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Only Sugar-coated Pills are popular

any good students leave the mathematics and physics stream to
I\/l choose anything that is offered as an alternative paper. This is
unfortunate because they miss a very good source of joy just because
the packaging was not attractive. The way to combat this syndrome is
to arrange in every college, university and schools, a series to popular
lectures on not only mathematics but every other subject including the
history of mathematics.

Itis unfortunate that when we talk to students, many in the high school
stage itself are ready to experiment with any other subject if only they
can avoid mathematics. This fear continues even when they become
professors. On the other side of the fence, there are the majority of
professors in the physical science stream who try to avoid anything
connected with botany and physiology. The cure is the same — exposure
to lectures by great professors and doctors. If professors and lecturers in
art subjects such as English and other languages do not like the courses
such as mathematics, the dislike is genuine. It is even fear rather than
dislike. What is the solution?

First arrange extension lectures by the top popular mathematics
professors and research scientists where there is no marking system.
Follow up by explaining the mathematics used in modern research.
Knowledge of statistics, calculus, group theory and quantum mechanics
are absolutely necessary for any research professor or student. These
mathematics only help us to draw the correct conclusions. If teaching
physics itself needs sugar-coating, teaching mathematics needs as
double coating of sugar and chocolate! The lesson given by homeopathy
doctors is this — even good medicines should be given as sugar pills.

Anil Ahlawat
Editor
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BN T\ FIMUSING

aths Musing was started in January 2003 issue of Mathematics Today with the suggestion of Shri Mahabir Singh. The aim of Maths

Musing is to augment the chances of bright students seeking admission into IITs with additional study material.
During the last 10 years there have been several changes in JEE pattern. To suit these changes Maths Musing also adopted the new
pattern by changing the style of problems. Some of the Maths Musing problems have been adapted in JEE benefitting thousand of our
readers. It is heartening that we receive solutions of Maths Musing problems from all over India.
Maths Musing has been receiving tremendous response from candidates preparing for JEE and teachers coaching them. We do hope
that students will continue to use Maths Musing to boost up their ranks in JEE Main and Advanced.

Prof. Dr. Ramanaiah Gundala, Former Dean of Science and Humanities, Anna University, Chennai

OBLE
?RSet 149M I

1. The sum of the first 2015 terms of the sequence
1,2,1,2,2,1,2,2,2,1,2,2,2,2,1,2,2,2,2,2, 1, 2, 2,
(a) 3966 (b) 3967

(c) 3968 (d) 3969

2. The graph of a function y = f(x) is symmetric about
the line x = a and x = b < a. The function is periodic
with period
(@) a+b

() a-b (¢) 2(a+b)(d) 2(a-b)

3. The sides of a triangle ABC are 5, 6, 7. P(x, y) is a
point in the plane of the triangle such that PA% +PB* +
PC? = 70. The locus of P is a circle of radius

8 10 11 13
(a) 3 (b) 3 (c) 3 (d) 3
1+ x)V* —ete”
4. lim 2 _
x—0 ex2
@ L B oL @?:3
24 24 12

JEE ADVANCED

5. A straight line L through the point A (1, 2) meets
the line x + y = 4 at the point B. If AB= V2, the slope
of Lis

(@) 2++3
© 243

6. A straight line L is a tangent to the parabola

(b) 2-3
d)—2-3

y2 = 4x and a normal to the parabola 2 =\/E ¥.
The distance of the origin from L is

(@) 0 wp% «)%:<®2

COMPREHENSION

A and B are two points on the parabola y* = 4ax
such that the normals at A and B meet at the point
C(at?, 2at) on the parabola

7. The locus of the orthocentre of triangle ABC is a
parabola of latus rectum

@<  ®a  ©2* @2
2 2

8. The locus of the circumcentre of triangle ABC is
parabola of latus rectum

a 3a
(a) 5 (b) a (c) 5 (d) 2a
 INTEGERMATCH |

9. A straight line with negative slope cuts x-axis at
A and y-axis at B. O is the origin. If it passes through

1
the point 1,5 » the minimum value of the perimeter
of the triangle OAB is
L MATCHINGLIST |

10. Inatriangle ABC, r; = 21, r, = 24,13 =28

Column-I Column-II

P. | The sum of the digits of s = 1. |3
Q. | The sum of the digits of a = |2. |6
R. ' The sum of the digits of b = 3. |8
S. | The sum of the digits of ¢ = 4. 110

p Q R S
(a) 1 2 3 4
) 2 3 4 1
(c) 3 4 1 2
(d) 4 1 2 3

See Solution set of Maths Musing 148 on page no. 69

Prof. Ramanaiah is the author of MTG JEE(Main & Advanced) Mathematics series
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SECTION-I

(Multiple Correct Answer Type)

This section contains multiple correct answer(s) type
questions. Each question has 4 choices (a), (b), (c) and
(d), out of which ONE OR MORE is/are correct.

1. Let flx) = In |x| and g(x) = sin x. If A is the range of
flg(x)) and B is the range of g(f(x)), then

() AUB=(-0,1] (b) A U B = (o0, o)
(c) AnB=[-1,0] (dAnB=]0,1]

2 2 2 2
2. lim 1-cos——cos—+cos—cos— |=
x—0 sin® x 2 4 2 4

1 1 1 1
(a) " (b) 32 (c) ” (d) s
3x2 +12x -1, ~1<x <2
37— x, 2<x<3’ hen
(a) f(x) is increasing in [-1,2]
(b) f(x) is continuous in [-1,3]
(c) f’(2) does not exist
(d) f(x) has maximum at x = 2

3. If f(x)=

4, If xe [O,E} , then sin x + 2x
2

@ =X(x+1) ®) <+
T T

(c) 2 3?x(x +1) (d) none of these

5. The angle between the pair of lines

2
2 x .
(xszyz)[coiL e+sin2 e):(ﬁ—ysmeJ is

®
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@ = b T
6 4
T d) 26.

3
6. Tangents are drawn from a point P on the circle
C:x* + y* = a* to the circle C; : x* + y* = b*. If these
tangents cut the circle Cat Q and R and if QR is a tangent
to the circle C;, then the area of triangle PQR is

(a) 34367 (b) #az
() #M (d) 2v3ab

7. Ifthe plane x + y + z = 1 is rotated through 90° about
its line of intersection with the plane x - 2y + 3z = 0,
the new position of the plane is

() x-5y+4z=1 (b) x-5y+4z=-1

(c) x-8y+7z=2 (d) x-8y+7z=-2.

8. The general solution of the equation

3-2cosB -4sin6 - cos20 +sin20=01is
(a) nm (b) 2nm

T
(c) 2nm+= @) 2nm+Z

2 4
9. 'There exists a triangle ABC satisfying the conditions

(a) bsinA<a,A>g (b) bsinA>a,A>g

T
(© bsinA>aA< (@) bsinA<a,A<g,b>a

10. If z#0, then the maximum value of |2 | is
@ |z (b) 1
(© " (d) e"
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SECTION-II

(Integer Answer Type Questions)

This section contains questions. The answer to each
of the question is a single digit integer, ranging from
0 to 9.

11. Let z be a complex number such that |z| = 1. The
number of complex numbers z, such that z° is pure
imaginary, is

12. Let d,b,¢ be coplanar unit vectors such that
b-¢=cosa, ¢-d=cosP,d-b=cosy.Then the value of
cos’0L + cos?P + cos™y - 2 cosol cosP cosy is

13. Inatriangle ABC, if a, b, c are in A.P, then the value

ca .
of — is
R

14. The number of values of x in [-7t, 7] such that
.2 2
815 ¥ 1 81°°% ¥ =30, is

2 x ltan ' x
15. If | =.|. ——dxand J = dx,
I 0 sinx 0 x
then = g
]

2
16. If Z—y =Xxy + x3y3 andy(O) =1, then 3(}1(%)) is
X

17. If the area bounded by the curves x* = y, x* = —y and

m
y* = 4x - 3 is —, where m and n are relatively prime
n

positive integer, then m + n is
ex
(1+x)1/x —€+7
18. If lim e where m and n are
x—0 ex n

relatively prime positive integers, then 3 m — n is

19. The circle x* + y* + 2gx + 2fy + ¢ = 0 is such that the
length of tangents to it from the points (1, 0), (2, 0) and

(3, 2) are respectively 1,4/7 and 2. Then |c| is

b
20. Let f(x) = 20 w9 16 f(5) = 5, £13) = 13
cx+d c

and f (f (x)) = x for all x except _—d, then the number
c

which is not in the range of fis

PAPER-II

SECTION-I

(Single Correct Answer Type)

This section contains multiple choice questions. Each
question has 4 choices (a), (b), (c) and (d), out of which
ONLY ONE is correct.

21. 1f f(x)= [ f(x) dx, then
[+ (P +{£@)) |dx=0 will give
3 r
)
z;ié_z
r=1

(a) f7(x) (b) constant
(c) f3(x) +c (d) None of these

22. Let fix) = [x] — x (where [] is g i. function) and
eyt -1
lim ———

2014

g(x)= then {g(x)} dx=
noe {f(OF +1 J 21

(a) 2014 (b) 2015

(c) O (d) None of these

23. If o, B, y be the angles made by a line with axes so
tan’ B tan’ Y 50

5 5 5 =3sec” —,
l+tan“ 0. 1+tan“f 1+tan”y 2

2
that 2 tan” @

then 0 =

(12)

MATHEMATICS TODAY | MAY ‘15

(a) m/12 (b) w/10 (c¢) m/6 (d) =/3

24. Ifa, b, c, d > 0; x € R and (a® + b* + A - 2
33 14 loga

(ab+ bc + cd)x + b* + > + d* <0, then | g5 27 logb

is equal to 97 40

(@) 1 (b) -1 () 0 (d) 2

25. If A and B are square matrices of the same order,

then which of the following is always true?

(a) adj(AB) = (adjB)(adjA)

(b) A and B are non-zero and |AB| = 0< |A| = 0 and

|B| =0
(c) (AB)'=4A"'B!
(d (A+B)'=Aa"+B"

logc

z—2

26. If z lies on the circle |z - 1| = 1, then
(a) 0 (b) 2 z
(o) -1 (d) none of these

equals

3
27. If A, B and C are three events such that P(B) =Z’
1 ’ 7 1
P(AmBmC’):g and P(A’NBNC )=5 ,

then P(B N C) is equal to



1 1 1 1
(a) o (b) P (c) s (d) 5
28. If 2f(xy) = (f(x)Y + (f(y))* V x, yand f(1) = 2, then
9
D fm)=
n=1
(a) 1022 (b) 1023 (c) 1024 (d) 1025

29. The differential equation satisfied by all the circles
with centres on the line x = y is

@ (x=y)yy=1+yD(+y7)

(®) (x=p)yr=(1+y)(1 +y)?

(©) (x-yyi=+yD)

(d) (-yyi=1+y)y3

30. If cos (x - y), cos x, cos (x + y) are in H.P, then

cosx-seczis
2
() +2 (b) +3
(c) \/5 (d) None of these

SECTION-II

(Comprehension Type)

This section contains paragraphs. Based upon each
paragraph, multiple choice questions have to be
answered. Each question has 4 choices (a), (b), (c) and
(d), out of which ONLY ONE is correct.

Paragraph for Question Nos. 31 to 33
Let L; and L, be the linesx + 2y -z-3=0=3x-y
+2z-land2x-2y+3z-2=0=x-y+z+ 1

31. The angle between the lines is

n -1l
(@ = (b) cos 3

4
L [2 L [2
(c) cos \/; (d) cos \/;

32. The distance of the origin from the point of
intersection of L, and L, is

@ 22 () 33 (0 211 (@ i1

33. The distance of the origin from the plane through
the lines is
1 1 1

1
WK W55 © 55 @5

Paragraph for Question Nos. 34 to 36

Normals are drawn from the point (3, 2) to the parabola
y* = 4x. The tangents at the feet of the normals form a
triangle ABC. The distance of the focus of the parabola
from the

34. Centroid is

2 4
@2 ® 35 ©3 @2
35. Orthocentre is
@z ® 2 © > @2
36. Circumcentre is

2 4
@ V2 03 ©@ 3 @ 2n

Paragraph for Question Nos. 37 to 40
Let A be n x n matrix with determinant |A| # 0. Then

37. |adj A| =
@ Al ®) A" @ A" @ jAt
38. |adj Al =
A A A
(@) A b — (9 (d) -
|A| |AT" |A["
39. |adj adj A| = ,
@ A" ©) A"
(C) |A|(n—1) (d) |A|(n+1)
40. adjadj A =
(@) A (b) 1A]"A
(© A" - A (d) A" "% A

(Matrix — Match Type)

This section contains questions. Each question contains
statements given in two columns which have to be
matched. Statements (A, B, C, D) in Column I have to
be matched with statements (p, q, 1, s) in Column II. The
answers to these questions have to be appropriately
bubbled as illustrated in the foIIowin% example.
If the correct matches 4 r
are A -p,s, B-q,r, AOO
C-p.gqandD-s thenthe B|()
correctly bubbled 4 x 4 matrix C O

D|O

should be as follows :

Q000

O
@)
O
O

000

41. Match the following :

Column I Column II
. . 21
(A) | In a triangle ABC, if a, b, c are (p) 3
in A.P., the maximum value of
Bis
. . 31
(B) | In a triangle ABC, if r, R, ry are | (q) | —
in A.P., then C is 4

®
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- i
(C) If @,b,¢ are unit vectors such that | (r) Z
G-b=b-¢=¢-d =cos0, then the
maximum value of 0 is
(D) | Let z and @ be complex numbers | (s) T
such that z+i®=0 and J
arg (z o) = 7, then arg z is
i
t —_
®) 5
42. Match the following:
Column I Column II
(A) Iffx)=|e+1+|x-1-|x-L]| (p) 1

2
then [ fx)dx=

2

(B) Ifjo tF()dt =%~ thenf()= | (D 2

(C) | If (x + 29°) Z—y:y,y(l) =1, then
X

¥(8) =
&
2 xd
(D) 1If Ilz_[ fo and (s) 4
0 sinx
Ytan™! x I
I, = d — =
2 _[0 . x then 1,

43. Match the following:

A and B are 2 events such that P(A) = % and
P(B) = E Then
3
Column I Column II
(A) P(A N B)e (p) g,l}
(B) | P(AUB (@) _E i}
(AU B)e D570
2
(C) | P(A/B)e (r) 5,1}
(D) P(BIA)e () i,é}
115 5

(14
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44. Match the following:

Column I

Column II

(p) | 60

The remainder when 17%° is
divided by 81

(B) | The number of integer solutions = (q) | 56

(A)

ofx+y+z+u=3x2-2,
y2-1,z20,uz=x1

(C) | The coefficient of xzy in the | (r) |55
expansion of (1 + x + 2)/)5
10 Wr.C
(D) If C, = , then 2 r (s) |46
4 r=1 C”—l

SOLUTIONS
PAPER-I

1. (a, c) : The range of |sin x| = [0, 1].

A = range of In [sin x| = (~e0, 0].

The range of In |x| = (-oo, ).

B = range of sin (In |x|) = [-1, 1]
AUB = (-, 0] U [-1, 1] = (=eo, 1];
AN B=(-,0)nN][-1,1] =[-1,0].

2. (b)

3. (ab,c, d): f(2) =f2) = (27) = 35

: . o [6x+12,-1<x<2
f(x) is continuous, f'(x) = {—1,2<x£3

f(20) =24, f(27) =-1, .. f/(2) does not exist.
f(x) = 6(x+2)>0in [-1, 2], ~. flx) increases in
[_ I, 2]

f(x) has maximum value 35 at x = 2.

4. (c): Let f(x)=sinx+2x—3?x(x+1),f(0)=0

f/(x)=cosx+2—i(2x+1) y
n
f’(0)=3_3>0»f'(2j=—1—3<0 y =flx)
T 2 T
f”(x)=—sinx—9<0 0 n/zx
n

The function is convex and the graph of y = f(x)
lies above the x-axis.

