Li¢'|/|F(¢)| = L,
and r r
fivolde < [ Lat=TL.
Finally, by Lemma 9.2 we have 2rn < TL. W
We conclude this section with an example.
Example 9.3. Consider the second order equation
X' +g(x)x'+x=0

with g(x) an odd function such that g(x) <0 for 0 < x <a and g(x) >0
for x > a. Assume that |g(x)| < a. Then the equivalent system

X=y-G y=-x Gx2 [ gu)du

is Lipschitz continuous with constant L =(max{2, 1 + 2«?}'/2, Hence,
there can be no periodic solution of (9.2) with period T > 2n/L.
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PROBLEMS

1. In (P) suppose that f:R x R"— R" with f € C'. Show that if (P) has a
solution ¢ which is bounded on R and is uniformly asymptotically stable
in the large, then ¢ € %;.

2. In (P) let f € C'(R x R"). Suppose the eigenvalues A1, x) of (f(t,x) +
L6, x)") satisfy A(t,x) < —p <O for all (¢, x). Show that if (P) has at least
one solution which is bounded on R*, then (P) has a unique solution ¢ € ;.

3. Suppose A4 is a real, stable n x n matrix and F e C(R x R") with
F(1,0) =0, F(t,0) = 0, and F(t + T, x) = F(t, x). Let p € ;. Show that there
is an &g > 0 such that when 0 < |¢| < &, then

x' = Ax + F(1,x) + ¢p(t)
has at least one solution ¢(t, &) € #. Moreover ¢(t,£) — 0 as |e| — 0 uniformly
forte[0,T]

4. Consider the system

y' = B(y)y + pQ), (10.1)
where B is a C' matrix and p € #%.. Show that if

max (b(y)+ Y |biAv)=—c(1)< —a<0
lsisa i#j,J=1

for all y € R", then there is a solution ¢ € ¢, of (10.1).

5. Suppose A4 is a real, constant, n x n matrix which has an eigenvalue iw
with w > 0. Fix T > 0. Show that for any gy > 0 there is an ¢ in the interval
0 < ¢ < gg such that

ex’ = Ax
has a nontrivial solution in 4.

6. Let A beaconstant n x nmatrix and let £, > 0. Show that for0 < ¢ < g
the system x’ = ¢4Ax has no nontrivial solution in ¢ if an only if det A # 0.

7. In(3.1),let g€ C'(R x R") and let he C'(R x R" x (—&g,€)). Assume
that p is a periodic solution of (3.1) at € = 0 such that

Y =gt p(0)y

has no nontrivial solutions in 4 and assume h satisfies (3.3). Let @(t) solve
Y = g.(t,p(t))y, y(0) = E and let H be as in (3.2). Show that for |l:| small,
Eq. (3.1) has a solution in 2 if an only if the integral solution

w0 = [T @GN0 NT) - Eyow]  Hes s eyds  (102)
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has a solution in ;. Use successive approximations to show that for |¢|
sufficiently small, Eq. (10.2) has a unique solution in 2.

8. Suppose all solutions of (LH) are bounded on R*. If A(t) and f{(t) are
in Zp and if (2.5) is not true for some solution y of (2.1) with y € &y, then show
that all solutions of (LN) are unbounded on R*.

9. Express x” — x = sint as a system of first order ordinary differential
equations. Show that Corollary 2.5 can be applied, compute G(t) for this
system, and compute the unique solution of this equation which is in 2;,.
10. Find the unique 2zn-periodic solution of

0 -n O cost
xX=|n 0 O]lx+]| O
0 0 2 sin¢

11. Find all periodic solutions of
o = 0 -1 <+ cos wt
) 1 I

where w is any positive number.
12. Show that for |¢| small, the equation

X"+ x' + x + 2x® = gcost
hasa unigue solution ¢(t,¢) € #,,. Expand ¢ as
b(t,6) = Polt) + ey(1) + O(e?)

and compute ¢, and ¢,. Determine the stability properties of ¢(t, €).
13. For a, B, and k positive show that the equation

Y'+y+eay+ By} +ky)=0
exhibits Hopf bifurcation from the critical point y = y' = 0.
14. For a, B, and k positive and A4 # 0, consider the equation
y' +y=¢e(—ay — B> — ky + A cosi).

