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Growth of Mathematical Concepts

The history of the growth of Mathematics is as interesting as a good 
detective novel. Arithmetic has a long history starting with addition, 

subtraction, multiplication and division, most of the work in commerce 
could be managed.

In Indian system, astronomers were able to calculate many calculations 
such as the prediction of the motion of the planets, solar and lunar 
eclipses, the position of the stars and so on very accurately with the 
help of conic shells. Modern prediction of the time of eclipses coincide 
with Indian calculation.

For fast multiplication and division, logarithm was discovered starting 
with the normal four digit or decimal places, one could even go to 
8 decimal logarithm tables. Ever since the discovery of the powerful 
computers, advances in Physics, Chemistry and Biology went hand in 
hand.

The application of Mathematics to Physics, crystallography, spectroscopy 
and diffraction gave a big boost for the advance of Physics, Chemistry 
and Biology, particularly for the study of the structure of molecules and 
crystals. Will 1 + 1 give 2 always? In the study of electrical circuits, this 
may not be true. There are a large number of great mathematicians. 
The great Ramanujam made his mark in Cambridge. Einstein effaced 
the borders of Mathematics and Physics. Normally one makes a 
premise and develops theories based on experimental facts. In the 
case of Einstein, first he made conclusions and they were proved later 
by experiments. To study higher Mathematics gives one great joy and 
satisfaction.

We wish you all the best for your future courses of study.

  Anil Ahlawat 
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jee main

1. If r, s ∈{1, 2, 3, ...., 20}, then the sum of the digits of 
S r s

r s
= −

<
∑ ( )2 is

(a) 7 (b) 9 (c) 10 (d) 11

2. If I x x dx= −∫ ( ) ,1 2 9 9

0

1

then the sum of the digits of 

1
I is

(a) 2 (b) 4 (c) 8 (d) 9

3. Three normals are drawn from the point (20, 8) to 
the parabola y2 = 4x. The radius of the circle through 
the feet of the normals is
(a) 5  (b) 5 (c) 5 5  (d) 10

4. From a point P tangents are drawn to the circle 
x2 + y2 = a2. If the chord of contact touches the ellipse
x
a

y
b

2

2

2

2 1+ = , then the locus of P is

(a) 
x
a

y
b

a
b

2

2

2

2

2

2+ =  (b) 
x
a

y
b

b
a

2

2

2

2

2

2+ =

(c) 
x
b

y
a

a
b

2

2

2

2

2

2+ =  (d) 
x
b

y
a

b
a

2

2

2

2

2

2+ =

5. If events A and B are such that P A( ) . ,= 0 3  
P(B) = 0.4 and P A B( ) . ,∩ = 0 5 then P B A B( / ( ))∪ =

(a) 1
2  (b) 1

3  (c) 
2
5  (d) 

1
4

jee advanced

6. The sides of an acute angled triangle are 10, 24, x. 
The integer values of x are
(a) 22 (b) 23 (c) 24 (d) 25

Prof. Ramanaiah is the author of MTG JEE(Main & Advanced) Mathematics series

Maths Musing was started in January 2003 issue of Mathematics Today with the suggestion of Shri Mahabir Singh. The aim of Maths 
Musing is to augment the chances of bright students seeking admission into IITs with additional study material.

During the last 10 years there have been several changes in JEE pattern. To suit these changes Maths Musing also adopted the new 
pattern by changing the style of problems. Some of the Maths Musing problems have been adapted in JEE benefitting thousand of our 
readers. It is heartening that we receive solutions of Maths Musing problems from all over India.
Maths Musing has been receiving tremendous response from candidates preparing for JEE and teachers coaching them. We do hope 
that students will continue to use Maths Musing to boost up their ranks in JEE Main and Advanced.
 Prof. Dr. Ramanaiah Gundala, Former Dean of Science and Humanities, Anna University, Chennai

comprehension

The vertices of a tetrahedron are O(0, 0, 0), A(1, 2, 3), 
B(2, 3, 1), C(3, 1, 2).
7. The distance of the vertex A from the edge BC is

(a) 5 3
6  (b) 6 3

5  (c) 3
2

 (d) 3
2

8. The distance of the vertex A from the face OBC is

(a) 
5 3

6  (b) 
6 3

5  (c) 3 2  (d) 2 3
integer match

9. Let C
rr =







10
 and S C C C C= − + − +0 1 2 3

5 6 7 8 ...

... .+ C10
15 The number of prime factors of 1

S is

matching list

10. The letters of the word CALCULUS are used to 
form 3, 4, 5, 6-letter words.

Column-I Column-II

P. The sum of the digits of the 
number of 3-letter words is 1. 3

Q. The sum of the digits of the 
number of 4-letter words is 2. 12

R. The sum of the digits of the 
number of 5-letter words is 3. 15

S. The sum of the digits of the 
number of 6-letter words is 4. 18

 P Q R S
(a) 3 4 1 2
(b) 4 1 2 3
(c) 3 2 1 4
(d) 2 3 4 1

See Solution set of Maths Musing 150 on page no. 30

Set 151
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SECTION-1 (Maximum Marks : 32)
This section contains EIGHT questions. The answer to each question 
is a SINGLE DIGIT INTEGER ranging from 0 to 9, both inclusive. 
For each question, darken the bubble corresponding to the correct 
integer in the ORS. Marking scheme: +4 If the bubble corresponding 
to the answer is darkened, 0 In all other cases.

1. The number of distinct solutions of the equation
5
4

2 22 4 4 6 6cos cos sin cos sinx x x x x+ + + + =

in the interval [0, 2p] is
2. Let the curve C be the mirror image of the parabola 
y2 = 4x with respect to the line x + y + 4 = 0. If A and B 
are the points of intersection of C with the line y = –5, 
then the distance between A and B is
3. The minimum number of times a fair coin needs to 
be tossed, so that the probability of getting at least two 
heads is at least 0.96, is
4. Let n be the number of ways in which 5 boys and 
5 girls can stand in a queue in such a way that all the girls 
stand consecutively in the queue. Let m be the number 
of ways in which 5 boys and 5 girls can stand in a queue 
in such a way that exactly four girls stand consecutively 

in the queue. Then the value of m
n

 is

5. If the normals of the parabola y2 = 4x drawn at the 
end points of its latus rectum are tangents to the circle 
(x – 3)2 + (y + 2)2 = r2, then the value of r2 is
6. Let f : R → R be a function defined by

f x
x x

x
( )

[ ],
,

,=
≤
>





2
0 2

 where [x] is the greatest integer 

less than or equal to x. If  I xf x
f x

dx=
+ +

−
∫

( )
( )

,
2

1

2

2 1
 then 

the value of (4I – 1) is

7. A cylindrical container is to be made from certain 
solid material with the following constraints : It has a 
fixed inner volume of V mm3, has a 2 mm thick solid 
wall and is open at the top. The bottom of the container 
is a solid circular disc of thickness 2 mm and is of radius 
equal to the outer radius of the container.
If the volume of the material used to make the container 
is minimum when the inner radius of the container is 

10 mm, then the value of 
V

250p
 is

8. Let F x t dt
x

x

( ) cos=

+

∫ 2 2
6

2 p

 for all x ∈ R and 

f : , [ , )0 1
2

0





→ ∞  be continuous function. For a ∈





0 1
2

, , 

if F′(a) + 2 is the area of the region bounded by x = 0, 

y = 0, y = f(x) and x = a, then f (0) is

SECTION-2 (Maximum Marks : 40)

This section contains TEN questions. Each question has FOUR 
options (a), (b), (c) and (d). ONE OR MORE THAN ONE of these four 
option(s) is (are) correct. For each question, darken the bubble(s) 
corresponding to all the correct option(s) in the ORS. Marking 
scheme : +4 If only the bubble(s) corresponding to all the correct 
option(s) is (are) darkened, 0 If none of the bubbles is darkened, 
–2 In all other cases.

9. Let X and Y be two arbitrary, 3 × 3 non-zero, skew-
symmetric matrices and Z be an arbitrary 3 × 3, non-
zero, symmetric matrix. Then which of the following 
matrices is (are) skew symmetric?
(a) Y3Z4 – Z4Y3 (b) X44 + Y44

(c) X4Z3 – Z3X4 (d) X23 + Y23

PaPEr-1

*ALOK KUMAR, B.Tech, IIT Kanpur

*Alok Kumar is a winner of INDIAN NAtIoNAl MAtheMAtIcs olyMpIAD (INMo-91). 
he trains IIt and olympiad aspirants.
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10. Which of the following values of a satisfy the 
equation

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) (

1 1 2 1 3

2 2 2 2 3

3 3 2 3 3

2 2 2

2 2 2

2 2

+ + +

+ + +

+ + +

a a a

a a a

a a a))

?
2

648= − a

(a) –4 (b) 9 (c) –9 (d) 4
11. In R3, consider the planes P1 : y = 0 and 
P2 : x + z = 1. Let P3 be a plane, different from P1 and 
P2, which passes through the intersection of P1 and P2. 
If the distance of the point (0, 1, 0) from P3 is 1 and the 
distance of a point (a, b, g) from P3 is 2, then which of 
the following relations is (are) true?
(a) 2a + b + 2g + 2 = 0 
(b) 2a – b + 2g + 4 = 0
(c) 2a + b – 2g – 10 = 0    
(d) 2a – b + 2g – 8 = 0
12. In R3, let L be a straight line passing through the 
origin. Suppose that all the points on L are at a constant 
distance from the two planes P1 : x + 2y – z + 1 = 0 and 
P2 : 2x – y + z – 1 = 0. Let M be the locus of the feet of 
the perpendiculars drawn from the points on L to the 
plane P1. Which of the following points lie(s) on M?

(a) 0 5
6

2
3

, ,− −



  (b) − −





1
6

1
3

1
6

, ,

(c) −





5
6

0 1
6

, ,  (d) −





1
3

0 2
3

, ,

13. Let P and Q be distinct points on the parabola 
y2 = 2x such that a circle with PQ as diameter passes 
through the vertex O of the parabola. If P lies in the first 
quadrant and the area of the triangle OPQ is 3 2,  then 
which of the following is (are) the coordinates of P?

(a) ( , )4 2 2  (b) ( , )9 3 2

(c) 1
4

1
2

,





 (d) ( , )1 2

14. Let y(x) be a solution of the differential equation 
(1 + ex)y′ + yex = 1. If y(0) = 2, then which of the 
following statements is (are) true?
(a) y(–4) = 0
(b) y(–2) = 0
(c) y(x) has a critical point in the interval (–1, 0)
(d) y(x) has no critical point in the interval (–1, 0)
15. Consider the family of all circles whose 
centers lie on the straight line y = x. If this family of 
circles is represented by the differential equation 
Py′′ + Qy′ + 1 = 0, where P, Q are functions of x, y and y′ 

(here ′ = ′′ =y dy
dx

y d y
dx

, ),
2

2  then which of the following 

statements is (are) true?
(a) P = y + x 
(b) P = y – x
(c) P + Q = 1 – x + y + y′ + (y′)2

(d) P – Q = x + y – y′ – (y′)2

16. Let g : R → R be a differentiable function with 
g(0) = 0,  g′(0) = 0 and g′(1) ≠ 0. Let 

f x
x
x

g x x

x
( ) | |

( ),

,
=

≠

=







0

0 0
 and h(x) = e|x| for all x ∈ R. 

Let (foh)(x) denote f(h(x)) and (hof)(x) denote h(f(x)). 
Then which of the following is (are) true?
(a) f is differentiable at x = 0
(b) h is differentiable at x = 0
(c) foh is differentiable at x = 0
(d) hof is differentiable at x = 0

17. Let f x x( ) sin sin sin= 











p p
6 2  for all x ∈ R and 

g x x( ) sin= p
2

 for all x ∈ R. Let (fog)(x) denote f(g(x)) 

and (gof)(x) denote g(f(x)). Then which of the following 
is (are) true?

(a) Range of isf −





1
2

1
2

,

(b) Range of isfog −





1
2

1
2

,

(c) lim ( )
( )x

f x
g x→

=
0 6

p

(d) There is an x ∈ R such that (gof)(x) = 1

18. Let DPQR be a triangle. Let 


    



 

a QR b RP c PQ= = =, .and


    



 

a QR b RP c PQ= = =, .and  If | | , | |



a b= =12 4 3  and 


b c⋅ = 24,  then which 
of the following is (are) true?

(a) | | | |


c a
2

2
12− =  

(b) | | | |


c a
2

2
30+ =

(c) | |



 a b c a× + × = 48 3

(d) 


a b⋅ = − 72
SECTION-3 (Maximum Marks : 16)

This section contains TWO questions. Each question contains two 
columns, Column I and Column II. Column I has four entries (A), (B), 
(C) and (D). Column II has five entries (P), (Q), (R), (S) and (T). Match 
the entries in Column I with the entries in Column II. One or more 
entries in Column I may match with one or more entries in Column II. 

mathematics today | july ‘15 11



The ORS contains a 4 × 5 matrix whose layout will be similar to the 
one shown below: 
For each entry in Column I, darken 
the bubbles of all the matching 
entries. For example, if entry (A) 
in Column I matches with entries 
(Q), (R) and (T), then darken these 
three bubbles in the ORS. Similarly, 
for entries (B), (C) and (D). Marking scheme : For each entry in 
column I, +2 If only the bubble(s) corresponding to all the correct 
match(es) is(are) darkened, 0 If none of the bubbles is darkened, 
–1 In all other cases

19. Column I Column II
(A) In R2, if the magnitude of the 

projection vector of the vector 

a bi j i j^ ^ ^ ^+ +on 3  is 3  and 

if  a b= +2 3 ,  then possible 
value(s) of |a| is (are)

(P) 1

(B) Let a and b be real numbers such 
that the function

f x
ax x

bx a x
( )

,

,
=

− − <

+ ≥







3 2 1

1

2

2

is differentiable for all x ∈ R. Then 
possible value(s) of a is (are)

(Q) 2

(C) Let w ≠ 1 be a complex cube root 
of unity. If (3 – 3w + 2w2)4n+3 + 
(2 + 3w – 3w2)4n+3 + (–3 + 2w 
+ 3w2)4n+3 = 0, then possible 
value(s) of n is (are)

(R) 3

(D) Let the harmonic mean of two 
positive real numbers a and b be 
4. If q is a positive real number 
such that a, 5, q, b is in arithmetic 
progression, then the value(s) of 
|q – a| is (are)

(S) 4

(T) 5

(A)

(B)

(C)

(D)

P Q R S T

P Q R S T

P Q R S T

P Q R S T

20. Column I Column II
(A) In a triangle DXYZ, let a, b and 

c be the lengths of the sides 
opposite to the angles X, Y and 
Z, respectively. If 2(a2 – b2) = c2 

and l =
−sin( )

sin
,

X Y
Z

 then possible 

values of n for which cos(npl) = 0 
is (are)

(P) 1

(B) In a triangle DXYZ, let a, b and 
c be the lengths of the sides 
opposite to the angles X, Y and Z, 
respectively. If 1 + cos2X – 2cos2Y 
= 2sinX  sinY ,  then possible 
value(s) of a

b
 is (are)

(Q) 2

(C) In R2, let 3 3i j i j^ ^ ^ ^,+ +

and b bi j^ ^( )+ −1 be the position 
vectors of X, Y and Z with respect 
to the origin O, respectively. 
If the distance of Z from the 
bisector of the acute angle of 

OX OY
   

with is 3
2

,  then possible 

value(s) of |b| is (are)

(R) 3

(D) Suppose that F(a) denotes the 
area of the region bounded by 
x = 0, x = 2, y2 = 4x and 
y = |ax – 1| + |ax – 2| + ax, where 
a ∈ {0, 1}. Then the value(s) of 

F( ) ,a + 8
3

2  when a = 0 and  

a = 1, is (are)

(S) 5

(T) 6

PaPEr-2

SECTION-1 (Maximum Marks : 32)
This section contains eight questions. The answer to each question 
is a single digit integer ranging from 0 to 9, both inclusive. For each 
question, darken the bubble corresponding to the correct integer 
in the ORS. Marking scheme : +4 if the bubble corresponding to 
the answer is darkened. 0 in all other cases. 

1. For any integer k, let a p p
k

k i k= 





+ 





cos sin
7 7

 

where i = −1 . The value of the expression 

| |

| |

a a

a a

k k
k

k k
k

+
=

− −
=

−∑

−∑

1
1

12

4 1 4 2
1

3

 

is 

2. Suppose that all the terms of an arithmetic 
progression (A.P.) are natural numbers. If the ratio 
of the sum of the first seven terms to the sum of the 
first eleven terms is 6 : 11 and the seventh term lies in 
between 130 and 140, then the common difference of 
this A.P. is 
3. The coefficient of x9 in the expansion of  
(1 + x)(1 + x2)(1 + x3) ... (1 + x100) is

4. Suppose that the foci of the ellipse x y2 2

9 5
1+ =  are 

(f1, 0) and (f2, 0) where f1 > 0 and f2 < 0. Let P1 and P2 
be two parabolas with a common vertex at (0, 0) and 
with foci at (f1, 0) and (2f2, 0) respectively. Let T1 be a 

mathematics today | july ‘1512





tangent to P1 which passes through (2f2, 0) and T2 be a 
tangent to P2 which passes through (f1, 0). If m1 is the 
slope of T1 and m2 is the slope of T2, then the value of 

1

1
2 2

2

m
m+









  is

5. Let m and n be two positive integers greater than 1. 

If lim
cos( )

a

a

a→

−











= − 



0 2

e e e
n

m
 then the value of m

n
 is

6. If a = +
+









∫ + −

( )tane x
x

dxx x9 3
2

2
0

1 1 12 9
1

 where tan–1x 

takes only principal values, then the value of 

log | |e 1 3
4

+ −





a p  is

7. Let f : R → R be a continuous odd function, 

which vanishes exactly at one point and f ( ) .1 1
2

=  

Suppose that F x f t dt
x

( ) ( )= ∫
−1

 for all x ∈ [–1, 2] 

and G x t f f t dt
x

( ) | ( ( )) |= ∫
−1

 for all x ∈ [–1, 2]. If 

lim ( )
( )

,
x

F x
G x→

=
1

1
14

 then the value of f 1
2







 is

8. Suppose that 

 p q r,  and  are three non-coplanar 

vectors in R3. Let the components of a vector s  along 

 p q r,  and  be 4, 3 and 5 respectively. If the components 

of this vector s  along ( ), ( )− + + − +

 


 p q r p q r  and 

( )− − +

 p q r  are x, y and z respectively, then the value 

of 2x + y + z is 

SECTION-2 (Maximum Marks : 32)
This section contains eight questions. Each question has four 
options (a), (b), (c) and (d). One or more than one of these four 
option(s) is(are) correct. For each question, darken the bubble(s) 
corresponding to all the correct option(s) in the ORS. Marking 
scheme : +4 if only the bubble(s) corresponding to all the correct 
option(s) is(are) darkened. 0 if none of the bubbles is darkened. 
–2 in all other cases.

9. Let S be the set of all non-zero real numbers a such 
that the quadratic equation ax2 – x + a = 0 has two 
distinct real roots x1 and x2 satisfying the inequality 
|x1 – x2| < 1. Which of the following intervals is(are) a 
subset(s) of S?

(a) − −






1
2

1
5

,  (b) −






1
5

0,

(c) 0 1
5

,






 (d) 1
5

1
2

,






10. If a = 





−3 6
11

1sin  and b = 





−3 4
9

1cos , where the 

inverse trigonometric functions take only the principal 
values, then the correct option(s) is(are)
(a) cos b > 0 (b) sin b < 0
(c) cos(a + b) > 0 (d) cos a < 0
11. Let E1 and E2 be two ellipses whose centres are at 
the origin. The major axes of E1 and E2 lie along the 
x-axis and the y-axis respectively. Let S be the circle  
x2 + (y – 1)2 = 2. The straight line x + y = 3 touches the 
curves S, E1 and E2 at P, Q and R, respectively. Suppose 

that PQ PR= = 2 2
3

.  If e1 and e2 are the eccentricities 

of E1 and E2 respectively, then the correct expression(s) 
is(are)

(a) e e1
2

2
2 3

40
+ = 4

 (b) e e1 2
7

2 10
=

(c) | |e e1
2

2
2 5

8
− =  (d) e e1 2

3
4

=

12. Consider the hyperbola H : x2 – y2 = 1 and a circle 
S with center N (x2, 0). Suppose that H and S touch each 
other at a point P(x1, y1) with x1 > 1 and y1 > 0. The 
common tangent to H and S at P intersects the x-axis 
at point M. If (l, m) is the centroid of the triangle PMN, 
then the correct expression(s) is(are)

(a) dl
dx x

x
1 1

2 11 1
3

1= − > for 

(b) dm
dx

x

x
x

1

1

1
2 1

3 1
1=

−
>

( )
 for 

(c) dl
dx x

x
1 1

2 11 1
3

1= + > for 

(d) dm
dy

y
1

1
1
3

0= > for 

13. The option(s) with the values of a and L that satisfy 
the following equation is(are)

e at at dt

e at at dt
L

t

t

(sin cos )

(sin cos )
?

6 4

0

4

6 4

0

+∫

+∫

=

p

p

(a) a L e
e

= = −
−

2 1
1

4
,

p

p
 

(b)
 

a L e
e

= = +
+

2 1
1

4
,

p

p

(c) a L e
e

= = −
−

4 1
1

4
,

p

p  (d) a L e
e

= = +
+

4 1
1

4
,

p

p
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14. Let f, g : [–1, 2] → R be continuous functions which 
are twice differentiable on the interval (–1, 2). Let the 
values of f and g at the points –1, 0 and 2 be as given in 
the following table.

x x x
f x
g x

= − = =

−

1 0 2
3 6 0
0 1 1

( )
( )

In each of the intervals (–1, 0) and (0, 2), the function 
(f – 3g)′′ never vanishes. Then the correct statement(s) 
is(are)
(a) f ′(x) – 3g′(x) = 0 has exactly three solutions in 

(–1, 0) ∪ (0, 2)
(b) f ′(x) – 3g′(x) = 0 has exactly one solution in  

(–1, 0)
(c) f ′(x) – 3g′(x) = 0 has exactly one solution in  

(0, 2)
(d) f ′(x) – 3g′(x) = 0 has exactly two solutions in  

(–1, 0) and exactly two solutions in (0, 2)
15. Let f (x) = 7tan8x + 7tan6x – 3tan4x – 3tan2x for all 

x ∈ −





p p
2 2

, . Then the correct expression(s) is(are)

(a) xf x dx( )
/

=∫
1

120

4p
 (b) f x dx( )

/
=∫ 0

0

4p

(c) x f x dx( )
/

=∫
1
60

4p
 (d) f x dx( )

/
=∫ 1

0

4p

16. Let ′ =
+

f x x
x

( )
sin

192
2

3

4 p
 for all x ∈ R  with f 1

2
0





= .  

If m f x dx M≤ ≤∫ ( ) ,
/1 2

1
 then the possible values of m and 

M are 
(a) m = 13, M = 24 (b) m M= =1

4
1
2

,

(c) m = –11, M = 0 (d) m = 1, M = 12

SECTION-3 (Maximum Marks : 16)
This section contains two paragraphs. Based on each paragraph, 
there will be two questions. Each question has four options (a), (b), 
(c) and (d). One or more than one of these four option(s) is(are) 
correct. For each question, darken the bubble(s) corresponding to 
all the correct option(s) in the ORS. Marking scheme : +4 if only the 
bubble(s)corresponding to all the correct option(s) is(are) darkened. 
0 if none of the bubbles is darkened. –2 in all other cases.

Paragraph-1
Let n1 and n2 be the number of red and black balls, 
respectively, in box I. Let n3 and n4 be the number of 
red and black balls, respectively, in box II.
17. One of the two boxes, box I and box II, was selected 
at random and a ball was drawn randomly out of this 

box. The ball was found to be red. If the probability 
that this red ball was drawn from box II is 1/3, then the 
correct option(s) with the possible values of n1, n2, n3 
and n4 is(are)
(a) n1 = 3, n2 = 3, n3 = 5, n4 = 15
(b) n1 = 3, n2 = 6, n3 = 10, n4 = 50
(c) n1 = 8, n2 = 6, n3 = 5, n4 = 20
(d) n1 = 6, n2 = 12, n3 = 5, n4 = 20
18. A ball is drawn at random from box I and 
transferred to box II. If the probability of drawing a 
red ball from box I, after this transfer, is 1/3, then the 
correct option(s) with the possible values of n1 and n2 is 
(are)
(a) n1 = 4 and n2 = 6 (b) n1 = 2 and n2 = 3
(c) n1 = 10 and n2 = 20 (d) n1 = 3 and n2 = 6
Paragraph-2
Let F : R → R be a thrice differentiable function. 
Suppose that F(1) = 0, F(3) = –4 and F′(x) < 0 for all  
x ∈ (1/2, 3). Let f (x) = xF(x) for all x ∈ R.
19. The correct statement(s) is(are)
(a) f ′(1) < 0 (b) f (2) < 0
(c) f ′(x) ≠ 0 for any x ∈ (1, 3)
(d) f ′(x) = 0 for some x ∈ (1, 3)

20.  If x F x dx2

1

3
12′ = −∫ ( )  and x F x dx3

1

3
40′′ =∫ ( ) , then 

the correct expression(s) is(are)
(a) 9f ′(3) + f ′(1) – 32 = 0

(b) f x dx( ) =∫ 12
1

3

(c) 9f ′(3) – f ′(1) + 32 = 0

(d) f x dx( ) = −∫ 12
1

3

solutions

PaPer-1

1. (8) : The equation simplifies to

 

5
4

2 1 1
2

2 1 3
4

2 22 2 2cos sin sinx x x+ − + − =

⇒ − =5
4

2 2 02 2(cos sin )x x

⇒ cos4x = 0
As x ∈ [0, 2p], we have 4x ∈[0, 8p]
So the number of values that 4x takes is 8 and as there is 
a one-one correspondence between the values of 4x and 
those of x, we have, the number of solutions as 8.

[Rating : Easy]
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2. (4) : Let P(t2, 2t) be a point on y2 = 4x and its 
reflection be P′(a, b) which are given by
a b−

=
−

= −
+ +t t t t2 2

1
2

1
2 2 4

2
( )

giving a = – (2t + 4) and b = – (t2 + 4) = – 5
Thus t = ± 1
So, the points are A(–2, –5) and B(–6, –5)
\ AB = 4

[Rating : Doable]

3. (8) : Let the coin be tossed n times  
P(atleast two heads)

 
= − 



 − 



 ≥1 1

2
1
2

0 961

n
n

n
C . (given)

⇒ ≥
+4

100
1

2

n
n   

⇒
+

≥2
1

25
n

n
The least value of ‘n’ is then 8 as can be found by 
checking.

[Rating : Difficult]

4. (5) : m C C= × ⋅ ⋅5 2 46
2

5
4 and n = ×5 6

Then m
n

=
× ×

=
15 2 5

6
5

[Rating : Doable]

5. (2) : The equation of normal at the end point of 
latus rectum i.e. at (1, 2) is y = – x + 3
As x + y – 3 = 0 touches the circle (x – 3)2 + (y + 2)2 = r2, 
we have
3 2 3

2
2 22− −

= \ = ⇒ =r r r
[Rating : Easy]

6. (0) : I x x dx
x

=
+ +

−
∫

[ ]
[ ]

2

1

2

2 1
 

Splitting the integrand, we get

   
= ⋅

+
+ ⋅

+
+ ⋅

+
+

−
∫ ∫∫

x dx x dx x dx0
2 0

0
2 1

1
2 0

0
1

0

1

2

0

1

   
= ∫

1
2

1

2
x dx = = − =x2

1

2

4
1
2

1
4

1
4

 \ 4I = 1   ⇒   4I – 1 = 0 
[Rating : Doable]

7. (4) : Volume of material, V = pr2h
Total volume V1 = p(r + 2)2.2 + p{(r + 2)2 – r2}. V

rp 2

              
=

+
− + +V

r

r
V r

( )
( )

2
2 2

2

2
2p

Differentiating w.r.t. ‘r’, we get

 

dV
dr

V
r

r r
r1

22
2 2 4 2=

+



 ⋅ −





+ +p ( )

       
= + × −








( )r V
r

2 4 3p

 Put dV
dr

1 0=

\ V = pr3            (\ r = 10 mm)

⇒ V r V
p p

= ⇒ =3 1000   ⇒   
V

250
4

p
=

[Rating : Doable]

8. (3) : We have, F x t dt
x

x

( ) cos=

+

∫ 2 2
6

2 p

 F′(x) = 2 cos2 (x2 +(p/6)).2x – 2 cos2x
(By Leibnitz formula)

We have, ′ + = ∫F a f x dx
a

( ) ( )2
0

Differentiating w.r.t. 'a', we get
 F′′(a) = f(a)
 f(0) = F′′(0)
Again differentiating F′(x) w.r.t. ‘x’, we have
 F′′(x) = 2x {1 + cos (2x2 + p/3)}′ 
    + 2{1 + cos(2x2 + p/3)} + 2 sin2x
Set x = 0

 
′′ = +{ } +F ( ) cos0 2 1

3
0p = +



 = ⋅ =2 1 1

2
2 3

2
3

[Rating : Difficult]
9. (c, d) : XT = – X, YT = – Y, ZT = Z
(Y3Z4 – Z4Y3)T = (Y3Z4)T – (Z4Y3)T

= – Z4Y3 + Y3Z4 = Y3Z4 – Z4Y3

Hence, symmetric.
Similarly (X44 + Y44)T = X44 + Y44, so symmetric.
(X4Z3 – Z3X4)T = (X4Z3)T – (Z3X4)T

= Z3X4 – X4Z3 = –(X4Z3 – Z3X4)
Hence, skew symmetric.
Also, (X23 + Y23)T = – X23 – Y23

   = – (X23 + Y23), skew symmetric.
[Rating : Doable]

10. (b, c) : 1st solution
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) (

1 1 2 1 3

2 2 2 2 3

3 3 2 3 3

2 2 2

2 2 2

2 2

+ + +

+ + +

+ + +

a a a

a a a

a a a))2

648= − a

Applying R3 → R3 – R2, R2 → R2 – R1, we get
( ) ( ) ( )1 1 2 1 3
3 2 3 4 3 6
5 2 5 4 5 6

648

2 2 2+ + +
+ + +
+ + +

= −
a a a

a a a
a a a

a

Applying R3 → R3 – R2, we get
( ) ( ) ( )1 1 2 1 3
3 2 3 4 3 6

2 2 2
648

2 2 2+ + +
+ + + = −

a a a
a a a a

Applying C3 → C3 – C2, C2 → C2 – C1, we get
Contd. on page no. 80
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IntroductIon 
The standard form of the quadratic equation is   z

ax2 + bx + c = 0 where a, b, c are real numbers and 
a ≠ 0.

roots of QuadratIc EQuatIon
Let  z a , b be the roots of a quadratic equation  
ax2 + bx + c = 0 (a ≠ 0, a, b, c ∈ R)

a b, = − ± −b b ac
a

2 4
2

(a) Sum of roots = a b+ = −b
a

(b) Product of roots = a b⋅ = c
a

(c) Factorized form of ax2 + bx + c is a(x – a)(x – b)
(d) If S be the sum and P be the product of roots, 
then quadratic equation is x2 – Sx + P = 0.

naturE of roots of a QuadratIc EQuatIon 
Nature of roots of a quadratic equation  z

ax2 + bx + c = 0 (roots are real or complex) 
The expression b2 – 4ac (called as discriminant, D)

 (a) If D > 0 (b2 – 4ac > 0), then the roots are real 
and unequal.

 (b) If D = 0 (b2 – 4ac = 0) then the roots are real 
and equal.

 (c) If D < 0 (b2 – 4ac < 0), then the roots are non 
real i.e complex roots.

 (d) If D i.e. (b2 – 4ac) is a perfect square and 
a, b and c are rational, then the roots are 
rational.

 (e) If D i.e (b2 – 4ac) is not a perfect square but 
positive and a, b and c are rational, then roots 
are of the form m n+  and m n− . 

 (f) If D < 0 i.e (b2 – 4ac < 0), and the coefficient 
a, b and c are real then the roots are complex 

conjugate of each other i.e. roots are p + iq 
and p – iq ( , )p q R i∈ = −and 1

 (g) If a = 1, b, c ∈ I and the roots are rational 
numbers, then the roots must be integer.

 (h) If a quadratic equation in x has more than 
two roots, then it is an identity in x (true for 
all real values of x) and a = b = c = 0

 (i) The condition that a quadratic function  
f(x, y) = ax2 + 2hxy + by2 + 2gx + 2fy + c may 
be resolved into two linear factors is that,  
ab c  +  2 f g h  –  af 2  –  b g 2  –  ch 2  =  0  or 
a h g
h b f
g f c

= 0

condItIon for common root(s) 
Consider two equations:
ax2 + bx + c = 0 and a′x2 + b′x + c′ = 0
two common roots: z

In such a case, two equations should be identical. 
The ratio of coefficients of x2, x and x0 must be 

same i e a
a

b
b

c
c

. .,
′

=
′

=
′

.
 

one common root: z

Let a be the common root of two equations 
⇒ aa2 + ba + c = 0 and a′a2 + b′a + c′ = 0
 Solving the two equations 

 
a a2 1

bc c a c ac ab a b′ − ′
=

′ − ′
=

′ − ′b

⇒ = ′ − ′
′ − ′

= ′ − ′
′ − ′

a aa c ac
ab a b

bc b c
ab a b

, 2

  
⇒ ′ − ′ ′ − ′ = ′ − ′( )( ) ( )bc b c ab a b a c ac 2   
This is the condition for roots of two quadratic 
equations to be common.

This column is aimed at Class XI students so that they can prepare for competitive exams such as JEE Main/Advanced, etc. and 
be also in command of what is being covered in their school as part of NCERT syllabus. The problems here are a happy blend 
of the straight and the twisted, the simple and the difficult and the easy and the challenging.

*ALOK KUMAR, B.Tech, IIT Kanpur

Quadratic 
Equations

*Alok Kumar is a winner of INDIAN NAtIoNAl MAtheMAtIcs olyMpIAD (INMo-91). 
he trains IIt and olympiad aspirants.
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thE mEthod of IntErvals (wavy curvE 
mEthod)

The method of intervals (or wavy curve) is used for  z

solving inequalities of the form P x
Q x

P x
Q x

( )
( )

, ( )
( )

≥ ≤0 0  

where P(x) and Q(x) are polynomials.
If x1 and x2 (x1 < x2) are two consecutive distinct 
roots of a polynomial equation, then within this 
interval the polynomial itself takes on values having 
the same sign.      
Now find all the roots of the polynomial equations 
P(x) = 0 and Q(x) = 0
Ignore the common roots and write
P( )

( )
( )

( )( )....( )
( )( )....( )

x
Q x

f x
x x x
x x x

n

m
= =

− − −
− − −

a a a
b b b

1 2

1 2
..

Where a1, a2, ...., an, b1, b2, ...., bm are distinct 
real numbers. Then f (x) = 0 for x = a1, a2, ..., an 
and f(x) is not defined for x = b1, b2, .., bm. Apart 
from these (m + n) real numbers f(x) is either 
positive or negative. Now arrange a1, a2, ..., an, 
b1, b2, ...., bm in an increasing order say c1, c2, c3, 
..., cm + n. Plot them on real line. Draw a curve 
starting from right of cm + n along the real line 
which alternately changes its sign at these points. 
This curve is known as the wavy curve.
The intervals in 
which the curve is 
above the line will 
be the intervals 
for which f(x) is 
positive and the intervals in which the curve is 
below the line will be the intervals in which f(x) 
is negative.