Since f(E):TE_—Z>0
2 4

3
f(x)20:>sinx+2x2—x(x+1)
i

5. (o) 6. (a,b,¢) 7. (d)



8. (b, ¢): We have,
2-2cos0-4sinB + (1 -cos20) +sin20=0
1-cosO-2sin0+sin’0+sinBcosB=0
(1 - sin 8)*> - cos B (1 - sin 0) = 0
(1-sinB)(1-sinB-cosB)=0

|

l—sin9:0:>6=2nn+§ or sinO+cosB6=1

sin® cos® 1

T Y
= —+——=—= = COS 6——)=cos—
V202 2 ( 4 4
T T T
0——=2nm+*t— = 0=2nm+—,2nm
4 4 2
9. (a,d):

C

A>§ = bsinA<a

C
(d) 2 ¢
A M B
CM=bsin A

One acute angled triangle exists.

10. (d):z=re% -nm< 0<m
. . i
==ref=en"e®
=eim=8 _ (coslnr+isinlnr) .e
= 2| =e? <,
Since0>-n=>-0<nm= e?<cm

11. (6)

0

c 1  cosy cosP
¢|=|cosy 1 cosof=0
.Z| |cosB cosa 1
= cos“ao + cos®y — 2 cosa. cosP cosy = 1.
13.(6): Ao @ _4A_4s_23b
rR r(abc)/4A b b b
14. (8) 15. (2) 16. (4)

17. (4): The curves touch at (1, + 1) and (0, 0)

y=2

(1,1)

X
m: 4x -3
2

y=-x

12 5 4 1 m
The area =2 | Y *3 dv=>-2=-2-12
fo[ 4 ‘/; 4 3 3 3 n
= m+n=1+3=4.
18. (9) 19. (3) 20. (9)

PAPER Il

21. (b): Since, f(x) = [ f(x)dx .
f’(x)=f(x) (1)

o U@+ @R +H P dx =0
= f@)+][ f@) f @) de+ [(f)F - fx)dx=0

2
= e+ (;‘)} + [P f/(x) dx=0
2 3
S e {f(g)} N {f(;C)} C0
f(x) + {f(x)}2 + {f(x)}3 =—C, which is constant.
1 2 3
22 (d) 23. (d)

24. (¢): (@® + b* + A)x* - 2(ab + be + cd)x

+ b+ +d<0
= (ax-b)?+x -’ +(cx-d)?<0
= (ax-b)?+bx-c)?+(cx-d)?*=0

b
= —=£=é=x = b =ac
a b ¢
or 2logb =loga + logc (i)
33 14 loga| |130 54 loga+logc

Now, |65 27 logh|=|65 27 logb

97 40 logc| |97 40 logc
Applying Ry = R; + R
65 27 logb
=2|65 27 logb|=0
97 40 logc

(Using (i))

25. (a) 26. (d)
27. (a): We have
PBNC)=P[AUVA)N (BN C)]

=P(AmBmC’)JrP(A’mBmC’)=%+§=§
Now, P(BNC)=P(B)~P(BAC)=2-2=1
’ 4 3 12

28. (a) 29. (a) 30. (a)
31. (d): The d.r’s, <o, B, y> of L, are given by
a+2p-y=0,
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o _B_v
300—P+2y=0=>— =—
pray= 3 -5 -7
The d.r’s of L, are given by 2a0 - 23 + 3y = 0,

o_B_v
— :0:—:—:—
=By 1 1 0

If O is the angle between L; and L,, then

|3x1-5x1| /i
83

V32 +52 +721+1

32. (b): Lyisx+2y=3+23x-y=1-2z ..(3)
Lyis2x-2y=2-3z,x-y=-1-z2 ..(ii)
(ii)=2-3z=-2-2z =>z=4
x+2y=7,2x-2y=-10= x=-1,y=4,z=4
The distance of the point (-1, 4, 4) from the origin is

J1+16+16 =/33.

33. (c) : The plane through L, is

cosO=

X+2y-z-3+A(Bx-y+2z-1)=0 ..(3)

The plane through L, is

2x-2y+3z-2+pu(x-y+z+1)=0 .. (ii)
1434 2-A

(i) and (ii) are same if

2+p —[2+p|

= 143A=A-2 = k=_73

Now (i) gives 7x - 7y + 82+ 3 =0

3
The distance of (0, 0, 0) from it is ——
V49 +49+ 64
_ 3 _ 1
Jie2 342

34. (c) : The normal at t, xt + y = £* + 2t passes through
(3,2)

£ — t -2 =0. The roots t;, t, t3 satisfy
Ztl 0, Sty =-1,t Ly t3=2

= (tyts, ty + t3), B = (t3t), t + 1;), C = (t1ty, t; + 1)

>
The centroid = G(i,zz_tl) = (—l’QJ
3 3 3

4
Its distance from the focus (1, 0) is 3

—(t, +t3)
35. (d): The altitude from A is DAL Rl L -4
= xtlity=2+1t +1;
Likewise xt) + y =2+ t3+ 1) =>x=-1,y=2
The distance of H(-1, 2) from (1, 0) is 212
1 G 2 H
6. (a) : .
(x»)’) ( 1 j (-1,2)

(16) MATHEMATICS TODAY | MAY ‘15

Since in a triangle S, G, H lies on a line and G divide
SH in the ratio 1 : 2
By section formula S = (0, -1)

Its distance from (1, 0) is NGy

37. (c): A.adj A = |A|I (1)
n
Taking determinants, |adj A| = % =|a]" "L
38. (b): (1) = (adj A)' =
[al
39. (c) : Since |adj A| = |A]" ™! -(2)

Replace A by adj A, we get
ladj(adi A)| = |adj A|" ~*
= ((ap" Y
= |a|V7
40. (d): 2) = adj (adj A) = |A|" ! (adj A) " =

41. A—>s;B—>t;C—->ps;D— q

~1 (Using (2))

|A]" =2 A

2.A—->¢B—->pC—>qD—q
—x—-lifx<-1
x+1if —1<x<0
FO=11ifo<x<
x—1ifx>1
I
flr)=x+1

flx) = —x - 1 <

2
(a) Area= f f(x)dx=4><%=2
-2
(b) Differentiating, 2x~x2f(x2) =5x* — 3x
x=1=f(1)=1

(0 & X_yp

dy y
1
Linear d.e. with LF.=—, solution is£=f2ydy =y +c
y y
y(l):l:;~c:0:>y=xl/3

(d) Izz.lftan 1x
0 X

/4 2040

B p sin20

12 x 1 I,

O [ P A N
2 |, sinx 2 I,

2

= y(8) =8"=2

dx, put x =tan0

,put20=x

43. A>s;B—>r;C—>q¢D—p
4. A—>s;B—>q¢C—o-p;D—r [ ] |



PRACTICE PROBLEMS

Exam on 24! May

Advanced

PAPER-1

MULTIPLE CORRECT CHOICE TYPE

This section contains 10 multiple choice questions. Each
question has four choices (a), (b), (c) and (d) out of which ONE
or MORE may be correct.

1.

If A and B are two matrices such that, AB = BA,

then V ne€ N,

(a) A"B = BA" (b) (AB)" = A"B"

(c) (A+B)'="CyA"+"C, A"~ B+"C,A"~2 B2
+...+"C, B"

(d) AZ" - B*" = (A" - B") (A" + B")

nflz(1+8h?3x)dx=
o \1+2sinx

11 1
with respective probabilities > and T For the

ship to be operational at least two of its engines
must function. Let X denote the event that the
ship is operational and let X;, X, and X3 denote
respectively the events that the engines E;, E, and
E; are functioning. Which of the following is (are)
true?
@ P[xi|x]==

16
(b) Plexactly two engines of the ship are

2. functioning | X] = 7/8
5
21— cos3 ™2 cos3x +1 (©) PIX|X,]=—
@) | ST e (b)) | ————dx 16
o 1+2cosx o 2cosx—1 7
(d) PIX|X]=—
(c) m/2 (@1 16
|x—3| x>1 In a triangle ABC with fixed base BC, the vertex
. . A
3. Thefunction f(x)=1,2 35 13 . is A moves such that cos B+ cosC = 4sin? X Ifa, b
T4 &<
4 2 4

(a) continuous atx =1
(b) differentiable at x = 1
(c) continuousatx =3
(d) differentiable at x =3

and ¢ denote the lengths of the sides of the triangle
opposite to the angles A, B and C, respectively,
then

(@) b+c=4a (b) b+c=2a

(c) locus of point A is a circle.

(d) locus of point A is an ellipse.

4. Let f(x) = sin(7mx) — 4x(1 - x), then
sin Ttx Theequations of theline of shortest distance between
(a) <4Vxe(0,1) Xy z x=2 y-1 z+2
x(1-x) the lines —=-<-== and A are
(5 (3 2 3 1 3 -5 2
(b) f(g}f (§)=0 (a) 3(x-21)=3y+92=3z-32
—(62/3) y+31 z-(31/3
(c) f”(x) =0 has exactly two solutions in (0, 1) (b) x ) =2 =2 ( )
(d) Rolle’s theorem can be applied to f'(x) in 173 173 1/3
bp x=21 y+(92/3) z-(32/3)
[a, 1/2] for some o € (0, 1/2) (c) = =
1/3 1/3 1/3
5. A ship is fitted with three engines E;, E, and Ej. x-2 y+3 z-1

The engines function independently of each other

d =
@ 1/3 1/3 1/3

By : Vidyalankar Institute, Pear]l Centre, Senapati Bapat Marg, Dadar (W), Mumbai - 28. Tel.: (022) 24306367
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8. In the expression of (x + 2 + z)°
(a) the coefficient of x%y*z is 252
(b) the coefficient of x*y*z°is 0

(c) the coefficient of x3y8z° is 1260

(d) all of these

9. Let x be the elements of the set A = {1, 2, 3, 4, 5, 6,
8, 10, 12, 15, 20, 24, 30, 40, 60, 120} and x;, x,, X3
be positive integers and d be the number of integral

solutions of x1x,x3 = x then d is divisible by
(a) 10 (b) 15 (¢c) 20 (d) 25

10. A twice differentiable function f (x) is defined for all
real numbers and satisfies the following conditions:
f(0)=2,f’(0) =-5and f”(0) = 3. The function g(x)
is defined by g(x) = e** + flx) V x € R, where ‘@’ is
any constant. If ¢'(0) + g”(0) = 0 then a can be equal
to
(a) 1 (b) -1 (c) 2 (d) -2

ONE INTEGER VALUE CORRECT TYPE

This section contains 10 questions. Each question, when
worked out will result in one integer from 0 to 9 (both
inclusive).

11. Let d and b be unit vectors. If ¢ is a vector such
that ¢+(¢ xd)=b, then the maximum value of
|(@xb)-¢| is A x 10~1. Find A.

12. If the circles which can be drawn, to pass through

(1, 0) and (3, 0) and to touch the y-axis, intersect at
an angle 0, then 4cos6 is equal to

then

3 4 5 1
13. If —+—+—+....+50 terms = —— ,
4! 5! 6! ' (K+3)!

the last digit of sum of coefficients of 1 + 2%x; + 3%x,
+ ...+ (23)2)(322 is

14.

15.

16.

17.

18.

19.

20.

If x>m,y>mnz>r (x, y, z> 0) such that

X nor
m y r|=0, then the greatest value of
m n z
27 is
EE
x y z
2 2

If both the foci of the ellipse )lc—6+y—2 =1 and the
b

2 2

hyperbola x _r_ 1 coincide, then find the

144 81 25
value of b2.

The points with co-ordinates (a, b), (a;, by), (a, b,)
are points of parabola y = 3x%. The numbers a, a;,
a, are in A.P. and b, by, b, are in G.P. Calculate the
ratio of the geometric sequence.

2
The value of | [1-x*|dxis

-2
Through a point A on the axis a straight line is
drawn parallel to y-axis so as to meet the pair of
straight lines ax? + 2hxy + by?> = 0 in B and C. If
AB = BC and 8h? = kab, then find the value of k.

The coeflicient of three consecutive terms of
(1 +x)"*>arein theratio 5:10: 14. Then n =

A pack contains 7 cards numbered from 1 to n. Two
consecutive numbered cards are removed from the
pack and the sum of the numbers on the remaining
cards is 1224. If the smaller of the numbers on the
removed cards is k, then k — 20 =

PAPER-2

MULTIPLE CHOICE QUESTIONS

“This section contains 10 multiple choice questions. Each
question has four choices (a), (b), (c) and (d) for its answer,
out of which ONLY ONE is correct.

1. Iffix+y) =f(x)-fly) forall x, y, zand f (2) = 4,
f7(0) = 3, then f’(2) equals
(@12 (b)Y (c) 16

2. The coefficient of x1©

(d) 6

in the expansion of

20 1 20—r
Y (-1 20Cr(x+1)r (5"'96} > is

r=0
(@) 0 (b) 210
(c) 2°Cy, (d) none of these

®
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3.

The general solution of the differential equation,

Yy (%) - 9(x)0'(x) =0, is

(@) y=ce®™ 4+ ¢(x) -1

(b) 7= ce*® 1 9(x) - 1

(c) y=ce ¥ _p(x) + 1

(d) y=ce®™ +(x) + 1

where c is an arbitrary constant.

If x and y are positive real number and m, n are any
xnym

1+ +y*™)

1 1 1 1

then

positive integers and E =



5. Thefunction f(x)=loge(1+x)—22f isincreasing
X
in
(a) (-1,00) (b) (=, 0)
(c) (=00, ) (d) none of these

2
6. | nx=l dx is equal to
(Inx)* +1

(a) ——+c (b)
x“+1

Inx

(In x)2 +1

© —X 4 @ ex( a j-l—c
(lnx)2+1 x?+1

7. If [2cosx] + [sinx] = -3, then the range of the

function, f(x)=sinx++3cosx in [0, 2m] is

(where [-] denotes greatest integer function)
(@) [-2,-1) (b) (-2,-1]
(©) (-2,-1) (d) [-2 —v3)
8. If the graph of the function f(x) is symmetrical

about two lines x = a and x = b then f (x) must be
periodic with period

b—a
(a) (b) [b - al
2
(©) |2(b-a)| (d) none of these
9. The coefficient of »" in the polynomial

(211G + 211G, ) (4201 Co) i
(a) 22n (b) 22n +1 _ 1
(c) 2n+1 (d) 22n-141

10. The slope of the normal at the point with abscissa
x = -2 of the graph of the function f (x) = |x* + x|
is

(@) -1/6 (b) -1/3 (c¢) 1/6 (d) 1/3

PARAGRAPH TYPE

This section contains 3 paragraphs. Based upon each of the
paragraphs 2 multiple choice questions have to be answered.
Each of these questions has four choices (a), (b), (c) and (d)
out of which ONLY ONE is correct.

Paragraph for Q. No. 11 and 12

It is given that A = (tan"'x)3 + (cot™!x)?, where x > 0 and

1

B = (cos™!t)? + (sin"1#)2, where t €| 0, T} )
2

11. The interval in which A lies is

o w o
(a) |:7, 7] (b) 1:32’ 8)

3 3
(c) {71:_ n_] (d) none of these
40 10

12. The maximum value of B is

2 2
o T
b b) ——
(a) 8 () 16
2
(c) e (d) none of these

Paragraph for Q. No. 13 and 14
A straight line passing through O(0, 0) cuts the lines
x=0a,y=Pand x + y = 8 at A, B and C respectively

such that OA - OB - OC = 482 and f (o, B) <0, where
f(x,y):‘y > +(3x-2y)0 +4/e* +2y-2¢-6

x 2
13. The point of intersection of lines x = 0. and y = B is
(@ (3,2) (b) (2,3) () (3,4) (d) (&3)
14. OA + OB + OC equals

@ 242 ) 42 © 72 (@ N2

Paragraph for Q. No. 15 and 16
The range of a function y = f(x) is the set of all possible
output values f(x) corresponding to every input x in the
domain of fand is denoted as f{A) if A is the domain.
For finding the range of a function y = f(x), first of all,
find the domain of f.
If the domain consists of finite number of points, then
the range consists of set of corresponding f(x) values.
If the domain consists of whole real line or real line
minus some finite points, then express x in term of y
as x = g(y). The values of y for which g is defined is the
required range.
If the domain is a finite interval, find the intervals in
which flx) increase/decrease and then find the extreme
values of the function in those intervals. The union of
those intervals is the required range.