Show that for ¢ small and positive there is a family of periodic solutions
¢(t,€) and a function J(c) such that

&t + 8(e), €) = yocost + ed,(t) + O(e?)
and

6(3) = (So + 86] + 0(62).
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Find equations which 6, and y, satisfy. Study the stability properties of
é(t,e).
15. For y” + y + &y® = 0, or equivalently, for
Yi= -y
yl 2= N + ey ?,
show that the hypotheses of Theorem 5.3 cannot be satisfied. This equation

has a continuous two-parameter family of solutions @(t,a,e)e2Py,, with
$(0,0,0) =a >0, $'(0,a,0) = 0, and T = 2n/w, where

- 2 2, . y4p2 X
w(a,a)—l+8ac 2560“: + O(e%)
and
otoe)=]a— 23 (e%) |coswt
L0 E) = 2 1024501 + O(e S

1 3
+ (——- eo® — —— g2 )cos 3wt + ce?cos Swt + O(e%).

Compute the value of the constant c.
16. For y”" + e(y? — 1)y’ + y =0, let ¢(t,) be that limit cycle satisfying
$(0,¢) > 0, ¢'(0,¢) = 0.

(a) Show that ¢(t,e) »acost as ¢ + 0 for some constant
a>0.

(b) Compute the value of a.
17. In Theorem 6.4 consider the special case

Y +y=¢(yY)

Let ¢(t,¢) be the periodic family of solutions such that ¢(t,0) = y,cost for
some y, > 0. Show that ¢(t,¢) is orbitally stable if ¢ is small and positive
and

2% af
5
18. Prove Theorem 5.3.

19. Prove Theorem 6.4.
20. Prove an analog of Theorem 5.1 for the coupled system

x" + x =¢f(t,x,y,X,y)
)’" + 4y= W("x’y’x'vy')~

== (yocOSt, —yosint)dt <O0.
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Find sufficient conditions on f and g in order that for ¢ small and positive
there is a 2n-periodic family of solutions.

21. Consider the system

M Y M Pl
y] 0 Byl “Lea® ¢0 ly])

where A and B are square matrices of dimension k x kand [ x I, respectively,
where the ¢, are 2n/w periodic matrices of appropriate dimensions, e*' is
a T = 2n/w periodic matrix, all eigenvalues of B have negative real parts,
and ¢;; € P. Il all eigenvalues of

Fa % jo"""’ e, (e dt

have negative real parts, show that the trivial solution x =0, y =0 is ex-
ponentially stable when ¢ > 0.

22. In Example 8.2, transform the equation into one suitable for averaging
and compute the average equation. Hint: Let x = ¢x, and x" = a\/c_:x'z.

23. Find a constant K > 0 such that any limit cycle of
(5x* — 1)x'
xHx* =12 + 1

for 0 < £ < 1, must have period T(s) > K.

x"+e +x=0,
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problem, 245
of regulator systems, 243
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matrix, 81
of a matrix equation, 99
of an nth order equation, 124
operator, 124
Aizerman conjecture, 245
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Analytic hypersurface, 267
Angular
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displacement, 11
velocity, 11
Ascoli Arzela lemma, 41, 48

Asymptotic behavior of cigenvalues, 147

Asymptotic equivalence, 280
Asymptotic phase, 274

~ Asymptotic stability, 173, 208, see also

Exponential stability
in the large, 176, 227
lincar system, 180
uniform, 173
uniformly in the large, 176
Attractive, 173

Autonomous differential equation, 4, 103
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perindic solutions, 292, 317, 335
stability, 178
Averaging, 330

B(h), 65, 168
B(x.h), 65, 168
Banach fixed point theorem, 79
Basis, 81
Bessel equation, 289
Bessel inequality, 157
Bilinear cencomitant, 125
Boundary, 43
Boundary conditions, 138, 160
general, 160
periodic, 138
separated, 139
Boundary value problem, 140
inhomogeneous, 152, 160
Bounded solution, 175, 212
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C™ hypersurface, 267
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exponent, 115

polynomial, 82, 121

root, 121
Chetaev instability theorem, 216
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Closed line segment, 291
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form, 118

matrix, 118
Comparison

principle, 239, 255

theorem, 73, 239, 255

theory, 70
Complete metric space, 78
Complete orthogonal set, 154, 157
Completely unstable, 214
Complex valued equation, 7, 74
Conjugate matrix, 81
Conservative dynamical system, 25
Continuation, 49
Continued solution, 49
Continuity, 40