QuadratIc ExprEssIon
The expression  z ax2 + bx + c is said to be a real 
quadratic expression in x where a, b, c are real and 
a ≠ 0. 
Let f(x) = ax2 + bx + c where a, b, c ∈ R (a ≠ 0)
f(x) can be written as 

f x a x b
a

ac b
a

a x b
a

D
a

( ) = +





+ −










= +





+ −
2

4
4 2 4

2 2

2

2

2











  
where D = b2 – 4ac is the discriminant of the 
quadratic expression. Then y = f (x) represents 
a parabola whose axis is parallel to y-axis, with 

vertex at A b
a

D
a

− −



2 4

, .

Depending on the sign of a and b2 – 4ac, f(x) may 

c1 c2 c3 cm + n

be positive, negative or zero. This gives rise to the 
following cases:

 1.  a > 0  
and b2 – 4ac < 0

 ⇔ > " ∈f x x R( ) .0
  In this case the parabola always remains above 

x-axis.
 2.  a > 0 and b2 – 4ac = 0
  ⇒ ≥ " ∈f x x R( ) .0   
  I n  t h i s  c a s e  t h e 

parabola touches the 
x-axis at one point 
and remains concave 
upwards.

 3.  a > 0 and b2 – 4ac > 0 
  Then f(x) = 0 have 

two real roots a, b  
(a < b). Then f(x) > 0 
" ∈ −∞ ∪ ∞x ( , ) ( , )a b

 And f x x( ) ( , )< " ∈0 a b .   
4. a < 0 and b2 – 4ac < 0
 ⇒ < " ∈f x x R( ) 0

  I n  t h i s  c a s e  t h e 
p a r a b o l a  a l w a y s 
remains below the 
x-axis.  

 5. a < 0 and b2 – 4ac = 0
 ⇒ ≤ " ∈f x x R( ) 0
  In this case parabola 

touches the x-axis 
and lies below the 
x-axis.

 6. If a < 0 and b2 – 4ac > 0 
  L e t  f ( x )  =  0 

have two real 
roots a and b  
(a < b).

  Then f(x)  < 0 " ∈ −∞ ∪ ∞x ( , ) ( , )a b  and  
f (x) > 0 " ∈x ( , )a b

Interval in which the roots lie z

In few problems, the roots of the equation  
ax2 + bx + c = 0 to lie in a given interval. For this 
we impose conditions on a, b and c.

 1. If both the roots are positive i.e. they lie in 
(0, ∞), then the sum of roots as well as the 
product of roots must be positive.

  
⇒ + = − >a b b

a
0

 
and

 
ab = >c

a
0 with 

  
b2 – 4ac ≥ 0.

  If both the roots are negative i.e they lie in  
(–∞, 0) then the sum of the roots will be 

x x

x x

 
x x

x x

x x

x x 
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negative and the product of roots must be 
positive. 

  
⇒ + = − < = >a b abb

a
c
a

0 0 and 
 

  with b2 – 4ac ≥ 0
 2. Both the roots are greater than a given number k 

if the following three conditions are satisfied  

D b
a

k a f k≥ − > ⋅ >0
2

0, ( ) .and

 3.  Both the roots will be less than a given number 
k if the following conditions are satisfied 

  
D b

a
k a f k≥ − < ⋅ >0

2
0, ( )and

 4. Both the roots will lie in the given interval  
(k1, k2) if the following conditions are 
satisfied.

  
D k b

a
k≥ < − <0

21 2,
 
and af(k1) > 0, af(k2) > 0 

 5. Exactly one of the roots lie in the given interval 
(k1, k2) if f(k1)·f(k2) < 0

 6. A given number k will lie between the roots 
if a·f(k) < 0. In particular, the roots of the 
equation will be of opposite signs if 0 lies 
between the roots ⇒ a·f(0) < 0.

polynomIals
Let  z a1, a2, a3, ..., an are roots of the equation 
 f(x) = a0x

n + a1x
n – 1 + a2x

n – 2 + ... + an – 1x + an = 0
⇒ f (x) = a0(x – a1)(x – a2) ... (x – an)
\ a0xn + a1xn – 1 + ... + an 

= a0(x – a1)(x – a2) ... (x – an)
Comparing the coefficients of xn – 1 on both sides, 
we get
S

a
an i1 1 2

1

0
= + + + = ∑ = −a a a a......

S
x

x

n

n1

1
= −

−coeff  of

coeff. of

.

Comparing the coefficients of xn – 2 on both sides, 
we get
S

a
ai

i j
j2 1 2 1 3

2 2

0
1= + + = ∑ = −

≠
a a a a a a..... ( )

S x
x

n

n2

2 21= − −( ) coeff. of 
coeff. of 

....................................................................

....................................................................

S
a
a x

n n
n n

n

n= = − = −a a a a1 2 3
0

1 1... ( ) ( ) const.term
coeff. of

Hence Sk denotes the sum of the products of the 
roots taken k at a time.
particular cases z

 (a) Quadratic equation: If a, b are the roots of 
quadratic equation ax2 + bx + c = 0 then 

a b+ = −b
a

 and a b⋅ = c
a

 (b) Cubic equation: If a, b and g are the roots of 
cubic equation ax3 + bx2 + cx + d = 0 then 

 
a b g+ + = −b

a
,
 

ab bg ga+ + = − =( )1 2 c
a

c
a    

  
abg = − = −( )1 3 d

a
d

a

Problems
section-i

single correct answer type

1. If a, b are the roots of the equation ax2 + bx + c = 0 
and Sn = an + bn (n ≥ 2), then aSn + 1 + bSn + cSn – 1 = 
(a) 0 (b) a + b + c  
(c) (a + b + c)n (d) n2 abc
2. The number of solutions of |[x] – 2x| = 4, where [x] 
is the greatest integer ≤ x is
(a) 2 (b) 4 (c) 1 (d) infinite
3. Let a, b and c be real numbers such that a + 2b + c = 4 
then the maximum value of ab + bc + ca is 
(a) 1 (b) 2 (c) 3 (d) 4
4.  If a, b, g are the roots of the equation x3 + px + q = 0, 

then the value of the determinant 
a b g
b g a
g a b

  is

(a) 4 (b) 2 (c) 0 (d) –2
5. The number of points (p, q) such that p, q ∈ {1, 2, 3, 4}  
and the equation px2 + qx + 1 = 0 has real roots is 
(a) 7 (b) 8
(c) 9 (d) None of these 
6.  The values of b and c for which the identity  
f(x + 1) – f (x) = 8x + 3 is satisfied, where 
f (x) = bx2 + cx + d are
(a) b = 2, c = 1 (b) b = 4, c = –1 
(c) b = – 1, c = 4 (d) b = –1, c = 1 
7. Let f (x) = ax2 + bx + c,  g(x) = ax2 + px + q, where 
a, b, c, q, p ∈ R and b ≠ p. If their discriminants are equal 
and f(x) = g(x) has a root a, then
(a) a will be A.M. of the roots of f(x) = 0, g(x) = 0
(b)  a will be G.M of all the roots of f(x) = 0, g(x) = 0
(c) a will be A.M of the roots of f(x) = 0 or g(x) = 0
(d) a will be G.M of the roots of f(x) = 0 or g(x) = 0
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8. If the equations x2 + 2lx + l2 + 1 = 0, l ∈ R and  
ax2 + bx + c = 0 where a, b, c are lengths of sides of 
triangle have a common root, then the possible range of 
values of l is
(a) (0, 2) (b) ( , )3 3
(c)  ( , )2 2 3 2  (d)  (0, ∞)
9. The number of real or complex solutions of  
x2 – 6|x| + 8 = 0 is 
(a) 6 (b) 7 (c) 8 (d) 9

10. The number of solutions of 3 5 32x x x+ + = −  is
(a) 0 (b) 1 (c) 2 (d) 4
11. The value of a for which one root of the quadratic 
equation (a2 – 5a + 3)x2 + (3a – 1)x + 2 = 0 is twice as 
large as other, is
(a)  –2/3 (b) 1/3 (c) –1/3 (d) 2/3 
12. If f (x) = x2 + 2bx + 2c2 and g(x) = –x2 – 2cx + b2 are 
such that min f(x) > max g(x), then relation between b 
and c is
(a) no relation (b) 0 < c < b/2

(c)  | |
| |

c
b

<
2

 (d) | | | |c b> 2

13. The equation (cos p – 1)x2 + (cos p)x + sin p = 0 in 
variable x has real roots, if p belongs to the interval
(a) (0, 2p) (b) (–p, 0) 
(c) (–p/2, p/2) (d) (0, p)
14. If x2 + 2ax + 10 – 3a > 0 for each x ∈ R, then
(a) a < –5 (b) –5 < a < 2
(c)  a > 5 (d) 2 < a < 5
15. Sum of all the values of x satisfying the equation  
log log ( )17 11 11 0x x+ + =  is
(a) 25 (b) 36 (c) 171 (d) 0
16. The number of solutions of the equation 
x2 + [x] – 4x + 3 = 0 is (where [.] denotes G.I.F.)
(a) 0 (b) 1 (c) 2 (d) 3
17. If a, b, c are positive numbers such that a > b > c 
and the equation 
(a + b – 2c)x2 + (b + c – 2a) x + (c + a – 2b) = 0 
has a root in the interval (–1, 0), then
(a) b cannot be the G.M. of a, c 
(b) b may be the G.M. of a, c
(c) b is the G.M. of a, c 
(d) none of these
18. Let f (x) be a function such that f (x) = x – [x], where  
[x] is the greatest integer less than or equal to x. Then the 

number of solutions of the equation f x f
x

( ) + 





=1 1  is 
(are) 
(a) 0 (b) 1 (c) 2 (d) infinite 

19. If both the roots of (2a – 4)9x – (2a – 3)3x + 1 = 0 
are non-negative, then

(a)  0 < a < 2 (b) 2 5
2

< <a

(c) a < 5
4

 (d) a > 3

20. If the equation x2 + 9y2 – 4x + 3 = 0 is satisfied for 
real values of x and y then
(a) x ∈ [1, 3], y ∈ [1, 3]

(b) x y∈ ∈ − 1





[ , ], ,1 3 1
3 3

(c) x y∈ − 1





∈1
3 3

1 3, , [ , ]

(d) x y∈ − 1





∈ − 1





1
3 3

1
3 3

, , ,

21. The equation a8x8 + a7x7 + a6x6 + ... + a0 = 0 has 
all its roots positive and real (where a8 = 1, a7 = –4,  
a0 = 1/28), then

(a) a1 8
1

2
=  (b) a1 4

1
2

= −

(c) a2 5
7

2
=  (d) a2 8

7
2

=  

22. If f (x) is a polynomial of least degree such that 

f r
r

r( ) , , , , .....,= =1 1 2 3 9 , then f(10) = 

(a) 1 (b) 1/2 (c) 1/10 (d) 1/5
23. If a, b, c be the sides of a triangle ABC and if roots 
of the equation a(b – c)x2 + b(c – a)x + c(a – b) = 0 are 

equal, then sin , sin , sin2 2 2
2 2 2
A B C

















are in 

(a) A.P. (b) G.P. (c) H.P. (d) A.G.P.

section-ii

multiple correct answer type

24. Consider the fraction 
x ax x a

x a x x a

3 2

3 2
19 4

1 23 7
− + − −

− + + − −( )
(a) The value of ‘a’ at which the above fraction admits 

of reduction is 8
(b) The value of ‘a’ at which the above fraction admits 

of reduction is 4
(c) The lowest admitted reduction form of the fraction 

is x
x

−
−

4
5

(d) The lowest admitted reduction form of the fraction 

is x
x

−
−

3
4
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25. Two numbers are such that their sum multiplied 
by the sum of their squares is 5500 and their difference 
multiplied by the difference of the squares is 352. Then 
the numbers are 
(a) Prime numbers only 
(b) Odd positive integers
(c) Prime but not odd  
(d) Odd but not prime
26. If by eliminating x between the equations  
x2 + ax + b = 0 and xy + l(x + y) + m = 0, a quadratic 
equation in y is formed whose roots are the same as 
those original quadratic in x, then 
(a)  a = 2l (b) b = m
(c) b + m = al (d)  a + b = l
27. Let |a| < |b| and a, b are the roots of the equation  
x2 – |a|x – |b| = 0. If |a| < b – 1, then the equation 

log| |a
x
b







− =
2

1 0  has at least one

(a) root lying between (– ∞, a)
(b) root lying between (b, ∞) 
(c) negative root 
(d) positive root
28. The value of x satisfying the equation 

x x x4
2

2
2

1 0− 











+ =sin p  is

(a) 1 (b) –1
(c) 0 (d) No value of x

29. Let f x
x x x

( ) ,=
−

+
−

+
−

3
2

4
3

5
4

 then f (x) = 0 has

(a) exactly one real root in (2, 3)
(b) exactly one real root in (3, 4)
(c) at least one real root in (2, 3)
(d) None of these
30. If x1 > x2 > x3 and x1, x2, x3 are roots of 
x a

b
x b

a
b

x a
a

x b
− + − =

−
+

−
 ; (a, b > 0) and 

x1 – x2 – x3 = c, then a, c, b are in
(a) A.P. (b) G.P.
(c) H.P. (d) None of these
31. If the equation whose roots are the squares of the 
roots of the cubic x3 – ax2 + bx – 1 = 0 is identical with 
the given cubic equation, then
(a) a, b are roots of x2 + x + 2 = 0
(b) a = b = 0 (c) a = b = 3
(d) a = 0, b = 3

32. 
p

p
p

p

p pe e

x e
e

x
e

x e−
+

−
+ +

− −
= 0  has

(a) One real root in (e, p) and other in (p – e, e)
(b) One real root in (e, p) and other in (p, p + e)
(c) Two real roots in (p – e, p + e) 
(d) No real root

section-iii
comprehension type

paragraph for Question no. 33 to 35
Let x1, x2, x3, x4 be the roots (real or complex) of the 
equation x4 + ax3 + bx2 + cx + d = 0.
If x1 + x2 = x3 + x4 and a, b, c, d ∈ R, then
33. If a = 2, then the value of b – c is
(a) –1 (b) 1 (c) –2 (d) 2
34. If b < 0 then how many different real values of ‘a’ 
we may have? 
(a) 3 (b) 2 (c) 1 (d) 0
35. If b + c = 1 and a ≠ –2, then for real values of  'a', 
the value of c ∈

(a)  − ∞





, 1
4

 (b) (–∞, 3)

(c) (–∞, 1) (d) (–∞, 4) 
paragraph for Question no. 36 to 38

If roots of the equation x4 – 12x3 + bx2 + cx + 81 = 0 
are positive, then
36. Value of b is
(a) –54 (b) 54 (c) 27 (d) –27
37. Value of c is
(a) 108 (b) –108 (c) 54 (d) –54
38. Root of equation 2bx + c = 0 is
(a) –1/2 (b)  1/2 (c) 1 (d) –1

paragraph for Question no. 39 to 41
P(x) be polynomial of degree at most 5 which leaves 
remainders –1 and 1 upon division by (x – 1)3 and  
(x + 1)3 respectively.
39. Numbers of real roots of P(x) = 0
(a) 1 (b) 3 (c) 5 (d) 2
40. The maximum value of y = P′′(x) can be obtained 
at x = 

(a) − 1
3

 (b) 0 (c) 1
3

 (d) 1

41. The sum of pairwise product of all roots (real and 
complex) of P(x) = 0 is
(a) –5/3 (b) –10/3  (c) 2 (d) –5

paragraph for Question no. 42 to 44
Let f (x) = x4 + ax3 + bx2 + ax + 1 be a polynomial 
where a and b are real numbers, then
42.  If f (x) = 0 has two different pairs of equal roots, 
then the value of a + b is 
(a) 0 (b) – 4 (c) – 2  (d) 4
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43. If f (x) = 0 has two different negative roots and two 
equal positive roots, then the least integral value of a is 
(a) 1 (b) 2 (c) 3 (d) 4
44.  If all the roots are imaginary and b = –1 then 
number of all possible integral values of a is 
(a) 0 (b) 1 (c) 2 (d) 4

paragraph for Question no. 45 to 47
y = ax2 + bx + c = 0, "  a, b, c ∈ R with a ≠ 0 is a 
quadratic equation which has real roots if and only if 
b2 – 4ac ≥ 0. If F(x, y) = 0 is a second degree equation, 
then using above fact we can get the range of x and y 
by treating it as quadratic equation in y or x. Similarly 
ax2 + bx + c ≥ 0 "  x ∈ R if a > 0 and b2 – 4ac ≤ 0.
45. If 0 < a, b < 2p, then the number of ordered 
pairs (a, b) satisfying sin2(a + b) – 2sina sin(a + b)  
+ sin2a + cos2b = 0 is 
(a) 2 (b) 0 (c) 4 (d) 6
46. Let x, y, z be real variables satisfying the equations 
x + y + z = 6 and xy + yz + zx = 7, then the range of x is 

(a)  
6 5

3
6 15

3
− +











,  (b) 
6 2 15

3
6 2 15

3
− +











,  

(c) 6 15
2

6 15
2

− +











,  (d) 6 15
7

6 2 15
7

− +











,  

47. If 9x + 1 + (a2 – 4a – 2)3x + 1 > 0 "  x ∈ R, then 
(a) a ∈ R (b) a ∈ R+

(c) a ∈ [1, ∞) (d) a ∈ R – {2}
section-iV

matrix-match type
48. Match the statements of Column I with values of 
Column II.

column-I column-II
(A) The least positive integral values of 

l for which (l – 2)x2 + 8x 
+ (l + 4) > 0, for all real x is

(p) 3

(B) The equation x2 + 2(a2 + 1)x + 
(a2 – 14a + 48) = 0 possesses roots 
of opposite signs then value of 'a' 
can be

(q) 5

(C) If the equation ax2 + 2bx + 4c = 16 has 
no real roots and a + c > b + 4 then 
integral value of c can be equal to

(r) 7

(D) If N be the number of solution of 
the equation |x2 – x – 6| = x + 2 
then the value of N is

(s) 12

(t) 20

49. Match the statements/expressions in Column I 
with the open intervals in Column II.

column-I column-II
(A) If a, b > 0 and a·b = 2a + 3b, then 

minimum value of ab is
(p) –1

(B) Number of real roots of equation 

x2 – 4x + 6 = 2
4

sin px





 is/are

(q) 0

(C) The equation x3 – 6x2 + 9x + l = 0 
have exactly one root in (1, 3) then 
[l + 3] is, where [.] is GIF 

(r) 1

(D) If x2 + 3lx + 2 = 0 & (b – c)x2 +  
(c – a)x + (a – b) = 0 have both 
roots common then [l + 1] is

(s) 2

(t) 24

50. Match the following 

column-I column-II
(A) If a2 – 4a – 3 = 0, then the value of 

a a a
a

a
3 2

2
21

1
1− + −

−
≠ =( )

(p) 3

(B) The number of  va lue(s)  of  x 
satisfying the equation 

| | | |x xx x− = −+ −3 314 23
 is

(q) 2

(C) The number of  va lue(s)  of  x 
satisfying the equation 
3x + 1 – |3x – 1| = 2log5|6 – x| is 

(r) 4

(D) If the sum of the first 2n terms of 
the A.P., 2, 5, 8,………, is equal to 
the sum of the first n terms of the 
A.P., 57, 59, 61,…, then n equals

(s) 11

section-V

integer answer type

51.  If l is the minimum value of the expression  
|x – p| + |x – 15| + |x – p – 15| for x in the range p ≤ x ≤ 15 

where 0 < p < 15. Then l
5

=

52. Let P(x) = x2 + bx + c, where b and c are integers. If  
P(x) is a factor of both x4 + 6x2 + 25 and 3x4 + 4x2 + 28x + 5, 
find the value of P(1).
53. Let a, b, c be the three roots of the equation  
x3 + x2 – 333x – 1002 = 0. If P = a3 + b3 + c3 then the 

value of P
2006

=
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54. The number of the distinct real roots of the  
equation  (x + 1)5 = 2(x5 + 1) is
55. The equation 2(log3x)2 – |log3x| + a = 0 has exactly 

four real solutions if a
K

∈





0 1, , then the value of K is

56. Let a, b and g be the roots of equation f(x) = 0, 
where f (x) = x3 + x2 – 5x – 1. Then the value of  
|[a] + [b] + [g]|, where [·] denotes the greatest integer 
function, is equal to 
57. The set of real parameter 'a' for which the equation 
x4 – 2ax2 + x + a2 – a = 0 has all real solutions, is given 

by m
n

, ∞





 where m and n are relatively prime positive 

integers, then the value of (m + n) is
58. Number of positive integer n for which n2 + 96 is a 
perfect square is
59. If a, b be the roots of x2 + px – q = 0 and g, d are the 

roots of x2 + px + r = 0, q + r ≠ 0, then ( )( )
( )( )
a g a d
b g b d

− −
− −

 is 

equal to
60. Let p(x) = x5 + x2 + 1 have roots x1, x2, x3, x4 and 
x5, g(x) = x2 – 2, then the value of g(x1)g(x2)g(x3)g(x4)
g(x5) – 30g(x1 x2 x3 x4 x5), is 

solutions

1. (a) : Sn + 1 = an + 1 + bn + 1  
 = (a + b)(an + bn) – ab(an – 1 + bn – 1)

 
= − ⋅ − ⋅ −

b
a

S c
a

Sn n 1

2. (b) : If x = n ∈ Z, |n – 2n| = 4   ⇒  n = ±4
If x = n + k where 0 < k < 1 then |n – 2(n + k)| = 4, 
is possible if k = 1/2  ⇒ |–n – 1| = 4  
\ n = 3, –5
3. (d) : Let ab + bc + ca = x
⇒ 2b2 + 2(c – 2)b – 4c + c2 + x = 0
Since b ∈ R,  \   c2 – 4c + 2x – 4 ≤ 0  
Since c ∈ R,  \  x ≤ 4
4. (c) : Since a, b, g are the roots of x3 + px + q = 0
\ a + b + g = 0
Applying C1 → C1 + C2 + C3, then

 

a b g b g
a b g g a
a b g a b

b g
g a
a b

+ +
+ +
+ +

= =
0
0
0

0

5. (a) : px2 + qx + 1 = 0 has real roots if q2 – 4p ≥ 0 
or  q2 ≥ 4p
Since p, q ∈ {1, 2, 3, 4} 

The required points are(1, 2), (1, 3), (1, 4), (2, 3),  
(2, 4), (3, 4), (4, 4).
So, the required number is 7
6. (b) : Q f (x + 1) – f (x) = 8x + 3  
⇒ {b(x + 1)2 + c(x + 1) + d} – {bx2 + cx + d} = 8x + 3
⇒ b{(x + 1)2 – x2} + c = 8x + 3
⇒ b(2x + 1) + c = 8x + 3 
On comparing, we get
 2b = 8 and b + c = 3
Then,  b = 4 and c = –1
7. (a) : aa2 + ba + c = aa2 + pa + q

⇒ =
−
−

a
q c
b p    

 ... (i)

And b2 – 4ac = p2 – 4aq
⇒ b2 – p2 = 4a(c – q)

⇒ + =
−

−
= −b p

a c q
b p

a
4

4
( )

a
    

(from (i))

⇒ = − + =

− −
a ( )b p

a

b
a

p
a

4 4
which is A.M. of all the roots of f (x) = 0 and g(x) = 0.
8. (a) : (x + l)2 + 1 = 0 has clearly imaginary roots
So, both roots of the equations are common

\ = =
+

=a b c k
1 2 12l l

( )say
 

Then a = k, b = 2lk, c = (l2 + 1) k
As a, b, c are sides of a triangle
\ a + b > c  ⇒  2l + 1 > l2 + 1  ⇒  l2 – 2l < 0
⇒ l ∈ (0, 2)
9. (a) : If x is real,  
x2 – 6|x| + 8 = 0   ⇒   |x|2 – 6|x| + 8 = 0
⇒ |x| = 2, 4   ⇒   x = ±2, ±4
If x is non-real, say x = a + ib, then

( )a b a b+ − + + =i 2 2 26 8 0  (| | )a b a b+ = +i 2 2
 

⇒ ( )a b a b ab2 2 2 28 6 2 0− + − + + =i
Comparing real and imaginary parts,
ab = 0   ⇒   a = 0 (if b = 0 then x is real)

and − + − =b b2 28 6 0

b b b2 6 8 0
6 68

2
± − = ⇒ =

±

 
i e. ., ( )b = ± −3 17

Hence ± −( )3 17 i  are non-real roots.
10. (a) : We must have 
 3x2 + x + 5 ≥ 0 and x – 3 ≥ 0 or x ≥ 3
We have, 3 5 32x x x+ + = −         …(i)
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Squaring (i) both sides, we get
 3x2 + x + 5 = x2 – 6x + 9 
⇒ 2x2 + 7x – 4 = 0   ⇒  (2x – 1)(x + 4) = 0 
⇒ x = 1/2, –4  
None of these satisfy the inequality x ≥ 3. Thus, (i) 
has no solution.
11. (d) : (a2 – 5a + 3)x2 + (3a – 1)x + 2 = 0      …(i)
Let a and 2a be the roots of (1), then
 (a2 – 5a + 3)a2 + (3a – 1)a + 2 = 0         …(ii)
and (a2 – 5a + 3)(4a2) + (3a – 1)(2a) + 2 = 0  ...(iii)
Multiplying (ii) by 4 and subtracting it from (iii),  
we get (3a – 1)(2a) + 6 = 0
Clearly a ≠ 1/3. Therefore, a = –3/(3a – 1)
Putting this value in (ii), we get    
 (a2 – 5a + 3)(9) – (3a – 1)2(3) + 2(3a – 1)2 = 0
⇒ 9a2 – 45a + 27 – (9a2 – 6a + 1) = 0
⇒ –39a + 26 = 0   ⇒  a = 2/3
For a = 2/3, the equation becomes x2 + 9x + 18 = 0 
whose roots are –3, –6.
12. (d) : f (x) = (x + b)2 + 2c2 – b2 
⇒ min f (x) = 2c2 – b2

Also g(x) = –x2 – 2cx + b2 = b2 + c2 – (x + c)2 
⇒ max g(x) = b2 + c2  
As min f (x) > max g(x), we get 2c2 – b2 > b2 + c2

⇒ c2 > 2b2   ⇒ >| | | |c b2    
13. (d) : (cos p – 1)x2 + (cos p)x + sin p = 0      …(i)
Discriminant of (i) is given by 
D = cos2p – 4(cosp – 1)sinp = cos2p + 4(1 – cosp)sinp 
Note that cos2p ≥ 0, 1 – cosp ≥ 0.
Thus, D ≥ 0 if sinp ≥ 0 i.e. if p ∈ (0, p).
14. (b) : x2 + 2ax + 10 – 3a > 0 "  x ∈ R  
⇒ D = 4a2 – 4 (10 – 3a) < 0 
⇒ a2 + 3a – 10 < 0   ⇒  (a + 5)(a – 2) < 0  
⇒ –5 < a < 2  
15. (a) : log log ( )17 11 11 0x x+ + =  ...(i)
Equation (1) is defined if x ≥ 0
We can rewrite (i) as log ( )11

011 17 1x x+ + = =
⇒ + + = =x x11 11 111

  
⇒ + = −x x11 11   ...(ii)
Squaring (ii) both sides, we get 
 x x x+ = − +11 121 22
⇒ = ⇒ = =22 110 5 25x x xor  
This clearly satisfies (i). Thus, sum of all the values 
satisfying (i) is 25.
16. (a) : Given equation can be written as 
(x2 – 3x + 3) – f = 0 where f = x – [x] and 0 ≤ f < 1 
\ 0 ≤ x2 – 3x + 3 < 1 
Solving x2 – 3x + 3 = 0; roots are imaginary
\ x2 – 3x + 3 ≥ 0 "  x ∈ R 

Solving x2 – 3x + 3 < 1  ⇒  1 < x < 2
if 1 < x < 2 ; [x] = 1
Putting [x] = 1 in the given equation and solving we 
get x = 2. But 1 < x < 2 
\ the given equation has no solution.
17. (a) : Let f (x) = (a + b – 2c)x2 + (b + c – 2a)x 

+ (c + a – 2b) 
According to the given condition, we have
 f (0) f (–1) < 0   
i.e. (c + a – 2b)(2a – b – c) < 0
i.e. (c + a – 2b)(a – b + a – c) < 0  
i.e. c + a – 2b < 0  

[a > b > c, given ⇒ a – b > 0, a – c > 0]  

i e b a c. . > +
2  

⇒ b cannot be the G.M. of a and c, since G.M. < A.M. 
always.
18. (d) 
19. (b) : Putting 3x = y, we have
 (2a – 4)y2 – (2a – 3)y + 1 = 0   
This equation must have real solution
⇒ (2a – 3)2 – 4(2a – 4) ≥ 0     
⇒ 4a2 – 20a + 25 ≥ 0     
⇒ (2a – 5)2 ≥ 0,  which is true.
y = 1 satisfies the equation
Since 3x is positive and 3x ≥ 30 ⇒ y ≥ 1
Product of the roots = (1 × y) > 1

⇒
−

> ⇒ − < ⇒ <1
2 4

1 2 4 1 5
2a

a a
   

Sum of the roots = −
−

>2 3
2 4

1a
a

⇒ − − −
−

>( ) ( )2 3 2 4
2 4

0a a
a      

⇒
−

> ⇒ >1
2 4

0 2
a

a
  

⇒ < <2 5
2

a

20. (b) : Given equation is 
 x2 + 9y2 – 4x + 3 = 0  …(i)
or, x2 – 4x + 9y2 + 3 = 0 
Since x is real  \   (–4)2 – 4(9y2 + 3) ≥ 0   
or 16 – 4(9y2 + 3) ≥ 0   or  4 – 9y2 – 3 ≥ 0

or 9y2 – 1 ≤ 0  or  9y2 ≤ 1 or y2 1
9

≤

Now, y y2 1
9

1
3

1
3

≤ ⇔ − ≤ ≤
  

…(ii)

Equation (i) can also be written as
 9y2 + 0y + x2 – 4x + 3 = 0  …(iii)
Since y is real  \  02 – 4·9(x2 – 4x + 3) ≥ 0 
or x2 – 4x + 3 ≤ 0   ⇒  x ∈ [1, 3]
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21. (b) : Let the roots be a1, a2, ..., a8
⇒ a1 + a2 + ... + a8 = 4

 
a a a1 2 8 8

1
2

.... =
 

⇒ = =
+ + +

( .... )
.../a a a

a a a
1 2 8

1 8 1 2 81
2 8   

⇒ A.M. = G.M. ⇒ all the roots are equal to 1/2. 

⇒ = − 





= −a C1
8

7

7

4
1
2

1
2     

 
a C2

8
6

6

4
1
2

7
2

= 





= −
   

22. (d) : xf (x) – 1 = 0 has roots 1, 2, 3, ....., 9 
 xf (x) – 1 = A(x – 1)(x – 2) .... (x – 9)

Put x = 0  ⇒  A = 1
9!

Put x = 10  ⇒  10 f(10) – 1 = 1   ⇒  f ( )10
5

= 1

23. (c)
24. (a, c) : Subtracting numerator from denominator, 
we get
 x2 – 4x + 3  i.e.  (x – 1)(x – 3)
Thus it is concluded that numerator and denominator 
must be completely divisible by (x – 1) or (x – 3). In 
other words, both must vanish when x = 1 or when  
x = 3, if x = 3 or 1 we get, a = 8
And fraction becomes

 

x x x
x x x

x x
x x

x
x

3 2

3 2

2

2
8 19 12
9 23 15

7 12
8 15

4
5

− + −
− + −

= − +
− +

= −
−   

25. (b) : Let the two numbers be x, y then 
 (x + y)(x2 + y2) = 5500  ... (i)
and (x – y)(x2 – y2) = 352  ... (ii)
After solving these two equations
 x = 9 or 13 ;   y = 13 or 9  
26. (a, b, c)
27. (a, b, c, d) : |a| = sum of roots = b + a
–|b| = product of roots = ab
Because |a| < |b| so a is negative and b is positive.
Now, |a| < b – 1   ⇒   a + b < b – 1 = a < –1
Because a is negative so magnitude of 'a' is greater 
than one and magnitude of b is greater than 1 + |a| 
or say greater than 2.

Now, log | || |a
x
b

x
b

a





− = ⇒ 





=
2 2

1 0

⇒ = ±x b a| |     
⇒ one root lies in (– ∞, a) and other root lies in (b, ∞)

28. (a, b) : x x x4
2

2
2

1 0− 











+ =sin p

⇒ + = 





x x x4 2 21 2
2

sin p

    

⇒ + = 





x
x

x2
2

21 2
2

sin p

    
Now, L.H.S ≥ 2 where as R.H.S. ≤ 2
So, equality holds when 

 
x

x
2

2
1 2+ =

   
and  2

2
2 12sin p x x





= ⇒ = ±

29. (a, b) : f x
x x x

( ) =
−

+
−

+
−

3
2

4
3

5
4   

 f

f

( )2+

−

→ ∞

→ −∞





and (3 )   
⇒ f (x) = 0 has exactly one root in (2, 3)

Again
and (4 )

,
( ) f

f

3+

−

→ ∞

→ − ∞






⇒ f(x) = 0 has exactly one root in (3, 4).
30. (c)
31. (a, b, c) : If roots of the equation be a, b, g then
a2 + b2 + g2 = (a + b + g)2 – 2(ab + bg + ga) 
         = a2 – 2b
a2b2 + b2g2 + g2a2 
         = (ab + bg + ga)2 – 2(abg) × (a + b + g)
          = b2 – 2a
 a2b2g2 = 1      
So, the equation whose roots are a2, b2, g2 is
 x3 – (a2 – 2b)x2 + (b2 – 2a)x – 1 = 0
It is identical to x3 – ax2 + bx + 1 = 0
\ a2 – 2b = a and b2 – 2a = b, eliminating b, we get

 
( )a a a a a2 2 2

4
2

2
− − = −

  
⇒ a{a(a – 1)2 – 8 – 2(a – 1)} = 0    
⇒ a(a3 – 2a2 – a – 6) = 0 
or a(a – 3)(a2 + a + 2) = 0   
\ a = 0  or  a = 3  or  a2 + a + 2 = 0  
Similarly we can get, b = 0  or  b = 3  
or b2 + b + 2 = 0  (By eliminating 'a')
So, a = b = 0  or  a = b = 3 
or a, b are roots of x2 + x + 2 = 0.
32. (b, c) : Given equation can be expressed as
pe(x – p)(x – p – e) + ep(x – e)(x – p – e) 

+ (pp + ee) (x – e)(x – p) = 0
Let f (x) = pe(x – p)(x – p – e) + ep(x – e)(x – p – e)

+ (pp + ee)(x – e)(x – p)
 f (e) = pe(e – p)(–p) > 0
and f (p) = ep(p – e)(–e) < 0   
Hence given equation has a real root in (e, p) 
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Again f (p + e) = (pp + ee)p · e > 0
Q   p + e > p, it concludes, it has a real root in (p, p + e)
Also Q  p – e < p
Hence, f (x) has two real roots in (p – e, p + e)
(33-35) :
Let x4 + ax3 + bx2 + cx + d
   = (x – x1)(x – x2)(x – x3)(x – x4)  
Let (x – x1)(x – x2) = x2 + px + q
and (x – x3)(x – x4) = x2 + px + r
\ q = x1x2 and r = x3x4   
\ x4 + ax3 + bx2 + cx + d  
  = x4 + 2px3 + (p2 + q + r)x2 + p(q + r)x + qr
\ a = 2p, b = p2 + q + r, c = p(q + r), d = qr
Clearly, a3 – 4ab + 8c = 0  ...(i)
33. (b) : If a = 2  ⇒  b – c = 1 
34. (c) : Investigating the nature of the cubic equation 
of 'a'
Let f (a) = a3 – 4ab + 8c  
 f ′(a) = 3a2 – 4b
If b < 0  ⇒  f ′(a) > 0   
\ The equation a3 – 4ab + 8c = 0 has only one real 
root.
35. (a) : Substituting c = 1 – b in  Eq. (i), we have
 (a + 2)[(a – 1)2 + 3 – 4b] = 0   ⇒  4b – 3 > 0 

⇒ > ⇒ <b c3
4

1
4

(36-38)
Let a, b, g, d be roots of the given equation 
 a + b + g + d = 12   ...(i)
 Sab = b    ...(ii)
 Sabg = –c    ...(iii)
 abgd = 81    ...(iv)
As A.M. ≥ G.M.