2
15. Range of the function f (x)=%x+1 is
x“+1
(@ (1,3) b) Bs}
1 3
(c) [5’5} (d) [0, 3]

16. Range of f (x) = [|sinx| + |cosx|], where [-] denotes
the greatest integer function, is
(@) {1} (b) {0, 1}
(c) {0} (d) none of these
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MATCHING LIST TYPE (ONLY ONE OPTION CORRECT) p 3. lis perpendicular to

- _Z
This section contains 4 questions, each having two matching R | 57 -3 4 4x+7y+62z=0
lists. Choices for the correct combination of elements from

-2
x—1
4

List-1 and List-1l are given as options (a), (b), (c) and (d), out of 5 —= J_ z+1 4. passes through
which one is correct. 7 6 (-2,-3,4)
17. Consider all possible permutations of letters of the P Q R S
word ENDEANOEL. (@ ,4 1,3 2,4 3
Column I Column II (b) 3 1 1,2 4
(P) 'The number of permutations|1. 5! (c) 1,3 3,4 2,3 2
containing the word ENDEA is (d) 2 1,4 4 3
(Q) | The number of permutations in | 2. |2.5! 20. Match the following :
which the letter E (?ccurs in the Column I Column IT
first and the last positions is (P) If|zy| = 12and |z, - 3 - 4i| = 5 then 1. |3
(R) | The number of permutations in 3. |7-5! the minimum value of |z, - z,| is
which none of the letters D, L, N - X ) 1
occurs in the last five positions is (Q) |If lim (1= cosx)(e” —cosx) is a
(S) | The number of permutations in|4. |21-5! x—0 x"
which the letters A, E, O occur non-zero finite number then the
only in odd positions is integer 7 is
P Q R S ®) If f(x)="% forx>0 > 2
(a) 1 4 2 2 1+x
(b) 3 4 2 2 then the minimum value of
(o) 1 3 2 2 1 .
@122 prnesis(Ls
18. Match the following: (S) |If zis a complex number 4. |4
Column I Column II satisfying zz —2(z+z)+3=0
(P) | 1f 7193 is divided by 25, then the 1.8 then the greatest value of |z is
remainder is p Q R S
(Q) | The sum of rational terms in the| 2. |225 (a) 2 2 3 3
expansion of (\/5 +3Y 5)10 is Etc))) i ; i i
(R) |[Forall m € N, 2% — 15n - 1 is 3. 18 d) 4 1 1 )
divisible by
(S) | When 5% is divided by 13, the 4. 41 L ANSWERS
remainder is s
P Q R S 1. (a,b,c,d) 2. (a,b,d)
(@) 4 1 2 3 3. (a,b,¢) 4. (a,b,c,d) 5. (b,d)
(b) 3 4 2 1 6. (b) 7. (ab,0) 8. (d)
() 1 3 2 4 9. (a,¢) 10. (a,d)11. (5) 12. (2) 13.(6)
(d) 3 1 2 4 14. (8) 15. (7) 16. (3) 17. (4) 18.(9)
19. Match the following: 19. (6) 20. (5)
Column I Column IT L@ 2 @ 3 PA'EH;'Z 4 © 5 @
. . (a . (a . (a . (c . (a
N i A I L 2§S:;y+6z_12=o C© 7. @ 8 (© 9 ( 10.(d)
3 4 5 1. (b) 12. (¢) 13. (b) 14. (d) 15.(c)
x42 y+3 z-4 2. s parallel to 16. (a) 17. (a) 18. (b) 19. (d) 20.(b)
Q) 2 = 3 = D) 2x+y-2z=3 For detailed solution to the Sample Paper, visit our website
www.vidyalankar.org
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SOLVED PAPER

CBSE BOARD 2015

Time Allowed : 3 hrs

Maximum Marks : 100

- GENERAL INSTRUCTIONS N
(i) All questions are compulsory.
(ii)  Please check that this Question Paper contains 26 Questions.
(i) Marks for each question are indicated against it.
(iv) Questions 11to 6 in Section-A are Very Short Answer Type Questions carrying one mark each.
(v)  Questions 7 to 19 in Section-B are Long Answer | Type Questions carrying 4 marks each.
(vi) Questions 20 to 26 in Section-C are Long Answer Il Type Questions carrying 6 marks each.
(vii) Please write down the serial number of the Question before attempting it.
N\ 4

1. If a line makes angles 90°, 60° and 6 with x, y and
z-axis respectively, where 0 is acute, then find .

2.  Write the element a,; of a 3 x 3 matrix A = (a;)
i

whose elements a;; are given by a;; = % .

3. Find the differential equation representing the
A

family of curves v = — + B, , where A and Bare arbitrary

constants. r

4. Find the integrating factor of the differential

-2Jx
equation (6 - L}d_x =
x  ~x)dy
5. If G=7i+]—4kand b = 2i + 6] + 3k then find
the projection of don b .

1.

6. Find)\,ifthevectors @ =i + 3] + k, b =2i- j —k
and ¢ = Aj + 3k are coplanar.

SECTION-B

7. Abag A contains 4 black and 6 red balls and bag B
contains 7 black and 3 red balls. A die is thrown. If 1 or
2 appears on it, then bag A is chosen, otherwise bag B.
If two balls are drawn at random (without replacement)
from the selected bag, find the probability of one of
them being red and another black.

22
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OR
A unbiased coin is tossed 4 times. Find the mean and
variance of the number of heads obtained.

S. If?=xf+y]'+zl€, find (?Xf).(?X})+xy

9. Find the distance between the point

(-1, -5, -10) and the point of intersection of the line

x—2 y+1 z-
3 4

10. Ifsin [cot™! (x + 1)] = cos (tan~1x), then find x.

OR
2
_ _ 51
If (tan 1x)2 + (cot 1x)2 = —— then find x.

8
-1 \/1+x2 +\]1—x2 X

2
and the plane x - y + z=5.

2
11. If y =tan ,x° <1
\/1+xz—\/1—x2

then find d_y

x
12. Ifx=acos®+bsin6, y=asin6 - b cosb,

d? d

show that yzdx—)zj—x%+y=0.

13. The side of an equilateral triangle is increasing at
the rate of 2 cm/s. At what rate is its area increasing
when the side of the triangle is 20 cm?

14. Find: j(x+3) 3—4x - x% dx.



15. Three schools A, B and C organized a mela for
collecting funds for helping the rehabilitation of flood
victims. They sold hand made fans, mats and plates
from recycled material at a cost of ¥ 25, 100 and ¥ 50
each. The number of articles sold are given below.

Article/School A B C
Hand-fans 40 25 35
Mats 50 40 50
Plates 20 30 40

Find the funds collected by each school separately by
selling the above articles. Also, find the total funds
collected for the purpose.

Write one value generated by the above situation.

2 0 1
16. f A=|2 1 3/, find A2 - 5A + 4] and hence
1 -1 0
find a matrix X such that A2-5A +4I+X=0
OR
1 -2 3
If A=| 0 -1 4/, find (A)L
-2 2 1
a -1 0
17. If f(x)=|ax a -1, using properties of
2

ax ax a

determinants find the value of f(2x) - f(x).
dx

sinx + sin2x
OR
Integrate the following w.r.t. x.

x2—3x+1
\ll—x2

19. Evaluate : _[ (cosax — sinbx)*dx

-7

SECTION-C

20. Solve the differential equation :
(tan"ly - x)dy = (1 + y?)dx.
OR
Find the particular solution of the differential equation
dy_

= iven that y = 1, when x = 0.
dx x2 + )/2 & Y

18. Find: |

1 y+1 z-1
= = an
3 4 1 2 1
intersect, then find the value of k and hence find the
equation of the plane containing these lines.

21. If lines x2_

22. If A and B are two independent events such that

P(AN B)= 2 and P(AN B) = 1 , then find P(A) and
P(B) 6

23. Find the local maxima and local minima, of the
function f(x) = sin x - cos x, 0 < x < 27. Also find the
local maximum and local minimum values.

24. Find graphically, the maximum value of z = 2x + 5y,
subject to constraints given below:

2x +4y <8

3x+y <6

x+y<4

x20,y20
25. Let N denote the set of all natural numbers and
R be the relation on N x N defined by (a, b) R(c, d) if

ad(b + ¢) = bc(a + d). Show that R is an equivalence
relation.

26. Using integration find the area of the triangle
formed by positive x-axis and tangent and normal to
the circle x> + y> =4 at (1, J3).

OR
3
Evaluate : .[(62_3)6 +x%+ 1)dx as a limit of a sum.
1

1. Since cos?a + cos?P + cos?y = 1
= cos? 90° + cos? 60° + cos? 0 =1

1 3
= —+c0s’0=1 = cos’0=>
4 4

V3

= cose=7 (. Oisacute)
= G:E
6
2. a23=|2_3|=l
2 2
3. Given,v=é+B
dv A v 24
a2 P

e dr P r?
v dv_=2
T4t dr o
d*v -2 dv
or, — =—.—
dr?  r dr
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2
2
= ﬂ+—ﬂ=0 is the required differential

dr: rdr
equation.

-2x
4. We have, [e b4 ]d_x

N

dy 1 e_Z\/;

or —+—y=—— :
dc ' Vx (1)
Compare (i) with linear differential equation

d—y+Py=Q

dx
ILE=c¢ [de

J'%dx
Hence, [F=¢e ¥V¥ =e¢

5. Projection of 4 on b=—

S|

VANEAN A A A AN
(7i+j—4k)-(2i+6j+3k)
Vo + (67 + 6
_14+6-12_8
7 7
6. Since the vectors are coplanar
1 3 1
2 -1 -1/=0
0 A 3
= 1(-3+M)-3(6-0)+12AL-0)=0
= -3+A-18+2A=0
= 3A-21=0
=
7.

A=7
Probability of choosing the bag A
2 1
(4) <3
- . 4 2
Probability of choosing the bag B = P(B) = <73
Let E; and E, be the events of drawing a red and black

ball from bag A and B resp.
0X% and P(Ey) = 22
C2 CZ
Required probability
= P(A) x P(E;) + P(B) x P(E,)
1 _6x4 2 7X3

- 10
G

P(El) =

T3 10C2 3
8 14 22

45 45 45
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OR
Let p and q be the respective probabilities of occuring
a head and tail in single thrown of a coin.

1
Then p=9= 5
X, 0 1 2 3 4
p(x;) [*Co p°q* |*Cy pg? |*Co p?q* |*C3p g |*Cy p*

Mean = Zx,- px;)
4 4 4
0 X 4CO X(lj + 4C1 (l) +2 X 4C2 (l)
= " Y
2 2
4
:(lJ X[4+12+12+4] = 22 =2
2 16
2
Variance = fop(xi) - (2 xip(xi))
4 4 4
0 % (%) + ¢ G) +4xtc, [%J
_ -7

N RN
+9x*Cy| = | +16x *C,| =
2 2

1 4
(Ej [4+24+36+16]-4=1

8. (Fxi)-(Fx j)+xy
A A A A A A A A

=((xi+yj+zk)xi)-((xi+yj+zk)Xj)+xy
=(—yl/é+z/]\')-(xlAc—z/i\)+xy
=-xy+xy=0
9. Equation of given line is

x—-2 y+1 z-2
3 4 12
= x=3k+2,y=4k-1,z=12k +2
Since pt. (3k + 2, 4k -1, 12k + 2) lie on plane
xX-y+z=5
= 3k+2-4k+1+12k+2=5
= 11k=0 = k=0
point is (2, -1, 2)

= k(say)

Required distance = \/(2 +12+(-12%+(2+10)
=+9+16+144 =169 =13

10. sin[cot™! (x + 1)] = cos (tan~1x)

Letcot! (x+1)=A

= x+1=cotA

1
Vix+1)7? +1

= sinA= and let tan"! x = B



= x=tan B

1
= cosB=
\/x2+1
= sin A=cosB

1 _ 1
\/(x+1)2+1 Vi +1

(x+1)2+1=x*+1
1+2x=0

U

|

x=-=
2
OR
-1_\2 1.2 _OT
(tan” ~ x)“ +(cot " x)" =—
- 2
= (tan_1 x)2 +(5— tan_lxj =—

Putting tan~!x =

2
2 2
= 0%+ +92—ne=%
2 2
= 20°-m0+ T =0
4 8
3

262—n6—gn2 =0

160% 810 - 312 = 0

40(46 -3m) + m(40 - 3m) =0
(40 + m) (46 - 3m) =0
either 460 = 3m or 40 = -1

1 |

3n b
0=— or = 0=—-—
4 4
Hence, tan_1x=3—n or _I
4 4

= x=-1

21| V14 x? +41- 2

11. y=tan

Put x2 = cos 0

1 V14 cos0 ++/1-cosH
= y=tan
1+ cos8 —/1-cos
0
cosg-ksin9 X 1+tan5
=tan_1 —2 =tan"
cos— — sin— 1-tan
2 2 2

_1( (TE 9)) n 0
=tan “|[tan| —+—||=—+—
4 2 4 2

,xr <1
\/1+x2 —\/1—x2 i

T 1 _
= y=Z+5cos Y(x?)

Differentiate w.r.t 'x' on both sides, we get
dy 1X2x -

X
dx 2\/1—x4 \/1—x4

12. Given, x = a cosO + b sinf, y = a sinB - b cosO
= x%=a%cos®0 + b%sin?0 + 2ab cosO sin®  ...(I)
and y? = a? sin%0 + b? cos?0 - 2ab sinO cos®  ...(ii)
Adding (i) and (ii) gives

X +y?=a’+ b?

Differentiate w.r.t 'x', we get

dy
2x+2y—=2=0
* ydx
dy dy
= +y—=—= 2 = — e
x ydx = ydx X (iii)

Again differentiate w.r.t. 'x'
2 2
= 1+ yd—y + d—y =0
dxz dx
Multiply by 'y’ on both sides

2
= yzd—y+(y.d—y)d—y+y=0

dx? dx ) dx
2
= y2 d_y -x d_y +y=0
dxz dx
13. Let 'a’ be side of an equilateral triangle
then @ =2
dt 3
Let ‘A’ be area of equilateral triangle, then A = Taz
dA J3 da
—=2X—a—
dt 4 dt
= ﬁ X20X%2
2
= 20\/5 cm?/ sec

14. Let I=_|.(x+3) 3—4x—x% dx
=f(x+2+1) 3—4x—x? dx

-1
=7f—2(x+2)\/3—4x—x2dx+jv3—4x—x2dx
LetIZII'l'IZ

1 2
L =—|-2(x+2)V3—4x—x"dx
1= [20x+2)
Put3-4x-x*=t = (-4 -2x)dx=dt

1 1 2, 30
I =—=[Jtdt=-=x=@)*? +¢
! 2I A

_ 1 e 2\3/2
= 3 X(3 4x — x ) +Cl (1)
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Izz_[ 3—4x—x%dx

=f\/—(x2+4x—3+4—4)dx

=J'\/—((x+2)2—7)dx

=_|.\/7—(x+2)2 dx

_ (x+2)\/3—4x—x2 +Zs' 1 (x+2)
2 2

in T ———
J7
From (i) & (ii), we get

2)3/2 + (x+2)\/3—4x—x2
2

+7 sin”! (x+2)+c
2 J7
15. The number of articles sold by each school can be
written in the matrix form as

40 25 35
X=|50 40 50
20 30 40

+c, .(ii)

I=—1(3—4x—x
3

The cost of each article can be written in the matrix
form as
Y =1[25 100 50]
The fund collected by each school is given by
40 25 35

YX =[25 100 50]| 50 40 50
20 30 40

= [7000 6125 7875]

Thus, the funds collected by schools A, B and C are
< 7000

The total fund collected = T (7000 + 6125 + 7875)
=3 21000

The situation highlights the helped nature of the
students.