Lipschitz, 53, 66

piecewise, 41
Contraction map, 79
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Convergence, 41, 66
Converse theorem, 234
Convolution, 105
Coulomb, 15
Critical

cigenvalue, 183

matrix, 183

point, 169, 290

polynomial, 184
Current source, 14

Damping
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torque, 12
Dashpot, 9, 12
Decrescent function, 197, 198
Definite function, 200
Derivative along solutions, 195
Diagonalization of a set of sequences, 42
Diagonalized matrix, 82

Differentiable function, 40
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Dini derivative, 72
Direct method of Lyapunov, 20S
Direction

of a line segment, 292
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Dissipation function, 29
Distance, 65
Domain, 1, 3, 45
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Dry friction, 20, 68
Duffing equation, 23, 316, 322

E

Eigenfunction, 141, 160
Eigenvalue, 82, 141, 160
Eigenvector, 82, 83
generalized, 82
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simple, 141
Elastance clement, 8
Electric charge, 15
Electric circuits, 14
Electromechanical system, 31
Energy
dissipated in a resistor, 15
dissipated by viscous damping, 10, 12
kinetic, 9, 12
potential, 9, 12
stored in a capacitor, 15
stored in an inductor, 1S
stored in a mass, 9, 12
stored in a spring, 9, 12
Epidemic model, 24
€ approximate solution, 46
Equicontinuous, 41
Equilibrium point, 169, 290
Euclidean norm, 65
Euler
method, 47
polygons, 47
Existence of solutions

of boundary value problems, 139, 145, 161
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periodic solutions, 290, 305
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Fixed point of a map, 79 Initial value problem, 2
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exponent, 115 first order equation, 2

multiplier, 115 first order system, 3
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Force, 8 Inner product, 141, 160
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coefficient, 156 theorem, 62, 225
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Fundamental matrix, 90
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Green's formula, 125 Jordan curve, 291
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Gronwall inequality, 43, 75
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Hamiltonian, 25 Kamke function, 197
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Hopf bifurcation, 333 L
Hurwitz
determinant, 185 Lagrange
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Linear independence, 81
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constant coefficients, 100
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nth order, S, 117
nonhomogencous, S, 88
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stability, 179, 218
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Liouville transformation, 135, 147
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condition, 53, 66
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Loop current method, 15
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Lure result, 246
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first method, 264
indirect method, 264
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second method, 205

M
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Malkin theorem, 253
Mass, 8
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on a nonlincar spring, 21

on a soft spring, 21

on a square law spring, 22
Matrix, 81

adjoint, 81

conjugate, 81

critical, 183

differential equation, 90

exponential, 100

Hurwitzian, 183
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norm, 65, 168

self adjoint, 81
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Maximal solution, 71, 77
Maxwell mesh current method, 15
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Minimal solution, 71
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Multiple eigenvalue, 141
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nth order differential equation, §
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Norm
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system, 3, 53, 75
Solution of a differential inequality, 72
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Successive approximations, 56
Sylvester
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theorem, 200
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Trajectory, 4, 222
Transfer function, 243
Transpose matrix, 81
Transversal, 292
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convergence, 41
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208, 239
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functions, 41
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Uniformly siable, 173, 180, 183, 206, 239
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boundary value problems, 139
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periodic solutions, 309
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periodic solution, 327
polynomial, 184
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Upper right Dini derivative, 72
Upper right-hand derivative of a Lyapunov
function, 196
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Vandermonde determinant, 133
Van der Pol equation, 20, 301, 315
Variation of constants formuia, 98
Vector Lyapunov function, 241, 255
Vector valued comparison equation, 241
Velocity, 8
Verhulst—Pearl equation, 25
Viscous friction, 9

coefficient, 12
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Volterra population equation, 24, 271
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Wave equation, 137
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Zubov's theorem, 232
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