\ + + + ≥a b g d abgd
4

1 4( ) /

 
⇒ ≥12

4
81 1 4( ) /

But as A.M. = G.M.
\ a = b = g = d = 3  
36. (b) : b = Sab = 6 × 9 = 54   
37. (b) : c = Sabg = –(4 × 27) = –108  
38. (c) : 2bx + c = 0 ⇒ 108x – 108 = 0   ⇒  x = 1
39. (a)  40.   (c)         41.  (b)
(42-44) :
42. (d) : Let x4 + ax3 + bx2 + ax + 1 = (x2 + kx + 1)2

Comparing 2k = a; b = k2 + 2  
⇒ a + b = (k + 1)2 + 1, it can be 4.
43. (a) : The two equal positive roots must be 1, 1, and 

let the negative roots be a
a

a, ( )1 1≠ −  

Now − = + + ⇒ = − − − >a a2 1 1 2 0a
a

a
a

\ The least integral value is ‘1’.

44. (b) : Given equation is t2 + at – 3 = 0 where t x
x

= + 1  

both roots must lie between –2, 2 

⇒ − < < ⇒ =1
2

1
2

0a a

(45-47) :
45. (c) : Solving it, we get 

 sin( ) sin cosa b a b+ = ± − 2

⇒ = ⇒ =cos ,b b p p0
2

3
2

(i) If b p a a p p= ⇒ = ∈





2

1
4

5
4

tan , ,

(ii) If b p a a p p= ⇒ = − ∈







3
2

1 3
4

7
4

tan , ,

46. (b) : We have x + y + z = 6  ...(i)
 xy + yz + zx = 7   ...(ii)
From (i), z = 6 – x – y and putting it in (ii), 
we get xy + y(6 – x – y) + x(6 – x – y) = 7
or y2 + (x – 6)y + (x2 – 6x + 7) = 0
Since y is real, (x – 6)2 – 4(x2 – 6x + 7) ≥ 0
⇒ 3x2 – 12x – 8 ≤ 0

⇒ − ≤ ≤ +6 2 15
3

6 2 15
3

x
  

47. (d) : 3 9 3 1
3

4 2 02x x
x a a⋅ + + − −







>( )
 

⇒ ⋅ −






+ −












>3 3 3 1
3

2 02
2

2
2x x

x a/
/ ( )

⇒ a ∈ R – {2}
48. a → q; B → r; c → q, r, s, t; d → p
49. a → t ; B → r ;  c → p, q, r, s ; d → q
(a) A.M. ≥ G.M. 

 
2 3

2
2 3

2
6a b a b ab ab+ ≥ ⋅ ≥or,

  
(B) L.H.S. Min. = R.H.S. Max. when x = 2
(c) f (x) = x3 – 6x2 + 9x + l
 f ′(x) = 3x2 – 12x + 9 = 3(x – 1)(x – 3) 
 f ′(x) ≤ 0 " x in (1, 3)
For f (x) = 0 to have exactly one root in (1, 3) 
 f(1) f (3) < 0.
 l(l + 4) < 0   \  –4 < l < 0  
⇒ [l + 3] = –1, 0, 1, 2  
(d) Since x = 1 satisfies (b – c)x2 + (c – a)x + a – b = 0
\ x = 1 is common root of both equations
Therefore, 1 + 3l + 2 = 0 
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Therefore, l = –1 
50.  a → r; B → p ; c → q ; d → s
(a) Given a2 – 4a + 1 = 4   ⇒  a2 + 1 = 4(1 + a)

y a a
a

a
a

a
a

= − +
−

= +
+

= +
+

=( )( ) ( )1 1
1

1
1

4 1
1

4
2

2

2

   

(B) | | | |x xx x− = −+ −3 314 23

Taking log on both sides
x x x x+ − = − −1

4
3 2

3
3log | | log | |

⇒ − = + − − =log | |x x x3 0 1
4

2
3

0or
   

⇒ x = 4, 2  or  x = 11
(c) Critical points, x = 0, 6
Case-I: x ≥ 6  ⇒ 3x + 1 – (3x – 1) = 2log5(x – 6)
⇒ x = 11 
Case-II: 0 ≤ x ≤ 6 ⇒ 3x + 1 – (3x – 1) = 2log5(6 – x)  
⇒ x = 1 
Case-III: x < 0  ⇒  3x + 1 + 3x – 1 = 2log5(6 – x)
⇒ 3x = log5(6 – x)   ⇒   no solution 

(d) 
2
2

4 2 1 3
2

114 1 2n n n n( ( ) ) ( ( ) )+ − = + −
 

⇒ n = 11
51. (3) : |x – p| = x – p   (since x ≥ p)  
 |x – 15| = 15 – x  (since x ≤ 15)
 |x – (p + 15)| = (p + 15) – x (as 15 + p > x)
 \ expression reduces to 
E = x – p + 15 – x + p + 15 – x
E = 30 – x
\ Emin occurs when x = 15
\ l = 15
52. (4) : Since P(x) divides both given polynomial
Hence P(x) also divides
 (3x4 + 4x2 + 28x + 5) – 3(x4 + 6x2 + 25)  
  = –14x2 + 28x – 70 = –14(x2 – 2x + 5)
Which is a quadratic, Hence P(x) = x2 – 2x + 5
\ P(1) = 4
53. (1) : Let a be the root of the given cubic where  a 
can take values a, b, c
Hence a3 + a2 – 333a – 1002 = 0
or a3 = 1002 + 333a – a2 
\ Sa3 = S1002 + 333Sa – Sa2 = 3006 + 333Sa 

– [(Sa)2 – 2Sa1a2]
But Sa = –1, Sa1a2 = –333
\ a3 + b3 + c3 = 3006 – 333 – [1 + 666]
 = 3006 – 333 – 667 = 3006 – 1000 = 2006 = P
54. (3) : (x + 1)5 = 2(x5 + 1)  

Let f x x
x

x( ) ( )
( )

( )= +
+

≠ −1
1

1
5

5       

⇒ ′ = + −
+

f x x x
x

( ) ( ) ( )
( )

5 1 1
1

4 4

5 2

⇒ x = 1 is maximum.     
As,  f (0) = 1 and  f (1) = 16
And lim ( ) ( )

x
f x f x

→±∞
= ⇒ =1 2  has two solutions 

but given equation has three solutions because  
x = –1 included.
55. (8) : On putting log3x = t, we get
 2t2 – |t| + a = 0   …(i)
If t > 0, then 2t2 – t + a = 0   …(ii)
If t < 0, then 2t2 + t + a = 0  …(iii)
If eq. (i) has four roots then eq. (ii) must have both 
roots positive and eq. (iii) has both roots negative. Now, 
eq. (ii) has both roots positive, if D > 0.
and  a/2 > 0   
⇒ 1 – 8a > 0, a > 0

⇒ ∈





a 0 1
8

,
 

Again, eq. (iii) has both roots negative, if D > 0, a/2 > 0.

We again get, a K∈





⇒ =0 1
8

8,

On solving +ve and –ve sign, we get a ≥ 3
4\ m + n = 7

56. (3)   57.  (7)
58. (4) : Suppose m is a positive integer such that  
n2 + 96 = m2 then (m – n)(m + n) = 96
As m – n < m + n and m – n, m + n both must be 
even.
So, the only possibilities are 
 m – n = 2, m + n = 48 : m – n = 4, m + n = 24
 m – n = 6, m + n = 16 : m – n = 8, m + n = 12  
So, the solutions of (m, n) are (25, 23), (14, 10),  
(11, 5), (10, 2).
59. (1) : Here, a + b = –p = g + d
(a – g)(a – d) = a2 – a(g + d) + gd = a2 – a(a + b) + r
              = –ab + r = q + r
Similarly (b – g)(b – d) = q + r
So, ratio is 1.
60. (7) : Let us form that equation having roots 
 y = g(xi) i.e., y = x2 – 2
⇒ x y= + 2 ⇒ + + + + =( ) ( )y y2 2 1 05 2

  
⇒ y5 + 10y4 + 40y3 + 79y2 + 74y + 23 = 0  
\ g(x1) ... g(x5) = Product of roots = –23
 x1x2x3x4x5 = –1   ⇒  g(x1x2 .... x5) = –1
⇒ g(x1)g(x2) ... g(x5) – 30g(x1x2 ... x5) = 7


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Solution Set-150

1. (d) : The number of terms till last n is 1 + 2 + 3 +... 

... + n =
+

= =
n n

n
( )

for
1

2 2016 63

The sum of these 2016 terms is 12 + 22 + 32 + ... + 632 
= 85344.
S = The sum of first 2015 terms = 85344 – 63 = 85281, 
with digit sum 24.
2. (b) : Circle through (0, a) and (0, –a) is
(x– l)2 + y2 = l2 + a2.
Centre (l, 0), radius r a= +l2 2 .
It touches y = mx + c 
⇒ (ml + c)2 = (m2 + 1)(l2 + a2)
	 l2 – 2 mcl + a2 (m2 + 1) – c2 = 0
Roots l1, l2 ⇒ l1l2 = a2(m2 + 1) – c2 ...(i)
S1, S2 are orthogonal ⇒ (l1 – l2)2 = l1

2 + l2
2 + 2a2

⇒ l1l2 = – a2. Now (i) ⇒ a2(m2 + 2) = c2.

3. (c) : OA a OB b OC c
 



    

= = =, , , | | | | | |



a b c= = =1


 

  a b b c c a⋅ = ⋅ = ⋅ = 1
2

[ ] ,[ ]



 



a b c a b c2

1 1
2

1
2

1
2 1 1

2
1
2

1
2 1

1
2

1
2

= = =

  







r a r b m c b= = + −l , ( )

S.D.
( ( ))
| ( ) |

[ ]
= ⋅

× −
× −

= =


 



 









b
a c b
a c b

a b c
1

1
2

4. (c) : 
1 1 0

1 1 1
0 1 1

0 3 1 03 2
− −
− −

−
= ⇒ − + + =

l
l

l
l l l

\ A2 – 3A + I + A–1 = 0 ⇒ A–1 + A2 = 3A – I.

5. (b) : (1, 1) and 1
2

5
2,







form x

a
y
b

2

2

2

2 1+ =

⇒
 

1 1 1 1
2

5
4

1 3 3
22 2 2 2a b a b

a b+ = + = ⇒ = =, ,

e b
a

= − = − =1 1 1
2

1
2

2

2

6. (b,c) : i n e
n i

= +





=
+



cis 2 1

2
2 1

2π
π

\ i e e e ni
n

= = = −
− +



 −

2 1
2 2 3 2 0 1
π

π π/ /, for ,

7. (c) :
 
sin ...− = + + ⋅ ⋅ +1

3 51
2 3

1
2

3
4 5x x x x

I c x dx= −∫ sin ( cos )
/

1

0

2π

 
= + +∫ ( cos

cos
...)

/

c x
c x

dx1
2 3

3 3

0

2π

= + + +c c c
1 3 52

3

2

5

2 ...

c = 1

⇒
 

1
2 1 2

1

0

2

1 ( )
sin (cos )

/

n
x dx

n −
= −

=

∞

∫∑
π

   
= −





=∫
π ππ

2 8

2

0

2

x dx
/

S
n

S S
n

= = + ⇒ =
=

∞

∑ 1
8 4 62

1

2 2π π

8. (a) : S = − + − +1
1

1
2

1
3

1
42 2 2 2 ...

1
1

1
3

1
5

1
4

1
1

1
2 8 24 122 2 2 2 2

2 2 2

+ + − + +




= − =... π π π

9. (9) : Heads cannot occur on consecutive tosses if 
the number of heads is 0 to 5.

Prob. =
− +



=

∑1
2

10 1
10

0

5 r
rr

= + + + + + = =1
2

1 10 36 56 35 6 9
64 910 ( ) , m

10. (d) : (1 + x + x2)n

= +





+ +





+ +





+ +1
1

1
2

1
3

12 2 3 3n
x x

n
x x

n
x x( ) ( ) ( ) ...

\
 

C
n
n

n
n

n n
n

n
n =





+

−






−




+

−






−




+

1
1

1 2
2

2
...

 

  
= +

−
+

− − −
+1

1
1

1 2 3
22 2

n n n n n n( )
( !)

( )( )( )
( !)

    

n n n n n n( )( )( )( )( )
( !)

...
− − − − −

+
1 2 3 4 5

3 2

C3 = 1 + 3⋅2 = 7
C4 = 1 + 4⋅3 + 3⋅2 = 19

C5 1 5 4 5 4 3 2
4 51= + ⋅ + ⋅ ⋅ ⋅ =

C7 1 7 6 7 6 5 4
4

7 6 5 4 3 2
36= + ⋅ + ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ ⋅

 = 1 + 42 + 210 + 140 = 393.

Solution Sender of Maths Musing
Set-150

1. Khokon Kumar Nandi (W.B.)
Set-149

1. Swarnendu Bhattacharjee (W.B.)
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DEFINITION OF FuNcTION
Let A and B be two non–empty sets. Then a 
function ‘f ’ from set A to set B is a rule which 
associates elements of set A to elements of set B 
such that an element of set A is associated to a 
unique element in set B. 
All elements of set A are associated to element   
l in set B. 
Terms such as “map” (or mapping), “correspondence” 
are used as synonyms for function. If f  is a function 
from a set A to set B, then we write f : A → B or 

A Bf → , which is read as f  is a function from  
A to B or f maps A to B. 
Example : Let A = {2, 4, 6, 8} and B = {s, t, u, 
v, w} be two sets and let f1, f2, f3 and f4 be rules 
associating elements of A to elements of B as shown 
in the following figures. 

2
4
6
8

s
tu
v
w

2
4
6
8

s
t
u
v
w

s
t
u
vw

2
4
6
8

2
4
6
8

stuv
w

f1

f2

f3

f4

A B

Now see that f1 is not a function from set A to 
set B, since there is an element 6 ∈ A which is 

not associated to any element of B, but f2 and f3 
are the functions from A to B, because under f2 
and f3 each element in A is associated to a unique 
element in B. But f4 is not a function from A to 
B because an element 8 ∈ A is associated to two 
elements u and w in B.
Domain : Set A is called domain of f  i.e. Set of 
those elements from which functions is to be 
defined. 
co–domain : Here set B is called co–domain of 
function. 
Range : Set of images of each element in A, is 
called range of f. 
Note : Range ⊆ Co-domain
Real Valued Function : All those functions of 
which domain and co-domain are subsets of R are 
called real valued functions. In this case for a given 
function we have to find domain and range.
Bounded Function : A function ‘f ’ is said to be 
bounded if |f(x)| ≤ m, for some finite ‘m’ for every 
x in domain of f. 
Equality of two functions : Two functions f and 
g are said to be equal functions, if and only if 
(i)   domain of f = domain of g  
(ii)  co–domain of f = co–domain of g
(iii) f(x) = g(x) " x ∈ their domain 
Example :
If  f : A → B, A = {1, 2}, B = {10, 13},  f(x)= x2 + 9 and 
g : A → B, g(x) = 3x + 7, then f = g because domain 
and co-domain of both f and g are same. Also 
f(1) = 10 = g(1); f(2) = 13 = g(2)

AlgEBRA OF FuNcTIONs 
If f : D1 → R and g : D2 → R, then, we describe 
functions f + g, f – g, fg and f/g as follows 

This column is aimed at Class XII students so that they can prepare for competitive exams such as JEE Main/Advanced, etc. and 
be also in command of what is being covered in their school as part of NCERT syllabus. The problems here are a happy blend 
of the straight and the twisted, the simple and the difficult and the easy and the challenging.

* ALOK KUMAR, B.Tech, IIT Kanpur

Functions

* Alok Kumar is a winner of INDIAN NAtIoNAl MAtheMAtIcs olyMpIAD (INMo-91). 
he trains IIt and olympiad aspirants.
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f + g  : D → R is a function defined by 
  (f + g)(x) = f(x) + g(x) 
f – g : D → R is a function defined by 
 (f – g) (x) = f(x) – g(x) 
fg : D → R is a function defined by 
 (fg) (x) = f(x) g(x) 
f
g

 : C → R is a function defined by 

 

f
g

x f x
g x

g x





= ≠( ) ( )
( )

, ( ) ,0

where D = D1 ∩ D2  and C = {x ∈ D : g(x) ≠ 0}

cOmpOsITE FuNcTION
Consider two functions f : X → Y and g : Y → Z. 
one can define h : X → Z such that 
h(x) = g{f(x)}  
Domain of gof (x) i.e. g{f(x)} 
 = {x : x  ∈ Dom f, f(x) ∈ Dom g}  
Domain of fog (x) i.e  f{g(x)} 
 = {x : x ∈ Dom g, g(x) ∈ Dom f)

X Y Zf g

h = gof

g f x( ( ))
x f x( )

EVEN AND ODD FuNcTIONs :
If f : X → Y is a real valued function such that 
for all x ∈ D ⇒ –x ∈ D (where D = domain of f) 
and if f(–x) = f(x) for every x ∈ D then f is said 
to be an even function and if f(–x)= – f(x) then f 
is said to be an odd function. Even functions are 
symmetric about the y–axis (i.e. if (x, y) lies on 
the curve, then (–x, y) also lies on the curve, and 
odd functions are symmetric about the origin (i.e. 
if (x, y) lies on the curve, then (–x, –y) also lies 
on the curve. 
Remarks
Every function defined in symmetric interval D 
(i.e. x ∈ D ⇒ –x ∈ D) can be expressed as a sum 
of an even and an odd function.   

f x f x f x f x f x( ) ( ) ( ) ( ) ( )= + −





+ − −



2 2

Let h x f x f x( ) ( ) ( )= + −



2

  

and g x f x f x( ) ( ) ( )= − −



2

 

It can now easily be shown that h(x) is even and 
g(x) is odd.

The first derivative of an even function is an odd 
function and vice – versa. 
If x = 0, x ∈ Domain of f, then for odd function 
f(x), which is continuous at x = 0, f(0) = 0, i.e. if 
for a function f(0) ≠ 0, then that function cannot 
be odd. It follows that for a differentiable even 
function f ′(0) = 0 i.e. if for a differentiable function  
f ′(0) ≠ 0 then the function cannot be even.

pERIODIc FuNcTION
Definition : A function f(x) is said to be periodic 
function if, there exists a fixed positive real number 
T independent of x, such that f(x + T) = f(x) 
" x  ∈ Domain & x + T ∈ domain.  
T is called one of the period of the function. 
In other words , a function is said to be periodic 
function if its each value is repeated after a definite 
interval.
Here the least positive value of T (independent 
of x) is called the fundamental period of the  
function. 
Clearly, f (x) = f (x + T) = f (x + 2T) = f (x + 3T) = . . . 
For example :
sin  z x, cos x, sec x and cosec x are periodic functions 
with period 2p. 
tan  z x and cot x are periodic functions with period  p.
|sin z x|, |cosx|, |tanx|, |cotx|, |secx|, |cosecx| are 
periodic functions with period p. 
sin z nx, cosnx, secnx, cosecnx are periodic functions 
with period 2p or p according as n is odd or even. 
tan z nx and cotnx are periodic functions with period 
p whether n is odd or even.
properties of periodic Function : 
If f(x) is periodic with period T, then 
f(x + c) is periodic with period T. 
f(x) ± c is periodic with period T.  

f(ax + b) has period T
a| |

,  i.e., period is affected 

only by coefficient of x ; where a, b, c are constants 
with a,  b ≠ 0.  
If f(x) and g(x) be two periodic functions 
with period p & q respectively, then their any 
combination will be periodic function with one 
period equal to L.C.M of p & q  provided L.C.M 
of p & q exists. 
Note : All periodic functions can be analyzed 
over an interval of one period within the domain 
as the same pattern shall be repetitive over the 
entire domain.
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clAssIFIcATION OF FuNcTIONs
(i) One–One Function (Injective) : 
If each element in the domain of a function has a 
distinct image in the co–domain, then the function 
is said to be one–one function and  is also known 
as Injective Function. 
e.g.  f : R → R+  given by y = ex

g : R → R, g(x) = 3x – 7 are one – one functions. 
or, f : A → B is one – one 
⇔ a ≠ b ⇒ f(a) ≠ f(b) for all a, b ∈ A 
⇔ f(a) = f(b) ⇒ a = b for all a, b ∈ A 
(ii) many–One Function : 
If there are two or more than two elements of 
domain having the same image then f(x) is called 
many – one function.

 e.g. f : R → R+ given by f(x) = x2 + 4 
g : R → R+ given by g(x) = x8 + x4 +x2 + 4 
Both functions are many one.  
If the graph of y = f(x) is given and a line parallel 
to x–axis cuts the curve at more than one point 
then the function is many–one.
or, f : A → B is a many – one function if there exist 
x, y ∈ A such that x ≠ y but f(x) = f(y). 
e.g. y = sin x, y = cos x, y = tan x, y = x2, y = x4, … 
are many–one functions. 
(iii) Onto Function (surjective) : 
Let  f : X → Y be a function. If each element in 
the co–domain Y has at least one pre–image in 
the domain X i.e.  Range f = Co-domain, then f 
is called onto. 
Onto function is also called surjective and if 
function be both one–one and onto then function 
is called Bijective. 
or, f : A → B is a surjection iff for each b ∈ B $ 
a ∈ A such that f(a) = b. 
e.g. If f : R+ → R is defined by y = log2x, then f(x) 
is onto function.
(iv) Into Function : 
If there exist one or more than one element in 
the co–domain Y which is not an image of any 
element in the domain X. Then f is into. 
In other words f : A → B is an into function if it 
is not an onto function. 
e.g. Let f : R → R is defined by y = x2 + 1, then f(x) 
is an into function. But when f : R → R+ is defined 
by y = x2 + 1, then f(x) is not into function.

Note :
If domain of   z f(x) is continuous and dy

dx
 > 0, " x in 

domain then f is one–one, where equality exist at 
discrete point.  
If domain of   z f(x) is continuous and dy

dx
 < 0, " x in 

domain then f is one–one, where equality exist at 
discrete point.  
If a continuous function  z f(x) which has either local 
minima or local maxima or both then f(x) will be 
many–one. 
Every even function is many–one.  z

Every periodic function is many–one.  z

INVERsE FuNcTION 
If f : X → Y be a function defined by y = f(x) such 
that f is both one–one and onto, then there exists 
a unique function g : Y → X such that for each  
y ∈ Y, g(y) = x. The function g so defined is called 
the inverse of f and denoted by f –1. Also, f is the 
inverse of g and the two functions f and g are said 
to be inverse of each other. 
f(f –1(x)) = x, " x ∈ Y and f –1(f(x)) = x, " x ∈ X 
Note that f and f –1 are symmetric about the line 
y = x.

mEThOD OF FINDINg INVERsE OF A FuNcTION :
1.  If you are asked to check whether the given 

function y = f(x) is invertible, you need to 
check that y = f(x) is one–one and onto.

2. If you are asked to find the inverse of a bijective 
function f(x), you do the following : if f –1 be 
the inverse of  ‘f ’, then f(f –1(x)) = x. Apply 
the formula of f on f –1(x) and use of the above 
identity to solve for f –1(x). 

some standard functions given below along with 
their inverse functions 

Function Inverse Function

(i) f : [0, ∞) → [0, ∞) 
defined by f(x) = x2

f –1 : [0,  ∞) → [0, ∞) 
defined by f –1(x) = x

(ii)
f : , [ , ]−





→ −π π
2 2

1 1
 

defined by 
f(x) = sinx

f − − → −





1 1 1
2 2

:[ , ] ,π π
 

defined by 
f –1(x) = sin –1x

(iii) f : [0, p] → [–1, 1] 
defined by f(x) = cosx

f –1 : [–1, 1] → [0, p] 
defined by 
f –1(x) = cos–1x

sOmE  ElEmENTARY FuNcTIONs
general Exponential Function z

If  a > 0, a ≠ 1 then the function defined by 
f(x) = ax, x ∈ R is called an Exponential Function 
with base a. 
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logarithmic Function z

If a > 0, a ≠ 1, then the function y = loga x, 
x ∈ R+(set of positive real numbers) is called the 
Logarithmic Function with base a. 

polynomial Function : z

If a function is defined by f(x) = a0 xn + a1 xn – 1 
+ a2 xn – 2 + ..........+ an– 1 x + an, where n is a non 
negative integer and a0, a1, a2, ........., an are real 
numbers and a0 ≠ 0, then f is called a polynomial 
function of degree n.
Note :
(A) A polynomial of degree one with no constant 

term is called an odd linear function. i.e. 
f(x) = ax, a ≠ 0.  

(B) There are two polynomial functions satisfying 
the relation f(x). f(1/x) = f(x) + f(1/x). 

They are   
(i)  f(x) = xn + 1  
(ii) f(x) = 1 – xn, where n is a positive integer.
(C)  f(x) = c and c ≠ 0 is a polynomial of degree zero. 
(D) f(x) = 0 is a polynomial but degree not defined.    
Note : Functions given in (C) and (D) are also 
called constant functions.
Algebraic Function : z

y is an algebraic function of x, if it satisfies an 
algebraic equation of the form, 

P0(x)yn + P1(x)yn–1 + ..... + Pn–1(x)y + Pn(x) = 0, 
where n is a positive integer and P0(x), P1(x),  
.......Pn(x) are polynomials in x. e.g. y = |x| is an 
algebraic function, since it satisfies the equation 
y2 – x2 = 0.
Note that all polynomial functions are Algebraic but 
not the converse. A function that is not algebraic 
is called a Transcendental Function.
Rational Function z

The function which can be written as the quotient 
of two polynomial functions is said to be a rational 
function. 
If     P(x) = a0 + a1x + a2x2 + . . . + anxn 
and  Q(x) = b0 + b1x + b2x2 + . . . + bmxm  
be two polynomial functions then a function f 

defined by  f(x) = P x
Q x

( )
( )

; Q(x) ≠ 0 is a rational 
function of x.

Example : f(x) = 7 2
4 3

4 2

2
x x
x x

− +
− +

 is a rational function 

which is defined for all real values of x except                      
1 and 3. 
Identity Function z

A map f : R → R is said to be an identity function, 
iff  f(x) = x, " x ∈ R.
Domain of identity function = R 
Range of identity function = R
modulus Function z

f x x
x x

x x
( ) | |

,
,

= =
− <

≥




0
0

                   
y x x= – , < 0 y x x= , 0y

x
O

y

x

Domain : R, Range : [0, ∞)                                                    
It is an even continuous and many – one function. 
Graph is symmetrical with respect to y–axis. 
signum Function z

f x
x
x
x

( )
,
,

,
=

>
=

− <









1 0
0 0

1 0   

y

x

y

y x= – 1, < 0

x
y x= 1, > 0O
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Domain : R, Range : {–1, 0, 1}. It is a many – one 
and discontinuous function.
greatest Integer Function z

If f(x) = k " x ∈ [k, k + 1), where k is any integer, 
then f is called greatest integer function usually 
denoted by f(x) = [x]
Examples : [3.7] = 3, [–3.2] = – 4, [5] = 5 etc.
properties of greatest Integer Function
1. x – 1 < [x] ≤ x     

2. [x] + [– x] = 
0
1
;
;
x I
x I
∈

− ∉




  

3.  [x] = n  ⇒  n ≤ x < n + 1   
 [x] ≥ n ⇒ x ≥ n, n ∈ I
 [x] ≤ n ⇒ x < (n + 1), n ∈ I 
4. [x + n] = [x] + n, where n ∈ I
Fractional part of  z x
f(x) = x – [x], x ∈ R 

i.e., f(x) = {x} = 
x x
x x
x x

+ ∈ −
∈

− ∈









1 1 0
0 1

1 1 2

, [ , )
, [ , )

, [ , )
    

Domain : R, Range : [0, 1), Nature : Many–one 
This is a periodic function with period 1. It is 
discontinuous at all integers. 
properties of Fractional part of x 
1. x = [x] + {x}, where [.] and {.} denotes the 

integral and fractional part of x respectively.

2. {x} + {– x} = 
0
1

;
;

x I
x I

∈
∉





 

ElEmENTARY  TRANsFORmATIONs OF gRAphs  
(i) Drawing the graph of y = |f(x)| from the known 
graph of y = f(x)

| ( ) |
( ), ( )

( ), ( )
f x

f x f x
f x f x

=
≥

− <




if
if

0
0

It means that the graph of f(x) and|f(x)| would 
coincide if f(x) ≥ 0 and the portions where f(x) < 0 
would get inverted in the upward direction.
The above figure would make the procedure 
clear.

(ii) Drawing the graph of y = f(|x|) from the 
known graph of y = f(x)

f x
f x x
f x x

(| |)
( ),
( ),

=
∀ ≥

− ∀ <




0
0

Thus f(|x|) would be an even function. Graphs of 
f(|x|) and f(x) would be identical in the first and 
the fourth quadrants (as x ≥ 0) and as such the 
graph of f(|x|) would be symmetrical about the 
y–axis (as (|x|) is even). 

The figure would make the procedure clear. 
(iii) Drawing the graph of |y| = f(x) from the 
known graph of y = f(x)
Clearly |y| ≥ 0. If f(x) < 0, graph of |y| = f(x) would 
not exist. And if f(x) ≥ 0, |y| = f(x) would give 
y =  f(x). Hence graph of |y| = f(x) would exist only 
in the regions where f(x) ≥ 0 and will be reflected 
about x–axis only in those regions. Regions where 
f(x) < 0 will be neglected.
Full lines show the graph of |y| = f(x) and dotted 
lines depict the corresponding graph of y = f(x).

(iv) Drawing the graph of y = f(x + a), a ∈ R 
from the known graph of y = f(x) 

y f x= ( )

y f x + a a= ( ), < 0

x a0 +| |x0
x a0 – | |

y f x + a a= ( ), > 0

Let us take any point x0 ∈ domain of f(x), and set 
x + a = x0 or x = x0 – a, a > 0
⇒ x < x0, and a < 0 ⇒ x > x0. That mean x0 and 
x0 – a would give us same abscissa for f(x) and 
f(x + a) respectively. As such for a > 0, graph of 
f(x + a) can be obtained simply by translating the 
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graph of f(x) in the negative x–direction through 
a distance ‘a’ units. If a < 0, graph of f(x + a) can 
be obtained by translating the graph of f(x) in the 
positive x–direction through a distance a units.
Accordingly, the graph of f(x) + b can be obtained 
by translating the graph of f(x) either in the positive 
y–axis direction (if b > 0) or in the negative y–axis 
direction (if b < 0), through a distance |b| units.  
(v) Drawing the graph of y = a f(x) from the 
known graph of y = f(x)

y a f x a= ( ), > 1 y f x= ( )

y a f x a= ( ), 0 < < 1

It is clear that the corresponding points (points with 
same x-coordinates) would have their ordinates in 
the ratio of 1 : a. 
(vi) Drawing the graph of y = f(ax) from the 
known graph of y = f(x)

(0, (0))f

y = f ax
a

( )
> 1 y = f x( )

y = f ax a( ), 0 < < 1

y

x

 
Let us take any point x0 ∈ domain of f(x). Let 

ax = x0 or x = x
a
0   

Clearly if 0 < a < 1 then x > x0 and f(x) will stretch 
by 1/a units against y–axis, and if a > 1, x < x0, then 
f(x) will compress by ‘a’ units against y–axis. 