= O
—_

2
16. A2 —5A+4I=|2
1
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9 -1 2 10 0 5
=9 2 5|-|10 5 15|=
0 -1 2 5 -5 0

1 1 3
Hence X=|1 3 10
5 -4 =2
OR
1 -2 3
A= 0 -1 4
-2 2 1
1 0 =2
Al=|-2 -1 2
3 4 1

|A’| =1 (-1-8) - 2(-8 + 3)
=9+10=1

Let the cofactors of a;j's are Cj;

Cyp=(-1)*(-1-8)=-9

Cip=(-1)3(-2-6) = -8

Ciz=(-D*-8+3)=-5

Cy; = (-1)3(0 + 8) = -8

Cp=(CD*1+6)=7

Cy3=(-1)°(4-0) = -4

Cs1 = (-1)*(0-2) = -2

Cyp=(-102-4)=2

Cy = (-1)5(-1-0) = -1

9 -8 -2
adj(AY=| 8 7 2
-5 -4 -1
di(A%) -9 -8
a
Ak I S
A
a -1 0

17. f(x)=|ax a -1
ax’ ax a

1 -1 0

= f(x)=alx a -1

X2 ax a

Applying C, = C, + Cy, we get

-1
-1
=5

-1
-3
4

-3
-10



1 0 0
f(x)=alx

X2 x2+ax a

x+a -1

= flx) = ala(x + a) + (x* + ax)]
= flx) = a(a® + ax + ax + x?)
= a(a? + 2ax + x?)
a -1 0
Also, f(2x)=|2ax a -1

2

dax” 2ax a

1 -1 0
= f(2x)=a|2x a -1

2

4x° 2ax a

Applying C, = C, + C;, we get

1 0 0
f(2x)=a| 2x
2

2x+a -1

4x 4x2 +2ax a

= f(2x) = a{a(2x + a) + 4x* + 2ax}
= a(4x? + a® + 4ax)
f(2x) - fix) = a(4x* + a* + 4ax - a®> - 2ax - x?)

= ax(3x + 2a)
8 1= [
sinx + sin2x
1
= J. dx

sinx + 2sinxcosx
_ f 1
sin x(1 + 2 cos x)
sin x
= 3 dx
sin” x(1 + 2 cos x)

Let u = cos x = du = - sin xdx
Also, sin%x = 1- coszx =1 -u?
I= J. du
—u )(1+2u)
=.|. -1 du
A+u) 1-u)(1+2u)
Using partial fractions, we get
-1 __A B C
Q+uw)(Q-uw)@+2u) (QA+u) (A-u) Q+2u)
= -1=A0-u) (1 +2u)+BA+u) (1+2u)
+C(1+u)(1-u)

Putu=1

-1=B(1+1)(1+2)
= -1=6B = B=-1/6
put u = -1

-1=A01+1) Q-2
= -1=-2A = A=1/2

1
putu=—-——
2

= C=—

-1 11 4

SO U waez)  20+w) s0—w 30tz

= I:J-[ S 4 }du
20+u) 6(1—u) 3(1+2u)

=%10g(1+u)+élog(l—u)— 4210g(1+2u)+C

= %log(l + cos x) + %log(l —cosx)— %log(l +2cosx)+C

OR
3x+1

ﬂl_
—x +3x—1
==

=

__J~(1—x )+3x—2
B 2

Let I = J.

dx

1-x
3x+2

or,I——J.\/l—idx+J.\/7
:—IﬁdaﬁL%f%d +zjl+x2dx
:_.[ 1-x

X2 | _
1- x> +2sin 'x+C
[ ) _
=_[§ 1—x2+zsin 1x}+3 1—x2+ZSin 1x+C

dx+

3. -
=—g 1—x2+Esin x+31-x*+C

T
19. Let I = _[ (cosax—sinbx)2 dx

-7
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o OR

= j (C082 ax + Sinz bx — 2 cos ax sin bx) dx Given differential equation is
e dy __ xy
n n n dx X2 4+ )/2
= _‘. cos? ax dx + J. sin? bx dx — 2 J. cosax sinbx dx dv
-n -T -T Puty=vx = Doy
) x dx
Using property, dv v
; ; = V+Xx—=
. 0, if f(x)isodd dx 1442
f)dx=| % : .
_Ia 2ff(x)dx,y‘f(x) is even or, xﬂz v SV
0 ax  1+v
E: n v =
- 2 02 or, x— =
=2 _[cos axdx+'[51n bx dx dx 1442
LO 0 5
r dx 1+v
T(1+ cos2ax T— cos 2bx or, —=-— dv
=2 I T dx +'[ T dx X V3
. -0 i 0 Integrating both sides
= .f(l + cos 2ax)dx + '[ (1 - cos2bx)dx or, dx __ I v3dy — J.ldv
0 0 x v
= |2x|7t + i| sin 2ax |1I - L|sin2bx|1t or, logx = L logv+C
0 2a 0 2b 0 22
3 sin2am  sin2bm 2
=2m+ 2a  2b or, logxz—z—logy+logx+C
2y
20. We have, (tan™ly -x)dy = (1 + y*)dx 5
_ x
dx tan ly—x or, logy=—2+C ..... (i)
or, —=—-"T-— 2y
dy 1+ y2
dx ] tan”! wheny=1,x=0
or, —+ X 2}’ = logl=0+C = C=0
dy 1+y I+y Put in (i), we get
This is linear differential equation of form x2
d ”2
d_x +Px=Q Particular solution is y = e
y
1 x—1 +1 z-1
J1+ > tan”! 21. We have, =Xt - = A (say)
whereIE =e 7 =e® 2 3 4
Required solution is oL, x=2A+1,y=3A-1z=4A+1
» tan"! » Since, given both lines intersect
K.oY = IL;/ cetan "y dy+C s point A + 1, 3A - 1, 4\ + 1) satisfies
1+y x-3 y-k z
] AT _ TR _ 2
Puttan'ly =t = ~dy =dt 1 2 1
L I+y 20+1-3 _3h-1-k_dA+l
or, x-e™" yzj.tetdt+C 1 - 2 T
-1 _3
or, x-e®" Y =tel —¢' +C = 2A-2=4r+1 = 2A=-3 = Kz;
or, x- ptan 'y _ ytan”! Y(tant y—1)+C Put value of A in (i)
h—2 = 3A-1-k
or, x=tan ' y -1+ — TeT
etan y
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. 3(;?)—1—k
= 2|2 |-2=n22
S
o —sx2=-d_j

2
k=_—11+10=2
2 2

Required equation of plane is
x—1 y+1 z-1
2 3 4
1 2 1

=0

o, x-1(-5)-@p+1)2-49)+(z-1)4-3)=0
o, 5x+5+2y+2+2z-1=0

or, 5x -2y-z-6=0

22. It is given that A and B are independent events.

and P(AN B) = 2
15
= P(A)P(B) :13 (i)

Also, P(A N B) =

AN|l= »n

= P(A)P(B)= é

= P(A)= 1 ...(ii)
6[1— P(B)]

From (i), we have
2
[1- P(A)]P(B) = I

1 2 ..
or, [1 - m}P(E) B (from (ii))

’{6—613(3)—1}})(3):3
6[1— P(B)] 15
or, 5P (B) — 6[P(B)]? =12[11—5P(B)]

or, 25P(B) - 30[P(B)]? = 4 - 4P(B)

or, 30[P(B)]2 - 29P(B) + 4 =0

or, 30[P(B)]? - 24P(B) - 5P(B) + 4 =0
or, 6P(B)[5P(B) - 4] - 1[5P (B) - 4] =0

or, [5P(B) - 4] [6P(B) - 1] =0
4 1
= PB)=—,—
(B) =
For P(B) = é, using (ii), we have
5

Py L1 5
6[1- P(B)] 6[1_4} 6
5

For P(B) = é , using (ii), we have
1 1
P(A)=——==-
6[1_1} g

6

5 4 1 1
P(A) —g, P(B) —g or P(A)—g, P(B) —g

23. flx) = sinx - cosx
= f’(x) = cos x + sinx
Put f'(x) =0
= cosx+sinx=0
3n 7m
= tanx=-1 = x=—,—
4 4
f”(x) = -sin x + cos x

3n 31 3r
Atx=—, f”(x) =—sin— + cos —
4 4 4

1 1 -2 \/—
=== 2

V22 2
7T 7T 7T
Atx=—, f"(x) = —sin— + —
X 2 f7(x) sin . cos .

1 1 2
= t—=2=2
ETE
Since (f”(x)) _3n<0

4
3
f(x) has local maxima at x = In

Since (f”(x)) 5, >0
=

f(x) has local minima at x = n

T
Local maximum value at X = T is

. 3n 3m
(f(x))x:%n —sm;—cosj
1 1 2
= — 4+ —=—=1/2
G E

.. 7T .
Local minimum value at x = I is

AL 7T
X =SsSin——COo0S—
(f(0) _7n =sin==—cos™

4

1 1 -2
~EETET"
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24. Let ) : 2x+4y =9
L:3x+y=6
L:x+y=4
Ii:x=0,l5:y=0

Shaded portion OABC is the feasible region, where
co-ordinates of the corner points are O(0, 0), A(0, 2),
B(1.6, 1.2), C(2, 0)

For B : solving I, & I}, we get B(1.6, 1.2)

The value of objective function at these points are.

Points Value of the objective function
z=2x+5y
0(0, 0) 2x0+5%x0=0
A(0, 2) 2x0+5%x2=10
B(1.6,1.2) 2x1.6+5%x12=92
C(2, 0) 2x2+5%x0=4

Out of these values of z, the maximum value of z is
10, which is at A(0, 2).
Hence, the maximum value of z is 10 at A(0, 2).

25. Reflexivity

Let (a, b) be an arbitrary element of N x N. Then,
(a,b)e Nx N

= a,be N

= ab(b+ a) =ba(a +b)

[by comm. of add. and mult. on N]

= (a,b) R (a, b)

Thus, (a, b) R (a, b) for all (a, b) € N x N.

So, R is reflexive on N X N.

Symmetry

Let (a, b), (¢, d) € N x N be such that (a, b) R (¢, d).
Then, (a, b) R (¢, d)

= ad(b + c) = bc(a + d)

= ¢b(d + a) =da(c +b)

[by comm. of add. and mult. on N]J

Thus, (a, b) R (¢, d) = (¢, d) R (a, b) for all (a, b),
(¢, d) € Nx N.

So, R is symmetric on N x N.

Transitivity

Let (a, b), (¢, d), (e, f) € N x N be such that (a, b) R
(¢, d) and (c, d) R (e, f). Then,
(a, b) R (¢, d) = ad(b + ¢) = bec(a + d)
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b+c a+d 1 1 1 1
= =y to=—+- ..(i)
be ad b ¢ a d
and, (¢, d) R (e, f) = cf(d + e) = de(c + f)
d+e c+f 1 1
de f d e ¢ f --(if)

Adding (i) and (ii), we get

1 1 1 1 1 1 1 1
- |+ =+ =+ |+ -+

(b c] (d eJ (a dJ [c f}
1 1 1 1 b+e a+f

= —4-=—+= = =
b e a f be af

= aftb+e)=be(a+f) = (a,b)R (e f)

Thus, (a, b) R (¢, d) and (¢, d) R (e, f)

= (a, b) R (e, f) for all (g, b), (c, d), (e, f) € Nx N.

So, R is transitive on N X N.

Hence, R is an equivalence relation.

26. Given equation of circle is x> + y* = 4
Differentiate w.r.t. 'x' on both sides

dy

= 2x+2y—==0
X ydx
L x
dx y
R (d_yj _-1
dx )y, 5 3
Equation of tangent at (1, \/g ) is
-1
~3="=(x-1
IR

= \/5y—3=—x+1 = x+\/gy=4
Equation of normal at (1, v/3) is

y—\/gzx/g(x—l) = \/gx—yzo

Since point of intersection of x + V3 y=4

and \/gx—y=Ois(1,x/§)

i/u //Q
A
o
A(1,3)
P\ +V3y=4
0 : B(4,0) .
C(1, 0)

Required area is area of AOAB

= Area of AOAB = J.\/_xdx+_[( \/g jdx

Contd. on page no. 70



SECTION-I

(Single Correct Answer Type)
This section contains multiple choice questions. Each
question has 4 choices (a), (b), (c) and (d), out of which
ONLY ONE is correct.

1. The wvalue of b such that the -equation
bcosx b+sinx .

= possesses solutions,
2cos2x -1 (cos® x—3sin” x)tanx
belong to the set

1 b 1
(a) - OO’E ( ) 2 ’

1

(c) (=oo0,00) (d) (— m,—EJ U (1,00)

2. If mand n (> m) are positive integers, the number
of solutions of the equation n|sin x| = m|cos x| in [0, 27]
is

(@) m (b) n (d) 4

(c) mn

27
3. Ifa= 7 , then the value of

tano tan 20l + tan 200 tan 400 + tan 40 tan o is
(a) -7 (b) -4 (c) 0 (d) 4

x=)

4. Ifsinx+cosy=aand cosx+siny=b, thentan
is equal to

(@) a+b (b) a-b
a+b a—->b
— d
© =, @ =
5. If log(a+bj=loga+logb’ then E+é is equal
to 3 2 b a
(@) 1 (b) 3 (c) 5 (d) 7

JEE ADVANCED : PRACTICE PAPER

READY STEADY

!

* ALOK KUMAR, B.Tech, IIT Kanpur

6. logjotanl® + logjgtan2°® + ... + log;otan89° is equal
to
(@) 0 (b) 1

7. The value of

(c) 27 (d) 81

1 3 2
s l)@ . 3[ log_ ¢ 3] (\/;)logzs 7 _ (125)10g25 61 i
409
(a) 0 (b) 1 (c) 2 (d) 3

8. If log,6 = x, logy,54 = y, then the value of
xy+ (5x-2y)+4 is

(@ 6 (b) 7 () 8 (d 9
9. The sum of the series
1 1 1
+ +ot——————
sin45°sin46° sin47°sin 48° sin133°sin134°

is cosec n°, then the integer n is

(a) 2 (b) 1 () 3 (d) 4

3
10. If cosA= Z, then the value of 32 sin%sin% is

(a) 11 (b) 12 () 13 (d) 14

ﬁ—1+ﬁ+1=4\5

sin x

11. If xe (0, E) , one solution of
2 COS X

i AT
is E , the other solution must be g , then A is

(a) 11 (b) 12 () 13 (d) 14
12. The smallest positive x (y > 0) satisfying x — y = g,
51

cotx + coty = 2 is =, the numerical integer A is

(a) 15 (b) 14 () 12 (d) 13

* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91).
He trains IIT and Olympiad aspirants.
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13. The solution set of x in [0, m] for which

2sin?x — 3 sinx + 1 >0 is

o Pl
6 2 6

SE RS
6 3 6
21

@ {2

2 1
14. Let sinoc+cosB=5,cos(x+sinB=§, where

n
0<O(,B<E then

tan~! \/1+sm(oc B) - \/1 sin(ot—f3)
\/1+sm(oc B)+\/1 sin(ot—f3)

(a) cot_l(éj (b) tan‘le)
A2 e
(c) cot (5j (d) tan (SJ

15. The number of solutions of the equation

_1| 443 _
sec 1[&j+tan 1\/6)62—)64—9:7[/3 is

x> +3

(b) 3

(@ o (c) 2 (d) 1

16. In a AABC, sin(A- B)——, sinA = 2sinB, then
a+b

(a) % b) f © % @ %

n _ 1 o
17. If lim Y tan 1(—2j=oc, then cotzz

n—oo =] 2r
5-1
(@) 1 b) V2-1 () 2+1 () =
18. ABCD is a trapezium such that AB, DC

are parallel and BC is perpendicular to them. If
LADB=§,BC=3,CD=4, then AB =

14 7 13 25
@ < ® N © - @7

19. The value of

— 13 11 .
tan 1(cos(Ztan 1;]+sin(2cot IED 1s

@ T o 2 d) <=

T
(c) >Z 4
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3
20. Let xe(n, ;) then |cos™!(cosx)| + |tan!(tanx)|
is equal to
(a) 2x-3m(b) -m (c) 2x-m (d) =
21. Ifzand o are two non-zero complex numbers such
that |zw| = 1 and Arg z - Arg @ = 11/2, then zo =
(@) 1 (b) -1 (0) i (d) —i
22. Let z and ® be complex numbers such that
Z +iw=0 and arg zw = 7, then arg z =

(@ m/4 (b)) w2 (c) 3m/4 (d) 5m/4

z—-1 eie
23. Iftheimaginary part of the expression o tT—
be zero, then locus of z is e z-1

(a) straight line
(c) unit circle

(b) parabola
(d) ellipse

24. If w is a complex number such that || = r# 1 then

1 . . .
z=w+— describes a conic. The distance between the

foci is
(a) 2 b) 2(2-1)
(¢) 3 (d) 4

25. If |z] = 1 and z # £1, then all the values of lie

1-z
on

(a) aline not passing through the origin

(b) |z]=+2

(d) the y-axis

(c) the x-axis

26. The number of solutions of the system of equations
given by |z| = 3 and |z+1-i|=+2 is equal to
(a) 4 (b) 2
(o) 1 (d) no solution
27. Let z = cosB + i sinO. Then the value of
2 2m-1 -
> Im(z ) at@=2°%is
m=1
1 1 1
a b c
@ ®) 3sin2° 25sin2°

(d)

sin2° 4sin2°

28. The roots of 1 + z + 23 + z* = 0 are represented by
the vertices of
(a) asquare
(¢) arhombus

(b) an equilateral triangle
(d) a rectangle

29. If z;, z, and z3 be the vertices of AABC, taken in
anti-clock wise direction and z, be the circumcentre,

Zg—2z; |sin2A [ zy—2z3 |sin2C

then - + - is equal to
zZg—z, Jsin2B |\ z;—2z, )sin2B

(b) 1 () -1 (d) 2

(a) 0



30. Ifa, b, ¢, a;, by, ¢; are non-zero complex numbers

satisfying i+b£+i=1+i and a—1+b—1+c—1=0,then

a b q a b ¢
a2+b2+c2 i It
—+—+— isequal to
252 2
a9 9 9
(a) 2i (b) 2+2i (c) 2 (d) 2-2i

A
31. Let two non collinear unit vectors 4 and b form
an acute angle. A point P moves so that at any time 't

the position vector OP (where O is the origin) is given

by acost + l/;sint . When P is farthest from origin O, let
M be the length of OP and # be the unit vector along
OP then,

Q>
+
>

A

and M = (1+4-b)"?

—~
5]
N—r
<
Il

Q> §>

+
> >

and M = (1+4-b)"?

>
Il

(b)

Q> Q>
+

S>>

and M = (1+24-b)/2

o>
Il

(c)

[> €>

+
> >

N
and M=(1+2a-b)"?

=>
Il

(d)

&>
|
S >

32. Let a=2i +3}'\ and b be any vector in xy-plane
perpendicular to d. If a vector ¢ in the same plane
have lengths of projections along dandb equal to

and —, then ¢ =
f f
@ =i+>] © i)
¥ 53 TEY 13 137
19~ 9 & 9/\ 8 A
() 13z+13] (d) 13 131

33. If @, b, ¢ are unit vectors equally inclined to each
other at an angle o (# 0) then the angle between 4 x b
and the plane containing b and ¢ is

(a) sin”! (tan%.| coto U

(d) sin”?! (cot%.| tan o |)

(b) cos ! (tan%.| cotal |

(©) cos”! (cotg.| tano. |
2

34. Let A(a) and B(E) be points on two skew lines
F=d+Ap and F=b+ug and the shortest distance
between the skew lines is 1, where p and g are unit
vectors forming adjacent sides of a parallelogram
enclosing an area of 1/2 units. If an angle between AB
and the line of shortest distance is 60°, then AB =

(a) 1/2 (b) 2
(o) 1 (d) Ae R-1{0}
- -~ 1 - 1

fa-da=b-b=c-c=l;d-b=—;b-¢=—;
35. Ifa-a c- 2 \/5
c-a= 73 then [d b c] is

J3-1 341

A b
® 22 (®) 202

J6+2 J6-2
(© @ =
36. Ifii=d—b,v=d+band|d|=|b|=2, then|ixV|=
(@) 2yJ[16-(@-b)*]  (b) |[16—(@G-b)*]
(© 2([4-Gb] (@) |[4-@5)?)

37. Let the vectors, @, b,c¢andd be such that
(@xb)x (¢ xd)=0.Let P, and P, be planes determined
by the pair of vectors @, b and ¢, d respectively. Then

the angle between P; and P, is
(@ 0 (b) m/4 (¢) m/3 (d) m/2

SECTION-II

(Multiple Correct Answer(s) Type)
This section contains multiple correct answer(s) type
questions. Each question has 4 choices (a), (b), (c) and

(d), out of which ONE OR MORE is/are correct.
loga logc
b-c

(a) ab+c peta ‘Ca+b -1

logb

38. If ,a,b,c >0 then

c—a a-—

(b) ab+c Lt +Ca+b >3

(C) ab+cbc+aca+b -3

(d) ab+C +bc+a +Ca+b > 3(31/3)

39. If x = secO - tanB and y = cosecO + cotb, then

(@ x=21 (b) x=2""
y—1 y+1
1+x
(o) )/Zm (d) xy+x-y+1=0
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40. sinB++/3 cos=6x— x> —-11, 0£0<4m, xeR
holds for

(a) no values of x and 0

(b) one value of x and two values of 0

(c¢) two values of x and two values of 6

(d) two pairs of values of (x, 0)

51
41. Let xe(;,.’anj then

(a) cos™! (sin(cos_1 (cosx)—2 tan ™! (tanx))) = 7775 —x
“1,. -1 -1 on
(b) cos (sin(cos (cosx)—2tan (tanx)))= 7—x

(o) tan”! (cot(2 sin™! (sinx)— tan”! (tanx))) = g +x

(d) tan ! (cot(2 sin”! (sinx)+ tan ™! (tanx)))=x— 5771

42. In a triangle ABC, if 2a?b? + 2b%c? = a* + b* + ¢4,
then angle B is equal to
(a) 45° (b) 135° (c) 120° (d) 60°

43. Let ABC be an isosceles triangle with base BC. If
‘7’ is the radius of the circle inscribed in the AABC and
r1 be the radius of the circle described opposite to the
angle A, then ryr =
(a) RZ%sin2A (b) R2%sin?2B
) a?

c) —a d —
(c) 5 (d) .
44, If A is the area and 2s the sum of the sides of a
triangle, then

2 2

s A<
(a) A< 2 (b) NG

2 2
N N
A>— d AL —
© \/5 @ <\/§

45. If (sin"'x + sin"'w)(sin"ly + sin"'z) = ©?, then
(Ny,N,,N3,N, €N)

(a) has maximum value of 2
(b) has minimum value of 0
(c) has maximum value 1

(d) has minimum value of -2

46. Which of the following quantities is/are positive ?
(a) cos(tan!(tan4)) (b) sin(cot }(cot4))
(c) tan(cos~!(cos5)) (d) cot(sin~!(sin4))

34
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47. Ifzy = a + ib and z, = ¢ + id are complex numbers
such that |z;| = |z;| = 1 and Re(z,2z;) = 0, then the pair of
complex numbers m; = a + ic and ®, = b + id satisfies
(@) |oy] =1 (b) |my| =1

(c) Re(m; my) =0 (d) oy| =2

48. Ifz; =5+ 12i and |z,| = 4, then

(a) maximum (|z; + izy|) = 17

(b) minimum (|z; + (1 + i)z,|) = 13-9v2

. Z 13

(c) minimum 1 :Z
Zy+—
%)

) zy 13

(d) maximum 1 =?
Zy+—
£9)

49. If z is a complex number satisfying |z - i Re(z)| =
|z - Im(z)|, then z lies on
(@) y=x

() y=x+1

(b) y=-x
(d) y=-x+1

50. A, B, C are the points representing the complex
numbers z;, z,, z3 respectively on the complex plane
and the circumcentre of the triangle ABC lies at the
origin. If the altitude AD of the triangle ABC meets the
circumcircle again at P, then P represents the complex
number

2z

(a) _21Z2Z3 (b) - %
Z3

(0 -4% ) -25
Z, 2

51. If points A and B are represented by the non-zero
complex numbers z; and z, on the Argand plane such
that |z; + 25| = |21 - 25| and O is the origin, then

(a) orthocentre of AOAB lies at O

. . A1T%
(b) circumcentre of AAOB is

(c) arg (z—lj = ig
2

(d) AOAB is isosceles

52. If flx) and g(x) are two polynomials such that
the polynomial h(x) = x f (x%) + x?g(x%) is divisible by
x>+ x + 1, then
(a) f(1) =g(1)
(c) h(1)=0
53. If o (a0 # 1) is the fifth root of unity then
@ N+a+a?+a®+at=0

b) T+oa+0?+0 =1

(b) A1) =-g(1)
(d) none of these



T
(c) |1+0c+0c2 |=2cos€

i
d) |1+0|=2cos—
(@ |1+ =2cos T

54. If the lines az+az+b=0and cz+cz+d=0 are
mutually perpendicular, where a and ¢ are non-zero
complex numbers and b and d are real numbers, then

(a) aa+cc=0 (b) ac is purely imaginary

(©) arg(f}ig (d)

Q|

c
c

55. @and¢ are unit vectors and |b|=4 with

dxb=2dx¢.Theanglebetween d and  is cos ' (ij
Then b-2¢=Ad, ifAis

(a) 3 (b) 1/4 (c) -4 (d) -1/4

56. A parallelogram is constructed on the vectors
d=30—f, b=0+3p.1f |G.|=|B| =2 and angle between
o andB is /3, then the length of diagonal(s) of the
parallelogram is

@ 45 ) 43 © 47 @ 42

(Comprehension Type)
This section contains paragraphs. Based upon each
paragraph, 3 multiple choice questions have to be
answered. Each question has 4 choices (a), (b), (c) and
(d), out of which ONLY ONE is correct.

Paragraph for Question Nos. 57 to 59
Trigonometric equations which involve secant and
cosecant are generally solved by converting them into
their reciprocals cosine and sine. Care must be taken to
avoid invalid solutions. Answer the following questions
for the trigonometric equation secO + cosecd = ¢ which

is defined for 0 # Kg, where K e [

57. If c=~/8 and 6 € (0, 2m), the no. of solutions of
the equation is
(@) 1 (b) 2 (c) 4 (d) 3

58. If 2 < 8 and O € (0, 2m), the no. of solutions of the
equation is

(a) 1 (b) 2 () 3 (d) 4

59. If 2> 8 and O € (0, 2m), the no. of solutions of the
equation is

(@ 2 (b) 4 (c) 8 (d) 6

Paragraph for Question Nos. 60 to 62

An equation of the form 2mlog, f(x) = log, g(x),
a>0,a#1, me Nis equivalent to the system

fx)>0
& =g
60. The no. of solutions of 2log 2x = log,(7x — 2 - 2x?)
is
(@ 1
(c) 3

(b) 2
(d) Infinite

61. The solution set of the equation
log(x3 + 6)(x% = 1) = log(p,2 4 5)(x* = 1) is

(@ {2} b {1} (© {31 (d) {-2,1,3}
62. The solution set of the equation
log;((x—9)+2log;, V2x—1=2is

@@ fo M {13 (o {28 (@ {13}

Paragraph for Question Nos. 63 to 65
L 3n 51
If cos;,cos7,cos7 are the roots of the equation

83 - 4x?-4x+1=0

T 3n 51T
63. The value of sec—+sec— +sec— is
7 7 7
(@) 2 (b) 4 () 8 (d 9
64. The equation whose roots are
i 371 5
tan2 —, tan2 —,tan2 > is
7 7 7

(a) x¥*-35x2+7x-21=0
(b) x3-35x2+21x-7=0
() x¥*-21x2+35x-7=0
(d) x®-21x2+7x-35=0

3 2 —
65. The value of ( D tan® ( r7

r=1

g ()

(b) 105 () 21 (d) 147

Paragraph for Question Nos. 66 to 68
To solve a trigonometric inequation of the type
sinx > a where |a| < 1, we take a hill of length 27 in
the sine curve and write the solution within that hill.
For the general solution, we add 2nm. For instance, to

is
(a) 15

1 T 3T
solve sin x > —5, we take the hill [—5,7} over which

T 7n
the solution is s <x< " and the general solution

(L 7m
is 2nn—g<x<2nn+?,nel. The inequations

35)
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cosx 2 a, cosx < a where |a| < 1, are solved similarly.
To solve a trigonometric inequation of general nature
we bring it to the canonical form. i.e., in one of the
forms sinx = a, sinx < a, cosx = a or cosx < a.

. . Lo 7 .
66. Solution to the inequation sin® x + cos® x < e is

(@) m+l<x<nm+l
a) MM+ —<x<nm+—
3 2

T TU
(b) 2nn+§<x<2nn+—

() I’ITE+TE< <l’lTC+TIZ
) —H—<x<—+—
2 6

T Y
(d) 2m‘t—§<x<2nn+z

67. Solution to the inequality cos2x + 5cosx + 3 = 0,

over [-T, m] is

[_5_71 5_71

(@) [-m, 7] (b) 66
21 2T

(c) [0, m] (d) [—?,?}

i
68. The solution of 2sin> (x +—) +4/3cos2x >0 over
. 4
[-mt, m] is

5T 51

@ b (b) [‘?ﬂ
77 3n 171
© 1o M)[_E_GJ“{Z'TZ}

Paragraph for Question Nos. 69 to 71

Consider the following definitions of inverse
trigonometric functions.

f(x) Domain Co-Domain
T 31

tan~lx == R
2 2

cotx (T, 2m) R

_ - i
and sin"! x + cos 1x=EVxe[—1, 1]

69. tan_l(l)+tan_l[lj=
2 3
@3 5 e @ n
70. 2tan ! (%) +cot™! (7) =
T o 177 1371
(a) n (b)) = () e d —

(36)
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71. cos (tan_1 (sin(cot_1 \/5))) =

3 3 -1 1
@ — ® — © 7 (d) 3

SECTION-IV

(Matrix-Match Type)
This section contains questions. Each question contains
statements given in two columns which have to be
matched. Statements (A, B, C, D) in Column | have to
be matched with statements (p, g, r, s) in Column II. The
answers to these questions have to be appropriately
bubbled as illustrated in the following example.
If the correct matches P q

r s
are A-p,s,B-q,r AQOQO
C-p, gand D - s, then
P 9 BIOOOO
the correctly bubbled
4 X 4 matrix should be as C O O O O
follows: D Q O Q Q
72. Match the following:
Column I Column II
(A) Range of sin"!3x + cos™'3x + (p) O
tan~13x contains
(B) | Range of (@ Im
cot_l(\/2x—1—x2)+sin_l( 2x J
14 12
contains
(C) | Range of (r) |m/4
. -1 7 -1 15 T
sin X+—||+cos X+— | |+—
4 4 2
contains (where [-] denotes
greatest integer function)
(D) | Range of (s) w2
tan_l(\/x2 +3x)+cos_1 (\/x2 +3x+1)
contains

x—\/l—x2 1

73. Let f(x)=cos_1 % ,g(x)=cos™ x

Column I Column II
(A) | fG2-D-g(W2-1)= (p)  m/4
®)  f (—éj +g (—é) = (qQ 7m/4
5 5
©)  gW3-D-fW3-1= () | -m/4




D __9 +f __9 +£— 2
(D) & 10 0172 (s) |2m
74. Number of solutions of
Column I Column II

(A) 22+ 7] =0 (p) |1

(B) z2+z%=0 (@ 3

(C) | 22+8z=0 (r) 4

(D) [|[z-2|=1land|z-1] =2 (s) | infinite

SECTION-V

(Integer Answer Type Questions)
This section contains questions. The answer to each
of the questions is a single digit integer, ranging from
0to 9.