(vii) Drawing the graph of y = f –1 (x) from the 
known graph of y = f(x)

(1, /2)

Y

X

( /2, 1)

(– /2, 0)

(– /2, –1)

(0, 1)

(1, 0)O ( /2, 0)

y = x
(0, )/2

(0, –1)

For drawing the graph of y = f –1(x) we have to 
first of all find the interval in which the function 
is bijective (invertible). Then take the reflection 
of y = f(x) (within the invertible region) about 
the line y = x. 
The reflected part would give us the graph of 
y = f –1 (x). 
e.g. let us draw the graph as of y = sin–1 x. 
We know that y = f(x) = sin x is invertible if  

f : , [ , ]−





→ −π π
2 2

1 1 , the inverse mapping would 

be f –1 : [–1, 1] → −





π π
2 2

,  

section-i

Single Correct Answer Type

1. Range of the function y
x x

x x= −
+

−

−
2 2
2 2

  is   

(a)  R (b) (–1, 1) (c) [–1, 1] (d) (0, 1)
2. The range of the function 

f x x x x R( ) cos sin ,= + ∈2
4 4

  is     

(a) 0 5
4

,





 (b) 1 5
4

,





 (c) −





1 5
4

, (d) −





1 5
4

,  
 

3. Let  f x x x
x x

x R( ) [ ]
[ ]

,= −
+ −

∈
1

, where [⋅] denotes the 

greatest integer function. Then, the range of f is        

(a) (0, 1) (b) 0 1
2

,





 (c) [0, 1] (d) 0 1
2

,





  

4. Let f x x
x

( ) [ ]cos
[ ]

=
+







π
2  where, [⋅] denotes the 

greatest integer function. Then, the domain of f is         
(a) x ∈ R, x is not an integer 
(b) (–∞, –2) ∪ [–1, ∞)  
(c) x ∈ R, x ≠ –2 (d) (–∞, –1]  

5. Range of the function  f x x
x

( ) ,= +
+

2
2
1

1
 is                   

(a) [1, ∞)   (b) [2, ∞) (c) 3
2

, ∞





(d) (–∞, ∞)  

6. The inverse of f x x( ) ( ) /= − −( )5 8 5 1 3   is  
(a) 5 – (x – 8)5   (b) 8 + (5 – x3)1/5   
(c) 8 – (5 – x3)1/5   (d)  (5 – (x – 8)1/5)3

7. The range of the function 
f x x x x x( ) = − + − + + + +1 2 1 2   

where, x ∈ [–2, 2]  is    
(a) [6, 8] (b) [2, 4] (c) [0, 4] (d) {1, 2}
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8. Range of the function f x x x
x x

( ) = + +
+ +

2

2
2
1

; x ∈ R  is                      

(a) (1, ∞)   (b) 1 11
7

,





 (c) 1 7
3

,





 (d) 1 7
5

,





  

9.  The range of f(x) = – x3 + x2 – x + cos–1x,  is
(a) [–1, 3 + p] (b) [0, p – 1]  
(c) [–1, 2 + p]  (d) [–1, p]  

10. The range of the function 

  
f x x( ) log sin ( )= − +








−
10

1 5 3
2
π is

(a) log , log3
2

2π π





   (b) log , log3
2

3π π





   

(c)   log , log3
2
π π





 (d)  log , log3
4

2π π





11. The domain of   

f x x x x x( ) ,= − − − − − + −2 2 3 2 2 3 is

(a) [3, 5] (b) (3, 5) (c) [5, ∞) (d) [3, ∞)  

12. Minimum value of the function  
f(x) = x3 (x3 + 1)(x3 + 2)(x3 + 3), x ∈ R, is 
(a) –2 (b) –1 
(c) 1 (d) none of these

13. The domain of the function  
f(x) = log[x] {sgn (x2)} (where [.] is G.I.F) is 
(a) [2, ∞)   (b) (–2, 2)
(c) (–∞, 2)   (d) None of these

14. The domain of the function 
f(x) = log10{1 – log10 (x2 – 5x + 10)} is 
(a) (0, ∞)   (b) (0, 5)
(c) (–∞, 0)   (d) None of these

15.  The range of the function f(x) = 3x4 – 4x3 – 12x2 + 1  
is 
(a) [31, ∞)   (b)  [–31, ∞)
(c) [3, ∞)   (d) [–3, ∞)

16. The range of the function 

 f x x
xx( ) cos log | |

[ ]= −1 , where [.] = G.I.F is

(a) π
2{ }    (b) {0} (c) {p}  (d) {2p}  

17. If f x x x( ) = + +2 3
4

  and  g(x) = x2 + ax + 1 be two 

real functions, then the range of a for which g(f(x)) = 0  
has no real solution is
(a) (–∞, –2)   (b) (–2, 2) 
(c) (–2, ∞)   (d) (2, ∞)  

18. If f(x) is a polynomial function such that 

|f(x) | ≤ 1 " x ∈ R and g x e e

e e

f x f x

f x f x( ) ,
( ) ( )

( ) ( )= −

+
 then  the 

range of g(x)  is

(a) [0, 1] (b)   0 1
1

2

2, e
e

+
−













(c) 0 1
1

2

2, e
e

−
+













   (d)  1
1

0
2

2
−
+













e
e

,

19. The domain of definition of the function, f(x) given 
by the equation 2x + 2y = 2 is                      
(a) 0 < x ≤ 1   (b) 0 ≤ x ≤ 1   
(c) –∞ < x ≤ 0 (d) –∞ < x < 1  

20. If  e e ex f x+ =( ) , then for f(x)
(a) domain = (–∞, 1), range = (–∞, 1)   
(b) domain = (–∞, –1], range = (–∞, 1] 
(c) domain = (–∞, 0], range = (–∞, 1]   
(d) domain = (–∞, 0], range = (–∞, 3]  
21. The range of the function y = [x2] – [x]2, x ∈ [0, 2]  
where [.] denotes the integral part, is 
(a) {0}  (b) {0, 1}   (c) {1, 2}   (d) {0, 1, 2} 

22. Let f(x) = (sin–1x)2 + (cos–1x)2  then 

(a)  Greatest value of f(x) is 5
8

2π  

(b)  Greatest value of f(x) is 7
4

2π  

(c)  Least value of f(x)  is π2

8
   

(d)  Least value of  f(x) is π2

12
  

23. The greatest and least values of (sin–1x)3 + (cos–1x)3  
are 

(a) 
π π3 3

32
7
32

,  (b) 7
8 32

3 3π π,

(c) −π π3 3

8
7

8
,  (d) π π3 3

8 32
,

section-ii
More than One Correct Answer Type

24. Let f(x) be a real valued function such that f ( )0 1
2

=   

and f(x + y) = f(x) f(a– y) + f(y) f(a – x) " x, y ∈ R  then 
for some real ‘a’
(a)   f(x) is a periodic function 
(b)   f(x) is a constant function

(c) f x( ) = 1
2      (d) f x x( ) cos=

2
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25. If f(x) = cos[p2] x + cos [–p2] x, where [.] is greatest 
integer function, then

(a) f π
2

1





= −    (b) f(p) = 1   

(c) f(–p) = 0   (d) f π
4

1





=   

26. Which of the following functions are periodic ? 

(a) f(x)= sgn (e–x)  

(b)  f x
x
x

( )
,
,

=




1
0

if is a rational number
if is an irrational number

(c) f x
x x

( )
cos cos

=
+

+
−

8
1

8
1   

(d) f x x x x( ) = +





+ −





+ −[ ]1
2

1
2

2   (where [ ⋅ ] denotes 

greatest integer function).

27. Range of f x x x( ) log ( ( sin cos ) )= + +
103 5 2 5 is 

(a)  [0, 1] (b)  [0, 3] 

(c) − ∞





, 1
3

   (d)  none of these

28. Which of the following functions f : R → R are 
bijective ?
(a) f(x) = x sinx (b) f(x) = x – sin2x  

(c) f x x x( ) = + 2   (d) f(x) = – x + cos2 x  

29. If  f : R → R given by  f(x) = x |x|, then f is 
(a) one-one  (b) onto  
(c)  bijective  (d) one-one but not onto 

30. The function f x
x
x

( ) =
−1
2   is

(a)  one-one in (2, ∞)  (b) one-one in (0, 1)  
(c)  one-one in (–∞, 0)  (d)  one-one in (1, 2)

31. p  is the fundamental period of

(a) 
1

1
+

+
sin

cos ( cosec )
x

x x    (b) |sinx| + |cosx|   

(c) sin 2x + cos 2x   (d) cos(sinx) + cos(cosx)  

32. A function f : R → R  is defined by 
f(x + y) – kxy = f(x) + 2y2 " x, y ∈ R
and f(1) = 2; f(2) = 8,  where k  is some constant, then   

f x y f
x y

( ).+
+







1
 is equal to (where x + y ≠ 0)

(a) 1 (b) 4 (c) k   (d) f(1)  

SeCTiOn-iii

Comprehension Type

paragraph for Question No. 33 and 34
Consider the function f : R → (0, ∞) defined by 
f(x) = 2x + 2|x|    

33. f(x)  is
(a)  one-one onto (b)  one-one into
(c)  many-one onto (d)  many-one into

34. The number of solutions of the equation f(x) = ln p  
is 
(a) 0  (b) 1   (c) 2  (d) 3  

paragraph for Question No. 35 to 37
Let f : R – {0, 1} → R be a function satisfying the relation 

f x f x
x

x( ) + −





=1
  for all x ∈ R – {0, 1} . Based on 

this, answer the following questions.

35. f(x) is equal to

(a) 
1
2

1
1

1x
x

x
x

+
−

− −





 (b) 
1
2

1
1

1x
x

x
x

−
−

+ −





  

(c) 
1
2

1
1

1x
x

x
x

−
−

− −





 (d) 
1
2

1
1

1x
x

x
x

+
−

+ −





   

36.  f(–1) is equal to

(a) 3
4

   (b) −3
4

 (c) 5
4

 (d) 
−5
4

   

37. f 1
2





  is equal to

(a) 5
4

   (b) 
−7
4

   (c) 7
4

    (d) 9
4

  

paragraph for Question No. 38 to 40
f(x) is a polynomial function f : R → R  such that 
f(2x) = f ′(x)·f ′′(x).

38. The value of f(3) is 
(a)  4 (b) 12  (c) 15  (d) 18 

39. f(x) is 
(a)  one-one and onto   (b) one-one and into 
(c)  many-one and onto  (d) many-one and into 

40. Equation f(x) = x has 
(a)  three real and distinct roots  
(b)  one real root 
(c)  four real and distinct roots   
(d)  two real and distinct roots 
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paragraph for Question No. 41 and 42
Let f : N → N (N being the set of positive integers) be 
a function defined by f(x) = the biggest positive integer 
obtained by reshuffling the digits of x. For example 
f(296) = 962. 

41. f is 
(a) one-one and onto (b) one-one and into
(c) many-one and onto (d) many-one and into

42. The biggest positive integer which divides f(n) – n, 
for all n ∈ N, is 
(a) 3 (b) 9 (c) 18 (d) 27

SeCTiOn-iV

Matrix-Match Type

43. 

column-I column-II
(A) Domain of f(x) =

log[ ( ) ( ) ]ax b a x b c x c3 2+ + + + +

If b2 – 4ac < 0, a > 0 is

(p)
−





1 5
4

,

(B) Domain of f(x) =
ln (tan–1((x3 – 6x2 + 11x – 6)
x(ex – 1))) is

(q)
R − 








1
5

1,

(C) Range of f x x x
x x

( ) = − +
+ −

2

2
3 2

6
 is (r) (–1, ∞)

(D) Range of f x x x( ) sin cos= +2
4 4

 
is

(s) (1, 2) ∪ (3, ∞)

44. Let f, g : R → R be the function defined by 
f(x) = x2 + 1 and g(x) = 2[x] – 1, where [x] is the largest 
integer ≤ x. Then match the items given in Column I 
with those in Column II.

column-I column-II

(A) ( )gof 1
2







(p) 3

(B) ( )fog 3
2







(q) 0

(C) ( )fogof 3
4







(r) 2

(D) ( )gofog 2
3







(s) 1

45. 

column-I column-II

(A)

If  f is a function such that 
f(0) = 2, f(1) = 3  and  
f(x + 2) = 2f(x) – f (x + 1), then 
f(5) is equal to

(p) 4

(B)
If f x x x

x x

f

( ) ,
,

,

( )

= ≥
<






=

2 0
0

13

for
for

then
(q) 3

(C) If f(x) + 2f(1 – x) = x2 + 2 for all 
x ∈ R, then f(5) is (r) 12

(D)

If f x
x

x( ) =
+

4
4 2

 for all x ∈ R,

then f k

k 71

6 





=
=
∑

(s) 13

46. Match the following

column-I
(Function)

here [⋅] denote g.i.f, {⋅} denote 
fractional part

column-II
(fundamental 

period)

(A) f x e x x x

x

( ) cos [ ]

cos

= + −

+

4

2

π

π
(p)

1
3

(B) f(x) = cos (2p{2x}) + sin (2p{2x}) (q)
1
4

(C) f(x) = sin(3p{x}) + tan(p[x]) (r) 
1
2

(D) f(x) = 3x – [3x + a] – b, where 
a, b ∈ R+ (s) 1

SeCTiOn-V

integer Answer Type

47. Let f(x, y) be a periodic function satisfying the 
condition f(x, y) = f(2x + 2y, 2y – 2x) " x, y ∈ R and 
let  g(x) be a function defined as  g(x) = f(2x, 0). If T is 
period of g(x), then find the value of T/4.

48. If [sin ]x x x x+ 





+ 





=
2

2
5

9
10π π π

 then the number of 

solutions in the interval (30, 40) is (where [.] is G.I.F.)
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49. If ‘f ’ is a polynomial function satisfying the condition 

f(tan x) + f(cot x) = f(tan x)·f(cot x) ∀ ∈ −





−x π π
2 2

0, { }

and f(2) = 9, then the value of 
′ ( )f 2
6

 is

50. f is a function such that f(x) + 2f(1 – x) = x2 + 1. 
Value of  f(3) is

51. If n is a natural number and  1 ≤ n ≤ 100, then the 

number of solutions of 
n n n n n n
2 3 5 2 3 5







+ 





+ 





= + +  

(where [.] denotes the greatest integer function) is

52. If f is a polynomial function satisfying  
2 + f(x)·f(y) = f(x) + f(y) + f(xy) " x, y ∈ R
and if f(2) = 5, then the value of f(f(1)) is 

53. Let

 
f x

y
f x

y
f x f

y
x y R+







+ −






= ( ) 




∀ ∈1 1 2 1 , ,

   
y ≠ 0 and f(0) = 0 then the value of f(1) + f(2) = 

solutions

1.  (b) : 2x + 2–x is always > 0 i.e., domain is R

 
y

x x

x x

x

x= −
+

= −
+

−

−
2 2
2 2

2 1
2 1

2

2

⇒ +
−

=1
1

2 2
2

2y
y

x.
( )Componendo and Dividendo

     = 22x > 0

⇒ +
−

> +
−

>1
1

0 1
1

0
2

2
y
y

i e y
y

. ., ( )

⇒ 1 – y2 > 0 ⇒    –1 < y < 1 

2. (d) : f x x x( ) sin sin= − +1
4 4

2

= − −







+ = − −





−











+sin sin sin2

2

4 4
1

4
1
2

1
4

1x x x

= − −





5
4 4

1
2

2
sin x

Maximum f x( ) = 5
4

Minimum f x( ) = − − −



 = − = −5

4
1 1

2
5
4

9
4

1
2

∴ = −





Range of f x( ) ,1 5
4

3.  (b) : The graph of y = x – [x] is as shown below.

When x is an integer, x – [x] = 0
[Q  x → [x] as x tends to an integer.]

Hence, f(x) = 0 when x is an integer

As x x
x

→
+

→ 11
1 2

,

Hence, the range of f(x) is 0 1
2

, .





4. (b) : [x + 2] ≠ 0  ⇒  [x] + 2 ≠ 0  ⇒  [x] ≠ –2
⇒ x should not belong to [–2, –1).
\ Domain of f is (–∞, –2) ∪ [–1, ∞).

5. (a) : We have, f x x
x

( ) = + +
+

−2
21 1

1
1

 ⇒ x
x

2
21 1

1
2+ +

+
≥ ≥[ . .]∵ A.M G.M

 ⇒ x
x

2
2
1

1
1+

+
≥    \  f(x) ∈ [1, ∞)

6. (b) : Let y = f(x) = (5 – (x – 8)5)1/3, then  
 y3 = 5 – (x – 8)5   ⇒    (x – 8)5 = 5 – y3   
⇒  x = 8 + (5 – y3)1/5  
Let, z = g(x) = 8 + (5 – x3)1/5  
Now, f(g(x)) = [5 – (x – 8)5]1/3  
 = (5 – [(5 – x3)1/5]5)1/3 = (5 – 5 + x3)1/3 = x 
Similarly, we can show that g(f(x)) = x
Hence, g(x) = 8 + (5 – x3)1/5  is the inverse of f(x).
7. (a) : f(x) = |x – 1| + |x – 2| + |x + 1| + |x + 2|  
when  x ∈ [–2, –1]
f(x) = – (x – 1) – (x – 2) – (x + 1) + x + 2 = – 2x + 4
when  x ∈ [–1, 1],
f(x) = – (x – 1) – (x – 2) + x + 1 + x + 2
 = – x + 1 – x + 2 + x + 1 + x + 2 = 6
when  x ∈ [1, 2],
f(x) = (x – 1) – (x – 2) + x + 1 + x + 2 = 2x + 4
Plotting the graph of the function, range of f(x) = [6, 8]
8. (c) : We have, 

f x x x
x x

x x
x x

x

( ) ( )= + +
+ +

= + + +
+ +

= +

+



 +

2

2

2

2 2
2
1

1 1
1

1 1

1
2

3
4
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We can see here that as x → ∞, f(x) → 1 which is the 

min. value of f(x). Also, f(x) is max. when x +





+1
2

3
4

2
  

is min. which is so when x = − 1
2

3
4

and then .

∴ = + =fmax /
1 1

3 4
7
3   ∴ = 





R f 1 7
3

,

9. (a) : We have f(x) = – x3 + x2 – x + cos–1x    
Domain = [–1, 1]  

′ = − + − −
−

<f x x x
x

( ) 3 2 1 1

1
02

2
 

\  'f ' is a decreasing function 
\  Min. of f(x) is f(1) = – 1 + 1 – 1 + 0 = – 1  
     Max. of f(x) is f(–1) = 1 + 1 + 1 + p = 3 + p  
\  Range = [–1, 3 + p] 

10. (a) : Let f x x( ) log sin ( )= − +







−
10

1 5 3
2
π

The function is defined if (i) x – 5 ≥ 0 

(ii) − ≤ − ≤1 5 1x  and  (iii) sin ( )− − + >1 5 3
2

0x π

Now (i)  ⇒ x ≥ 5
 (ii)  ⇒ 0 ≤ x – 5 ≤ 1  ⇒  5 ≤ x ≤ 6
 (iii) is satisfied by virtue of (ii).
Hence, considering (i) and (ii), we find that the domain 
of the function is Df = [5, 6].

Let andy x y x1
1

2
15 5 3

2
= − = − +− −sin ( ) sin ( ) π

so that y = log10(y2) where y y2 1
3
2

= + π
  

Now, for y1, since x ∈ [5, 6], y1 ≥ 0  so that 

0
2 2 21

1≤ ≤ − ≤ ≤





−y xπ π π
∵ sin ( )  

Consequently, 0 3
2

3
2 2

3
21+ ≤ + ≤ +π π π πy

⇒ ≤ ≤3
2

22
π πy

Q   log is an increasing function in given domain

⇒ 





≤ ( ) ≤ ( )log log log3
2

22
π πy

Hence, the range of f(x) is log , log3
2

2π π





11. (d) : x – 3 ≥ 0  ⇒  x  ≥ 3   
x x x− − − ≥ ≥2 2 3 0 3for 

⇒ − ≥ − − + − ≥x x x x2 2 3 2 2 3 0and
⇒ x2 – 8x + 16 ≥ 0  ⇒ (x – 4)2 ≥ 0 " x ∈ R    
Hence, Domain = [3, ∞)  

12. (b) : Let t x x t x= + = +



 − ∈ − ∞3 3 3

2
3 3

2
9
4

9
4

( ); [ , )

f(x) = g(t) = t(t + 2) = (t + 1)2 – 1 is least when t = –1

and − ∈ − ∞ ∴ = −1 9
4

1[ , ) min ( )f x

13. (a) : The function is defined if (i) sgn (x2) > 0 and 
(ii) [x] > 0 but [x] ≠ 1. 

We know that sgn ( )
,
,

,

x
x
x

x

2

2

2

1 0
0 0

1 0

=
>

=

− <










if
if

if

 

(i) Since sgn (x2) is non-negative, we have 
 x2 > 0   ⇒   x ∈ R – {0}  ...(A)
(ii)   ⇒ [x] = 2, 3, 4, …  \  x ∈ [2, ∞)   ...(B)
Hence,  Df = A ∩ B = [2, ∞)
14. (b) : The function f(x) is defined if 
(i) x2 – 5x + 10 > 0    
(ii)  1 – log10(x2 – 5x + 10) > 0
Now, (ii) ⇒ log10(x2 – 5x + 10) < 1 ⇒ x2 – 5x + 10 < 10
⇒ x2 – 5x < 0 ⇒ x(x – 5) < 0  ⇒  0 < x < 5  …(A)
Again, x2 – 5x + 10 > 0 for all x,  …(B)
Since the discriminant of the corresponding equation   
x2 – 5x + 10 = 0 is negative, so that the roots of the 
equation are imaginary.
Combining (A) and (B), we find that the domain of 
f(x) is (0, 5).
15. (b) 
16. (a) : The function is defined if (i) [x] > 0 and 

[x] ≠ 1 (ii) 
x
x

> 0   

(iii) (iv)log logx x
x
x

x
x[ ] [ ]≥ ≤ ≤0 0 1

Now, (i) [x] = 2, 3, … i.e. [x] ≥ 2  ⇒  x ≥ 2  i.e. the 
domain of the function is  [2, ∞).
For this value of x (≥ 2) (ii) is true,

(iii) is also true and log logx x
x
x[ ] [ ]= =1 0

Hence f x( ) cos ( )= =−1 0
2
π

Hence, the range of the function is π
2









. 

17. (c) : Let f x x x x( ) = + + = +



 + ≥2

23
4

1
2

1
2

1
2   

g(f(x)) = (f(x))2 + a f(x) + 1, for g(f(x)) = 0, we have

a f x
f x

= − +






≤ −( )
( )
1 2

\ If a > –2, g(f(x)) = 0 has no solution.
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18. (d) : For 0 ≤ f(x) ≤ 1, g(x) = 0    
For –1 ≤ f(x) < 0   

g x e
e

g x e
e

f x

f x( ) ( ) ,
( )

( )= −
+

⇒ ∈ −
+












2

2

2

2
1
1

1
1

0

∴ = −
+













Range of g x e
e

( ) ,1
1

0
2

2
  

19. (d) : It is given that 2x + 2y = 2 " x, y ∈ R  
Therefore, 2x = 2 – 2y < 2  ⇒  0 < 2x < 2 
Taking log on both sides with base 2.
⇒ log2 0 < log2 2x < log2 2    
Hence, domain is –∞ < x < 1   
20. (a) : ef(x) = e – ex  ⇒  f(x) = loge (e – ex)   
e – ex > 0  ⇒  e1 > ex  ⇒  x < 1  
Df = (–∞, 1) 
Let y = f(x) = loge (e – ex)   ⇒  ey = e – ex

⇒ ex = e – ey   ⇒   x = loge (e – ey)
⇒ e – ey > 0   ⇒  e1 > ey   \   y < 1
Rf = (–∞, 1)  
21. (d) : We have, y = [x2] – [x]2, x ∈ [0, 2]  

i e y
x x

x x
. .,

[ ],

[ ] ,
=

≤ <

− ≤ <







2

2

0 1

1 1 2

Now, [ ] ,
,

y x x
x

= − =
=







2 4 2
0 2

i e y

x

x
x

x
x

. .,

,

,
,

,
,

=

≤ <

− = ≤ <
− = ≤ <

− = ≤ <
=










0 0 1

1 1 0 1 2
2 1 1 2 3

3 1 2 3 2
0 2





Hence, the range is {0, 1, 2}

22. (c) : f x x x( ) (sin ) sin= − +− −2
4

1 2 1
2

π π
  

 
= −



 +−2

4 8
1

2 2
sin x π π

  
⇒ ∈







f x( ) ,π π2 2

8
5

4
23. (b) :    

(sin ) (cos ) sin cos− − − −+ = 





− 





1 3 1 3
3

1 1
2

3
2

x x x xπ π

 
= − −





− −π π π3
1 1

8
3
2 2

sin sinx x

= + −







−π π π3
1

2

32
3
2 4

sin x

minimum maximum= =π π3 3

32
7

8
,

  

24.  (a, b, c) : f(x + y) = f(x) f(a – y) + f(y) f(a – x)      ...(1)

Put x  = y = 0, we get f a( ) = 1
2

  
Put y = 0, we get
f(x) = f(x)·f(a) + f(0)f(a – x)  ⇒   f(x) = f(a – x)    
Put y = a – x in equation (1), we get
f(a) = (f(x))2 + (f (a – x))2

⇒ ( ) = ± ( ) ≠ −







f x f x1
2

1
2  

Hence, f x( ) = 1
2   

25. (a, c) : 9 < p2 < 10  ⇒   [p2] = 9   
–10 < –p2 < –9   ⇒   [–p2] = – 10
f(x) = cos 9x + cos(–10)x = cos 9x + cos 10 x  

f f fπ π π π
2

5 1 0 0





= = − ( ) = −( ) =cos , ,
 

f π
4

1
2







=

26. (a, b, c, d) : (a) f(x) = sgn (e–x)  
e–x > 0 for every real x 
Every constant function is a periodic function.
(b) Let T > 0 be a rational number then 

 
f x T

x Q
x Q

f x( )
,
,

+ =
∈
∉





= ( )1
0

f(x) is a periodic function. 

(c)  f x
x x

x x
x

( ) =
+

+
−

=
−

= =

8
1

8
1

16
1

4 42

cos cos

cos sin
cosec

This is a periodic function.

(d) 
 

f x x x x( ) = +





+ −





+ −[ ]1
2

1
2

2

= + − +







+ − − −













+ − − −{ }( ) = − +



x x x x

x x x

1
2

1
2

1
2

1
2

2 1
2





− −







− −{ }x x1
2

2
  

Since {.} is a periodic function, hence this function is 
periodic.

27. (d) : We know that 
− ≤ + ≤ ∀ ∈5 2 5sin cos ,x x x R

⇒ − ≤ +( ) ≤5 5 2 5sin cosx x

⇒ ≤ +( ) + ≤0 5 2 5 10sin cosx x
⇒ − ∞ < + + ≤log ( ( sin cos ) )

103 5 2 5 3x x

Hence range is (–∞, 3)  
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28. (b, d) :  (a) f is not one-one as f cuts x-axis twice in 
(0, 2p]  
In fact f is continuous and achieves every real number 
infinite times.
(b)  f is monotonic as f ′(x) = 1 – sin2x ≥ 0 " x ∈ R
and lim ; lim

x x
f f

→ − ∞ → ∞
= − ∞ = ∞  \  f  is continuous. 

Hence, f  is bijective.

(c) f x x x
x x

x
( ) | |

,
,

= + =
≥
≤





2 0
0 0

if
if

  is not one-one as f 

is a constant function for x ≤ 0  
(d) f is monotonic as f ′(x) ≤ 0 " x ∈ R and as in (b), f is 
bijective.

29. (a, b, c) : f x x x
x

( ) ,
,

= ≥
<







2 0
0 0

x2 ≥ 0, – x2 < 0   ⇒   Range = R  ⇒   f is onto.
For  x > 0, x1

2 = x2
2  ⇒  x1 = x2

For x < 0, –x1
2 = –x2

2   ⇒  x1 = x2,  Hence  f is one-one.

30. (a, b, c, d) : f x
x
x

x
x

x x

x
x

x
( )

, ,

,
=

−
=

− < ≠

− ≥










1
1 1 0

1 1
2

2

2

   

⇒ ′ =

− < ≠

− >










f x

x
x

x x

x
x

x
( )

, ,

,

2 1 0

2 1

3

3

′ < ⇒

− < < ≠

− < >










f x

x
x

x x

x
x

x
( )

, ,

,
0

2 0 1 0

2 0 1

3

3 
⇒ x ∈ (– ∞, 0) ∪ (0, 1) ∪ (1, 2) ∪ (2, ∞) 

31. (a, c) : Let f x x
x x

( ) sin
cos ( )

= +
+

1
1 cosec

  

         
= +

+
= ≠( sin )sin

cos ( sin )
tan ,1

1 2
x x

x x
x x nπ

  
Clearly, f(x)  has p  as fundamental period.
Let f(x) = |sinx| + |cosx|
f(p + x) = |sinx| + |cosx| = f(x) 

f x x x f xπ
2

+





= + =cos sin ( )   

⇒ π
2

 is the fundamental period.

Let f(x) = sin 2x + cos 2x
f(p + x) = sin 2x + cos 2x = f(x)

f x x x f xπ
2

2 2+





= − − ≠sin cos ( )

⇒ p is the fundamental period.
Let f(x) = cos(sinx) + cos (cosx)
f(p + x) = cos(sinx) + cos(cosx)

f x x xπ
2

+





= +cos(cos ) cos(sin )

⇒ fundamental period is π
2

.

32. (b, c) : Given, f(x + y) – kxy = f(x) + 2y2

Replace y by – x, then f(0) + kx2 = f(x) + 2x2  
⇒ f(x) = f(0) + kx2 – 2x2   ...(1)
Now, f(1) = f(0) + k – 2 = 2   ⇒   f(0) = –k + 4
and  f(2) = f(0) + 4k – 8 = 8   ⇒  f(0) = –4k + 16 
Which give  k = 4 and f(0) = 0  
Thus, from (1), f(x) = 2x2

∴ +
+







= =f x y f
x y

k( ) 1 4

33. (d)

34.  (a) : We have f(x) = 2x + 2|x|

For x ≥ 0, f(x) = 2·2x   
And for x < 0; f(x) = 2x + 2–x 
and  in this case

f x x x
x

x′ = − = −









−( ) ln ln ln2 2 2 2 2 2 1
2

2

    
= + − <ln .( )( )2

2
2 1 2 1 0x

x x
 

So, f(x) is decreasing in x ∈ (–∞, 0) and increasing in 
x ∈ (0, ∞).  
So, f(x)  is many – one.
Also, Range of f(x) is [2, ∞)  
\ f  is many – one into.
Since ln p < 2  
So, the equation 2x + 2|x| = ln p has no solution.

35.  (a)  36.  (d)  37.  (c)

(35-37) : Given that, f x f x
x

x( ) + −





=1
      ....(1)

For all x ≠ 0, 1 replacing x with x
x
− 1  on both sides, 

we get

f x
x

f
x x

x x
x

x
−





+
−( )[ ]−

−( )






= −1 1 1
1

1/
/

That is f x
x

f
x

x
x

−





+
−







= −1 1
1

1
  .....(2)

Again replacing x with 
x

x
− 1

, we get

f
x

f x
x

1
1

1
1−







+ =
−

( )
 

    .....(3)
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Then by taking eq. (1) + eq. (3) – eq. (2), we get

 
2 1

1
1f x x

x
x

x
( ) = +

−
− −

    

or  f x x
x

x
x

( ) = +
−

− −





1
2

1
1

1
    .....(4)

Substituting x = –1 and x = 1
2

   in eq. (4) we get the 

solutions for Q.No. 36 and Q. No. 37.
38. (b) : Suppose degree of f(x) is n, then the degree of 
f ′ is (n – 1) and degree of  f ′′ is (n – 2). 
So, n = (n – 1) + (n – 2)  ⇒  n = 3 
Hence, f(x) = ax3 + bx2 + cx + d 
Given,  f(2x) = f ′(x)· f ′′(x)
⇒ 8ax3 + 4bx2 + 2cx + d = (3ax2 + 2bx + c)(6ax + 2b)
Comparing coefficients of terms, we have 
a = 4/9, b = 0, c = 0 and d = 0

⇒ =f x x( ) 4
9

3
  ⇒  f(3) = 12    

39. (a)  one-one and onto 

40. (a) 
4

9
0 3

2

3x x x= ⇒ = ±,

41. (d) : As f(296) = f(962), f is many-one. 
Further the numbers whose digits increase from left to 
right (for example) have no pre-image. 
Hence f is into. 
42. (b) : It is easy to see that the remainder, when a 
positive integer is divided by 9, is the same as the sum 
of the digits of the number (until the sum becomes 
a one digit number). Thus f(n) and n leave the same 
remainder, when divided by 9. Hence 9 divides f(n) – n. 
Further there is no reason to expect that the number 
is divisible by 27. The number f(n) – n is not divisible 
by 18 also, in case f(n) – n is odd. 
Hence 9 is the biggest number. 
By the definition of f, digits of f(x) are non-increasing 
from left to right. 

43. A → r, s;  B → s; c → q, s;  D → p
(A) f(x) = log(x(ax2 + bx + c) + (ax2 + bx + c).
        = log(x + 1)(ax2 + bx + c)
\ domain of f(x) = (–1, ∞)
as ax2 + bx + c > 0  " x (since a > 0, D < 0)
(B) For ln (tan–1 (x – 1)(x – 2)(x – 3)x(ex – 1)) to be 
defined x(ex – 1)(x – 1)(x – 2)(x – 3) > 0
⇒ x ∈ (1, 2) ∪ (3, ∞)

(c) y f x x
x

x= = −
+

≠ −( ) ,1
3

2 3for  

and andx y
y

y x y= +
−

≠ → ⇒ →3 1
1

1 2 1
5

∴ = − 







Range of  f x R( ) ,1 1
5

(D) f x x x x( ) cos cos cos= − + = − −





1
4 4

5
4 4

1
2

2
2

⇒ − ≤ ≤1 5
4

f x( )

44. A → s;  B → r; c → r;  D → p

(A) gof g f g( ) 





= 











= 





= ( ) − =1
2

1
2

5
4

2 1 1 1

(B)
 

fog f g f( ) 





= 











= ( ) = + =3
2

3
2

1 1 1 22

(c)
 

fogof fog f fog f g( )





= ( ) 











= ( )





=3
4

3
4

25
16

25
166













 = f(1) = 12 + 1 = 2

(D)
 

gofog gof g gof g f( ) 





= 











= − = −2
3

2
3

1 1( ) ( )( ) [ ( )]

           = g(2) = 2 × 2 – 1 = 3
45. A → s;  B → s; c → q;  D → q  
(A) Given, f(0) = 2, f(1) = 3
and f(x + 2) = 2f(x) – f(x + 1)
Put x = 0
f(2) = 2f(0) – f(1) = (2 × 2) – 3 = 1
Put x = 1
f(3) = 2f(1) – f(2) = (2 × 3) – 1 = 5
Put x = 2
f(4) = 2f(2) – f(3) = (2 × 1) – 5 = –3
Put x = 3
f(5) = 2f(3) – f(4) = (2 × 5) – (–3) = 13

(B) 13 0 13 13 132> ⇒ = =f ( ) ( )
(c) Given, f(x) + 2f(1 – x) = x2 + 2, " x ∈ R ...(1)
Replace x by 1 – x
f(1 – x) + 2f(x) = (1 – x)2 + 2   ...(2)
Multiply eq (2) by 2
2f(1 – x) + 4f(x) = 2(1 – x)2 + 4   ...(3)
(3) – (1)   ⇒   3f(x) = 2(1 – x)2 – x2 + 2
Put x = 5, we get  f (5) = 3

(D) We have f x
x

x( ) =
+

4
4 2

⇒ − =
+

=
+

−

−f x
x

x
x

x

( )1 4
4 2

4
4

4
4

2

1

1 =
+

=
+

4
4 2 4

2
4 2. x x

\ f(x) + f(1 – x) = 1
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⇒ 





+ 





=f f1
7

6
7

1    ...(i)

 f f2
7

5
7

1





+ 





=    ...(ii)

 f f3
7

4
7

1





+ 





=    ...(iii)

Adding (i), (ii) and (iii), we get

 
f k

k 7
1 1 1 3

1

6 





= + + =
=
∑

46.   A → s;  B → r; c → s;  D → p  

(A)  e x x xxcos [ ] cos
4 2π π+ − +

cos4 px, cos2 px, x – [x] are periodic with period 1
\ Period of  f(x) is 1.
(B) f(x) = cos 2p {2x} + sin 2p {2x}   
Since {2x} is periodic with period 1/2 

∴ Period of isf x( ) .1
2

(c) f(x) = sin 3p {x} + tan p[x]  
Clearly  tan p [x] = 0 " x ∈ R and period of {x} is 1
sin 3p {x} is periodic with period 1.  
(D) For f(x) = x – [x + a] – b = (x + a) – [x + a] – (a + b)  
= {x + a} – (a + b), which is periodic with period 1.
\ For f(x) = 3x – [3x + a] – b  
 = (3x + a) – [3x + a] – (a + b) = {3x + a} – (a + b)
Which is periodic with period 1/3
47. (3) : f(x, y) = f(2x + 2y, 2y – 2x) = f(2(2x + 2y) 

+ 2(2y – 2x), 2(2y – 2x) – 2(2x + 2y)
   = f(8y, –8x)
   = f(8(–8x), –8(8y)) = f(–64x, –64y)
   = f(–64 (–64x), –64(–64y))
   = f(212x, 212y)
f(x, y) = f(212x, 212y)
f(x, 0) = f(212x, 0)
g(x) = f(2x, 0) = f(2122x, 0)
 = f(2x + 12, 0) = g(x + 12)

⇒ g(x) = g(x + 12) ⇒ = ⇒ =Period of ( )isg x T T12
4

3

48. (1) : [sin ]x x x x x= − 





+ − 



2 2

2
5

2
5π π π π

    

Number of solution = 1.
49. (2) : Putting tan x = t, we get f(t) is a polynomial 
function of the form, f(t) = ± tn + 1  
When t =2, f(2) = 9   ⇒   n = 3
\ f(t) = t3 + 1   ⇒   f ′ (t) = 3t2

′ = ∴ ′ =f f( ) ( )2 12 2
6

2   

50. (0) : f(x) + 2f(1 – x) = x2 + 1   
\ f(1 – x) + 2f(x) = (1 – x)2 + 1 = x2 – 2x + 2
Solving we get, 3f(x) = x2 – 4x + 3 
f(3) = 0
51. (3) : From the given equation, we have 

n n n n n n
2 2 3 3 5 5

0− 











+ − 











+ − 











=
  

⇒ 







+ 







+ 







=n n n
2 3 5

0; {.}where is a fractional part

But each of the fraction part function is positive and their 
sum is zero. Hence, each of the fraction part function is 

zero. Consequently, each of n n n
2 3 5

, ,   is an integer. The 

1.c.m. of 2, 3, 5 is 30. Therefore we can take n = 30k, 
where k is an integer. 
Hence the number of solutions such that 1 ≤ n ≤ 100  is 
= 3 (n = 30, 60 and 90).
52. (5) : 2 + f(x)·f(y) = f(x) + f(y) + f(xy) " x, y ∈ R....(i) 
f(2) = 5