75. If a+b+c
a-b

b-c c—a
three distinct complex numbers, then the value of
a’ b? ¢

=0 where a, b, ¢ are

+ + is equal to
(b-c)* (c—a)? (a—b)*

76. If|z)| = 1, |z| = 2, |z3] = 3 and |9212; + 42123 + 2,23]
=12, then |z; + 2, + z3| is equal to

77. If the complex numbers 2z for which
arg 327673 T ond |z - 3 + i = 3, are
2z-8-6i| 4

(ko105 ana (1 Joi{1- 2 e

k must be equal to

20
78. If oo = e*™7 and f(x)=Ap+ X Akxk, then
k=1

the value of flx) + flox) + flox) + .... + f(0x) is
k(Ag + A7x” + A14x'), then k must be equal to

79. If magnitude of a complex number 4 - 3i is tripled
and rotated by an angle 7 anticlockwise about origin
then resulting complex number would - 12 + Ai, then A
must be equal to

80. The maximum value of |z| when z satisfies the

2 s VR +1

condition |z—=
z

81. z, z, are roots of the equation z> + az + b = 0. If
O is origin, A and B represent z; and z, and AAOB is

equilateral, then % isequalto........

1. (a):2cos2x — 1 =2(cosx — sinx) — (cos®x + sin%x)
= cos?x - 3sin’x

b-1
-1< L <1
b-1
2. (d): The graph shows the number of solutions
A y=n
—] y=m
O m =m 3T 2¢ >x
2 2
3. (a)

L8
cosx+cos(5—yj=b

x+£—y x—E+y

= 2cos 2 cos 2 =}
2 2

= tan(g+x—yj:g

4 2 b

a+b ) a b
5. (d): =ab = (a+b) =9ab:>z+—=7

a

6. (a):logjg(tanl® tan2° ... tan89°) = log;ol = 0
1

7. (b): (81)1°85° =52 =25

3
3[10%3J —(J6)’ =66
2

(V7)!8257 =25

(125)°825° = 216 = 61/6
log2+log3
2log2+log3

8. (a): x=log, 6=
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log3 1-2x

log2 x-1
_log2+3log3 - log3 1-3y
log3+3log2 log2 y-3

9. (b)

A | 5A
10. (a) : 3ZSinzsin7 =16(cos2A—cos3A)

2
1 2
cosZAzZ(Z) —1——8—1——

16 16
3
3 3 27 36 9
cos3A=4|=| -3| =2 |=—-""=—-—
4 4 16 16 16
T \/5—1 T \/§+1

11. (a) :sin—=
12

——,C08—=—+—
N R VIR N
sin15° cos15°

+
sin x COS X
sin(15° + x) = sin2x = sin(180° - 2x)

11
— x=55°=—% — A=11
36

=2

12. (¢)

1
13. (a): sinxSE or sinx=1

sin oL + cos T o-
—.than —+—B =2
coso+sinf 4

= tan(oc_ﬁ)zl
2 ) 3

14. (b):

= O<06_6<E:>tan_1[tan(&_BD=(X—_B
2 4 2

15. (d): -9 + 6x2 — x* = —(x3 - 3)2
= tan"! will be defined only for x=%+/3.

T
For x=+/3,it is -

A-— 1 -b
16. (¢) : tan ===2"7otZ = £C=90°
2 3 a+b
A-B 3
cos —
a+b 2 10_ 3
=
¢ sin — — \/g
2 V2
. -1 -1 T
17. (¢) : lim tan  (2n+1)—tan  (1)=—
n—oo 4

T
= cot§=\/5+1

(38) MATHEMATICS TODAY | MAY ‘15

AB 5
18. (d): — =
sin 45° 3n
in| ——o
4
D 4 C
o
45°
5 3
31
z - (x
A B
25
AB=—m

19. (¢) : Sln(Z cot™!

cos| 2tan 1— 7
4 25

l\.)l»—
;/
uwl»h

20. (d): cos™}(cosx) = -x + 2m, tan"!(tanx) = -x + ®

21. (d): |z =1 = |7]jo| =1
1
L o|l=— . (1)
2|
Letz=re®®, z = re” ™0
Given, Arg w = Argz - /2 =0 - /2

r

— —ioy 1 - _;
zZw = (re 16)._61(9 1t/2)=e in/2
r

T .. T_ .
=cos——isin—=—i
2 2

22. (c) : Let z = re®®. Given, argz + argm = 7
argo=m-0 .. o=rd"Y

Now Z+im=0 = re e+1re i(m=0) _ g

or, r(cosB - i sinB) + ir;[cos(m - B) - isin(m - B)] =

or, r(cosO — isinB) + r{(-i cosO + sinB) =
Equating real and imaginary parts
rcosO + rysinB = 0
—r sinB - r; cosB =0
L e —tano="2 or 2 =r12 Sor=n
n r

3
. tanO=-1 or Ozargzzfc

i0

1 z—1
23. (c) : Given L.P. of U+5=0 where U=——+-
e

Now,IP.of Z=0 = Z-Z=2iY=0

(g



or, U+l — U+L =0
U U

or, (U—U)+(l—é)=0
U U

U-U
or, (U- U)——=

or, (U- U)(l - —]

or, [U?=1as UzU

2 2
z-1 z-1 i
= = _lz-1p =1 as | |=1
e 1
= |z - 1| = 1, which represents a unit circle.
. 1 1 _;
24. (d): If @ =re™, then —=—-¢
o r

1
=l o+—
1
=r(cosO+isin0)+—(cosO—isinB)
r

=[r+ljc056, yz(r—l)sine
r r

2 2
x
Eliminating 6, + ) =1

i) =)

Above represents an ellipse and distance between foci

is
2
2ae=2 |a? [l—b—}=2\/a2 b2 =2J4=4

a2

25.(d):Since |z| =1 .. z=ePasr=1
z 1 1 -1 1

- — = =0+1
1=22 71—, ¢ 0_,0 2isin@ 2sin0

z

5 1s zero. Hence it lies on y-axis.
1-z
26. (d) : The two equations represent circles
+yP=9,(x+1)?+(y-12=2
C,(0,0), 1 =3and C,(~1,1), r, =12

Now \/E<3—\/5 as 2\/5<3 =8<9

C,C, < 11 - 1. Hence the two circles do not intersect
but one lies completely within the other. Hence there
is no solution.

27.(d):z = cosO + i sind
z™ = cos mO + i sin mO

Real part of

Im (z2™-1) = sin(2m - 1)0

15
. E= Y sin(2m—1)0

m=1

= sinO + sin30 + sin50 + ..... + sin296
o 20
smm. [e+299}
= sin
sin—
159 30°sin30°
sm 159—% (- m=15and 6=2°)
sm6 sin2°
_ 1
4sin2°

28. (b) : The given equation is (1 + z)(1 + z°) = 0. The
distinct roots being -1, -, -2, which are represented
by points a, b and ¢ in that order

=1 - 0| = o] |o® - 1| = o? - 1|
be = |o - 0?| = [0?] |@? - 1] = |? - 1]
ca= |0 -1

The three points represent the vertices of an equilateral
triangle.

29. (c) : Taking rotation at O
Z0— 2
20 "l = ¢os2C—isin2C
20 22
20 — %3
20— 22

=cos2A+isin2A

Alz))

O(z,)

B(Zz) C(z3)

ZO - Zl sin2A ZO - Z3 sin2C
Now ; + .
Zg—2, )sin2B | zy—2z, /sin2B

sin2A co0s2C —i sin2A sin2C + cos2A sin2C
+ isin2A sin2C

sin2B
_sin2A+2C) B
sin2B
b
30. (a) : =4+ =1+4i
a b g
§+§+§=2 z[ﬂ be. i}
a b q ab b aq
2abc (¢, b, a
=22 A AL A S gi0=2i
abcc\c b a
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A
31. (a): M=\/(c052t+sin2t+23-bsintcost)

—y\1+a-b

sin2t is maximum at t = /4

1 A
a——+b

A
u= =

1 ~1
a-——+b

&
o

S>> S>>

+
+

Q> Q>

=)
=

32. (c) : Let b= XIA+)/]A'. Since, b is perpendicular to

a,s02x+3y=0

- A 2a SN,
= bzx[i—gj]. Let c=cji+cyj

P £ 7 al . -4 213 5
rojection of ¢ along a =— = -
] s |a| V13 V13
= 2¢1+3¢;=5 (D

EE

Also, projection of ¢ along b =——

E ).,

2
= Cl _ECZ :1 ..... (2)
Solving equations (1) & (2), we get
27137 3

33. (a) : Let O be the required angle, then

sin® = cos(90°—0) = @xb)-(bxc)

|axb||bxc]
|@xbyxb1¢| |1@-b)b-(b-b)a)-¢|
sin? o | sin® o |

cosoc(b-E)—(d-E)|_

sin2 o ‘

cos” o, — cos 0c|
sin2 o |

-2
cosali-cosay|_|_cos- 2 (e/2)

sin o sin o

. .o o
sino(-2sin— cos—
2 2

o
=|—coto tan—
2

o
cotol tan—
2

_ o
0 =sin 1(ta1n5|c0t0c|j
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34. (b):I:(l;—Zl) ‘:>|b G|l pxq|cos60°=—
|pxq|
= AB-l-lzl = AB=2
22 2
G- ab a-c
35.(d): [@ b cP=|b-da b-b b-c
@ ¢b ¢
L LB
2 2
1 1
= — 1 —_—
2 NG
B
N

1,3 3 s
PN RN

1. 23-22 _3-\2
w2 2 4f - 2\/5

=2[16—(@-b)*] [ |a|=|

37. (a) : Given that d, b, ¢, d , are vectors such that
@xb)x(cxd)=0 ()

P, is the plane determined by vector & and b
Normal vector #; =dxb

P, is the plane determined by vector ¢ and d

. Normal vector 7, =¢ X d
Therefore planes are also parallel to each other.
Therefore angle between planes = 0

38. (a, b) : loga:logbzlogc=>h
b-c c—a a-b
(b+c)loga= 7»(b2 —cz) = logab+
Similarly, logh® * @ = A(c? - a?)
loge® * b = Ma? - b?)
abteypperaypatb>g
1 sin©

> - .
cosB sin©

c :}\’(bz _CZ)

39. (b, ¢, d) : _1+cos6




1-sinB®+ cosO—cosBsinO

Xy = :
sinBcos0
-y= (xy+1):>xy+x y+1=0
1+
x= y _—x
—xr-11
40. (b, d) : ( j=
2

—1<sm(9+ )

2<6x-x>*-11<2
Atx=3

sin e+ =-1=0= 2;111—5—7T
3 6

1
n=12 0=_% 197
6 6

(x,0)= ( 7“]{&”—“}
6 6
ST o1,
41. (a, d) : If xe(;,?»n),sm (sinx)=3m—x,

cos ! (cosx)=x-2m, tan ! (tanx)=x-3m

42. (a, b) : 2a%2b? + 2b%*c2 = a* + b* + ¢*
Also, (@2 -b>+ P2 =a*+ b4+ *

- 2(a?b? + b2 -

= (a? - b+ 3?2 =222

2 32,2
a”-b"+c 1
————=+-—=cosB
2ca \/5
= B =45° or 135°
A A
43, (a,b,d) : r=—1n=—"
S s—a

A? _s(s—a)(s—b)(s—c)
s(s—a) B s(s—a)
=(s-b)(s-c¢)=(s-b)?
_(2s—-2b)* _(a+b+c—2b)>
4 4

a®> 4R*sin® A

=L = 2 Z_R%sin? A
4 4
Alsoif /B=60 = ZA=m-20
rir = R%sin?(m - 20) = R%sin%20 = R%sin?2B
44. (a, b) : We have, 2s =a + b + ¢,
A2=s(s-a)(s-b)(s-¢)
Now, A.M. =2 G.M.
st(s—a)+(s=b)+(s—c)
4

}’11’ =

> [s(s —a)(s=b)(s— c)]l/4

4s5-2
= S>[A2]1/4$§>A1/2=>A<5—
Also, =@ +(s=b)+(s—¢)
3
1/3 2 3 2
2 A
or,EZ[A_} 0r,—<s— A<—

377 s 33

>[(s—a)(s—b)(s— )]

45. (a, d) : (sin"lx + sin"lw)(sin"ly + sin”'z) = 72

= sin 1.X,'-l—SlIl 1W_Sll’l y+Sll’1 1Z_Tl.',

or, sin"lx + sin™'w = sin"ly + sin"lz = -1
= x=y=z=w=lonhLx=y=z=w=-1
XM yN2 1 -1

w

Hence, maximum value of Ny N,
z

-1 1
and minimum value = =

46. (a, b, ¢) : (a) cos(tan_l(tan(4—71:))) =cos(4—

= cos(m - 4) = —cos4 > 0
(b) sin(cot(cot(4 - m))) = sin(4 - m)
= -sin4 > 0 (as sin4 < 0)
(¢) tan(cos(cos(2m - 5))) = tan(2m - 5)
= ~tan5 >0 (as tan5 < 0)
(d) cot(sin~(sin(m - 4))) = cot(w - 4)
47. (a, b, ¢): zy =a + ib, z; = cosO + i sinb
Z, = ¢ + id, z, = cosO. + i sinQ
z12p = cos(0 + o) + i sin(0 + o)
Re(z125) = cos(B + o) =

- fro=2 (1)
2

. . T
ON =cosG+1cosoc=c056+1cos(5—9)

= cosO + isin® = ¢
o] =1

. - (T ..
032=sm6+zsm0c=sm(5—oc)+zsmoc

= cosol + i sinoL = e/®
g =1
00, = ez(e + o)

Re(w;w,)=cos(0+0a)=0 ( 0+o= g)

48. (a,d) 1z, = 5+ 12i, |z5| = 4
|2y +(A+0)zy | 2|z |=[1+i]] 2, ||
=13-42

min |z, + (1 + )z,]) =13-42

4
<|Zz|+_—4+1 5

4
Z+— |
2

%)
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=-cotd4 <0



4
Zy+—|2|z, | ———=4-1=3
%) |2, |
z 1 z 13
max L ="~ and min 1 =?
%) )

49. (a, b) : |z - i Re(2)| = |z - Im(2)|
Let z = x + iy,

Then |x + iy - ix| = |x + iy - y|

= X+ (-x2=x-y?+y

ie x*=y? ie. y=zx

50. (b, ¢, d)

51. (a, b, ¢) : |21 + 23] = |21 - 2|

= (71 +2))(z,+2,) =(2, —2,)(7, — 2,)

= 2122 + 2221 =0

z Z z
= —12—(_—1j=>—1
Z) £2) Z)

Also from (1), Z1 — Z2|2 = |Z1|2 + |Z2|2
= AAOB is a right angled triangle, at O. So,

...... (1)

is purely imaginary.

. 21 + 2y
circumcentre = ——=.