Put ii)y
x

f x f
x

f x f
x

f= ⇒ + 





= + 





+1 2 1 1 1( ). ( ) ( ) ...(

Put x = 1  ⇒   2 + f(1)·f(1) = f(1) + f(1) + f(1)
⇒ [f(1)]2 – 3·f(1) + 2 = 0
⇒ [f(1) – 2][f(1) – 1] = 0
As f(2) = 5  ⇒  f(1) ≠ 1   ⇒   f(1) = 2

(ii) ⇒ + 





= + 





+2 1 1 2f x f
x

f x f
x

( ). ( )

⇒ f(x) = ± xn + 1  
Since f(2) = 5  ⇒  n = 2  ⇒  f(x) = x2 + 1
\ f(f(1)) = f(2) = 5 

53. (0) : Let f x
y

f x
y

+






+ −






1 1
 ...(i)

  
=






∀ ∈2 1f x f

y
x y R( ). ,

Given f(0) = 0 

(i) put x = 0, y
x

= 1
, we get

 f(x) + f(–x) = 2f(0) f(x)
⇒ f(x) + f(–x) = 0   ⇒   f(x) = –f(–x)  ...(ii)
 put x = 1, y = 1 in (i) ⇒  f(2) + f(0) = 2[f(1)]2

⇒ f(2) = 2[f(1)]2     ...(A)
 put x = –1, y = –1 in (i) 
⇒ f(–2) = 2f(–1)f(–1)   ⇒  –f (2) = 2(f(1)2 ...(B)
For (A) and (B), f(2) = –f(2)  ⇒   f(2) = 0   ⇒  f(1) = 0
\ f(1) = f(2) = 0 \   f(1) + f (2) = 0

nn
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1. If tan(x + y) = 33 and x = tan–1 3, then y is

(a) 3
10

 (b) 33
10

 (c) 1
3

 (d) tan−1 3
10

2. lim
x

a x bx x ax
→∞

+ + −( ) =2 2

(a) 
b
a2  (b) b

a
 (c) 0 (d) 2b

a
 

3. The solution of 6
4 1

1
2

x
x −

< is

(a) x < −1
8  (b) − < <1

8
1
4

x

(c) x x< − >1
8

1
4

and  (d) x > 1
8

4. If A =
−









cos sin
sin cos

θ θ
θ θ

and AT + A = I2, then

(a) q = np, n ∈ Z (b) q = (2n + 1) 
π
2

, n ∈ Z

(c) q = 2
3

nπ π± , n ∈ Z (d) None of these

5. If A and B are 2 matrices such that AB = A and  
BA = B, then B2 is equal to
(a) B (b) A
(c) zero matrix  (d) 1

6. Given 5 line segments of lengths 2, 3, 4, 5, 6 units. 
Then, the no. of triangles that can be formed by joining 
these segments is
(a) 5C3 – 3 (b) 5C3
(c) 5C3 – 1 (d) 5C3 – 2

7. How many numbers greater than 10,00,000 be 
formed from 2, 3, 0, 3, 4, 2, 3?  
(a) 420 (b) 360
(c) 400 (d) 300

8. An urn contains 9 balls, 2 of which are white, 3 
blue and 4 black. 3 balls are drawn at random from the 
urn. The chance that 2 balls will be of the same colour 
and the third of a different colour is

(a) 45
84

 (b) 
55
84  (c) 35

84
 (d) 25

84

9. 6 boys & 6 girls sit in a row at random. The 
probability that all the girls sit together is

(a) 1
432

 (b) 
12
431

(c) 1
132

 (d) None of these

10. Three dice are rolled once. The chance of getting a 
score of 5 is

(a) 
5

216  (b) 1
6

 (c) 1
36

 (d) 
1

72

11. A bag contains 3 white, 4 black, 2 red balls. If 2 
balls are drawn at random, then the probability that 
both the balls are white, is 

(a) 1
18

 (b) 1
36

 (c) 
1

12  (d) 
1

24

12. If two sets A and B have 99 elements in common, 
then the number of elements common to the sets A × B 
and B × A is
(a) 299 (b) 992 (c) 100 (d) 18

13. If f(x) = ex and g(x) = log ex, then which of the 
following is TRUE?
(a) f{g(x)} ≠ g{f(x)} (b) f{g(x)} = g{f(x)}
(c) f{g(x)} + g{f(x)} = 0 (d) f{g(x)} – g{f(x)} = 1

14. The number of bijective functions from the set A to 
itself, if A contains 108 elements is
(a) 108 (b) (108)! (c) (108)2 (d) 2108

15. If y = |cos x| + |sin x|, then dy
dx

at x = 2
3
π is 

(a) 1 3
2

−  (b) 0

(c) 1
2

3 1−( )  (d) None of these

COMEDKCOMEDK
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16. If a, b, c are in A.P., then the value of the determinant 
x x x a
x x x b
x x x c

+ + +
+ + +
+ + +

2 3 2
3 4 2
4 5 2

is

(a) 0 (b) 1 (c) x  (d) 2x

17. If A
a

a
a

=
















0 0
0 0
0 0

, then det(adj A) is

(a) a27 (b) a9 (c) a6 (d) a2

18. The differential equation of the family of parabolas 
y2 = 4ax, where a is parameter, is

(a) 
dy
dx

y
x

=
2  (b) 

dy
dx

y
x

= −
2

(c) dy
dx

y
x

= −
2  (d) dy

dx
y
x

=
2

19. If dy
dx

y x y
x

x
=

+ tan
,  then sin y

x




 =

(a) cx2 (b) cx (c) cx3 (d) log x

20. The general solution of the D.E. dy
dx





  + y⋅g′(x)  

= g(x)⋅g′(x), where g(x) is a given function of x is
(a) g(x) + log(1 + y + g(x)) = C 
(b) g(x) + log(1 + y – g(x)) = C
(c) g(x) – log(1 + y – g(x)) = C
(d) g(x) – log(1 – y + g(x)) = C

21. The product of the degree and order of the D.E. 

d y
dx

dy
dx

y
2

2

2 3
3







 −





 =  is       

(a) 4 (b) 6 (c) 2 (d) 3

22. ( cos )x x e dxx27

1

1
+ =

−
∫

(a) 2 1e
e
−  (b) e

e
+ 1  (c) e

e
− 1

 (d) 1
e

23. The value of the integral 
x x

x x
dx

n

n n
sin

sin cos

2

2 2
0 +∫
π

is

(a) p2 (b) 2p2 (c) π2

4
 (d) π2

2

24. x
x x

dx
3

3
1−

+
=∫

(a) x – log x + log (x2 + 1) – tan–1 x + c

(b) x – log x + 
1
2 log (x2 + 1) – tan–1 x + c

(c) x + log x + log(x2 + 1) – tan–1 x + c

(d) x + log x + 1
2

log(x2 + 1) – tan–1 x + c

25. If 
cos

tan cot
cos ,

8 1
2 2

8
x

x x
dx a x c

+
−

= +∫ then a = 

(a) − 1
16

 (b) 1
8

 (c) 1
16

 (d) − 1
8

26. If x f x dx A f x dx(sin ) (sin ) ,
/

= ∫∫
0

2

0

ππ
 then A is

(a) 0 (b) 2p (c) 
π
4  (d) p

27. cot–1(21) + cot–1(13) + cot–1(–8) =
(a) 0 (b) cot–126
(c) p (d) None of these

28. tan cos sin− −





− 











1 11
5 2

4
17

 is

(a) 
29
3  (b) 

29
3  (c) 3

29
 (d) 3

29

29. 113 + 123 + 133 + ..............+ 203 is
(a) an even integer 
(b) an odd integer divisible by 5
(c) multiple of 10
(d) an odd integer but not a multiple of 5

30. If a class of 175 students the following data 
shows the number of students opting one or more 
subjects. Mathematics 100, Physics 70, Chemistry 
40, Mathematics and Physics 30, Mathematics and 
Chemistry 28, Physics and Chemistry 23, Mathematics, 
Physics and Chemistry 18. The number of students who 
have opted Mathematics alone is     
(a) 35 (b) 48 (c) 60 (d) 22

31. If a set A has 4 elements, then the total number of 
proper subsets of set A, is 
(a) 16 (b) 14 (c) 15 (d) 17

32. The mean and variance for the data 6, 7, 10, 12, 13, 
4, 8, 12 respectively are
(a) 8, 26 25.  (b) 9, 9 25.
(c) 8, 26.25 (d) 9, 9.25

33. The medians AD and BE of a triangle with vertices 
A(0, b), B(0, 0) & C(a, 0) are perpendicular to each other, 
if

(a) a b=
2

 (b) b a=
2

 (c) ab = 1 (d) a = ± 2 b

34. Let a and b be non-zero reals such that a ≠ b. Then 
the equation of the line passing through the origin and 

the point of intersection of x
a

y
b

+ = 1and x
b

y
a

+ = 1  is 
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(a) ax + by = 0 (b) bx + ay = 0
(c) y – x = 0 (d) x + y = 0

35. A straight line meets the coordinates axes at A and 
B, so that the centroid of the triangle OAB is (1, 2). Then 
the equation of the line AB is          
(a) x + y = 6 (b) 2x + y = 6
(c) x + 2y = 6 (d) 3x + y = 6

36. The direction ratios of the line which is 

perpendicular to the lines x y z− =
+
−

= −7
2

17
3

6
1

 and  
x y z+ =

+
= −

−
5

1
3

2
4

2
are

(a) < 4, 5, 7 > (b) < 4, –5, 7 >
(c) < 4, –5, –7 > (d) < –4, 5, 7 >

37. A line making angles 45° and 60° with the positive 
directions of the axis of x and y, makes with the positive 
direction of z-axis, an angle of
(a) 60° (b) 120°
(c) 60° and 120°  (d) None of these

38. The number of solutions of the equation  

|cot x| = cot x + 1
sin

,
x

 (0 ≤ x ≤ 2p) is

(a) 0 (b) 1 (c) 2 (d) 3

39. sin sin

sin cos

x x

x x

−

−

3
2 2  is equal to

(a) – 2 sin x (b) 2
sin x

 (c) 1
sin x

 (d) 2 sin x

40. In a DABC, cosec A(sin B cos C + cos B sin C) =
(a) 0 (b) 1
(c) –1 (d) None of these

41. Given two vectors i j i j   − −and 2 .  The unit vector, 
coplanar with the two given vectors and perpendicular 
to ( )i j −  is

(a) 1
2

i j +( )  (b) 
1
5

2i j +( )

(c) ± +( )1
2

i j   (d) None of these

42. If 
  a b c, , are three non-zero vectors such that each 

one of them are perpendicular to the sum of the other 
two vectors, then the value of | |  a b c+ + 2 is
(a) | | | | | |  a b c2 2 2+ +  (b) | | | | | |  a b c+ +

(c) 2 2 2 2| | | | | |  a b c+ +( )  (d) 1
2

2 2 2| | | | | |  a b c+ +( )
43. The slant height of a cone is fixed at 7 cm. If the 
rate of increase of its height is 0.3 cm/sec, then the rate 
of increase of its volume when its height is 4 cm is

(a) π
2

cc/sec  (b) p cc/sec

(c) π
5

cc/sec  (d) 
π

10
cc/sec

44. If S2 = at2 + 2bt + c, then acceleration is 
(a) Directly proportional to S
(b) Inversely proportional to S
(c) Directly proportional to S2

(d) Inversely proportional to S3

45. A ladder 5 m long is leaning against a 
wall. The bottom of the ladder is pulled along 
the ground away from the wall, at the rate of  
2m/sec. The speed at which its height on the wall 
decreases when the foot of the ladder is 4 m away from 
the wall is     

(a) 3
8

m/sec  (b) 
8
3

m/sec

(c) 5
3

m/sec  (d) 
2
3

m/sec

46. The angle between the curves y2 = 4ax and  
ay = 2x2 is

(a) tan−1 3
4  (b) tan−1 3

5

(c) tan−1 4
3  (d) tan−1 5

3

47. Area bounded by the curve y = x3, the x-axis and 
the ordinates at x = – 2 and x = 1, is                           

(a) – 9 sq. units (b) − 15
4

sq. units

(c) 15
4

 sq. units (d) 17
4

 sq. units

48. The area in square units bounded by the normal 
at (1, 2) to the parabola y2 = 4x, x-axis and the curve is 
given by

(a) 10
3

   (b) 
7
3

(c) 4
3

     (d) None of these

49. Area bounded by the y axis, y = cos x, 
 y = sin x when 0

2
≤ ≤x π  is

(a) 2 1−  (b) 2 2 1−( )
(c) 2 1+( )  (d) 2
50. The area in square units of the region bounded by 
y2 = 9x and y = 3x is

(a) 2 (b) 1
4

 (c) 
1
2  (d) 1
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51. The expression 

 1
3 1

1 3 1
2

1 3 1
2

7 7

( )x
x x

+
+ +



 − − +

















is a polynomial in x of degree
(a) 7 (b) 5 (c) 4 (d) 3

52. Amplitude of the complex number i sin π
19





  is

(a) π
19

 (b) − π
19

 (c) 
π
2  (d) 

π π
2 19

−

53. The maximum area in square units of an isosceles 

triangle inscribed in an ellipse x
a

y
b

2

2

2

2 1+ = with its 

vertex at one end of the major axis is

(a) 3 ab  (b) 3 3
4

ab

(c) 5 3
4

ab  (d) None of these

54. If f(x + y) = f(x) f(y) for all x and y and f(5) = 2,  
f ′(0) = 3, then f ′(5) is
(a) 5 (b) 6
(c) 0 (d) None of these

55. If f(x) = log x2 (log x), then f ′(x) at x = e is

(a) 0 (b) 1 (c) 1
e

 (d) 
1
2e

56. The value of c in Lagrange’s theorem for the 

function f(x) = log (sin x) in the interval π π
6

5
6

,





is

(a) π
4

 (b) 
π
2

(c) 2
3
π  (d) None of these

57. If A =










1 0
1 1

 and A8 = aA + bI, then (a, b) =

(a) (8, 7) (b) (–7, 8) (c) (8, – 7)  (d) (–8, – 7)

58. log x dx
e

1
∫ =

(a) 1 (b) e – 1  (c) e + 1 (d) 0

59. The shortest distance between the lines 
x y z− =

−
−

= −3
3

8
1

3
1

 and 
x y z+
−

=
+

= −3
3

7
2

6
4  is  

(a) 30  (b) 2 30  (c) 5 30  (d) 3 30

60. If in the expansion of (1 + px)n, n ∈ N, the coefficient 
of x and x2 are 8 and 24, then
(a) n = 3, p = 2 (b) n = 5, p = 3
(c) n = 4, p = 3 (d) n = 4, p = 2

solutions

1. (d)

2. (None of the options is correct) : We have,

lim
x

a x bx x ax
→∞

+ + −( )2 2

= + + − ×
+ + +

+ + +











→∞

lim
x

a x bx x ax
a x bx x ax

a x bx x ax
2 2

2 2

2 2

= + +( ) −

+ + +
























=

→∞

→∞

lim

lim (

x

x

a x bx x a x

x a b
x x a

2 2 2 2

2 1

bb x

x a b
x x a

+

+ + +






















1
12

)

= +b
a
1

2

3. (b) : Given inequality is,

 6
4 1

1
2

x
x −

<   ⇒  12
4 1

1x
x −

<

⇒ 12
4 1

1 0x
x −

− <   ⇒  8 1
4 1

0x
x

+
−

<  ...(i)

For above inequality (i), we have two cases either  
(I) 8x + 1 > 0, 4x – 1 < 0
or   (II) 8x + 1 < 0, 4x – 1 > 0

From (I), we get x x> − <1
8

1
4

,  

\ x ∈ −





1
8

1
4

,    ...(ii)

From (II), x x< − >1
8

1
4

, ,  both of which cannot be true

\ (ii) represent the solution set of given inequality.
4. (c)

5. (a) : We have, BA = B
⇒ (BA)B = BB  ⇒  B(AB) = B2

⇒ BA = B2 ⇒  B = B2

6. (a) : To form a triangle, 3 line segments are 
needed.
We can choose 3 line segments from 5 line segments in 
5C3 ways.
We know that in a triangle, sum of two sides is always 
greater than third side.
So, line segments of length (2, 3, 5), (2, 3, 6) and (2, 4, 6) 
do not form any triangle.
\ Total number of triangles formed = 5C3 – 3

7. (b) : Number of numbers formed =
×
×

6 6
2 3

!
! !

    = 360
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8. (b) : Let E1, E2 and E3 be the events such that 
drawn ball is white, blue and black respectively.
\ The required probability 
= +

+

3
1 1 1 1

3
1 2 2 2
3

1 3 3 3

P P

P

P E P E P E P E P E P E

P E P E P E

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

= × × × × × × × + × × ×3 2
9

1
8

7
7

3 3
9

2
8

6
7

3 4
9

3
8

5
7

= + +
× ×







= ×
× ×

=3 14 36 60
9 8 7

3 110
9 8 7

55
84

9. (c) : 6 boys and 6 girls sit in a row in 12! ways.
Number of ways when all six girls sit together 
         = 7! × 6!

\ Required probability =
×7 6

12
! !

!
 = 1

132
 

10. (c)

11. (c) : Total number of balls = 9

Probability of drawn two white balls  = ×3
9

2
8

= 1
12

12. (b) 

13. (b) : We have, f(x) = ex and g(x) = log ex

Now, f(g(x)) = f(log ex) = elog ex = ex

and g(f(x)) = g(ex) = log eex = ex log e = ex

Hence, f(g(x)) = g(f(x))

14. (b) : Since number of one-one onto functions 
from a set A having n elements to itself is n!.
15. (c) : We have, y = |cos x| + |sin x|

At x = 2
3
π ,  cos x is – ve and sin x is +ve

\ y = – cos x + sin x

⇒ dy
dx

x x= +sin cos

\ dy
dx xat /3=

= 



 + 



 = − = −

2

2
3

2
3

3
2

1
2

3 1
2π

π πsin cos

16. (a)

17. (c) : Since A
a

a
a

=
















0 0
0 0
0 0

  ⇒  |A| = a⋅a⋅a = a3

Using formula |adj A| = |A|n–1, we get
det (adj A) = (a3)3–1 = (a3)2 = a6

18. (a)

19. (b) : We have, dy
dx

y x y
x

x
=

+ tan
 ...(i)

Given differential equation is in homogeneous form
\ Put y = vx in  (i), we get

 v x dv
dx

v v+ = + tan  ⇒ 1
tanv

dv dx
x

=

Taking integration on both sides, we get
 log (sin v) = log x + log c

⇒ log sin logv
x

c=  ⇒  sin y
x

xc



 =

20. (b) : Given D.E. is

 
dy
dx

y g x g x g x+ ⋅ ′ = ⋅ ′( ) ( ) ( )

This is in the form of linear differential equation

So, I.F. = ∫ =′e eg x dx g x( ) ( )

Required solution is
 y⋅eg(x) = ∫g(x)⋅g′(x)⋅eg(x) dx + C
Put g(x) = t  ⇒  g′(x) dx  = dt
\ y⋅eg(x) = ∫tet dt + C′
⇒ y⋅eg(x) = tet – et + C′
⇒ y⋅eg(x) = (g(x) – 1)eg(x) + C′
or (y – g(x) + 1)eg(x) = C′
Taking log on both sides, we get
 g(x) + log (1 + y – g(x)) = C

21. (a)  22. (c) 23. (c)

24. (b) : Let I = 
x
x x

dx x
x x

dx
3

3 3
1 1 1−

+
= − +

+




∫∫

= − +
+

= − +
+∫ ∫ ∫1 1

1
1

12 2dx x
x x

dx x x
x x

dx
( ) ( )

 ...(i)

Now x
x x

A
x

Bx C
x

+
+

= + +
+

1
1 12 2( )

 

(By using partial fractions)
⇒ x + 1 = A(x2 + 1) + (Bx + C)x
⇒ x + 1 = (A + B)x2 + Cx + A
Comparing coefficients of x2, x and constant, we get
 A + B = 0, C = 1, A = 1
⇒ B = – 1
\ From (i), we get

 
I x

x
dx x

x
dx= − 1 − −

+∫ ∫
1

12

   
= − −

+
+

+∫ ∫x x
x

dx x
x

dxlog 1
1

1
2

2
12 2

   
= − − + + +−x x x x clog tan log( )1 21

2
1

25. (c) : L.H.S = cos
tan cot

8 1
2 2

x
x x

dx+
−∫

   =
−





∫
2 4

2 2
2 2

2

2 2
cos

sin cos
sin cos

x

x x
x x

dx  

                     
= −

−∫
cos ( sin cos )

(cos sin )

2

2 2
4 2 2 2

2 2

x x x

x x
dx
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= −

×
∫

cos sin
cos

2 4 4
4

x x
x

dx

   
= − ∫1

2
2 4 4sin cosx x dx

   = − = × +∫1
2

8 1
2

8
8

sin
cos

x dx
x

c

Now, − + = +1
2

8
8

8
cos

cos
x

c a x c  \  a = 1
16

26. (d) : We have, x f x dx A f x dx(sin ) (sin )
/

0 0

2π π

∫ ∫=

Let   I x f x dx= ⋅∫ (sin )
0

π
  ...(i)

⇒ I x f x dx= − −∫ ( ) (sin( ))π π
π

0

⇒ I x f x dx= −∫ ( ) (sin )π
π

0

  ...(ii)

Adding (i) and (ii), we get

2
2

2
2

00

0

I f x dx I f x dx

I f x dx

= ⇒ =

⇒ = ×

∫∫

∫

π π

π

ππ

π

(sin ) (sin )

(sin )
/2

2

2
2

00

0

I f x dx I f x dx

I f x dx

= ⇒ =

⇒ = ×

∫∫

∫

π π

π

ππ

π

(sin ) (sin )

(sin )
/2

 ⇒  I f x dx= ∫π
π

(sin ) .
/

0

2

\  On comparing, we get A = p

27. (c) : We have, cot–1(21) + cot–1(13) + cot–1(–8)

= 



 + 



 + −( )− − −tan tan cot1 1 11

21
1

13
8

=
+

− ×

















+ −− −tan cot ( )1 1
1
21

1
13

1 1
21

1
13

8

= 



 + −( )− −tan cot1 134

272
8π

 
= 



 − +− −tan cot1 11

8
8 π

= 



 − 1



 +− −tan tan1 11

8 8
π  = p

28. (d) : tan cos sin− −





− 











1 11
5 2

4
17

= − 





− 











− −tan sin sinπ
2

1
5 2

4
17

1 1

= − +











− −tan sin sinπ
2

4
17

1
5 2

1 1

= − − + −














−tan sin . .π

2
4
17

1 1
50

1
5 2

1 16
17

1

= − +











−tan sin . .π
2

4
17

7
5 2

1
5 2

1
17

1

= 





= 





− −cot sin cot cot1 129
5 2 17

3
29  = 3

29
.

29. (b) : We have, 113 + 123 + 133 + ....+203

 = (13 + 23 + ... + 103 + 113 + 123 + ... + 203) 
– (13 + 23 + ... + 103)

 = S(20)3 – S(10)3 = +



 − +





20 20 1
2

10 10 1
2

2 2( ) ( )

 = (10 × 21)2 – (5 × 11)2 = (210 – 55) (210 + 55) 
 = 155 × 265 = 41075 = 5 × 8215
30. (c)

31. (c) : n(A) = 4 (given)
\ Total no. of subsets of A = 24 = 16
\ No. of proper subsets = 16 – 1 = 15

32. (d)   33. (d)
34. (c) : Given equation of lines are

 x
a

y
b

+ = 1   ...(i)

and x
b

y
a

+ = 1   ...(ii)

⇒ bx + ay = ab  ...(iii)
and ax + by = ab  ...(iv)
Solving (iii) and (iv), we get

(a2 – b2)y = a2b – ab2 = ab(a – b) ⇒  y ab
a b

=
+

Substituting the value of y in (iii), we get

 bx a ab
a b

ab+ ⋅
+

=   ⇒  bx ab a b
a b

= −
+

2

⇒  bx ab
a b

=
+

2
 ⇒ x ab

a b
=

+

\ Point of intersection is ab
a b

ab
a b+ +





,

Since equation of the line passing through origin is  
y = mx

\  When it pass through ab
a b

ab
a b+ +





,  then, we get  

m = 1
Hence, required equation of line is, y – x = 0 

35. (b) : Since straight line 
meets the coordinate axes 
at A and B, so equation of 
line in intercept form is 
x
a

y
b

+ = 1

B

AO

(0, )b

(0, 0) ( , 0)a

G (1, 2)
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\ G a b0 0
3

0 0
3

1 2+ + + +



 =, ( , ) ( )given

⇒ a a
3

1 3= ⇒ = ,   b b
3

2 6= ⇒ =

Hence, required equation of line is

 
x y x y
3 6

1 2 6+ = ⇒ + =

36. (a) : Let d.r’s of line are < a, b, c >, then 
2a – 3b + c = 0  and  a + 2b – 2c = 0

⇒ 
a b c

6 2 1 4 4 3−
=

+
=

+   ⇒  a b c
4 5 7

= =

\ d.r’s of line are < 4, 5, 7 >.
37. (a)

38. (b) : (i) When x ∈ 0
2

3
2

, ,π π π





∪ 



  then cot x ≥ 0

⇒ cot cot
sin

x x
x

= + 1  ⇒ 1 0
sin x

=

⇒ No solution exist.

(ii) When x ∈



 ∪ 





π π π π
2

3
2

2, , then cot x < 0

\ – cot x = cot x + 1
sin x

⇒ –2 cot x = 1
sin x

  ⇒ cos x = −1
2

  ⇒  x = 2
3
π  

39. (d) : 
sin sin

sin cos
x x
x x
−

−

3
2 2 =

−
−

2 2
2

cos sin( )
cos
x x

x  = 2 sin x

40. (b) : cosec A (sin B cos C + sin B sin C)
= cosec A sin (B + C)
= cosec A sin (180° – A)

[Q A, B and C are angles of a triangle]

= =1 1
sin

sin
A

A

41. (c)

42. (a) : According to question,

 
  a b c⋅ + =( ) ,0  

  b c a⋅ + =( ) ,0  
  c a b⋅ + =( ) 0

⇒    a b a c⋅ + ⋅ = 0,  ...(i)
    b c b a⋅ + ⋅ = 0,  ...(ii)
    c a c b⋅ + ⋅ = 0  ...(iii)

Adding (i), (ii) and (iii), we get
2 0( )     a b b c c a⋅ + ⋅ + ⋅ =  ..(iv)

Now, 
          a b c a b c a b b c c a+ + = + + + + +

2 2 2 2 2( . . . )

                              = + +  a b c2 2 2  (Using (iv))
43. (d)

44. (d) : S2 = at2 + 2bt + c ...(i)
Differentiating (i) w.r.t ‘t’, we get

 2 2 2S dS
dt

at b= +   ⇒  dS
dt

at b
S

= +



  ...(ii)

Differentiating (ii) w.r.t. ‘t’, we get

 
d S
dt

S d
dt

at b at b dS
dt

S

2

2 2=
+ − +( ) ( )

⇒ d S
dt

aS at b at b
S

S

2

2 2=
− + +( ) ( )

 (Using (ii))

⇒ d S
dt

aS at b
S

2

2

2 2

3= − +( )

⇒ d S
dt

a at bt c at b atb

S

2

2

2 2 2

3
2 2

=
+ + − + + ( ) ( )

[Using (i)]

⇒ 
d S
dt

a t abt ac a t b atb
S

2

2

2 2 2 2 2

3
2 2= + + − − −

⇒ d S
dt

ac b
S

2

2

2

3= −   ⇒  Acceleration =








 ∝d S

dt S

2

2 3
1

45. (b) : Let AB be the ladder 
B

A C

5 m

x

h

of length 5 m.
We are given,

dx
dt

= 2 m/sec.

In DABC,
 AB2 = AC2 + BC2

⇒  (5)2 = x2 + h2 ...(i)
Differentiating (i) w.r.t. t, we get

0 2 2= +x dx
dt

h dh
dt   ⇒  

dh
dt

x
h

dx
dt

= −
  ...(ii)

Now, from (i), when x = 4
 h2 = 25 – 16   ⇒   h2 = 9   ⇒   h = 3 m
From (ii)

 

dh
dt







=
−

× =
−4

3
2

8
3

Q The negative sign shows the height  decreases and 

decreasing rate is 8
3

m/sec.
46. (b)

47. (d) : 

2 31

Y x = 1

Y 

y
x=
3

0
XX 
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Required Area = +
−
∫ ∫x dx x dx3

2

0
3

0

1

 =








 +











−

x x4

2

0 4

0

1

4 4
= +16

4
1
4

 = 17
4

sq. units

48. (a) : We have, y2 = 4x
Differentiating w.r.t. ‘x’, we get

2 4y dy
dx

=  ⇒  dy
dx y

= 2  y = x2 4
(1, 2)

X

Y

X

Y

x + y = 3

dy
dx





 =
( , )1 2

2
2

 = 1

Equation of normal to the
curve at (1, 2) is

 

y y
dy
dx

x x− =
−





−1 1
1 ( )

⇒ ( ) ( )y x− = − −2 1
1

1   ⇒ y – 2 = – x + 1 ⇒  x + y = 3

The line x + y = 3 meets the x-axis at x = 3 

\  Required Area = + −( )∫∫ 4 3
1

3

0

1
x dx x dx

 
=









 + −









2

3 2
3

2

3 2

0

1 2

1

3
x x x/

/  
= + − − +





4
3

1 9 9
2

3 1
2

( )

 = + −





4
3

9
2

5
2

= + = + =4
3

4
2

4
3

2 10
3

 sq. units

49. (a)   50. (c)

51. (d): 
1

3 1
1 3 1

2
1 3 1

2

7 7

( )x
x x

+
+ +



 − − +

















=
+

+ +( ) − − +( ){ }1
2 3 1

1 3 1 1 3 17
7 7

( )x
x x  ...(i)

Now,

1 3 1 1 3 1
7 7

+ +( ) − − +( )x x

= + + + +( )
 +

+ +( ) 


7
0

7
1

7
2

2

7
7

7
3 1 3 1

3 1

C C x C x

C x

( )

....

− − + + +( )
− +( ) 



7
0

7
1

7
2

2

7
7

7
3 1 3 1

3 1

C C x C x

C x

( )

....  

 

= +( ) + +( )


+ +( ) + +( ) 


2 3 1 3 1

3 1 3 1

7
1

7
3

3

7
5

5 7
7

7

C x C x

C x C x

= + × + + + + + + 2 3 1 7 35 3 1 21 3 1 3 12 3x x x x( ) ( ) ( )

Now, putting above value in (i), so the given expression 

becomes 1
26 [42 + 105x + 21(3x + 1)2 + (3x + 1)3] 

\ Degree of a polynomial is the highest power of x. 
So, degree of given expression is 3.

52. (c) : Let z = i sin 
π

19   or  z = 0 + i sin π
19

Let amplitude of z be q then

sin
sin

sin

θ

π

π
=

+ 





19

0
19

2
2

 

sinθ =
+













b

a b2 2

or  sin
sin

sin
θ

π

π
= =19

19

1  ⇒ θ π=
2

53. (b) : Let DABC be an isosceles triangle inscribed in 

the ellipse 
x
a

y
b

2

2

2

2 1+ = . Let co-ordinate of A be (a, 0)

Area of DABC is

A AD BC= × ×1
2  = × + ×1

2
2( )a x y  = +y a x( )

    = −








 +b x

a
a x2

2

21 ( )  = − +b
a

a x a x2 2 ( )

B –x, y
(

)

(– , 0)a

A

( , 0)aO

C
( )–x, –y

D
(– , 0)x

y

x

⇒ dA
dx

b
a

a x x

a x
a x= + × −

−
+ −











( ) . 1
2

2
2 2

2 2

              = − + + −

−













b
a

x a x a x

a x

( ) ( )2 2

2 2

Put dA
dx

= 0  ⇒ 2x2 + ax – a2 = 0  ⇒  2x2 + 2ax – ax – a2 = 0
⇒ (2x – a) (x + a) = 0 ⇒  x a a= −

2
,

Since d A
dx

x a2

2 0
2

< =for

\  Max. Area = +



 −b

a
a a a a.

2 4
2

2

                 = b
a

a a. .3
2

3
2

=
3 3

4
ab

 sq. units
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54. (b) : f(x + y) = f(x) f(y)
Putting x = y = 0
⇒ f(0 + 0) = f(0) f(0)  ⇒ f(0) = [f(0)]2  ⇒  f(0) = 1
Now, 

f f h f
hh

'( ) lim ( ) ( )5 5 5
0

=
+ −

→
=

−
→

lim ( ) ( ) ( )
h

f f h f
h0

5 5

        
=

−



→

lim ( ) ( )
h

f f h
h0

5 1

        
=

−





= 
→

f f h f
h

f
h

( ) lim ( ) ( ) ( )5 0 0 1
0

∵

  = 2 × f ′(0) = 2 × 3 = 6

55. (d) : f(x) = logx2 (log x)

⇒ f x xx( ) log (log ))=  
1
2 ∵ log log

a an b n b=





1

⇒ f x
x

x
( )

log(log )
log

=










1
2

 ∵ log log
loga b b

a=





⇒ ′ =

−






f x

x d
dx x

x d
dx x

x
( )

log( ) [log(log( ))]

log(log ) log

(log )
1
2 2















=
× −















1
2

1 1 1

2

log( )
log

log(log )

(log )

x
x x

x
x

x  
=

−















1
2

1

2
x

x
x

x

log(log( ))

(log )

⇒ f x
x

x x
'( )

log log( )

(log )
=

−











1
2

1
2

⇒ ′ =
−











f e
e

e e
( )

log log( )

(log )
1
2

1
2  = −





1
2

1 0
e = 1

2e

56. (b) : f(x) = log (sin(x)) is continuous in π π
6

5
6

,





 

and differentiable in π π
6

5
6

,



  as its derivative  

f ’(x) = 
1

sin x cos x = cot x

Now, f π π
6 6

1
2





 = 









 = 



log sin log

f 5
6

5
6 6

1
2

π π π π



 = 



 = −



 = 



log sin log sin log

Now, according to Lagrange’s theorem, there exist a 

point c ∈





π π
6

5
6

,  such that 

 ′ =





 − 





−





f c
f f

( )

π π

π π
6

5
6

6
5
6

 ⇒ cot c = 0  ⇒  c = π
2

57. (c) : We have, A =










1 0
1 1

A A A2 1 0
1 1

1 0
1 1

= ⋅ =


















 =











1 0
2 1

A A A3 2 1 0
2 1

1 0
1 1

= ⋅ =


















 =











1 0
3 1

Similarly, A8 1 0
8 1

=










Now, A8 = aA + bI

⇒ 
1 0
8 1

1 0
1 1

1 0
0 1









 =









 +









a b

⇒ 
1 0
8 1

0







 =

+
+











a b
a a b

\ a = 8 and a + b = 1 ⇒ b = 1 – 8 = – 7

58. (a) : We have, log x dx
e

1
∫

= 



 − 



∫ ∫∫log logx dx d

dx
x dx dx

e e
1 1

1
1

= ⋅  − ⋅∫log x x
x

xdxe
e

1
1

1

= −  − ∫e e dx
e

log log( )1 1 1
1

= − [ ]e x e
1 = − −[ ] =e e 1 1  

59. (d)   60. (d)
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1. A man takes a step forward with probability 0.4 
and one step backward with probability 0.6, then the 
probability that at the end of eleven steps he is one step 
away from the starting point, is
(a) 11C6 × (0.24)5 (b) 11C6 × (0.72)6

(c) 11C5 × (0.48)5 (d) 11C5 × (0.12)5

2. log sin cos
cos
x x

x dx+



∫

0

4π
 is equal to

(a) 
π
2 log 2 (b) log 2 (c) π

4
 log 2 (d) π

8
 log 2

3. Area bounded by y = x3, y = 8 and x = 0 is _____ .
(a) 14 sq. units (b) 6 sq. units
(c) 2 sq. units (d) 12 sq. units

4. Let 
   a i j k= + +2 ,  

   b i j k= − +  and 
   c i j k= + − ,  a 

vector in the plane of a  and 

b  whose projection on 

c  

is 1
3

 is _______ .