52. (a, b, ¢) : The roots of x2 + x + 1 = 0 are ® and ®2.
So, h(®) = 0 and h(®?) = 0

= of(1) + ®’g(1) = 0 and W?*A(1) + wg(1) =0

= fl1)=g(1) =0

o h(1) =f(1) +g(1) =0

53. (a, b,c) : We have, 0c=cosz?n+isin2?n

andl +o+02+a+0t=0
s va+a? o’ |= |—at | = |aft=1.
Also |1+a+0?| = |-C1+a)| = |1+

(1)
T T .. T
2cos—| cos—+isin—
5( 5 5)‘

2m .. 2|
=(14+cos—+isin—
5 5
T
=2cos—
5

Again from (i), |1+0t|=|1+ 0+ 0 |=2cosg

54. (b, ¢) : Let a = a; + iay and ¢ = ¢; + icy, then

_ = . a
Slope of the line az +az+b=0is ——-
)
L . c
and slope of the line Z+cz+d=0 is ——
)
a —c
So, ——tx—=-1= a;6; +a,c, =0
G G
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at+al\lc+c a—-al\lc—c _ _
= + =0= ac+ac=0
2 2 2i 2i

. . . a_a a .
ac is purely imaginary. Also —=—-— = — isalso
c c c

purely imaginary.
a T
= arg| — |=f—
& c 2

55. (a, ¢) : Given, |@|=1, |¢| =1 and |b|=4 and

GXb=2dx¢

~ . -1 1
Since, angle between d and ¢ is cos I(Zj

1
G-c=|d||é|-=11—- = dc=—
4 4 4
and b—-26=Ad = b=2C+\d
Squaring, b? =4c% +A%a® =4Aé-d = 16=4+ A% +A
= M+A-12=0 = A=-4,3
56. (b,c): AC=d+b
Then, |AC| = |a+Db|
D C

>
>

A 7 B
|ACP =(@)* +(b)* +2d-b
={(36—P)* +(@+3P)” +2(36—P)- (G +3P)}
=902 +B? —66.-B+ 0 +9p% +66.-p+60> —6p% +166.-f
=160 +4B* +166.-p
=160 +4BZ+16|&||E|COS§

=64+16 +32=112

AC=47

Similarly, BD = 4\/5

57. (a) 58. (b) 59. (b)
Let tan® = x

1
Va2 +1+ /—2+1=c = x> +x+l=txVc? +1 .. (1)
x

Ifc=\/§:>x2+x+l=i3x
= x2-2x+1=0or xX*+4x+1=0
= x=1 or —Zi\/g
tanO =1 or tan9=—2i\/§<0 (Impossible)

0= 2’5_75 , But 6= on (not possible)
4 4 4
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From (1), x2+(1+\/czi)x+l=0

or x2+(1—m)x+1=0

The equation has real solutions if (1+ \/CZT Y —4>0
and (1-Ve? +12 - 420

= (3—@)SO and

W +1+3)(W2 +1-1)>0

The 2" inequality holds for all ¢ while the 1% inequality
hold if ¢* > 8

If ¢? < 8 then, the equation has 2 solutions in (0, 27)
If ¢ > 8 then, the equation has 4 solutions in (0, 27)

2x>0 x>0
60. (b): 5 , =1,
2x)"=7x-2-2x 6x°—7x+2=0
x>0
= 12
x=—,=
23
x> =150

-5
61. (¢): 2x2+5x>0,x¢1:>x<7 and x>1
x> +6=2x% +5x
62. (d):x-9>0,2x-1>0, (x - 9)(2x - 1) = 10> = 100

1
N x>9,x>5,2x2—19x—91=0

7
= x>9and x =13, x=—5

x=13
63. (b) 64. (c) 65. (b)
8x3 —4x?-4x+1=0 - (D)
x—>l$x3—4x2—4x+8=0 - (2)
x

T 31 51
sec—+sec—+sec— =4

7 7 7
= x(x?-4)=4(x*-2)
= Jx+1l(x+1-4)=4(x+1-2),

Replacing x> — x + 1 in (2)
= x3-21x2+35x-7=0 .. (3)

1
x—>; in(3 = 7x3-35x2+21x-1=0
2 5m 35

3
cot —+cot cot" —=—=
7 7

(i tan? (ZY_ID( 3 cot? (ﬂnzzlxszlos
r=1 7 r=1 7

2

66. (c) : sin®x + cos®x = 1 - 3sinZx cos

3.9 3(1—cosdx
=l-—sin"2x=1-—| ———
4 4 2

X
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3 5 7 3 3
=—cosdx+—<—=>—cosdx+—<0
8 16 8 16

1 27 4T
= 0sd4x<——=2n+—<4x<2nm+—
2 3 3

nt 7 nt T
= —4—-<x<—+—
2 6 2 3

67. (d):cos2x + 5cosx + 3 =0
= 2cos2x - 1 + 5cosx + 3 =0

1
= (2cosx+1)(2+cosx)>0:>cosx2—5

= - T<x<™

68. (d): cos(Zx —E) > 1
6 2

27 T 27
2nt——<2x——<2nm+—
3 6 3

T 51

am-F<ox<omm+ 2, m-T<x<nm+ 22

2 6 4 12

69. (d) 70. (d) 71. (b)
72.A—>r1s;B—>q;C—>p;D—p
73.A=-psB—>q¢C—->r;D—>s

7T -1
— —CO0S 1x, -1<x<—
2
fx)=
—+cos —Sx
4 N
74. A= q¢B—>s5C>r;D—=p
(A) 22 = -z
|2 = || or |z]* - |z| =0
|z|(]z| 1) =0 .. |z2|=0 = z=0
lzZl=1 = 22+1=0 by (A)
= z22=-1 ..z=0=i
Hence, (A) has 3 solutions 0, +i.
(B) z=x+iy
Z=x—iy
22 +72=0 :>2(x2—y2)=0
y=tx

z=x(1 + i) where x € R
Hence there will be infinite solutions.
(C) 22 +82=0 = z°=-82
. |22 |=|-82| or |z[=8|z]
|z =0 or |z| =8
z = 0 is one solution.
Now |z] =8 = |z[’=64 = zz=64
64
Using =—8z7=-8—

22 =-(8)3 ‘



z=-8(1, o, %) = —(8, 8w, 8w?)
Thus, there are 1 + 3 = 4 solutions.
(D) (x- 22+ (y- 02 =1
and (x - 1)2+)y*=4
Ci(2,0),r;=1;C5(1,0),7r,=2

CiC=1=r-n
Hence the two circles touch internally at the point
(3, 0). Thus there is only one solution.

(D) = (p)

a
75. (2) : We have + + =0
b-c c—-a a-b

2
(“ LA ):0
b-c c¢c—a a-b
2 b2 2

a
+ +
(- (c—a)* (a-b)
+2{ ab N bc N ca }_0
(b-c)c—a) (c—a)a-b) (a-b)b-c)]
a> b2 2
+ +
(b-c)? (c—a)* (a-b)
+2{ab(a—b)+bc(b—c)+ca(c—a)}=0 )
(b—c)(c—a)(a—b)

Now ab(a - b) + be(b - ¢) + ca(c - a)

= a%b - ab? + b%c - be? + ac? - a’c
a?(b-¢) - ab®-c%) + be(b - ¢)
(b-0)a?-a(b+c) + be
=(b-c)a-b)a-c)=~(b-c)c-a)a-Db)

2 2 2
()= b

=

=

a

+ +
(b-c)* (c—a? (a—b)*
2 b2 62

+2(-1)=0

a

+ + =2
b-c)* (c-a)* (a-b)
76. (2) H lel = 1, 2222 = 4, 2323 =9
59212y + 42125 + 2525 |

=

= | 21222323 + ZIZ32222 + Z2Z3ZIEI | =12
= 6|z, +2,+23]=12

77. (4) : The first relation can be written as

3 z-2—-i T
Arg—+Ar =—
g2 gz—4—3i 4
z—=2—-i T 3
= Ar =— v Arg—=0
gz—4—3i 4 ( g2 )
+iy—2-i T
o g tY—2-i m

x+iy—4-3i 4

(x=2)+i(y-1) =
(x—4)+i(y—-3) 4
[(x=2)+i(y-D][(x=4)-i(y-3)] _n
(x—4)* +(y-3)° 4
(x=2)(x-4)+(y-1(y-3)
+if(y 1) (x —4)—(x-2)(y -3)}
s (x—4)* +(y-3)*
O DE—4)-x-2)(y-3) =
(x=2)(x=4)+(y-D(y-3) 4
The other equation is also a circle given by
X +yP-6x+2y+1=0
The two circles intersect at

(4= s 2 | ane (4%,1_%}

= k=4

= Arg

= Ar

=ta

20 k
78. (7): f(x)=A0+k2 Apx
=1

= flx) + flox) + f02x) + .... + f0x)

20
=7Ag+ 3 Axt 1+ ok +aF + ok 4+ afF)
k=1
In the summation when k # 7, k # 14 then
OL7k -1
1+0f + o2+ +afk = ——=0 (v o’k =1, ok 21)
o -1

when k = 7, k = 14, the terms in summation = 7A,x’
and 7A 4 x!* respectively.
Thus f(x) + flowx) + ... + fodx)
=7(Ag + Ax” + Apgx'®)
= k=7
79. (9) : The resulting complex number must be
3(4 - 3i)(cos m + i sin ) = 3(4 - 3i)(-1)

=-12+9i
= A=9
2 2 2 2
80. (3):|Z|=Z__+—SZ——+——2+_
P A M PT PT

= |z>-2Jz] -2<0
Solving the quadratic, we get
|z] <143 = A=3
81. (3) : zy, 25, z3 form equilateral triangle if and only
if 212 +z§ +z§ =27,z
Take z3 =0
212 +Z§ +Z§ :ZIZZ
= (Zl + 22)2 = 32122
= a®=3b. L]
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Problems from

1. Prove that for any integer n > 1 the sum S of all
divisors of n (including 1 and n) satisfies the inequalities

ky/n < S <[2kn, where k is the number of divisors of
n.

2. Acircle is inscribed in the trapezoid ABCD. Let K,
L, M, N be the points of intersections of the circle with
diagonals AC and BD respectively (K is between A and
L & M is between B and N). Given that AK-LC = 16 and

BM - ND = %, find the radius of the circle.

3. A convex quadrilateral ABCD is inscribed in a
circle whose center O is inside the quadrilateral. Let
MNPQ be the quadrilateral whose vertices are the
projections of the intersection point of the diagonals
AC and BD onto the sides of ABCD. Prove that
2[MNPQ] < [ABCD].

4.  Arectangular parallelopiped hasinteger dimension.
All of its faces are painted green. The parallelopiped is
partitioned into unit cubes by planes parallel to its faces.
Find all possible measurements of the parallelopiped if
the number of cubes without a green face is one third of
the total number of cubes.

5. Let {a,} be sequence of integers such that for n > 1.
(n-Da,,,=(n+1)a,-2(n-1).1£2000 divides a, 44,
find the smallest n > 2 such that 2000 divides a,,.

6. Let x, 3 z be non negative real numbers such that
4

X + y + z = 1. Prove that x2y+y2z+zszE, and

determine when equality occurs.

7. Let abe areal number. Let {f, (x)} be a sequence of
polynomials such that fy(x) = 1 and
fn o 1) = x£,(x) + f,(ax) for n = 0,1,2,....

1
(a) Prove that f,(x)=x"F, (—j
X
for n =0,1,2,.....
(b) Find an explicit expression for f, (x).

O THRAAY
ARO“ND;I\ 4

S

* ALOK KUMAR, B.Tech, IIT Kanpur

8. Show that there exists a triangle ABC for which,
with the usual labelling of sides and medians, it is
true that a # b and a + m, = b + m;. Show further that
there exists a number k such that for each such triangle
a+m,=b+m,=k(a+ b). Finally, find all possible
ratios a : b of the sides of these triangles.

9. If f: R — R
x€ R fi-x) = - fx),

flx+1)=f(x)+1 andf(%)z%(when x#0).
prove that f(x) = x for all real values of x.

is a function satisfying for all

10. M is an interior point of a triangle ABC. Bisectors
of interior angles BMC, CMA, AMB intersect BC,
CA, AB respectively at X, Y, Z. Show that AX, BY, CZ
are concurrent; if P is the point of concurrence and

PA PB P

———C =8, also show that M is the circumcenter
PX PY PZ

of AABC.

11. Show that in any triangle ABC

sinAsinBsinC < % with equality holding if and only
if the triangle is equilateral.
12. For a positive integer n, define A(n) to be
(2n)!
(n))?
Determine the sets of positive integers n for which

i) A(n) is an even number
ii) A(nm) is a multiple of 4.

13. Find all cubic polynomials p(x) such that (x - 1)?is
a factor of p(x) + 2 and (x + 1)? is a factor of p(x) - 2.

14. There are ten objects with total weight 20, each of
the weights being a positive integer. Given that none of
the weights exceed 10, prove that the ten objects can be
divided into two groups that balance each other when
placed on the two pans of a balance.

* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91).
He trains IIT and Olympiad aspirants.
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SOLUTIONS

1. Letthedivisorsofnbel=4d, <d,<...<d, =n,so0

thatddk+1 ;=n for each i. Then

D P AL/ AL S 1>2Wﬂ =k,
i=1 i=1

where the inequality is strict because equality does not
dy+d
1 S k> Jdd,.

k
For the right inequality, let §, = z dl.z, By the Power
Mean Inequality, i=1

hold for

Hence, S<,/kS,. Now

Sz kg2
<
RIS
i= 1” =19%%+1~i  j=1]
because d,,....., d; are distinct integers between 1 and
n. Therefore

2,2
kS, < kn6Tc <~2kn

2. Let the circle touch sides AB, BC, CD, DA at B, Q,
R, §, respectively, and let r be the radius of the circle.
Let w = AS = AB x = BP = BQ, y = CQ = CR, and
= DR = DS. We have wz = xy = r* and thus
wxy z=r*. AK - LC depends only on r and AP - CR and
BM - ND depends only on rand BP - DR.
Now, draw a parallelogram A’, B, C’, D’ circumscribed
about the same circle, with points P, Q’, R’, S’ defined
analogously to B Q, R, S, such that A’P’=C'R’ = \/W_y .
Draw points K, L', M, N’ analogously to K, L, M, N.
Because AP’ - C'R’ = wy, by the observation in the first
paragraph we must have A’K” - L'C’ = AK - LC = 16.
Therefore, A’K’ = L'C" = 4. Also as with quadrilateral
ABCD, we have A’P"B’P"C'R"D'R’ = r* = wxyz. Thus,
B'P"D'R’ = xz, and again by the observation we must have

9
B'M’-N'D'=BM-ND = " Therefore, B'M’=N'D"' ==

Letting O be the center of the circle, we have
A’O =4+ rand SO = r. By the Pythagorean Theorem,

4 . . 4 ’ 9
A’S"=+/8r+16. Similarly, S'D’= 3r+Z. Because

A’S"S'D’ = r2, we have (8r+ 16)(31’ + %j =r4,

which has positive solution r = 6 and, by Descartes’
rule of signs, no other positive solutions.
3. The result actually holds even when ABCD is not
cyclic. We begin by proving the following result:
Lemma. If XW is an altitude of triangle XYZ, then
XW _1 ( LY+ /7 )

—<—tan| —

YZ
Proof: X lies on an arc of a circle determined by

ZYXZ = 180° - LY - /Z. Its distance from YZ is
maximized when it is at the center of this arc, which
occurs when Y = /Z.

oo XW 1 LY+ /7
At this point, —=—tan| ——— |.
YZ 2

Suppose M, N, P, Q are on sides AB, BC, CD,
DA, respectively. Also let T be the intersection of

AC and BD.
Let oo = LZADB, B = ZBAC, y = ZCAD, 6 = ZDBA.
From the lemma,

MTSlAB- tan(ﬁ) and QTSlAD-tan (oc_er)
2 2 2 2

Also, ZMTQ = 180° - ZQAM = 180° -
Thus 2[ MTQ|=MT-QT sin ZMTQ

Sltan(—) (B 8)AB -AD sin Z/DAB
4 2 2

oty B+3

ZDAB.

Because
equals

=90°, this last expression exactly

iAB. ADsin ZDAB = %[ABD]
Thus, 2[MTQ]|< %[ABD]

Likewise,

[QTP]<
shows that 2[MNPQ)] is at most

2[NTM]< 2[BCA] [PTN]<- [CDB] and

[DAC] Adding these four inequalities

% (IABD]+[CDB])+
desired.

4. Let the parallelopipeds dimensions be a, b, c.
These lengths must all be at least 3 or else every cube
has a green face. The given condition is equivalent to
3(a-2)(b-2)(c-2)=abc,

%([BCA] +[DAC])=[ABCD], as

If all the dimensions are at least 7, then
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3
@ b e (7). 38
a-2 b-2 ¢c-2 \5 125

a contradiction. Thus one of the dimensions - say, a —
equals 3, 4, 5, or 6. Assume without loss of generality
that b < c.

When a = 3 we have bc = (b - 2)(c - 2), which is
impossible.

When a = 4, rearranging the equation yields (b - 6)
(c - 6) = 24. Thus (b, ¢) = (7,30), (8, 18), (9, 14), or
(10, 12).

When a = 5, rearranging the equation yields (2b - 9)
(2¢ - 9) = 45

Thus (b, ¢) = (5, 27), (6, 12), or (7, 9).

Finally, when a = 6, rearranging the equation yields
(b-4)(c-4) =8

Thus (b, ¢) = (5, 12) or (6, 8).

Therefore, the parallelopiped may measure 4 x 7 x 30,
4x8x18,9x%x14,4x10x12,5%x527,5x6 x12,5
X7 x9o0r6x6xa8.