(a) 4 4i j k  + −  (b) 4 4i j k  − +
(c) 3 3i j k  + −  (d) i j k  + − 2
5. The mean deviation from the data 3, 10, 10, 4, 7, 
10, 5 is
(a) 2 (b) 2.57 (c) 3 (d) 3.75

6. The probability distribution of x is
x 0 1 2 3

P(x) 0.2 k k 2k
Find the value of k.
(a) 0.3 (b) 0.1 (c) 0.2 (d) 0.4

7. If the function g(x) is defined by

g x x x x x x( ) ..... ,= + + + + + +
200 199 198 2

200 199 198 2
5 then

g′(0) = _____ .
(a) 200 (b) 5 (c) 1 (d) 100

8. A box contains 6 red marbles numbers from 1 
through 6 and 4 white marbles 12 through 15. Find the 
probability that a marble drawn ‘at random’ is white and 
odd numbered.

(a) 1
5

 (b) 1
6

 (c) 5 (d) 6

9. lim cos
x

x
x→

−
0 2

1  is _______ .

(a) 3 (b) 1
3

 (c) 2 (d) 1
2

10. f(x) = 
3 8 5

2 5
x x

k x
− ≤

>




if
if

 is continuous, find k.

(a) 
3
7  (b) 

7
2  (c) 2

7
 (d) 4

7

11. If f(x) = 2x2, find 
f f( . ) ( )

.
.3 8 4

3 8 4
−
−

(a) 156 (b) 0.156 (c) 1.56 (d) 15.6

12. If x = ct and y c
t

dy
dx

t= =, find at .2

(a) 4 (b) 0 (c) 1
4

 (d) − 1
4

13. A balloon which always remains spherical is being 
inflated by pumping in 10 cubic centimeters of gas per 
second. Find the rate at which the radius of the balloon 
is increasing when the radius is 15 cm.

(a) 1
9π

 cm/sec (b) 1
π

 cm/sec

(c) 1
90π

 cm/sec (d) 1
30π

 cm/sec

14. sin
cos

2

1
x
x

dx
+∫  is equal to

(a) x – sin x + C (b) cos x + C
(c) x + sin x + C (d) sin x + C
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15. e x
x

dxx 1
1

+
+





∫

sin
cos

 is _______ .

(a) tan x C
2







+  (b) ex sin x + C

(c) e x Cx tan
2







+  (d) ex + C

16. If 1, w, w2 are three cube roots of unity, then 
(1 – w + w2) (1 + w – w2) is ______
(a) 2 (b) 4 (c) 1 (d) 3

17. Solve for x 

tan tan ,− −−
+







=1 11
1

1
2

x
x

x  x > 0

(a) 1 (b) 1
3

 (c) 3  (d) –1

18. The system of linear equations x + y + z = 6, 
x + 2y + 3z = 10 and x + 2y + az = b has no solution 
when _______
(a) a = 3, b ≠ 10 (b) b = 3, a ≠ 10
(c) a = 2, b ≠ 3 (d) b = 2, a = 3

19. The value of tan(1°) + tan(89°) is ________

(a) 2
2sin( )°

 (b) 1
2sin( )°

(c) 1
1sin( )°

 (d) 2
1sin( )°

20. If ( ) ,x
x x

A
x

Bx C
x

+
+

= + +
+

1
1

2

3 2  then 

cosec cot sec− − −





+ 





+1 1 11 1
A B

C  = _______

(a) 0 (b) π
2

 (c) 5
6
π  (d) π

6
21. The remainder obtained when 1! + 2! + 3! + ... + 11! 
is divided by 12 is ______ .
(a) 8 (b) 6 (c) 9 (d) 7

22. If a ≤ 2 sin–1 x + cos–1 x ≤ b, then

(a) α π β π= − =
2

3
2

,  (b) a = 0,  b = 2p

(c) α π β π= − =
2 2

,  (d) a = 0,  b = p

23. If A =










0 1
1 0

,  then A2 is equal to ______

(a) 
1 0
1 0









  (b) 

0 1
0 1









  (c) 

0 1
1 0









  (d) 

1 0
0 1











24. The function f (x) = [x], where [x] denotes greatest 
integer function is continuous at _______
(a) –2 (b) 1.5 (c) 4 (d) 1

25. If y x
x

= −
+









log ,1

1

2

2  then dy
dx

 is equal to ______

(a) 4
1

3

4
x
x−

 (b) −
−
4

1

3

4
x
x

 (c) −
−
4

1 4
x
x

 (d) 1
4 4− x

26. The two curves x3 – 3xy2 + 2 = 0 and 3x2y – y3 = 2

(a) cut at right angle (b) cut at angle π
4

(c) touch each other (d) cut at angle π
3

27. If x is real, then the minimum value of x2 – 8x + 17 
is _______
(a) 2 (b) 4 (c) 1 (d) 3

28. dx
x1 2

4

4

+
−
∫ cos
/

/

π

π
 is equal to

(a) 1 (b) 0 (c) 2 (d) 4

29. The order of differential equation of all circles of 
given radius ‘a’ is ______
(a) 2 (b) 3 (c) 4 (d) 1

30. The solution of differential equation

x dy
dx

y x+ =2 2  is _______

(a) y x C= +
2

4
 (b) y x C

x
= +4

24

(c) y x C
x

= +2

24
 (d) y x C

x
= +4

2

31. If sin x + sin y = 1
2

 and cos x + cos y = 1, then 
tan (x + y) = _______

(a) − 3
4

 (b) 
4
3  (c) 8

3
 (d) −8

3

32. If A = 
α

α
2

2








  and |A3| = 27, then a = _______

(a) + 2 (b) + 5  (c) + 1 (d) + 7

33. If P = 
x

x
1

1
 and Q = 

x
x

x

1 1
1 1
1 1

,  then dQ
dx

 = _____.

(a) 1 – 3P (b) 3P (c) 3P + 1 (d) –3P

34. A line passes through (2, 2) and is perpendicular to 
the line 3x + y = 3. Its y-intercept is _______ .

(a) 
2
3

 (b) 1 (c) 
1
3

 (d) 
4
3
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35. Let f : R → R be defined by f x
x

x R( ) ,= ∀ ∈1  then 

f is _______ .
(a) onto (b) not defined
(c) one-one (d) bijective

36. The solution set of the inequation x x
x

2 6 7
4

0+ −
+

<   
is ______
(a) (–7, –4) (b) (–7, –4) ∪ (4, 1)
(c) (–7, 1) (d) (–7, –4) ∪ (–4, 1)

37. f x x x( ) tan ,= − 





− < <1
2 2 1 1π   and 

g x x x( ) ( ).= + −3 4 4 2  Find the domain of ( f + g).

(a) −





1
2

1,   (b) (–1, 1)

(c) −





1
2

1,   (d) −





1
2

3
2

,  

38. Write the set builder form of A = {–1, 1}
(a) A = {x : x is an integer}
(b) A = {x : x is a root of the equation x2 + 1 = 0}
(c) A = {x : x is a real number}
(d) A = {x : x is a root of the equation x2 = 1}

39. If the operation ⊕ is defined by a ⊕ b =a2 + b2 for 
all real numbers ‘a’ and ‘b’, then (2 ⊕ 3) ⊕ 4 = ______
(a) 182 (b) 185 (c) 181 (d) 184

40. If z i i
i

= + +
+

( ) ( )
( )

,3 3 4
8 6

3 2

2  then |z| is equal to

(a) 1 (b) 3 (c) 0 (d) 2

41. If a and b are the roots of x2 – ax + b2 = 0, then 
a2 + b2 is equal to _____
(a) 2a2 – b2 (b) a2 + b2 (c) a2 – 2b2 (d) a2 – b2

42. If the 2nd and 5th terms of a G.P. are 24 and 3 
respectively, then the sum of 1st six terms is ______

(a) 189
5

 (b) 2
189

 (c) 189
2

 (d) 179
2

43. The middle term of expansion 
10

10

10

x
x+



  is

(a) 8C5 (b) 10C5 (c) 7C5 (d) 9C5

44. If 
2
2
2

2
0

1 1

2 2

3 3

a x y
b x y
c x y

abc= ≠ , then the area of the 

triangle whose vertices are 
x
a

y
a

x
b

y
b

1 1 2 2, , ,   











 and 
x
c

y
c

3 3,  





 is

(a) 1
8

abc (b) 1
8

 (c) 1
4

abc (d) 1
4

45. The shaded region shown in fig. is given by the 
inequation

(0, 14) (19, 14)

X

Y

O (5, 0)

(a) 14x + 5y > 70, y < 14 and x – y > 5
(b) 14x + 5y > 70, y > 14 and x – y > 5
(c) 14x + 5y > 70, y < 14 and x – y < 5
(d) 14x + 5y < 70, y < 14 and x – y > 5

46. ~[(~p) ∧ q] is logically equivalent to
(a) p ∧ (~q) (b) ~(p ∨ q)
(c) p ∨ (~q) (d) ~[p ∧ (~q)]

47. The value of

sin sin− −





+ 





1 12 2
3

1
3  is equal to

(a) π
2

 (b) 2
3
π  (c) π

6
 (d) π

4
48. If the eccentricity of the hyperbola 
x
a

y
b

2

2

2

2 1− =  is 5
4

 and 2x + 3y – 6 = 0

is a focal chord of the hyperbola, then the length of 
transverse axis is equal to _______.

(a) 
24
5

 (b) 
5

24  (c) 
12
5

 (d) 
6
5

49. If     a i j k b= + + =2 2 5,   and the angle between a  

and 

b  is 

π
6

,  then the area of the triangle formed by 
these two vectors as two sides is

(a) 15 (b) 
15 3

2  (c) 
15
2  (d) 

15
4

50. Let 
   a i j k= − +2 3 .  If 


b  is a vector such that 

a . b  = |

b |2 and | a –


b | = 7,  then |


b | = ______

(a) 14 (b) 21 (c) 7 (d) 7

51. If direction cosines of a vector of magnitude 3 are 
2
3

9
3

2
3

, ,  −  and a > 0, then vector is _______.

(a) 2 2i j k  − +  (b) i j k  + +2 2

(c) 2 2i j k  + +  (d) i j k  − +2 2
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52. Equation of line passing through the point 
(2, 3, 1) and parallel to the line of intersection of the 
plane x – 2y – z + 5 = 0 and x + y + 3z = 6 is

(a) 
x y z−
−

= −
−

= −2
5

3
4

1
3

(b) 
x y z− = − = −2

4
3

3
1

2

(c) 
x y z− = −

−
= −2

5
3

4
1

3
(d) 

x y z− = − = −2
5

3
4

1
3

53. Foot of perpendicular drawn from the origin to 
the plane 2x – 3y + 4z = 29 is ______.
(a) (2, –3, 4) (b) (5, –2, 3) (c) (5, –1, 4) (d) (7, –1, 3)

54. If two dice are thrown simultaneously, then the 
probability that the sum of the numbers which come up 
on the dice to be more than 5 is _______.

(a) 
1
6

 (b) 
13
18

 (c) 
5

36
 (d) 

5
18

55. If y = f(x2 + 2) and f ′(3) = 5, then 
dy
dx

 at x = 1 is _____.
(a) 25 (b) 10 (c) 5 (d) 15

56. If x = a cos3q, y = a sin3q, then 1
2

+ 





dy
dx  is ____ .

(a) tan2q (b) 1 (c) tanq (d) sec2q

57. Slope of normal to the curve y x
x

= −2
2

1
 at (–1, 0) 

is
(a) − 1

4  (b) –4 (c) 
1
4  (d) 4

58. 1
12 4 3 4x x

dx
( ) /+∫   is equal to _______ .

(a) 
− + +( ) /1 4 1 4

2
x

x
C  (b) 

− + +( ) /1 4 3 4x
x

C

(c) 
− + +( ) /1 4 1 4x

x
C  (d) 

− + +( ) /1
2

4 1 4x
x

C

59. If f : R → R is defined by f x x
x

( ) ,=
+2 1

find f( f(2)).

(a) 
10
29

 (b) 29 (c) 
1

29
 (d) 

29
10

60. Evaluate 
cos sin
sin cos

15 15
75 75

° °
° °

(a) 0 (b) 3 (c) 1 (d) 2

solutions

1.  (a) : Since, the man is one step away from starting 
point means that either

 (i)  man has taken 6 steps forward and 5 steps 
backward

or
 (ii) man has taken 5 steps forward and 6 steps backward.

 Taking, movement 1 step forward as success and 
1 step backward as failure

 \ p = probability of success = 0.4
  q = probability of failure = 0.6
 \ Required probability 
   = p(X = 6 or X = 5)
   = p(X = 6) + p(X = 5)
   = 11C6 p6q5 + 11C5 p5q6

   = 11C6 [p6q5 + p5q6]
   = 11C6 [(0.4)6 (0.6)5 + (0.4)5 (0.6)6]
   = 11C6 (0.4)5 (0.6)5 [0.4 + 0.6]
   = 11C6 (0.24)5   

2. (d) : Let I x x
x

dx= +



∫ log sin cos

cos

/

0

4π
 

          = log( tan )
/

1
0

4
+∫ x dx 

π

 Using property, f x dx f a x dx
a a

( ) ( )  
0 0
∫ ∫= −

 ⇒ I x dx= + −









∫ log tan

/
1

4
0

4 ππ
 

   = log tan
tan

/
1 1

1
0

4
+ −

+




∫

x
x

dx
π

 

     = log
tan

/ 2
1

0

4

+




∫ x

dx
π

 

     = log log( tan )
/ /

2 1
0

4

0

4π π

∫ ∫− +dx x dx

 ⇒  I I= ⋅ −log 2 4
π  ⇒ 2

4
2

8
2I I= ⇒ =π πlog log

3. (d) : Given equation of curve is
  y = x3   ⇒   x = (y)1/3

O

y-axis
y = 8

y x= 3

y = 0 x-axis

 \ Required bounded area

  = x dy y dy y
0

8
1 3

0

8
4 3

0

83
4∫ ∫= =/ /

  = 
3
4

8 3
4

16 124 3( ) /



 = × =   sq. units
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4. (b) :        a i j k b i j k= + + = − +2 ,

        
   c i j k= + −

 Any vector in the plane of a  and 

b  is 

 
  
r a b= + λ

    = + + − + +( ) ( ) ( )1 2 1λ λ λi j k  

 \  Projection of 
r  on c  =

⋅
=

( ) 


r c
c

1
3

 ⇒  1 1 1 2 1 1

1 1 1

1
32 2 2

( ) ( ) ( )

( )

+ + − − +

+ + −
=λ λ λ

 ⇒  2
3

1
3

− =λ

 ⇒  2 – l = ± 1
 ⇒  l = 1 or 3

 Hence, 
      r i j k i j k= + + − +2 2 4 4or

5. (b) : Given data is 3, 10, 10, 4, 7, 10, 5
              n = 7

  Mean = x = + + + + + +3 10 10 4 7 10 5
7

           = 
49
7

7=

  Mean deviation from mean = 
x x
n
i −∑

=| | | | | | | | | | | | | |3 7 10 7 10 7 4 7 7 7 10 7 5 7
7

− + − + − + − + − + − + −

= 
4 3 3 3 3 2

7
18
7

2 57+ + + + + = = .

6. (c) : Since, sum of all probabilities
  = SP(x) = 1
 ⇒ 0.2 + k + k + 2k = 1

 ⇒ 4 k = 0.8   ⇒   k = 0 8
4
.  = 0.2

7. (c) : Given, g x x x x x( ) .....= + + + + +
200 199 2

200 199 2
5

 ⇒ ′ = + + +g x x x( ) .....200
200

199
199

1199 198

 ⇒ g′(x) = x199 + x198 + ..... + 1
 ⇒ g′(0) = 1

8. (a) : Required Probability = 
2

1
10

1

2
10

1
5

C

C
= =

9. (d) : 
10. (b) : Since f (x) is continuous
 \ lim ( ) lim ( )

x x
f x f x

→ →− +
=

5 5

 ⇒ lim
x

x k
→ −

− =
5

3 8 2

 ⇒ 3(5) – 8 = 2k

 ⇒ 2k = 7   ⇒   k = 7
2

11. (d) : Given, f (x) = 2x2

 ⇒ f (3.8) = 2 × 3.8 × 3.8 = 28.88
 ⇒ f (4) = 2 × 4 × 4 = 32

 \ f f( . ) ( )
.

.
.

.
. .3 8 4

3 8 4
28 88 32

3 8 4
3 12
0 2 15 6−

− = −
− = =

12. (d) : Given, x = ct and y = 
c
t

 ⇒ 
dx
dt

c=     ...(i)     and     
dy
dt

c
t

= −
2  ...(ii)

 Dividing (ii) by (i), we get

  
dy
dx t

= −1
2   ⇒   dy

dx t







= −

=2

1
4

13. (c) : According to question,

 dV
dt = 10,  where V is volume of spherical balloon

 ⇒ 
d r

dt

4
3

10

3π





=   ⇒  
4
3

3 102π × =r dr
dt

 ⇒ 
dr
dt r r

= ×
×

=5 3
2 3

5
22 2π π

  At r = 15 cm

  
dr
dt

=
× ×

=5
2 15 15

1
90π π

 cm/sec

14. (a) : Let I x
x

dx=
+∫
sin

cos

2

1
 

  = 
1
1

2−
+∫

cos
cos

x
x

dx  (  sin2x + cos2x = 1)

  = ∫(1 – cos x)dx = x – sin x + C

15. (c)     16. (b)
17. (b) : Given, trigonometrical equation is

  tan tan− −−
+







=1 11
1

1
2

x
x

x

  Put x = tan q, then

  
tan tan

tan
tan (tan )− −−

+






=1 11
1

1
2

θ
θ

θ

 ⇒ tan tan tan (tan )− −−











=1 1
4

1
2

π θ θ

 ⇒ 
π θ θ
4

1
2

− =   ⇒  
3
2 4

θ π=   ⇒  θ π=
6

 ⇒ tan tan− = ⇒ = =1
6 6

1
3

x xπ π      
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18. (a) : Given system of equations are

  
x y z
x y z
x y az b

+ + =
+ + =
+ + =









6
2 3 10
2

 ...(i)

 (i)  will have no solution when D = 0 and atleast 
one of D1, D2 or D3 is non-zero.

 Now, D
a

= =
1 1 1
1 2 3
1 2

0

 ⇒ 1(2a – 6) – 1(a – 3) + 1(2 – 2) = 0
 ⇒ 2a – 6 – a + 3 = 0
 ⇒ a – 3 = 0   ⇒   a = 3 ...(ii)

 Let D1 ≠ 0, then 
6 1 1

10 2 3
2

0
b a

≠

 ⇒ 6(2a – 6) – 10(a – 2) + b(3 – 2) ≠ 0
 ⇒ 2a + b – 16 ≠ 0  ⇒  b – 10 ≠ 0 [from (ii)]
 ⇒ b ≠ 10
19. (a) 

20. (c) : We have, ( )x
x x

A
x

Bx C
x

+
+

= + +
+

1
1

2

3 2

 ⇒ (x + 1)2 = A(x2 + 1) + (Bx + C)x
 ⇒ x2 + 2x + 1 = (A + B)x2 + Cx + A ...(i)
  Comparing coefficients of x2, x and constant, we 

get
  A + B = 1,  C =2,  A = 1
  Put A = 1 in (i) we get B = 0

 Now, cosec cot sec− − −





+ 





+1 1 11 1
A B

C

  = cosec–1(1) + cot–1(∞) + sec–1(2)

  = π π π
2 0 3

5
6+ + =

21. (c) : 1! = 1, 2! = 2, 3! = 6, 4! = 24 = 12 × 2, 
   5! = 120 = 12 × 10, 6! = 720 = 12 × 60, ...
 \ 1! + 2! + 3! + ... + 11!
  = 1 + 2 + 6 + (12 ×  2) + (12 ×  10) + 

    (12 × 60) +...+ (12 × p)           [11! = 12p]
  = (1 + 2 + 6) + 12[2 + 10 + 60 + ... + p]
  = 9 + 12q, where p ∈ N and q ∈ N
 \  when 1! + 2! + 3! + ... + 11! is divided by 12 

then remainder is 9
22. (d) : Given, a < 2sin–1x + cos–1x < b

  Since sin–1x + cos–1x = π
2

 \ a < π
2

+ sin–1x < b ...(i)

 As −π
2

 < sin–1x < π
2

 ...(ii)

 Adding π
2

 in (ii), we get

  0 < π
2

 + sin–1x < p ...(iii)

 By comparing (i) and (iii), we get a = 0, b = p

23. (d) : We have A = 
0 1
1 0











 So, A2 = 
0 1
1 0

0 1
1 0

1 0
0 1



















 =











24. (b) : f (x) = [x] is continuous at x = 1.5
  lim [ ]

.x
x

→ −
=

1 5
1   and  lim [ ]

.x
x

→ +
=

1 5
1

25. (c) 
26. (a) : For given equation x3 – 3xy2 + 2 = 0
 Taking derivative w.r.t. ‘x’ on both sides, we get

  3 3 2 02 2x x y dy
dx

y− ⋅ +





=

 ⇒ x xy dy
dx

y2 22 0− − =

 ⇒ dy
dx

x y
xy

m= − =
2 2

12
      (say)

 For equation 3x2y – y3 = 2
 Taking derivative w.r.t. ‘x’ on both sides

 ⇒ 3 6 3 02 2x dy
dx

xy y dy
dx

+ − =

 ⇒ 
dy
dx

x y xy( )2 2 2− = −

 ⇒ dy
dx

xy
x y

m= −
−

=2
2 2 2

( )
         (say)

 Since m1 × m2 = –1
 \ Both the curves cut at right angle.

27. (c) : Let y = x2 – 8x + 17  ⇒  
dy
dx

x= −2 8

  Put dy
dx

= 0   ⇒  2x – 8 = 0  ⇒  x = 4

  Since 
d y
dx

2

2  = 2 > 0

 \ y is minimum at x = 4
 \ (Min y)x = 4 = (4)2 – 8(4) + 17 = 16 – 32 + 17 = 1

28. (a)   29. (a) 
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30. (b) : Given d.e. is 

  x dy
dx

y x+ =2 2    or   dy
dx x

y x+ =2

  
I.F. = = =

∫
e e xx

dx x
2

2 2log

 \ Required solution is y x x x dx k⋅ = ⋅ +∫2 2

 or  yx x k2
4

4
= +     or    y x C

x
= +4

24
31. (b)   32. (d) 33. (b)

34. (d) : Given equation of line is 3x + y = 3
  Its slope = –3
  Slope of perpendicular line = 

1
3

 \  Equation of line passing through (2, 2) having 

slope 1
3

 is y – 2 = 
1
3

(x – 2)

  or, 3y – 6 = x – 2 or, x – 3y = –4

  or, x y
− +







=4 4
3

1

  Compare with intercept form of line 
x
a

y
b

+ = 1,  

we get y-intercept = 
4
3

35. (b) : Given function is f x
x

( ) = 1

 Since f : R → R, but for x = 0, function is not defined
 Also, we do not get any image for x = 0
 \ f is not defined in the given interval.

36. (d) : Given inequation is
x x

x

2 6 7
4

0+ −
+

<
| |  ...(i)

 Since |x + 4| > 0 "x ∈R  except for x = –4
  for x = –4, (i) do not exist.
 \ x2 + 6x – 7 < 0 for given inequation
 or x2 + 7x – x – 7 < 0
 or (x + 7)(x – 1) < 0
 or x ∈ (–7, 1)
 \ Solution set of (i) is (–7, –4) ∪ (–4, 1)
37. (c) : Given functions are

  
f x x x( ) tan ,= − 





− < <1
2 2

1 1π  

 Since f (x) is defined in the given interval –1 < x < 1
 \ its domain = (–1, 1) ...(i)

  g x x x( ) = + −3 4 4 2

 Since g(x) is defined when
  3 + 4x – 4x2 > 0

 ⇒ 4x2 – 4x – 3 < 0   ⇒   4x2 – 6x + 2x – 3 < 0
 ⇒ (2x – 3)(2x + 1) < 0

 ⇒ 
− ≤ ≤1
2

3
2

x  ...(ii)

 From (i) and (ii), we get

 Domain of ( f + g) = −





1
2 1,  

38. (d) : Since x = –1 and x = 1 are roots
 \ (x + 1) and (x – 1) are factors of equation.
  \  (x + 1) (x – 1) = x2 – 1 = 0 is required equation.
 \ Set builder form of given set A is
  A = {x : x is a root of the equation x2 = 1}
39. (b) 

40. (d) : z = ( ) ( )
( )

3 3 4
8 6

3 2

2
+ +

+
i i

i
 Taking Modulus on both sides, we get

  |z| = 
| | | |

| |

3 3 4

8 6

3 2

2
+ +

+

i i

i
 = 

( ) ( )

( )

3 1 9 16

64 36

8 25
100

2
3 2

2

+ +

+
=

×
=

41. (c) : Given equation is
  x2 – ax + b2 = 0
 Since a and b are its roots
 \ a + b = a,  ab = b2

 Now, a2 + b2 = (a + b)2 – 2ab = a2 – 2b2

42. (c) : Let 2nd term = a2 = 24, 5th term = a5 = 3
 ⇒ ar = 24 ...(i)
 and ar4 = 3 ...(ii)
 where a and r are first term and c.r. of G.P.

 Dividing (ii) by (i), we get r3 = 3
24

1
8

=  ⇒ r = 1
2

 From (i), a ⋅ =1
2

24  or a = 48

 \ S6 = a r
r

( )1
1

48 1 1
2

1 1
2

6

6

−
−

=

− 















−





      = ( )48 2 1 1
64

× −





= 48 2 63
64

189
2× × =

43. (b)   44. (b)
45. (c) : 

(0, 14)
L3 (19, 14)

L2

L1
XO (5, 0)

Y
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 Line (L1) represent an equation 14x + 5y = 70
  Since shaded region (L1) does not contain origin 

\  its corresponding inequation is
 14x + 5y > 70 ...(i)
 Line (L2) represent an equation x – y = 5
  Since shaded region (L2) contain the origin  

\ Its corresponding  inequation is x – y < 5 ...(ii)
  Line (L3) represent y = 14. Its shaded region contain 

the origin
 \ Its corresponding inequation is y < 14 ...(iii)
 \ From (i), (ii) and (iii), we get
  14x + 5y > 70, x – y < 5 and y < 14

46. (c) : ~[(~p) ∧ q] = ~(~p) ∨ (~q) = p ∨ (~q)

47. (a) : sin sin− −





+ 





1 12 2
3

1
3

  = sin− 





− 





+ 





−





















1
2 2

2 2
3

1 1
3

1
3

1 2 2
3

  = sin− 





− + 





−










1 2 2
3

1 1
9

1
3

1 8
9

  = sin− × + 

















1 2 2

3
2 2

3
1
3

1
3

  = sin sin ( )− −+





= =1 18
9

1
9

1
2
π

48. (a) : Since co-ordinates of focus (ae, 0)

  = 
5
4

0a ,  





  If 2x + 3y – 6 = 0 ...(i)
  is a focal chord of hyperbola, then

  
5
4 0a ,  





 will pass through equation (i)

 So, 2 5
4

0 6 0× + − =a

 ⇒ 5
2

6 0a − =   ⇒  a = × =2 6
5

12
5

 \ Length of transverse axis = 2 2 12
5

24
5

a = × =
49. (d) 
50. (d) : We have, | | a b− = 7
  Squaring both sides, we get

  | | a b− = ( )2 2
7   ⇒  | | | |   a b a b2 2 2 7+ − ⋅ =

 ⇒ ( ) | | | |1 4 9 2 72 2+ + + − = 
 
b b  ( )| |∵

  
a b b⋅ =  2

 ⇒ 14 7 7 72 2− = ⇒ = ⇒ =| | | | | |
  
b b b

51.  (None of the options is correct) : In given question, 

direction cosines should be 2
3

1
3

2
3

, ,  −

 (  Sum of squares of d.c’s is equal to 1)

 \ Required vector = 3 2
3

1
3

2
3

i j k  − +





                          = 2 2i j k  − +
52. (a)
53. (a) :  If foot of perpendicular from a point 
 (x1, y1, z1) on the plane ax + by + cz + d is (a, b, g) then

      
α β γ−

=
−

=
−

=
− + + +

+ +
x

a
y

b
z

c
ax by cz d

a b c
1 1 1 1 1 1

2 2 2
( )

 Let foot of perpendicular be (a, b, g), then by using 
above formula, we get

α β γ− = −
−

= − = − − + −
+ − +

0
2

0
3

0
4

2 0 3 0 4 0 29
2 3 42 2 2

( ( ) ( ) ( ) )
( ) ( ) ( )

 or 
α β γ
2 3 4

29
29= − = =

 ⇒ a = 2, b = –3,  g = 4
  \ Required point is (2, –3, 4)
54. (b) 
55. (b) : y = f(x2 + 2)

 ⇒ 
dy
dx

f x x= ′ + ×( )2 2 2

 ⇒ dy
dx

f
x







= ′ × = × =
=at

( )
1

3 2 5 2 10

56. (d)   57. (c)

58. (c) : Put 1 1 4
4 5+ = ⇒ − =

x
t

x
dx dt       

 ⇒ I dt
t

t C= − = −

− +

















+∫

−
+



1

4
1

4 3
4

1
3 4

3
4

1

( ) /

  = − + = − +






+ = − + +t C
x

C x
x

C1 4
4

1 4 4
1 1 1/

/ ( )1/4
 

59. (a) : Given function is f x x
x

( ) =
+2 1

 ⇒ f ( )2 2
5

=

 Now, f f f( ( ))2 2
5

2
5

2
5

1

2
5

25
29

10
292= 





=













+

= × =

60. (a) 
nn

mathematics today | july ‘1562



ordered pair
A pair of objects written in a particular order is called an ordered pair. Let A & B be two non-empty sets. If  
a ∈ A & b ∈ B, then an element of the form (a, b) is called an ordered pair.

carTesian producT of seTs

Cartesian 
product of

Definition Representation Example

Two sets

The cartesian product of 
two non-empty sets A & 
B is defined as the set of 
all ordered pairs (a, b), 
where a ∈ A & b ∈ B

A × B 
= {(a, b) : a ∈ A, b ∈ B}
Thus, (a, b) ∈ A × B 
⇔ a ∈ A & b ∈ B

Let A = {1, 2, 3}, B = {2, 4} 
then A × B = {1, 2, 3} × {2, 4}
= {(1, 2), (1, 4), (2, 2), (2, 4), (3, 2),  
(3, 4)}

Three sets

The cartesian product of 
three non-empty sets A, 
B & C is defined as the 
set of all ordered triplets 
(a, b, c), where a ∈ A,  
b ∈ B & c ∈ C

A × B × C 
= {(a, b, c): a ∈ A, b ∈ B 
& c ∈ C}
Thus, (a, b, c) ∈ A × B × C 
⇔ a ∈ A, b ∈ B & c ∈ C

Let A = {1, 2}, B = {2, 3} & C = {3, 4}
A × B × C = A × (B × C) 
= {1, 2} × ({2, 3} × {3, 4})
= {1, 2} × ({(2, 3), (2, 4), (3, 3), (3, 4)})
= {(1, 2, 3), (1, 2, 4), (1, 3, 3),(1, 3, 4), 
(2, 2, 3), (2, 2, 4), (2, 3, 3), (2, 3, 4)}

n sets

The cartesian product 
of n non-empty sets A1, 
A2,.., An is defined as 
the set of elements (a1, 
a2,..., an), where a1 ∈ A1,  
a2 ∈ A2,..., an ∈ An

A1 × A2 × ... × An 
= {(a1, a2,..., an) : a1 ∈ 
A1, 
a2 ∈ A2,... an ∈ An}
or{(a1, a2, ..., an): ai ∈ Ai 
for i = 1, 2, ... n}
Thus,
(a1, a2, ..., an) ∈ A1 × A2 ×... 
... × An
⇔ ai ∈ Ai for i = 1, 2,... ,n

Note : 
For two ordered pairs ( • a1, b1) and (a2, b2), (a1, b1) = (a2, b2) ⇔ a1 = a2, b1 = b2.
If  • A = f or B = f, then A × B = f.
A •  × B ≠ f ⇔ A ≠ f & B ≠ f.
If atleast one of  • A & B is an infinite set and other is a non-empty set, then A × B is an infinite set.

YOUR WAY CBSE XI YOUR WAY
YOUR WAYCBSE XII

RELATIONS & FUNCTIONS

Series
2
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represenTaTion of carTesian producT of Two seTs by arrow diagram
Let A = {a1, a2, a3} & B = {b1, b2, b3}, then cartesian product of A 
& B, i.e., A × B can be represented by arrow diagram as shown 
in the figure. 

a1
a2

a3

b1
b2

b3

A B

In this figure, lines have been drawn from each element of set A 
to each element of set B.

relaTions
A relation R, from a non-empty set A to another non-empty set 
B, is a subset of A × B.
i.e., Any subset of A × B is a relation from A to B.
Thus, R is a relation from A to B ⇔ R ⊂ A × B
⇔ R ⊂ {(a, b) : a ∈ A, b ∈ B}
For example,            

1
2

4

4
A

6

B
Let A = {1, 2, 4} and B = {4, 6}
There exists a relation "is less than" from A to B and is represented 
as R = {(1, 4), (1, 6), (2, 4), (2, 6), (4, 6)}

domain, range and co-domain of a relaTion 

Definition Representation Examples

Domain

For any relation R from 
A to B, the domain is the 
set of all those elements 
a ∈ A s.t. (a, b) ∈ R for 
some b ∈ B.

Domain of R
= {a ∈ A : (a, b) ∈ R
for some b ∈ B}

Let A = {2, 3, 5}, B = {4, 7, 8, 10}
Let a R b ⇔ a divides b
then R = {(2, 4), (2, 8), (2, 10), (5, 10)}
Here domain of R = {2, 5}

Range

For any relation R from 
A to B, the range is the 
set of all those elements 
b ∈ B s.t. (a, b) ∈ R for 
some a ∈ A.

Range of R 
= {b ∈ B : (a, b) ∈ R for 
some a ∈ A}

In above example,
Range of R = {4, 8, 10}

Co-domain
For any relation R from 
A to B, B is called the 
co-domain of R.

Co-domain of R
= {b " b ∈ B}
= B

In above example,
Co-domain of R = B = {4, 7, 8, 10}

Remarks : 
A relation may be represented algebraically either  •
by the Roaster method or by the set-builder 
method.
An arrow diagram is a visual representation of a  •
relation.
Range of  • R ⊂ co-domain of R

Number of Relations
Let A & B be two non-empty sets having elements p 
& q respectively.
 Then n(A × B) = n(A) × n(B) = pq
 \ Total number of subsets of A × B = 2pq

 Since, each subset of A × B is a relation from A to B
 \ Total number of relations from A to B = 2pq.

funcTions

A relation  • f from a set A to a set B is said to be 
a function if every element of set A has one and 
only one image in set B.
A function  • f is a relation from a non-emtpy set A 
to a non-empty set B such that the domain of f is 
A and no two distinct ordered pair in f have the 
same first element.

 f : A → B s.t. x ∈ A & y ∈ B, where y = f(x)
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domain, range and co-domain of a funcTion 

Domain The set A is called the domain of the function f.

Co-domain The set B is called the co-domain of the function f.

Range
The set of the images of all the elements of A under the map f is called the range of function f.
Range of f i.e., f(A) = {f(x) : x ∈ A}. Also f(A) ⊂ B

real valued funcTions

A function which has either  • R or one of its subsets as its range is called a real valued function. Further, if 
its domain is also either R or a subset of R, it is called a real valued function.

Reciprocal function

Types of functions

Identity function

Logarithmic function

Constant function

Polynomial function

Modulus function

Greatest integer 
function

Smallest integer 
function

Fractional part 
function

Rational function

Signum function

Exponential function

1. Identity Function : The function f : R → R defined 
by y = f(x) = x for each x ∈ R.

y

x x

y

f x
x

( ) =

O

 Domain of f = R, Range of f = R.
2. Constant Function : The function f : R → R defined by  

y = f(x) = c, x ∈R, where c is a constant ∈ R.
y

x x

y

f x c( ) =

O
c

 Domain of f = R, Range of f = {c}.

3. Polynomial Function  : A real valued function  
f : R → R defined by y = f(x) = a0 + a1x + ...... + anxn, 
where n ∈N and a0, a1, a2,...., an ∈R for each x ∈R.

4. Rational Function : These are the real functions of 

the type  
f x
g x

( )
( ) , where f(x) and g(x) are polynomial 

functions of x defined in a domain, where g(x) ≠ 0.

5. Modulus Function : The real function f : R → R 
defined by 

 f x x
x x
x x

( ) | |
,
,

= =
≥

− <




0
0 "x ∈R.

y

x x

y

f x
x

(
)
=

O

f x( )
=

–x

 Domain of f = R.
 Range of f = R+ ∪ {0}.

mathematics today | july ‘15 65



6. Greatest Integer Function (Floor Function) : 
The real function f : R → R defined by f(x) = [x],  
x ∈ R assumes the value of the greatest integer, less 
than or equal to x. 

y

x x

y

O
1

2

3

–1

–2

–3

–1–2–3

321

 Domain of f = R, Range of f = Z.
7. Smallest Integer Function (Ceiling or Step 

Function) : The real function f : R → R defined by  
f(x) = x  " x ∈R, assumes the value of the least 
integer, greater than or equal to x.

y

x x

y

O
1

2

3

–1

–2

–3

321

–1–2–3

 Domain of f = R, Range of f = Z.
8. Fractional Part Function : The function f : R → R 

defined by f (x) = {x} " x ∈ R.
y

x x

y

0

(0,1)

1 2 3–1–2

 Domain of f = R, Range of f = [0, 1).
9. Signum Function : The real function f : R → R 

defined by

 

f x
x
x x

x
( )

| | ,

,
= ≠

=







0

0 0
=

>
=

− <









1 0
0 0
1 0

,
,
,

if
if
if

x
x
x

y

x x

y

O
(0, –1)

(0,1)

 Domain of f = R, Range of f = {– 1, 0, 1}.
10. Exponential Function : A real function f : R → R 

defined by f(x) = ax, where a > 0 and a ≠ 1
 Domain of f = R
 Range of f = (0, ∞)

 Case I : When a > 1
y

x x

y

O

y = ax, a > 1

(0, 1)

 We observe that the values of y = f(x) = ax increase 
as the values of x increase.

 Also, f x a
x
x
x

x( )
,
,
, .

=
< <
= =
> >









1 0
1 0
1 0

for
for
for

 Case II : When 0 < a < 1
yy = ax, 0 < 1a <

(0,1)
x x

y

O

 In this case, the values of y = f(x) = ax

 decrease with the increase in x and y > 0 " x ∈R.

 

Also, y f x a
x
x
x

x= =
> <
= =
< >









( )
,
,
,

1 0
1 0
1 0

for
for
for

11. Logarithmic Function : If a > 0 and a ≠ 1, then the 
function defined by f x x xa( ) log , .= > 0

 Domain of f = (0, ∞). Range of f = R.
 Case I : When a > 1

O (1, 0) xx

y

y

f x ax
a
( ) = log
> 1

 

y f x x
x

x
x

a= =
< < <
= =
> >









( ) log
,
,
,

0 0 1
0 1
0 1

for
for
for

 Case II : When 0 < a < 1
y

y

x x
(1, 0)

f x ax
a

( ) = log
0 < < 1

O
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y f x x
x

x
x

a= =
> < <
= =
< >









( ) log
,
,
,

0 0 1
0 1
0 1

for
for
for

12. Reciprocal Function : The real function 

 f : R – {0} → R defined by f x x( ) = 1

y

y

x
x

y = 1
x

O

 Domain of f = R – {0}, Range of f = R – {0}.

algebra of real funcTions

Addition of two 
real functions

Let f : X → R and g : X → R be 
any two real functions, where  
X ⊂ R, then (f + g) : X → R defined 
as (f + g)(x) = f (x) + g(x), for all 
x ∈X.

Subtraction of 
a real function 
from another

Let f : X → R and g : X → R be any  
two real functions, where X ⊂ R, 
then (f – g) : X → R defined as 
(f – g)(x) = f (x) – g(x), for all x ∈X.

Multiplication 
by a scalar

Let f : X → R be a real valued 
f u nc t i on  and  a  b e  a  s c a l ar, 
then a · f  :  X → R  def ined as  
(a f )(x) = a f (x), for all x ∈X.

Multiplication 
o f  t w o  r e a l 
functions

Let f : X → R and g : X → R be 
two real functions then  fg : X → R 
defined as (fg)(x) = f (x) g(x), for 
all x ∈X.

Quotient of two 
real functions

Let f : X → R and g : X → R be 

two real functions, then f
g X R: →  

defined as f
g

x f x
g x







=( ) ( )
( ) , provided 

g(x) ≠ 0, x ∈ X.

Very short answer type

1. If (2a – 3, b + 2) = (3a + 1, 2b + 5), then find a and b.

2. If U = {1, 2, 3, 4} and R = {(x, y) : y > x for all  
x, y ∈ U}, then find the domain and range of R.

3. Let A = {1, 2} and B = {3, 4}. Find the number of 
relations from A to B. 

4. Let A = {1, 2, 3} and B = {4, 5}. Find A × B, B × A 
and show that A × B ≠ B × A.

5. Which of the following are functions if X = {a, b, c, d}, 
Y = {1, 2, 3, 4, 5}.

 (i) f1 = {(a, 1), (b, 1), (c, 3), (d, 4)}
 (ii) f2 = {(a, 1,), (b, 2), (c, 4), (a, 2), (d, 5)}.

short answer type

6. Let R be a relation from A = {1, 2, 3} to B = {1, 2, 5, 6}. 
Write R as a set of ordered pairs when, (i) R is the 
relation 'is less than', (ii) R is the relation 'is greater 
than'. Also find R–1 in each case.

7. Find the domain and range of f(x) = −1 2x from  
R to R.

8. (i) If f x
x x
x x

( ) ,=
− +
+ +

2

2
1
1

find f(1 + h).

 (ii) If f x
x x
x x( )

sin cos
sin cos ,=

−
+ find f π

3






.

 (iii) If f(1 + x) = x2 + 1, find f(2 – x).

 (iv) If f x
x
x( ) ,=

+
−

1
1 find f(x2), [f(x)]2.

9. Let f x x
x

x R=
+









 ∈












, :

2

21
be a function from R 

into R. Determine the domain and range of f.

10. What are the sum and difference of the identity 
function and the reciprocal function?

Long answer type

11. Find the domain of definition of the function f(x) 

given by f x x x( ) log ( )= − + +1
1 2

10

12. Find the range of each of the following functions:
 (i) f(x) = |x – 3|
 (ii) f(x) = 1 – |x – 2|

 (iii) f x
x
x( )

| |
=

−
−

4
4  

13. Let R be the relation on the set Z of all integers 
defined by (x, y) ∈ R ⇒ x – y is divisible by n.

 Prove that :
 (i) (x, x) ∈ R for all x ∈ Z
 (ii) (x, y) ∈ R ⇒ (y, x) ∈ R for all x, y ∈ Z
 (iii) (x, y) ∈ R and (y, z) ∈ R ⇒ (x, z) ∈ R for all  

x, y, z ∈ R.

14. Find f + g, cf (c ∈ R, c ≠ 0) and f
g  in each of the 

following :
 (i) If f(x) = x3 + 1 and g(x) = x + 1

mathematics today | july ‘15 67



 (ii) If f(x) = x − 1 and g(x) = x + 1.

15. Find the product of the identity function and 
the modulus function. Also, find the domain of 

f x
x
x( )

| |
| |.=

−
−

1
2  

soLutions

1. We have, (2a – 3, b + 2) = (3a + 1, 2b + 5)
 So, 2a – 3 = 3a + 1 ⇒  a = –4 
 and b + 2 = 2b + 5 ⇒ b = –3 
2. We have, R = {(x, y) : y > x " x, y ∈ U}
 \ R = {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)}
 So, domain of R = {1, 2, 3}
 and Range of R = {2, 3, 4}
3. We have, n(A) = 2, n(B) = 2
 \ The number of relations from A to B = 22×2 = 24.
4. Given, A = {1, 2, 3} and B = {4, 5}
 A × B = {(1, 4), (1, 5), (2, 4), (2, 5), (3, 4), (3, 5)}
 B × A = {(4, 1), (4, 2), (4, 3), (5, 1), (5, 2), (5, 3)}
 Now, (1, 5) ∈ A × B but (1, 5) ∉ B × A.
 Hence A × B ≠ B × A.
5. Here X = {a, b, c, d} and Y = {1, 2, 3, 4, 5}.
 (i) f1 is a function because each element of X has 

unique image, i.e., f(a) = 1, f(b) = 1, f(c) = 3, f(d) = 4.
 (ii) f2 is not a function as a ∈ X has two images, i.e., 

f(a) = 1 and f(a) = 2.
6. We have, A = {1, 2, 3}, B = {1, 2, 5, 6}
 (i) R is the relation 'is less than' from A to B, then
 R = {(1, 2), (1, 5), (1, 6), (2, 5), (2, 6), (3, 5), (3, 6)}
 \ R–1 = {(2, 1), (5, 1), (6, 1), (5, 2), 
    (6, 2), (5, 3), (6, 3)}
 (ii) R is the relation 'is greater than' from A to B, then 

R = {(2, 1), (3, 1), (3, 2)}
 \ R–1 = {(1, 2), (1, 3), (2, 3)}

7. f x x( ) = −1 2

 When 1 – x2 < 0, f(x) is not defined.
 \ f(x) is defined when 1 – x2 ≥ 0
 or –x2 ≥ – 1  or  x2 ≤ 1
 \ Domain = {x : x ∈ R, –1 ≤ x ≤ 1}

 For range, y x= −1 2  ⇒ y2 = 1 – x2

 ⇒ x2 = 1 – y2 ⇒ x y= −1 2 ,
 which is defined when
  1 – y2 ≥ 0 or –y2 ≥ –1
 or y2 ≤ 1, i.e., –1 ≤ y ≤ 1
 But y ≥ 0
 \ Range = {y : y ∈ R, 0 ≤ y ≤ 1}.

8. (i) f h
h h
h h

h h
h h

( )
( ) ( )
( ) ( )

1
1 1 1
1 1 1

1
3 3

2

2

2

2+ =
+ − + +
+ + + +

=
+ +

+ +
 

 (ii) f π π π
π π3

3 3
3 3







=
−
+

sin( / ) cos( / )
sin( / ) cos( / )

   

=
−

+
= −

+
=

−
= −

3
2

1
2

3
2

1
2

3 1
3 1

3 1
2 2 3

2( )

 (iii) Since f(1 + x) = x2 + 1, replace x by 1 – x, we 
get

 f(1 + 1 – x) = (1 – x)2 + 1 ⇒ f(2 – x) = x2 – 2x + 2

 (iv) f x
x
x

f x
x
x( ) and [ ( )]2

2

2
2

21
1

1
1=

+
−

=
+
−







9. We have, f x x
x

( ) =
+

2

2 1
 Domain of f : Clearly, f(x) is defined for all x ∈ R as 

x2 + 1 ≠ 0 for any x ∈ R.
 So, Domain (f) = R.
 Range of f : Let f(x) = y. Then,

 y x
x

=
+

2

2 1
 ⇒ x2 = x2y + y ⇒ x2(1 – y) = y

 ⇒  x y
y

2
1= −  ⇒  x y

y= ± −1
 Clearly, x will take real values, if

 
y

y1 0− ≥  ⇒ 
y
y

−
− ≤

0
1 0

 ⇒ 0 ≤ y < 1  
+ – +

0 1–  

 Hence, range (f) = [0, 1).
10. Let f and g denote respectively the identity function 

and the reciprocal function. Then, f : R → R and  
g : R – {0} → R such that

  f(x) = x for all x ∈ R

 and g x x x R( ) for all { }= ∈ −1 0

 The domains of f  and g  are R  and R  – {0} 
respectively.

 Also, we have, R ∩ R – {0} = R – {0}
 Therefore, f + g : R – {0} → R and f – g : R – {0} → R 

are given by

  ( )( ) ( ) ( )f g x f x g x x x+ = + = + 1
 

 and ( )( ) ( ) ( )f g x f x g x x x− = − = − 1

11. We have, f x x x( ) log ( )= − + +1
1 2

10

 Let, g x x h x x( ) log ( ) and ( ) . Then,= − = +1
1 2

10
 f(x) = g(x) + h(x)
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 ⇒ Domain (f) = Domain (g) ∩ Domain (h)

 Now, ( ) log ( ) is defined, ifg x x= −
1
110

 log10(1– x) is defined and log10(1 – x) ≠ 0
 ⇒ 1 – x > 0 and 1 – x ≠ 1 ⇒ x < 1 and x ≠ 0
 ⇒ x ∈ (– ∞, 0) ∪ (0, 1)
 \ Domain (g) = (–∞, 0) ∪ (0, 1). ...(i)
  h x x( ) is defined, if= + 2
  x + 2 ≥ 0 ⇒ x ≥ – 2 ⇒ x ∈ [–2, ∞).
 \ Domain (h) = [–2, ∞) ...(ii)
 Domain of f is intersection of (i) and (ii)
 Hence, Domain (f) = [–2, 0) ∪ (0, 1).
12. (i) We have, f(x) = |x – 3|
 Clearly, f(x) is defined for all x ∈ R
 \ Domain (f) = R.
 Now, |x – 3| ≥ 0 for all x ∈ R
 ⇒ 0 ≤ |x – 3| < ∞ for all x ∈ R
 ⇒ 0 ≤ f(x) < ∞ for all x ∈ R
 ⇒ f(x) ∈ [0, ∞) for all x ∈ R
 Hence, Range (f) = [0, ∞).
 (ii) We have, f(x) = 1 – |x – 2|
 We observe that f(x) is defined for all x ∈ R.
 \ Domain (f) = R.
 Now, 0 ≤ |x – 2| < ∞ for all x ∈ R
 ⇒ –∞ < – |x – 2| ≤ 0 for all x ∈ R
 ⇒ –∞ < 1 – |x – 2| ≤ 1 for all x ∈ R
 ⇒ –∞ < f(x) ≤ 1 for all x ∈ R
 ⇒ f(x) ∈ (–∞, 1]
 Hence, Range (f) = (–∞, 1]

 (iii) We have, f x
x
x( )

| |
=

−
−

4
4

 Clearly, f(x) is defined  for all x ∈ R except at x = 4.
 \ Domain (f) = R – {4}

 Now, f x
x
x( )

| |
=

−
−

4
4

 

f x

x
x x

x
x x

( )
, if

( )
, if

=

−
− = >

− −
− = − <










4
4 1 4

4
4 1 4

    
 \ Range (f) = {–1, 1}
13. (i) For any x ∈ Z, we have
 x – x = 0 = 0 × n  ⇒ x – x is divisible by n.
 ⇒ (x, x) ∈ R 
 Thus, (x, x) ∈ R for all x ∈ Z.
 (ii) Let (x, y) ∈ R. Then,  x – y is divisible by n
 ⇒ x – y = ln for some l ∈ Z  ⇒  y – x = (–l)n
 ⇒ y – x is divisible by n [Q l ∈ Z ⇒ –l ∈ Z]
 ⇒ (y, x) ∈ R

 Thus, (x, y) ∈ R ⇒ (y, x) ∈ R for all x, y ∈ Z.
 (iii) Let (x, y) ∈ R and (y, z) ∈ R. Then,
 (x, y) ∈ R  ⇒ x – y is divisible by n ⇒ x – y = ln for 

some l ∈ Z
 (y, z) ∈ R ⇒ y – z is divisible by n ⇒ y – z = µn for 

some µ ∈ Z
 \ (x, y) ∈ R and (y, z) ∈ R
 ⇒ x – y = ln and y – z = µn
 ⇒ (x – y) + (y – z) = ln + µn ⇒ x – z = (l + µ)n
 ⇒ x – z is divisible by n. [Q (l + µ) ∈ Z]
 ⇒ (x, z) ∈ R
 Thus, (x, y) ∈ R and (y, z) ∈ R ⇒ (x, z) ∈ R.
14. (i) f + g : R → R given by (f + g)(x) = f(x) + g(x) 

       = x3 + x + 2
 cf : R → R given by (cf)(x) = cf(x) = c(x3 + 1)

 
f
g R R: { } given by− − →1

 

 
f
g x f x

g x x x





= = − +( ) ( )
( )

2 1

 (ii) f + g : [1, ∞) → R defined by 

 (f + g)(x) 
= − + +x x1 1

 cf : [1, ∞) → R defined by (cf)(x) = −c x 1

 
f
g : [1, ∞) → R defined by f

g x
x
x







=
−
+( )

1
1

15. Let f and g denote respectively the identity function 
and modulus function.

 Then, f : R → R such that f(x) = x for all x
 and,  g : R → R such that g(x) = |x| for all x.
 Clearly, f and g have the same domain. Therefore, the 

product fg is a function from R to itself and is given 
by

  (fg)(x) = f(x) g(x) ⇒  (fg)(x) = x|x|

 ⇒ ( ) ( )
, if

, if .
fg x

x x

x x
=

≥

− <







2

2

0

0

 We have, f x
x
x( )

| |
| |=

−
−

1
2

 We observe that f(x) is defined for all x satisfying

 
1
2 0

−
− ≥

| |
| |
x
x  ⇒  | |

| |
x
x

−
− ≥

1
2 0   

 ⇒ |x| ≤ 1 or, |x| > 2
 ⇒ x ∈ [–1, 1] 
 or, x ∈ (–∞, –2) ∪ (2, ∞)
 ⇒ x ∈ (–∞, –2) ∪ (2, ∞) ∪ [–1, 1]
 Hence, domain (f) = (– ∞, –2) ∪ (2, ∞) ∪ [–1, 1].
 

+ – +

1 2–  + 
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Inverse of a functIon
If f : X → Y is one-one and onto, then there exists a unique function g : Y → X s.t. g(y) = x, where x ∈ X is s.t. 
y = f(x). Thus, the domain of g = range of f and range of g = domain of f. The function g is called the inverse 
of f and is denoted as f –1.
Thus f(x) = y ⇔ f –1(y) = x i.e., image of x under f is y ⇔ image of y under f –1 is x
Also, g–1 = (f –1)–1 = f
 f –1{f(x)} = f –1(y) = x ∀ x ∈ X and f {f –1(y)} = f(x) = y ∀ x ∈ X

DomaIn anD range of Inverse trIgonometrIc functIons

Functions Domain Principal value branch

1. y = sin–1 x –1 ≤ x ≤ 1 − ≤ ≤p p
2 2

y

2. y = cos–1 x –1 ≤ x ≤ 1 0 ≤ y ≤ p

3. y = tan–1 x –∞ < x < ∞ − < <p p
2 2

y

4. y = cot–1 x –∞ < x < ∞ 0 < y < p                     

5. y = sec–1 x x ≤ –1 or x ≥ 1 0
2

≤ ≤ ≠y yp p,  

6. y = cosec–1 x x ≤ –1 or x ≥ 1 − ≤ ≤ ≠p p
2 2

0y y,  

GraPhs oF Inverse TrIGonomeTrIc FuncTIons

1. y = sin–1x 
Domain = [–1, 1]

Range = −





p p
2 2

,  

1,

2


2

–1, 
2

–

2. y = cos–1x
Domain = [–1, 1]
Range = [0, p]

–

YOUR WAY CBSE XII YOUR WAY

INVERSE TRIGONOMETRIC FUNCTIONS

Series
2
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3. y = tan–1x
Domain = (–∞, ∞)

Range = −





p p
2 2

,  

  


2

�1 1

4. y = cot–1x
Domain = (–∞, ∞)
Range = (0, p)

     

5. y = sec–1x 
Domain = (–∞, –1] ∪ [1, ∞)

Range = [0, p] – p
2{ }

    

6. y = cosec–1x 
Domain = (–∞, –1] ∪ [1, ∞)

Range = −





−p p
2 2

0, { }


2


2

ProPerTIes oF Inverse TrIGonomeTrIc FuncTIons

1. sin z
–1(sinq) = q, ∀ q ∈ −





p p
2 2

, 2. z sin(sin–1x) = x, ∀ x ∈[–1, 1]

cos z
–1(cosq) = q, ∀ q ∈ [0, p] cos(cos z

–1x) = x, ∀ x ∈ [–1, 1]

tan z
–1(tanq) = q, ∀ q ∈ −





p p
2 2

, tan(tan z
–1x) = x, ∀ x ∈R

cot z
–1(cotq) = q, ∀ q ∈ (0, p) cot(cot z

–1x) = x, ∀ x ∈ R

sec z
–1(sec q) = q, ∀ q ∈ [0, p] – p

2{ } sec(sec z
–1x) = x, ∀ x ∈ R –(–1, 1)

cosec z
–1(cosec q) =  q, ∀ q ∈ −





−p p
2 2

0, { } cosec(cosec z
–1x) = x, ∀ x ∈ R – (– 1, 1)

3. sin z
–1(–x) = – sin–1(x), ∀ x ∈[–1, 1] cot z

–1(–x) = p – cot–1x, ∀ x ∈R

cos z
–1(–x) = p – cos–1x, ∀ x ∈[–1, 1] sec z

–1(–x) = p – sec–1x,  ∀ x ∈ (–∞, –1] ∪ [1, ∞)
tan z

–1(–x) = –tan–1x, ∀ x ∈R cosec z
–1(–x) = –cosec–1x, ∀ x ∈ (–∞, –1] ∪ [1, ∞)

4. sin z
–1(1/x) = cosec–1x, ∀ x ∈ (–∞, –1] ∪ [1, ∞) 5. sin z

–1x + cos–1x = p/2, ∀ x ∈[–1, 1]
cos z

–1(1/x) = sec–1x,  ∀ x ∈ (–∞, –1] ∪ [1, ∞) tan z
–1x + cot–1x = p/2, ∀ x ∈R

tan ( / ) cot ,
cot ,

−
−

−= >
− + <






1

1

11 0
0

x x x
x x

for
forp

 z

sec z
–1x + cosec–1x = p/2, 

 ∀ x ∈ (–∞, –1] ∪ [1, ∞)

–1
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6.

tan z
–1x + tan–1y =

+
−







> > <

+
+

−






−

−

tan , , ,

tan ,

1

1

1
0 0 1

1

x y
xy

x y xy

x y
xy

if 

ifp xx y xy

x y
xy

x y xy

> > >

− +
+

−






< < >









−

0 0 1

1
0 0 11

,

tan , ,

and

if andp






tan z
–1x – tan–1y =

−
+







> < > −

+
−

+






−

−

tan , , ,

tan ,

1

1

1
0 0 1

1

x y
xy

x y xy

x y
xy

if

ifp xx y xy

x y
xy

x y xy

> < < −

− +
−

+






< > < −







−

0 0 1

1
0 0 11

,

tan , ,

and

if andp










7.

sin sin

sin , ,

− −

−

+ =

− + −{ } − ≤ ≤ + ≤

<1 1

1 2 2 2 21 1 1 1 1

x y

x y y x x y x y

xy

if and

if 00 1
1 1 0 1 1

2 2

1 2 2 2 2
and

or

if and
x y

x y y x x y x y
+ >

− − + −{ } < ≤ + >

− −

−p

p

sin , ,

siin , ,− − + −{ } − ≤ < + >













 1 2 2 2 21 1 1 0 1x y y x x y x yif and

 z

sin sin

sin , ,

− −

−

− =

− − −{ } − ≤ ≤ + ≤

>1 1

1 2 2 2 21 1 1 1 1

x y

x y y x x y x y

xy

if and

if 00 1
1 1 0 1 1 0

2 2

1 2 2 2 2

and
if and

or
x y

x y y x x y x y
+ >

− − − −{ } < ≤ − ≤ ≤ + >−p sin , , 11

1 1 1 0 0 1 11 2 2 2 2− − − − −{ } − ≤ < < ≤ + >













 −p sin , ,x y y x x y x yif and

 z

8.

z

 
cos cos

cos , ,

cos

− −

−

−
+ =

− − −{ } − ≤ ≤ + ≥

−

1 1

1 2 21 1 1 1 0

2
x y

xy x y x y x yif and

p 11 2 21 1 1 1 0xy x y x y x y− − −{ } − ≤ ≤ + ≤







 , ,if and

z cos cos
cos , ,

cos

− −

−

−
− =

+ − −{ } − ≤ ≤ ≤

− +

1 1

1 2 2

1

1 1 1 1
x y

xy x y x y x y

xy

if and

11 1 1 0 0 12 2− −{ } − ≤ ≤ < ≤ ≥







 x y y x x y, ,if and

9.

z

 

2

2 1 1
2

1
2

2 1 1
2

11

1 2

1 2sin

sin ( ) ,

sin ( ) ,−

−

−=

− − ≤ ≤

− − ≤ ≤

−

x

x x x

x x x

if

ifp

p −− − − ≤ ≤ −















−sin ( ) ,1 22 1 1 1
2

x x xif
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l

 

3

3 4 1
2

1
2

3 4 1
2

11

1 3

1 3sin

sin ( ) ,

sin ( ) ,−

−

−=

− − ≤ ≤

− − < ≤

−

x

x x x

x x x

if

ifπ

π −− − − ≤ < −















−sin ( ) ,1 33 4 1 1
2

x x xif

10.
l

 
2

2 1 0 1

2 2 1 1 0
1

1 2

1 2
cos

cos ( ) ,

cos ( ) ,
−

−

−
=

− ≤ ≤

− − − ≤ ≤






x

x x

x x

if

ifπ
l

 

3

4 3 1
2

1

2 4 3 1
2

1
2

2

1

1 3

1 3cos

cos ( ) ,

cos ( ) ,−

−

−=

− ≤ ≤

− − − ≤ ≤x

x x x

x x x

if

ifπ

ππ + − − ≤ ≤ −















−cos ( ) ,1 34 3 1 1
2

x x xif

11.

l 2

2
1

1 1

2
1

1

1
2

1
2tan

tan ,

tan ,−

−

−=

−






− < <

+
−







>x

x
x

x

x
x

x

if

ifπ 11

2
1

11
2− +

−






< −













 −π tan ,x

x
xif

l

 

3

3
1 3

1
3

1
3

3
1 3

1

1
3

2

1
3

2
tan

tan ,

tan−

−

−=

−
−







− < <

+ −
−


x

x x
x

x

x x
x

if

π





>

− + −
−







< −
















−

,

tan ,

if

if

x

x x
x

x

1
3

3
1 3

1
3

1
3

2
π

12.

l 2

2
1

1 1

2
1

1

1
2

1
2tan

sin ,

sin ,−

−

−=

+






− ≤ ≤

−
+







>x

x
x

x

x
x

x

if

ifπ 11

2
1

11
2− −

+






< −













 −π sin ,x

x
xif

l

 

2

1
1

0

1
1

1

1
2

2

1
2

2

tan
cos ,

cos ,

−

−

−

=

−
+







≤ < ∞

− −
+







x

x
x

x

x
x

if

if −−∞ < ≤









 x 0
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13.
z sin cos tan− − −= − =

−
1 1 2 1

2
1

1
x x x

x
= − =

−







= 





− − −cot sec1
2

1
2

11 1

1
1x

x x x
cosec

z cos sin tan− − −= − = −





1 1 2 1 2
1 1x x x

x
=

−
= =

−







− − −cot sec1
2

1 1
21

1 1

1
x

x x x
cosec

z tan sin cos cot sec− − − −=
+







=
+







= 



 =1 1

2
1

2
1

1

1

1
1x

x

x x x
−− −+ = +





1 2 1 2
1 1x x

x
cosec

14. z

 
If x1, x2, ... , xn ∈ R, then

tan tan . . . tan tan
. . .− − − −+ + + =

− + − +
− + −

1
1

1
2

1 1 1 3 5 7

2 4 61
x x x

S S S S
S S Sn ++





. . .

where Sk = Sum of the products of x1, x2, ... , xn  taken k at a time.

Very short answer type

1. Find the value of sin tan ( ) cos .− −− + −














1 13 3

2

2. Evaluate : sin sinp
2

3
2

1− −














−

3. Find the principal value of cos− −





1 1
2

.

4. Prove that : tan tan− −





− −
+







=1 1
4

m
n

m n
m n

p

5. Find the value of cot cot .p
4

2 31−





−

short answer type

6. Find the principal value of sin sin− 





1 2
3
p

.

7. Prove that :
cot (cot–1 7 + cot–1 8 + cot–1 18) = 3

8. If tan–1 x + tan–1 y + tan–1 z = p
2

, prove that 

xy + yz + zx = 1.

9. Solve : 

 tan tan tan− − −
+







+
+







= 





1 1 1
2

1
1 2

1
4 1

2
x x x

10. Prove that : tan tan tan− − −





+ 





= 





1 1 11
4

2
9

1
2

4
3

Long answer type

11. Prove that : 

 4 1
5

1
70

1
99 4

1 1 1tan tan tan− − −





− 





+ 





= p

12. Let cos cos .− −





+ 





=1 1x
a

y
b

α  

 Prove that x
a

xy
ab

y

b

2

2

2

2
22

− + =(cos ) sinα α .  

Also, write cos−

+









1

2 2

x

x a
in simplest form.

13. (i) Solve : tan tan− −−
−







+ +
+







=1 11
2

1
2 4

x
x

x
x

p

(ii) Prove that : sec2(tan–12) + cosec2(cot–13) = 15

14. Solve for x : sin ( ) sin− −− − =1 11 2
2

x x p
. 

Also, evaluate sin(3 sin–10.4).

soLUtioNs

1. We have, sin tan ( ) cos− −− + −














1 13 3

2

= − + −





= 





=sin sinp p p p
3 6 2

1

2. sin sinp
2

3
2

1− −














−

= − −




























= − −











−sin sin sinp p p
2

3
2 2 3

1

= =sin 5
6

1
2

p

3. Let principal value of cos− −



 =1 1

2
q ,

 then cos .q = − 1
2

mathematics today | july ‘1574



Since 0 ≤ cos–1x ≤ p,  ∴ 0 ≤ q ≤ p

Also cosq is negative,  ∴ p q p
2

< <

Now cos cos cos cos

.

q p p p p

q p

= − = − = −



 =

∴ =

1
2 3 3

2
3

2
3

4 L.H.S. tan tan tan= − −
+

=
− −

+

+ × −
+










− − −1 1 1

1

m
n

m n
m n

m
n

m n
m n

m
n

m n
m n 





= +
+







= = =− −tan tan ( )1
2 2

2 2
1 1

4
m n
m n

p R.H.S.

5. We have,

 cot cot cot cotp p
4

2 3
4

3 1
2 3

1 1
2

−



 = − −

×















− −

= −



 =

⋅ +

−
=

+

−
=−cot cot

cot

cot

p
p

p4
4
3

4
4
3

1

4
3 4

4
3

1

4
3

1
71

6. sin sin sin .2
3 3 3

3
2

p p p p= −



 = =

∴ 



 =





 =

∴ =

− −sin sin sin ( ).

sin .

1 12
3

3
2

3
2

p q

q

say

Since the principal value of sin–1x is given by

− ≤ ≤ ∴ − ≤ ≤−p p p q p
2 2 2 2

1sin ,x

Also, sin q is positive ∴ 0
2

≤ ≤q p

Now sin sinq p q p= = ∴ =3
2 3 3

Hence, the principal value of sin sin .− 





1 2
3 3
p pis

7. We have, cot–17 + cot–18 + cot–118

= 



 + 



 + 





− − −tan tan tan1 1 11
7

1
8

1
18

= +
−







+ 





− −tan ( / ) ( / )
( / )( / )

tan1 11 7 1 8
1 1 7 1 8

1
18

= 



 + 





− −tan tan1 13
11

1
18

= +
−







−tan ( / ) ( / )
( / )( / )

1 3 11 1 18
1 3 11 1 18

= 



 =− −tan cot1 11

3
3

Thus, cot (cot–1 7 + cot–1 8 + cot–1 18) = 3

8. We have, tan tan tan− − −+ + =1 1 1
2

x y z p

⇒ + = −− − −tan tan tan1 1 1
2

x y zp

⇒ +
−







= = 





− − −tan cot tan1 1 1
1

1x y
xy

z
z

⇒ +
−

= ⇒ + = −x y
xy z

zx yz xy
1

1 1

⇒ xy + yz + zx = 1

9. We have, 

 tan tan tan− − −
+







+
+







= 





1 1 1
2

1
1 2

1
4 1

2
x x x

⇒ +
+

+

−
+

×
+

















= 





− −tan tan1 1
2

1
1 2

1
4 1

1 1
1 2

1
4 1

2x x

x x
x

⇒ + + +
+ + −

= ⇒ +
+

=( ) ( )
( )( )

4 1 1 2
1 2 4 1 1

2 6 2
8 6

2
2 2 2

x x
x x x

x
x x x

⇒ + = + ⇒ + = +2 3 1 2 8 6 3 8 62 2 3 2 2( ) ( )x x x x x x x x
⇒ − − =3 7 6 03 2x x x ⇒ x(x – 3)(3x + 2) = 0

Hence x = 0, 3, − 2
3

10. L.H.S. = 



 + 





− −tan tan1 11
4

2
9

=
+

− 





























= 1



 =− −tan tan1 1

1
4

2
9

1 1
4

2
9

7
34

ttan− 





1 1
2

=







− 























−1
2

2 1
2

1 1
2

1
2tan

 
= = 





=− −1
2

1
3 4

1
2

4
3

1 1tan
( )

tan
/

R.H.S.

11. We have,

 4 1
5 4

1
70

1
99

1 1 1tan tan tan− − −





= + 





− 





p
 

Now, L.H.S. = 



 = ⋅ 





− −4 1
5

2 2 1
5

1 1tan tan

=
⋅

−

















−2
2 1

5

1 1
25

1tan = 





=
⋅ 5

−

















− −2 5
12

2
12

1 25
144

1 1tan tan

mathematics today | july ‘15 75



= 





−tan 1 120
119

R.H.S. tan tan= + 





− 





− −p
4

1
70

1
99

1 1

= +
−

+ ⋅

















−p
4

1
70

1
99

1 1
70

1
99

1tan

= + 





−p
4

1
239

1tan  = + 





− −tan tan1 11 1
239

=
+

−

















= 





=− − −tan tan tan1 1 1
1 1

239

1 1
239

240
238

120
119







∴ L.H.S. = R.H.S. 

12. Given as cos cos− −





+ 





=1 1x
a

y
b

α

⇒ cos− ⋅ − − −












=1
2

2

2

21 1x
a

y
b

x
a

y

b
α

⇒ x
a

y
b

x
a

y

b
⋅ − − − =1 1

2

2

2

2 cos α

⇒ 
x
a

y
b

x
a

y

b
⋅ −





= −






−







cos α

2 2

2

2

21 1

⇒ x
a

y

b

xy
ab

2

2

2

2
2 2

⋅ + −cos (cos )α α

  
= − − + ⋅1

2

2

2

2

2

2

2

2
x
a

y

b
x
a

y

b

⇒ 
x
a

y

b

xy
ab

2

2

2

2
22

1+ − = −(cos ) cosα α

⇒ x
a

y

b

xy
ab

2

2

2

2
22

+ − =
(cos )

sin
α

α (Hence proved)

Now, cos−

+









1

2 2

x

x a

Put     x a x
a

= ⇒ = 















−cot cotq q 1

=
+









 = 





− −cos cot

cot
cos cot

cosec
1

2 2 2
1a

a a

a
a

q

q

q
q

=  cos–1(cos q) = q  = 





−cot 1 x
a

Hence, simplest form of cos−

+













1
2 2

x

x a
is cot .− 





1 x
a

13. (i) We have, tan tan− −−
−







+ +
+







=1 11
2

1
2 4

x
x

x
x

p

⇒ −
−







+ +
+







=− − −tan tan tan1 1 11
2

1
2

1x
x

x
x

⇒ −
−







= − +
+







− − −tan tan tan1 1 11
2

1 1
2

x
x

x
x

⇒ −
−







=
− +

+

+ +
+

















− −tan tan1 11
2

1 1
2

1 1
2

x
x

x
x
x
x

⇒ −
−







=
+







− −tan tan1 11
2

1
2 3

x
x x

⇒ −
−

=
+

x
x x

1
2

1
2 3   

⇒ + − = −( )( )2 3 1 2x x x

⇒ − = ⇒ = ±2 1 0 1
2

2x x

(ii) L.H.S. = sec2 (tan–12) + cosec2 (cot–13)

= { } + { }− −sec(tan ) cosec(cot )1 2 1 2
2 3

= 













+ 













− −sec tan cosec cot1
2

1
22

1
3
1

= { } + { }
= + = =

− −sec(sec ) cosec(cosec )

( ) ( ) R.H.S.

1 2 1 2

2 2

5 10

5 10 15

14. We have, sin ( ) sin− −− − =1 11 2
2

x x p

⇒ − = +− −sin ( ) sin1 11
2

2x xp

⇒  1 – x = sin(p/2 + 2 sin–1 x)
⇒  1 – x = cos(2sin–1 x)
⇒  1 – x = cos{cos–1 (1 – 2x2)}
⇒  1 – x = (1 – 2x2)

⇒  x(2x – 1) = 0 ⇒ x = 0,
1
2

For, x = 1
2

, we have

L.H.S = sin–1 (1 – x)–2sin–1x

   = sin sin sin− − −− = − = − ≠1 1 11
2

2 1
2

1
2 6

p R.H.S

So, x = 1/2 is not a root of the given equation.
Clearly, x = 0 satisfies the equation.
Hence, x = 0 is a root of the given equation.
We have, sin(3 sin–1 0.4)
= sin [sin–1 {3 × 0.4 – 4 × (0.4)3}]
= sin [sin–1 {(1.2) – 0.256}]= 0.944


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section-i

single correct option
this section contains 7 multiple choice questions. each 
question has four choices (a), (b), (c) and (d) out of which 
onlY one is correct. [3 marks for correct answer and –1 for 
wrong answer]

1. If H
nn = + + + + +1 1

2
1
3

1
4

1.....  and

′ = + −
−

+
− −

+
− −

+ + −
⋅







H n
n n n n n n

n
n

1
2

1
1

2
1 2

3
2 3

2
3 2( ) ( )( ) ( )( )

... ,
 

then
(a) Hn = H′ n   (b) 2Hn = H′ n  
(c) Hn = 2H′ n  (d) Hn = 3H′ n  

2. If f(x) = sinx – x, then f x dx−

−
∫ 1

2

2
( )

p

p
 equals

(a) p2 (b) 2p2 (c) 3p2 (d) 4p2

3. Given two circles x y x y2 2 3 2 0+ + + =( )  and 
x y x y2 2 5 2 0+ + + =( ) .  Let the radius of the third 
circle, which is tangent to the two given circles and 

to their common diameter, be 2 1p
p
− .  The value of 

p is
(a) 7 (b) 5 (c) 8 (d) 10

4. The equation of the largest circle with centre (1, 0) 
that can be inscribed in the ellipse x2 + 4y2 = 16, is

(a) ( ) ( )x y− + − =1 0 11
3

2 2  

(b) ( ) ( )x y− + − =1 0 22
3

2 2

(c) ( ) ( )x y− + − =1 0 112 2

(d) ( ) ( )x y+ + + =1 0 11
3

2 2

5. If z = x + 3i, then the value of arg ,z i
z i

dx−
+









∫

2

4
 

(where [.] denotes the greatest integer function and 
i = −1 ), is

(a) 3 2    (b) 6 3  

(c) 6    (d) None of these

6. Let AB i j k
 

  = + −3  and AC i j k
 

  = − + 3 .  If the point 
P on the line segment BC is equidistant from AB 
and AC then AP

 

 is
(a) 2i k −    (b) i k − 2
(c) 2i k +    (d) None of these

7. If f(n) = an + bn and 
3 1 1 1 2

1 1 1 2 1 3
1 2 1 3 1 4

+ +
+ + +
+ + +

f f
f f f
f f f

( ) ( )
( ) ( ) ( )
( ) ( ) ( )

  

= k(1 – a)2(1 – b)2(a – b)2, then k is equal to

(a) 1 (b) –1 (c) ab (d) 
1

ab

section-ii

Multiple correct option

this section contains 4 multiple choice questions. each 
question has 4 choices (a), (b), (c) and (d) out of which one 
or More is/are correct. [4 marks for correct answer and 0 for 
wrong answer]

8. If f(x) is a cubic polynomial such that f(0) + 2 = 0 
and f ′′′(0) = 6 and f(x) = 0 possess three positive 
integral roots then
(a) f ′(1) = 0 (b) 2f ′(0) + f ′′(0) = 0 
(c) 2f ′(0) + f ′′(0) = 2 (d) f ′(2) = 0

9. On the interval A = [–2, 2], the function 

f x x e x
x

x x( ) ( ) ,
,

= + ≠
=









− +










1 0
0 0

1 1

(a) is continuous for all x ∈A – {0} 
(b) is continuous for all x ∈A 
(c) assumes all intermediate values from f(–2) to f(2)
(d) has maximum value equal to 3/e

By : Vidyalankar Institute, Pearl Centre, Senapati Bapat Marg, Dadar (W), Mumbai - 28. Tel.: (022) 24306367
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10. The number of real solutions of the equation 

3 32 48 18 16 4 2 2[ cos cos cos ] sinx x x x− + − =  is

(a) 6 0
2

, ,x ∈





p  (b) 12, x ∈[0, p]

(c) 6
2 2

, ,x ∈ −





p p
 (d) 12, x ∈[–p, p]

11. Let f (x) = ax2 + bx + c, where a, b, c ∈R. Suppose 
|f (x)| ≤ 1 ∀  x ∈ [0, 1], then
(a) |a| ≤ 8   (b) |b| ≤ 8 
(c) |c| ≤ 1   (d) |a| + |b| + |c| ≤ 17

section-iii
linked coMprehension tYpe

this section contains 2 paragraphs. Based upon one of the 
paragraphs 2 multiple choice questions and based on the 
other paragraph 3 multiple choice questions have to be 
answered. each of these questions has 4 choices (a), (b), (c) 
and (d), out of which onlY one is correct. [3 marks for correct 
answer and −1 for wrong answer]

Paragraph for Question Nos. 12 and 13

Consider a
a a n a an n

1
2 3 1

1 1
2

1
1

1
2

+ + + +
−

=
+

.....
( )

; n ≥ 3, 

n ∈ N where a1 = 1, a2 = 1/2.

12. ai
i=

∞
∑

1
 is

(a) 1/2 (b) 1 (c) 2 (d) 3/2

13. 1 1
2

1
3

1
1

1
3

1
4

1

2 3 4 3 4a a a n a a a nan n
+ + + +

−
− − − −...

( )
...  

is equal to
(a) 0 (b) n (c) n – 1 (d) n + 1

Paragraph for Question Nos. 14 to 16
Two persons A and B are playing with 5 dice. Player A 
throws 3 dice and Player B throws 2 dice. The trials go 
on simultaneously and successively until 6 shows on at 
least one of the dice.
14. P(A) : The probability that player A and not B first 

obtains 6 is

(a) 
( )6 5
6 5

2 2

5 5
−
−

 (b) 
( )6 5 5

6 5

3 3 2

5 5
−
−

(c) 
( )( )6 5 6 5

6 5

3 3 2 2

5 5
− −

−
 (d) None of these

15. P(B) : The probability that player B and not A first 
obtain 6 is

(a) ( )6 5 5
6 5

2 2 3

5 5
−
−

 (b) 
( )6 5 5

6 5

3 3 2

5 5
−
−

(c) 
( )( )6 5 6 5

6 5

3 3 2 2

5 5
− −

−
 (d) None of these

16. P(C) : The probability that players A and B obtain a 
6 simultaneously is

(a) 
( )6 5 5

6 5

3 3 3

5 5
−
−

 (b) 
( )6 5 5

6 5

2 2 3

5 5
−
−

(c) 
( )( )6 5 6 5

6 5

3 3 2 2

5 5
− −

−
 (d) None of these

section-iV
integer Answer tYpe

this section contains 7 questions. the answer to each of 
the questions is a single−digit integer, ranging from 0 to 9.  
the bubble corresponding to the correct answer is to be 
darkened in the ors. [4 marks for correct answer and 0 for 
wrong answer]

17. If the sum of squares of all integral values of a is S. For 
which the quadratic expression (x – a)(x – 10) + 1 can 
be factored as a product of two factors (x + a)(x + b) 

and a, b, ∈ I, then 1
26

S  is equal to

18. f (x) is a polynomial of 6th degree and f(x) = f(2 – x) 
∀ x  ∈ R. If f (x) = 0 has 4 distinct real roots and two 
real and equal roots then sum of roots of f (x) = 0 is

19. If in a rectangular hyperbola xy = c2, the locus of 
the middle points of chords of constant length 2d is  
(x2 + y2)(xy – c2) = dlxy, then the value of l must be

20. Let the curves a1x2 + 2h1xy + b1y2 – 2g1x – 2f1y + c = 0 
and a2x2 – 2h2xy + (a2 + a1 – b1)y2 – 2g2x – 2f2y + c = 0 
(a1 ≠ b1) intersect at four concylic points A, B, C 

and D. If H be the point 
g g
a a

f f
a a

1 2

1 2

1 2

1 2

+
+

+
+









, , then 

5 7 42 2 2

2
HA HB HC

HD
+ − =

21. If f5 = 1, (f ≠ 1), then 
f
f

f
f

f
f

f
f1 1 1 12

2

4

3 4

3+
+

+
+

+
+

+
 

equals
22. If number of ordered triplets (a, b, c) such that  

LCM(a, b) = 1000, LCM(b, c) = 2000 and 
 LCM(c, a) = 2000 is a, then sum of the digits in a equals
23. Find the number of polynomials f (x) with integral 

coefficient with f (a) = b, f (b) = c, f (c) = a for distinct 
integers a, b, c.

Answers
1. (a) 2. (d) 3. (c) 4. (a) 5. (d) 
6. (c) 7. (a) 8. (a, c) 9. (a, c, d)
10. (a, b, c, d)  11. (a, b, c, d)  12. (c) 
13. (b) 14. (b) 15. (a) 16. (c) 17. (8) 
18. (6) 19. (2) 20. (8) 21. (2) 22. (7) 
23. (0) 

For detailed solution, visit our website
www.vidyalankar.org
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( ) ( ) ( )1 2 3 2 5
3 2 2 2

2 0 0
648

2+ + +
+ = −

a a a a a
a a a a

Expanding, 2a2(3a + 2) – 2a2 (5a + 2) = – 324a
⇒ –4a3 = – 324a  ⇒  a(a2 – 81) = 0   
\   a = 0, –9, 9 
2nd solution
Writing the expression as a product of determinants, 
we have

 

1

4 2

9 3

1 1 1
2 4 6
1 4 9

648

2

2

2

a a

a a

a a

a= −

⇒ = −a a3
1 1 1
4 2 1
9 3 1

1 1 1
2 4 6
1 4 9

648

⇒ a3(–2)(4) = – 648a  ⇒  a3 = 81a
\ a = 0, 9, –9, as before [Rating : Difficult]

11. (b, d) : The plane P3 is given by
(x + z – 1) + ly = 0 i.e.  x + ly + z – 1 = 0
Distance of the plane from (0, 1, 0) is

 

l

l

−

+
=

1

2
1

2

⇒  l2 – 2l + 1 = l2 + 2  ⇒ = − \ = −2 1 1
2

l l
Then the plane is 2x – y + 2z – 2 = 0
The distance of (a, b, g) from P3 is 2

⇒
− + −

=
2 2 2

9
2

a b g
 ⇒  2a – b + 2g – 2 = ± 6

⇒ 2a – b + 2g – 8 = 0  or 2a – b + 2g + 4 = 0                                                                                               
[Rating : Easy]

12. (a, b) : By geometrical condition, line L is parallel 
to the line of intersection of P1 and P2.
A vector along L is
( ) ( )^ ^ ^ ^ ^ ^ ^ ^ ^i j k i j k i j k+ − × − + = − −2 2 3 5
Any point on L is A(l, –3l, –5l)
The foot of perpendicular from A to plane P1 is
a l b l g l l l l−

=
+

=
+
−

= −
− + +

+ +
= −

1
3

2
5
1

6 5 1
1 4 1

1
6

\ The foot of perpendicular is

 l l l− − − − +





1
6

3 1
3

5 1
6

, ,

Only choice (a) and (b)  match for some l ∈ R.
[Rating : Difficult]

13. (a, d) :  Let t1 and t2 be parameters of P and Q 
respectively, since OP and OQ are perpendicular

\ Product of slopes = –1
⇒ t1t2 = –4 
Again [ ]OPQ = 3 2

⇒ − =1
4

3 21
2

2 1 2
2t t t t

⇒ − =| || |t t t t1 2 1 2 12 2

⇒ | |t t1 2 3 2− =

⇒ + =t
t1
1

4 3 2
 
\ + =t

t1
1

4 3 2

⇒ − + =t t1
2

13 2 4 0  \ =t1 2 2 2,
Thus P ≡ ( , ) ( , )4 2 2 1 2or

[Rating : Difficult]

14. (a, c) : ( )1 1+ + =e dy
dx

yex x

⇒ +
+

=
+

dy
dx

e
e

y
e

x

x x1
1

1
This is linear D.E., so

 I F = ln. . ( )e e e

e
e

dx
e x

x

x x1 1 1+ +
∫

= = +
The solution is given by

 
y e

e
e dxx

x
x( ) ( )1 1

1
1+ =

+
+ +∫ l

 y(1 + ex) = x + l
(0, 2) is a point   ⇒   2.2 = l   \  l = 4 
So, y(1 + ex) = x + 4 ...(i)
(a) x = – 4   ⇒   y(1 + e–4) = 0   \ y = 0, (a) is true

(b) x y
e

= − ⇒ =
+ −2 2

1 2    . So, (b) is not true.

(c) Differentiating (i) w.r.t. x, we get

Also, dy
dx

e x e

e

e x

e

x x

x

x

x=
+ ⋅ − +

+
=

− + +

+

( ) ( )

( )

( )

( )

1 1 4

1

3 1

12 2

Let f x e x
e

x

x( ) ( )
( )

= − + +
+

3 1
1 2

f f e

e

f f( ) , ( ) , ( ) ( )0 2
2

0 1

2 1

1 1

0 0 1 02 2= − < − =

− +

+





> ⋅ − <    

Hence, f (x) vanish at least once in (–1, 0).
So, (c) is true. [Rating : Difficult]

15. (b, c) : (x – a)2 + (y – a)2 = r2

⇒ x2 + y2 – 2ax – 2ay + 2a2 – r2 = 0 ...(i)
Differentiating (i) w.r.t. x, we get
2x + 2yy′ – 2a – 2ay′ = 0 ...(ii)

\ =
+ ′
+ ′

a
x yy

y1  
...(iii)

Contd. from page no. 17

mathematics today | july ‘1580



Differentiating (ii), we get
  1 + y′2 + yy′′ – ay′′ = 0

⇒ + ′ + ′′ −
+ ′
+ ′

′′ =1
1

02y yy
x yy

y
y

( )           
[From (iii)]

Collecting terms, we get
 (y – x)y′′ + (1 + y′ + y′2)y′ + 1 = 0
Now compare with given differential equation.

[Rating : Doable]

16. (a, d) : Rewrite f as

f x
g x x

x
g x x

( )
( ),

( ),
=

>
=

− <







0
0 0

0

We have, ′ =
′ >

− ′ <




f x
g x x
g x x

( )
( ),
( ),

0
0

At x  = 0

  
′ =

+ −
→

f
f h f

hh
( ) lim

( ) ( )
0

0 0
0

   
=

−
→

lim
( )

h

g h
h0

0
=

−
= ′

→
lim

( ) ( )
( )

h

g h g
h

g
0

0
0

 
′ =

′ ≥
− ′ <





f x
g x x
g x x

( )
( ),
( ),

0
0

 f is differentiable at x = 0
h(x) = e|x|

\ h is not differentiable at x = 0

′ =
+ −

+ →
h

h t h
tt

( ) lim
( ) ( )

0
0 0

0  
=

−
=

→
lim
t

te
t0

1
1

′ =
− −

−− →
h

h t h
tt

( ) lim
( ) ( )

0
0 0

0  
=

−
−

= −
→
lim
t

te
t0

1
1

As ′ ≠ ′+ −h h( ) ( ),0 0  h is not differentiable at origin.
hof is differentiable at 0, as f is differentiable at 0
and h is differentiable at f(0).
But foh is not differentiable at 0.

[Rating : Difficult]

17. (a, b, c) : We have  f x x( ) sin sin sin= 











p p
6 2

 
As x ∈ R

sin sin [ , ]p
2

1 1x



 ∈ −

p p p p
6 2 6 6

sin sin ,x



 ∈ −





f x( ) ,∈ −





1
2

1
2

fog x x( ) sin sin sin sin= 

















p p p
6 2 2

It is observed that as p p p
2 2 2

sin , ,x ∈ −





 the range of

fog x( ) ,is also −





1
2

1
2

Again lim
sin sin sin

sinx

x

x→













0
6 2

2

p p

p

=



































⋅
→

lim
sin sin sin

sin sinx

x

x0
6 2

6 2

p p

p p

p
66 2

2

sin sin

sin

p

p

x

x







=







=
→

lim
sin sin

sinx

x

x0 6
2

2
6

p
p

p
p

Again gof (x) = 1

⇒ 









 =p p p

2 6 2
1sin sin sin sin x

⇒ 









 = >sin sin sin sinp p

p6 2
2 1

2
x

So no x is possible.
[Rating : Difficult]

18. (a, c, d) : As 



a b c+ + = 0
⇒ = + + ⋅a b c b c2 2 2 2





 
⇒  144 = 48 + c2 + 48   ⇒ = ⇒ =c c2 48 4 3
Again, c a b a b2 2 2 2= + + ⋅



⇒ ⋅ =
− −

= −



a b
48 144 48

2
72

| |



 a b c a× + ×  = × + × = ×| | | |











a b a b a b2

= − ⋅2 2 2 2a b a b( )



 = ⋅ − −2 12 48 722 2( )

= ⋅ − = ⋅ ⋅ =2 12 48 36 2 12 2 3 48 3
[Rating : Easy]

19. A → P, Q; B → P, Q; C → P, Q, S, T; D → Q, T

(A) a b3
2

3
+



 =

Also, b
a

=
− 2
3

. So, a
a

3
2

3
2 3+

−
= ±

⇒ 





= ± = −a 4
3

2
3

2 3 8
3

4
3

,  

\ a = 2, –1   ⇒  |a| = 1, 2
(B) Continuity gives b + a2 = –2 – 3a
Differentiability gives b = –6a
Eliminating 'b', we get
a2 – 3a + 2 = 0   \ a = 1, 2
(C) (3 – 3w + 2w2)4n + 3 + (2 + 3w – 3w2)4n+3 

+ (–3 + 2w + 3w2)4n+3 = 0
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⇒ (3 – 3w + 2w2)4n + 3 {1 + w4n + 3 + (w2)4n+3} = 0 
1 + wl + w2l = 0 as l is not a multiple of 3
i.e. 4n + 3 ≠ 3k
i.e. 4n ≠ 3 (k – 1)
So n is not a multiple of 3.

(D) By given condition 2 4ab
a b+

=  ...(i)

Also, b – 5 = 2(5 – a)           
\ b = 15 – 2a
On putting b in (i), we get
 2a(15 – 2a) = 4(15 – a)
⇒ 2a2 – 17a + 30 = 0   ⇒  (2a – 5)(a – 6) = 0

\ =a 5
2

6,
 

|q – 2a| = |10 – 2a| = |10 – 5| = 5
    or  = |10 – 12| = 2

[Rating : Easy]

20. A → P, R, S; B → P; C → P, Q; D → S, T
(A) As 2(a2 – b2) = c2

⇒ 2 (sin2X – sin2Y) = sin2 Z
⇒ 2 sin (X + Y) sin (X – Y) = sin2 Z

\ − =sin | | sinX Y Z
2

cos(npl) = 0 ⇒ 



 =cos np

2
0

⇒ =np p p p
2 2

3
2

5
2

, ,

\ n = 1, 3, 5
(B) 1 + cos 2X – 2cos 2Y = 2 sin X sin Y
⇒ 2cos2X – 2{1 – 2sin2Y} = 2 sin X sin Y
⇒ sin2X + sin X sin Y – 2sin2Y = 0
⇒ a2 + ab – 2b2 = 0 

⇒ 
a
b

a
b





 + 



 − =

2
2 0    ⇒   a

b
a
b

+



 −



 =2 1 0

\ = −a
b

2 1,
 

\ =a
b

1

(C) Angle bisector of OX and OY is y = x
Now distance of (b, 1 – b) from x – y = 0 is

 

b b− − =( )1
2

3
2

⇒ |2b – 1| = 3   ⇒ 2b – 1 = + 3   \  b = 2  or  –1
\ |b| = 2, 1
(D) For a = 0, y = 3
 For a = 1 
 y = |x – 1| + |x – 2| + x

   

=
− <
+ ≤ <
− ≥







3 1
1 1 2
3 3 2

x x
x x

x x

,
,
,

Area = + ⋅ + + − ∫
1
2

2 3 1 1
2

2 3 2
0

2
( ) ( ) x dx

 
= −5 8 2

3

\ + =F( )1 8
3

2 5

For a = 0, y = 3

\ Area = − ∫6 2
0

2
x dx

 
= −6 8

3
2

\ + =F( )0 8
3

2 6
[Rating : Difficult]

PaPer-2
1. (4) : 1st solution : 

a p p
p

k
i k

k i k e= + =cos sin2
14

2
14

2
14

 

e e

e e

e
i k i k

k

i k i k

k

i
2 1

14
2
14

1

12

2 4 1
14

2 4 2
14

1

3

( )

( ) ( )

+

=

− −

=

−∑

−∑

=

p p

p p

22
14

1

12

2
14

1

1

3

1
12
3

4

p

p

−∑

∑

= ==

−

=

k

i

k
e

 
2nd solution : The expression has a geometric meaning.
|ak + 1 – ak| is the side length of a polygon having 14 
sides as ak's are 14th roots of unity.

The expression = 
12
3

4=

Recall, a p p p p
k

k i k k i k= + = +cos sin cos sin
7 7

2
14

2
14

[Rating : Difficult]

2. (9) : 
S
S

7

11

6
11

=
 
⇒ +

+
=7 2 6

11 2 10
6

11
( )
( )

a d
a d

⇒ 7a + 21d = 6a + 30d  ⇒   a = 9d
Now, 130 < a + 6d < 140
i.e. 130 < 15d < 140
Hence d = 9

[Rating : Easy]

3. (8) : x9 can be obtained as a sum of two numbers 
in 5 ways, i.e., (0, 9), (1, 8), (2, 7), (3, 6), (4, 5) and 
as a sum of three numbers in 3 groups, i.e., (1, 2, 6), 
(1, 3, 5), (2, 3, 4).
Thus the total number of ways = 8

[Rating : Doable]

4. (4) : e b
a

2
2

21 1 5
9

4
9

= − = − =

The foci are (±ae, 0) i.e. (2, 0) and (–2, 0).
The parabola P1 is y2 = 8x and P2 is y2 = –16x
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As tangent with slope m1 to P1 passes through (–4, 0), 
we have 

 
y m x

m
= +1

1

2

 
giving 0 4 2

1
1

= − +m
m

i e m m. . 4 2 1
21

2
1
2= ⇒ =

Again for tangent with slope m2 to P2 passing through 
(2, 0), we have 

 
y m x

m
m

m
= − ⇒ = −2

2
2

2

4 0 2 4

⇒ 2m2
2 = 4  \ m2

2 = 2

Thus,
 

1 2 2 4
1
2 2

2

m
m+ = + =

[Rating : Doable]

5. (2) : lim lim ( )cos( ) cos( )

a

a

a

a

a a→ →

−−











= −
0 0

1 1e e e e
n n

m m

= −
−












⋅ −

→

−
lim ( )

cos( )
cos( )

(

cos( )

a

aa
a a

a
a0

2 1 1
1

1e en

m n

nn

nn
n me

)2
21

2












= − −a

 
As limit is given to be –e/2, we have 
 2n – m = 0.    \  m = 2n

[Rating : Easy]

6. (9) : a = ∫
+
+











+ −
e x

x
dxx x( tan )9 3

0

1 2

2

1 12 9
1  

Set 9x + 3tan–1x = t

so that dt
dx x

x
x

= +
+

= +
+

9 3
1

12 9
12

2

2  

We have,
 
a

p
p

= ∫ = −
+

+3

e dt et

0

9 3
4 9

4 1

\ + = +ln | |a p1 9 3
4  

Thus ln | |a p+ − =1 3
4

9
[Rating : Easy]

7. (7) :
 

lim ( )
( )

lim ( )
( )

lim
( )

| ( ( )) |x x x

F x
G x

F x
G x

f x
x f f x→ → →

= ′
′

= =
1 1 1

1
14

      

=






=
f

f

( )1
1
2

1
14

Thus f 1
2

7





= . But f 1
2

7





≠ −  as f (x) vanishes 

exactly at one point.
[Rating : Difficult]

8. (9) : 



 s p q r= + +4 3 5

Let − + + = − + =

 

 
 



p q r p q ra b,  and − − + =

 



p q r g
Then solving for 


 p q r, , and we have









 







p q r= − = − = +b g a g a b
2 2 2

, ,

Rewrite, 




   



s = −





+ −





+ +





4

2
3

2
5

2
b g a g a b

         
= + −4 9

2
7
2







a b g

\ = = = −x y z4 9
2

7
2

, ,

Thus, 2x + y + z = 9
[Rating : Difficult]

9. (a, d) : We have ax2 – x + a = 0 
D = 1 – 4a2

For distinct real roots, 1 – 4a2 > 0

i e. ., ,a ∈ −





1
2

1
2

Now, |x1 – x2| < 1   i.e.   (x1 – x2)2 < 1

i e b ac
a

. .,
2

2
2 24 1 1 4− < ⇒ − <a a

⇒ ∈ −∞ −






∪ ∞






a , ,1
5

1
5

Combining the two bounds, we have 

 
a ∈ − −







∪






1
2

1
5

1
5

1
2

, ,

\ = − −






∪






S 1
2

1
5

1
5

1
2

, ,

[Rating : Doable]

10. (b, c, d) : a p p= > = =− −3 6
11

3 6
12

3
6 2

1 1sin sin

⇒ >a p
2

b = >− −3 4
9

3 4
8

1 1cos cos   i.e.,  b > p

Then, a b p+ > 3
2

Also, a + b lies in fourth quadrant, hence
 cos(a + b) > 0

[Rating : Difficult]

11. (a, b) : The equation to the ellipses are 

 
E x

a

y

b
a b E x

c

y

d
c d1

2

2

2

2 2

2

2

2

21 1: ( ) and : ( )+ = > + = < 

The tangent is x + y = 3
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The tangent at (a, b) to x2 + (y – 1)2 = 2 is 
 xa + (y – 1)(b – 1) = 2
i.e. xa + (b – 1)y = b + 1
Giving a = 1, b = 2
Hence P is (1, 2).

x + y = 3 touches x
a

y

b

2

2

2

2 1+ =  at (x1, y1) giving

 

xx
a

yy
b

1 1 1+ =

Comparing, we get Q a b
3 3

,





Again it touches 
x
c

y

d
R c d2

2

2

2 1
3 3

+ = 





, ,we get 

 

a b
3

1
3

2 8
9

2 2
−





+ −





=

Also, a + b = 9, we get (a, b) = (5, 4)
Similarly, (c, d) = (1, 8)

 
e1

2 1 4
5

1
5

= − =
 
;
 
e2

2 1 1
8

7
8

= − =

[Rating : Difficult]
12. (a, b, d) : Let 1 + x2 – y2 = 1
The family of circles touching hyperbola at (x1, y1) is
(x – x1)2 + (y – y1)2 + l(xx1 – yy1 – 1) = 0
As centre is (x2, 0), we have 2y1 + ly1 = 0
\ l = –2
Also, x2 = 2x1

Then P x y x x x y≡ = − − =( , ) ( , ) ( )1 1 1 1
2

1
2

1
21 1  

 N ≡ (2x1, 0)

Again, M
x

≡






1 0
1

,

Here, l x
x

dl
dx x

x= + \ = − >1
1 1 1

2 1
1

3
1 1

3
1,

  

And, dm
dx

x

x
m 

x

1

1

1
2

1
2

3 1

1
3

=
−

−
 as = 

As m
y dm

dy
= =1

13
1
3

;
[Rating : Difficult]

13. (a, c) : I e at at dtt
1

6 4

0

4
= +∫ (sin cos )

p

 
= +∫∑

+

=
e at at dtt

k

k

k
(sin cos )

( ) 6 41

0

3

p

p

 
= +∫∑ +

=
e at at dtk t

k

( )(sin cos )pp 6 4

00

3

 
= ∑







+∫
=

e e at at dtk

k

tp p

0

3 6 4

0
(sin cos )

 
= + + + +∫( ) (sin cos )1 2 3 6 4

0
e e e e at at dttp p p p

 
\ The given expression 

 
= + + + = −

−
1 1

1
2 3

4
e e e e

e
p p p

p

p

Also, a = 2 and a = 4 both cases hold.
[Rating : Difficult]

14. (b, c) : Define H(x) = f (x) – 3g(x)
H(–1) =  3, H(0) = 3, H(2) = 3
Then H′(x) will vanish at least twice in (–1, 0) ∪ (0, 2)
As H′′(x) has no root in (–1, 0) and (0, 2), the equation 
H′(x) = 0 has exactly one root in (–1, 0) and exactly 
one root in (0, 2).

[Rating : Difficult]

15. (a, b) : f (x) =(7tanx6 – 3tan2x)(tan2x + 1)  
    = (7tan6x – 3tan2x)sec2x

Now, f x dx t t dt t t( ) ( )
/

0

4 6 2 7 3
0

1

0

1
7 3 0

p
∫ = − = −( ) =∫

Again, x f x dx t t t dt( ) tan ( )
/

0

4 1 6 2

0

1
7 3

p
∫ = −∫ −

= − − −
+

∫−tan [ ] ( )1 7 3
0
1 7 3

2
0

1 1
1

t t t t t
t

dt
  

= −∫ t t dt3 2

0

1
1( )

 
= − = − =t t4 6

0

1

4 6
1
4

1
6

1
12

[Rating : Difficult]

16. (d) : We have, f x x
x

′ =
+

( )
sin

192
2

3

4 p

Given, f m f x dx M1
2

0
1 2

1





= ≤ ≤∫and ( )
/

\ f(x) is increasing in 
1
2

1,



 .

\ ′ = =f x( )max
192
24

96

⇒ =
−

⇒ = × =96
1 1 2

1 2
1 96 1

2
48

f f
f

( ) ( / )
/

( )

 
M = × × =1

2
1
2

48 12

 
f x′ =







=( )min.

192
8
3

192
24
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⇒ =
−

⇒ = ×192
24

1 0
1 2

1 192
24

1
2

f
f

( )
( / )

( )

\ = × × × =m 1
2

1
2

192
24

1
2

1

[Rating : Difficult]
17. (a, b) : Box I : red balls → n1
       black balls → n2
 Box II : red balls → n3
         black balls → n4 

P R
n

n n
n

n n
( ) = ⋅

+
+ ⋅

+
1
2

1
2

1

1 2

3

3 4

P R

n
n n

n
n n

n
n n

( / )Box II =
⋅

+

⋅
+

+ ⋅
+

1
2

1
2

1
2

3

3 4

1

1 2

3

3 4

         

=

+
+

+



















=1

1

1
31

1 2

3

3 4

n
n n

n
n n

Thus, 
n

n n
n

n n
1

1 2

3

3 4
2

+
=

+

i.e. 2 1 1 2 12

1

4

3

4

3

2

1
+







= + − =
n
n

n
n

i e
n
n

n
n

. .

[Rating : Doable]

18. (c, d) : From the given condition

 

n
n n

n
n n

n
n n

n
n n

1

1 2

1

1 2

2

1 2

1

1 2

1
1 1

1
3+

⋅
−

+ −
+

+
⋅

+ −
=

i.e. 3n1(n1 + n2 – 1) = (n1 + n2)2 – n1 – n2
⇒ 3n1(n1 + n2 – 1) = (n1 + n2)(n1 + n2 – 1)
⇒ 3n1 = n1 + n2    \   2n1 = n2

[Rating : Doable]
19. (a, b, c) : f ′(x) = xF′(x) + F(x)
\ f ′(1) = F(1) + F′(1) < 0
 f(2) = 2F(2) < 0
Thus f ′(x) = x F′(x) + F(x) < 0

[Rating : Difficult]

20. (c, d) : x F x dx2

1

3
12′ = −∫ ( )

As x F x dx3

1

3
40′′∫ =( ) , we have

 
x F x x F x dx3

1

3 2

1

3
3 40′ − ′∫ =( ) ( )

⇒  x f x F x2
1
3 3 12 40( ( ) ( ) | ( )′ − − − =

⇒ 9(f ′(3) – F(3)) – (f ′(1) – F(1)) = 4
⇒ 9f ′(3) + 36 – f ′(1) = 4
Thus, 9 f ′(3) – f ′(1) + 32 = 0

Again, x F x dx2

1

3
12′ = −∫ ( )

i.e.
 

x F x xF x dx2
1
3

1

3
2 12( )| ( )− = −∫

i e f x dx. . ( )− − = −∫36 2 12
1

3

\ ∫ = −f x dx( )
1

3
12

 [Rating : Difficult]

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