5.  First, we note that the sequence a,, = 2n — 2 works.
Then writing b, = a, — (2n - 2) gives the recursion
(n-1b,,,=(n+1)b,
For n > 2, observe that

n

k (n—1)
nn—1
= b
2 2

k+1
b, —b2H b,. n—2

[Tk
k=1
Thus when 7 2> 2, the solution to the original equation is
n
of the form a,, =2(n—1)+

¢ for some constant c.

Plugging in n = 2 shows that ¢ = a, - 2 is an integer.
Now, because

19991998
2000|a,999 We have 2(1999—1)+T.c =0

= -4+1001c=0 = c=4 (mod 2000).

Then 2000|a,, exactly when

2(n-1)+2n(n-1)= (mod 2000)
Sh-1D)n+1)=0 (mod 1000)

(n - 1)(n + 1) is divisible by 8 exactly when # is odd,
and it is divisible by 125 exactly when either n - 1 or
n + 1 is divisible by 125. The smallest n > 2 satisfying
these requirements is n = 249.

6. Assume without loss of generality that
X =max {x, ¥ z}
If x 2 y = z, then
Xy +y’z+ 2Z2x<xly+yz+z

(v -2)

2x + z(xy + (x - y)
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11 )1 1 4
=(x+ 4l ===y ||l ===y ly<—,
=(x+2)’y= (2 ZyJ[ y))’ 7

where the last inequality follows from the
A M.-G.M. inequality. Equality occurs if and only if

1
z = 0 (from the first inequality) and y=—, in which
21
case (x,y, z)=(§,§,0). If, x 2 z > y, then
X’y + y*z + 2%x = x?
(x-y)

z+ 2%+ y’x - (x - 2)(z - y)

2 2 2 4
<Sx“z+z7y+y xS27,
where the second inequality is true from the result we
proved for x = y = z (except with y and z reversed).
Equality holds in the first inequality only when two
of x, y, z are equal, and in the second inequality only

21
when (x,Z,)/)=[g,g,0J. Because these conditions

can't both be true, the inequality is actually strict in
this case.

Therefore the inequality is indeed true, and equality
holds when (x, y, z) equals

21 1
_>_>0 > _)O)E , Or O’E,l
33 3 3 33

7. When a = 1, we have f, (x) = (x + 1)" for all n, and
part (a) is easily checked. Now assume that g # 1.

Observe that f, has degree n and always has constant
term 1. Write f, (x) = ¢, + ¢,x + ... + ¢, x". We prove

by induction on n that (a' - 1)c; = (a" *1 -7 - 1)¢;
for 0 < i < n (where we let c | = 0).
The base case n = 0 is clear. Now suppose that

fo () = by + by + oot by x™

satisfies the claim: specifically, we know

(@ -1)b;=(a"~"-1)b, | and

@ b, = (@ =1, fori>1

For i = 0, the claim states 0 = 0. For i > 1, the given
recursion gives ¢;=b;,a'b; and ¢;_;=b,_,+a' 'b,_,
Then the claim is equivalent to

(@ =1)¢; =@ =1, & (@ - 1)(b_, +a'b;)
=@ )b, +a b))

o (@ -b_, +d'(@ -1b,

=@ —b,_, +(@" —a b,

& (@b +d'@ " -1b_,

Db,_, +(a" —a b,

—@ -



= (an - l)bl—l = (an - l)bl—l
so it is true.
Now by telescoping products, we have

= G k
i=— = -
€0 k=1 %k-1
ok
n _n+l—-k H (a _1)
— 1 k=n+1-i
Pl ak 1 i

— k=i+1 -1
n—i
-1 a —1
H(ak l) k=1
k=1
n—i
Ck Cn—i

= =Cy—i» giving our explicit form.
k=1%-1 €0

Also, f,(x)=x"f, [lj
x

i=0, 1,...,n, and from above this is indeed the case.
This completes the proof.

8. We know that

if and only if ¢, = ¢, _, for

1 1
‘21 =Z(2b2 +2¢ —az), m2 =Z(2a2 +2c? —bz),

S0, mg (bz—a ).

_ mb
If the desired condltlon m, - my, = b-a#0istobe

satisfied, then necessity m, +my, :—(b+a) Find the
system of equations
m,-m,=b-a

m, +my, =%(b+a)
we find that we would then have

m, =é(7b—a), my, =é(7a—b),
and a+m, =b+mb:g(a+b)

Thus k= U
8

Now we examine for what a # b there exists

a triangle ABC with sides a4, b and medians
1 1

my, =§(7b—a),mb =g(7a—b)- We can find all three

side lengths of the triangle AB,G, where G is the
centroid of the triangle ABC and B, is the midpoint
of the side AC

b 2 21
AB =—, AG="m, ==.~(7Tb—a)=—(Tb—
17 3 38( %) ( %)
1 11
BG=—my,=-.—(7 b——7 b
) 3mb 3 S(a ) (7a-b)

Examining the triangle 1nequa11tles for these three

a
b <3, from which

the value %:1 has to be excluded by assumption.

1
lengths, we get the condition §<

This condition is also sufficient: once the triangle AB,G
has been constructed, it can always be completed to a
triangle ABC with b = AC, m, = AA,, m;, = BB,. Then

from the equality mg - mg = E(b2 —a?) we would also
have a = BC. 4
9. Put f{x) = x + g(x); then g has the properties :
8(=x) = -g(x),
g(x+1)=g(x) and when x #0, g( J g(;c)
x
We have to show that g(x) = 0 for all x € R.
g(0) = - g(0) = g(0) =
g(-1)=g(-1+1)=¢(0) =0

When x is neither 0 nor -1,

g(x)=x2g(ﬂ =x2g(x7+1)
=x? (x;l)z (ﬁ) =(x+1)zg(ﬁ—1)
~GerPe =P

x+1 x+1

oQ

——g(x+1)=-g (%)

Therefore g(x) =
10. Since MX is the internal bisector of
smc, BX _MB.
XC MC’
CY MC AZ _MA
Similarly == ="~ 3
YA MA ZB MB
therefore %C_Yﬂ =
XC YA ZB
A
VA
\7
B % C

49)
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Hence by Ceva theorem, AX, BY, CZ are concurrent.
Let ABPC = t,, AAPC = t, and AAPB = 5.
PA  AAPB AAPC AAPB+AAPC t,+t,

Then — = - _ _
PX ABPX APXC ABPX+APXC f
+
Similarly PB = Lt and PC _hth
PY ty PZ ty

titots titots

Now 8

(Equality holds only when ¢, = ¢, = t, = 8)
BX AABX

Thus t; =t, =t;3. Now —=
XC AACX

_ APBX _ AABX-APBX _t3
APCX  AACX-APCX t,

i.e.,, BX = XC. Since MB is the bisector of ZBMC, it
follows that MB = MC. Similarly MC = MA. Therefore
M is the circumcenter. (Note that P is the centroid).

2\/5(5 —a)s=b)(s—¢)
bc

11. 15t Solution: Since sin A =

2s(s—a)(s—b)(s—c)
ca
2/s(s —a)(s —b)(s —c)
ab

what we have to prove is equivalent to the following:
S-a’s-b’6-0 _3°

a*bic? gt
(Equality holds only when a = b = ¢)
Putting x =s -4, y=s - b, z =5 - ¢, the above
inequality becomes the following: If x, y, z are positive
reals, then

sin B=

and sinC=

3
(x+y+z)3x3y3 3 SZ—4(x+y)4(y+z)4(z+x)4
(Equality holds only when x = y = 2)
If o, B, Y are reals, we know that

of + By + ya < o + B + v
(Equality holds only when ot = =)
From this it follows that
3(aB + By +ya) < (o + B+ )%
Replacing o, B, ¥ by xy, yz, zx respectively, we get
3(x + y + 2)xyz < (xy + yz + zx)? (1)
Also x+y22\/g,y+222\/; and z+x>2zx

= 8xyz<(x+ )y + 2)(z + x) .(2)
Now 3(x + y + 2)°xyz
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<(xy +yz +2x)% (x + y + 2)?
= ((x + )y + 2)(z + x) + xy2)?

S(x+y)2(y+z)2(z+x)2(l+%j2

Again by (2)

(by (1))

(by (2)),
3
(x+y+z)3x3y3z3 S3—4(x+y)4(y+z)4(z+x)2
8

Equality holds only when x = y = z.

2nd Solution: First let us prove the following. For any
three angles o, B and y such that oo +  + y = 2kn
where k € Z,

3V3
sin0c+sinB+sinyST\/_ (1)

We can choose three unit vectors e, e, ande; such
that

Ley, €3)=0,£(e;, e3) =P and L(es, ¢) =Y. Then
(a+é+%).(a+g+%)zo

= 3+2(e;.e,) +2(ey.€,)+2es.€.) 20
:>cosoc+cosB+cosy2—§ ..(2)

In (2), o, B and y can be replaced by

0L+2?TE,B+2?TC and y+2?nyielding

2n 2n 2n 3
cos| 0L+— [+cos| B+— |+cos| y+— |=—=;
3 3 3 2

3
ie., — T(Sinoc +sinf+siny)

2—§+§(cosa+cos6+cosy)2—% (by (2))

Thus we get (1). Now putting oo = 24, = 2B and
y =2Cin (1) and using the fact that
sin 2A + sin 2B + sin 2C = 4 sinA sinB sinC

we get
sin Asin BsinC < % .(3)

A little work is needed to find when we have equality
in (3). When (2) becomes equality, ¢, +e, +e; =0 from
which one can deduce that

61.62 = 62.33 = 63.61;

i.e., cosOl = cosP = cosy
Next when equality holds in (1) we should have

( an ( 215) ( ZnJ
cos| ov+— |=cos| B+— |=cos| y+—
3 3 3



and cosol = cosf} = cosy,
Further, equality in (3) yields
sin2A = sin2B = sin2C
Since 2A + 2B + 2C = 2m, we should have
2A+2B=m orA=B
2B+2C=morB=C
2C+2A=mor C=A.
Again using A + B+ C=m,we get A =B =C.
3td Solution : For any triangle A, let p(A) denote the
product of its sides. Let 3 be the set of all triangles
inscribed in a circle of diameter 1. What we have to
prove is equivalent to the following: For any triangle

33
Ae S’P(A)ST’ equality holding only when A is
equilateral.
First let us show that if a triangle A€ J is not equilateral
then there exists a triangle A”in 3 such that P(A) <
P(A).

X
A

B (6)

Suppose AABCeS such that AB # AC. Let X be the
midpoint of the arc BAC.

Then AABC < AXBC

= AB.AC.sin Z/BAC < XB-XC sin Z/BXC

= p(ABC) < p(XBC).

Since { plA):Ae S} is a bounded set of real numbers, we

can choose a sequence of triangles (A,B,C,),—; in

3 such that p(A,B,C,) converges to the least upper
bound of {p(A):A 65} and also A, B, and C, are

convergent.
Let lim A, =A, lim B, =B and lim C, =C. Then 4,
n—yo0 N—>o0 n—yo0

B, C are on the circle and p(ABC) = lim p(A,B,C,).
n—yoo

Thus p(ABC) being maximum, ABC is equilateral and

8

4th Solution: For any o, B, y € R, let

0(a, B, y) = sina sinP siny

Let us prove the following: If o, B, o, B, y € [0, m]
such that . < B, o, B, ye [, Bland oo + B = o' + B
then 6(c, B, v) < 6(a, B, V).

3
p(ABC) = (sing)

Proof : Assume o < 3. Then
0o <P <P<m

0P -a'<P-as<n

cos (B - o) <cos (f -a)

(" cos x, x € [0, m] is a decreasing function)

= cos (B - ) - cos(at + PB) < cos (B’ — ) - cos(o’ + )
= sina sinP < sina” sinfy’

= 0(a, B, v) < 6(ct, B, 7)

Note that equality holds only when either {o, B} =
{o, B’} or y € {0, m}. Note that for any o, B, y € [0, 7],

=
=

oa+p a+p
e (0.4 o X Se T >
(ouB,7) ( R Yj
Now suppose o, 8,y € [0, 7t] such that ot + § +7y =7. We

oL T T
can assume OLSESB; letoc’zg and B’=OL+B—§;

then o + B =ao + f and o, B’ € [, B]. Therefore
0(c, B, ) <6 (o, B, 7)

SG(OL’,B;Y,B +YJ

2
_ (z n Ej_ 3
3'3’3) 8
Obviously B(Q,B,y)z%ﬁazﬁzyzg
Remark : The fourth proof leads to the following natural
generalization. If o, o, ..... , o, € [0, ] such that
o, + 0, + ... + 0, = T, then
sinoy, sinot,...sin o, < sin” (E)
n
Equality holds only when o, = a,, = .......... =,

12. Since the product of k consecutive integers is
divisible by k!, A(n) is an integer. We compare the
highest powers of 2 dividing the numerator and
denominator to determine the nature of A(n).

Suppose we express n in the base 2, say,

l-

— 1 -1 2 —
n=a2+a;_2 +a;_,2 +..ta2+aga=1

The highest power of 2 dividing n! is given by

TR

where [x] denotes the largest integer smaller than x.
But, for 1< m <,

n l {—-m-1
|:2—m:| = 0[2 + a/_12 + + a,,
Thus
! n
s = E —
- {Z”J
m=1
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4 k
2 ak2 o

1 k=m

‘
ak[22’”—1
1

m=1

Il Il
M~ 3 M-~

k

a, 2K -1)

Il
MP\

>~
Il
—

Il
M~

4
ak2k - 2 ak
k=0

= n — { sum of the digits of n in the base 2}
Hence, the highest power of 2 dividing (n!)? is
2s = 2n - 2(sum of the digits of # in the base 2). Similarly
the highest power of 2 dividing (2n)! is t = 2n - (sum
of the digits of 2# in the base 2). But the digits of n in
base 2 and those of 2# in base 2 are the same except
for a zero at the end of the representation for 2n.
Thus

t-2s=a+a;_;+a,_,+ .. +a, +a,
where the a; are the digits of n in base 2. Note that
a;=1. Hence t - 25 2 1. But A(n) is even if and only if
t — 2s =2 1. Hence it follows that A(n) is even for all
n.
Moreover A(n) is divisible by 4 if and only if ¢ - 2s
> 2. Since A(1) = 2, 4 does not divide A(1). Suppose
n = 2! for some I. Then a; = 1 and a, = 0 for
0<i<[-1.Hencet-2s=1and A(n) is not divisible
by 4. On the other hand if # is not a power of 2, then
for some /,

n=2"+a, 2"V+a 22+ . +a,

k=0

where a, # 0 for at least one i and hence must be equal
to 1. Thus t - 25 > 1 + a, > 2. It follows that A(n) is
divisible by 4 if and only if # is not a power of 2.
Remark : Given any prime p, the highest power s of p
dividing n! is given by

n—(sum of the digits of # in the base p)

p-1

N

13. If (x — o) divides a polynomial g(x) then g(c) = 0.
Let p(x) = ax® + bx*> + cx + d. Since (x - 1) divides
p(x) + 2, we get
a+b+c+d+2=0.
Henced=-a-b-c-2and
px)+2=a(x®-1)+b*-1)+c(x-1)
=(x-Dfalx?+x+1) +bx+1)+ ¢}

Since (x - 1)? divides p(x) + 2, we conclude that (x - 1)

52
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divides a(x* + x + 1) + b(x + 1) + c. This implies that

3a + 2b + ¢ = 0. Similarly, using the information that

(x + 1)? divides p(x) - 2, we get two more relations :

—a+b-c+d-2=0;3a-2b+ c=0. Solving these for

a, b c dweobtainb=d=0,anda=1,c=- 3. This is

only one polynomial satisfying the given condition
plx) = x> - 3x.

14. Let ay, a,, .., a;, denote the weights of the 10
objects in decreasing order. It is given that 10 >4, > a,
2....a;p21andthata, +a, +..... + a;,= 20. For each i,
1<i<9,letS,=a, +...+a,(Forexample, S, =a;, S, =a,
+a,,etc.). Consider the 11 numbers 0,5, S, .............. » S
a, — a,,. Note that all these 11 numbers are non-
negativeand we have0<a, —a,,< 10 and 1< ;<20 for
1 £i < 9. Now look at the remainders when these
11 numbers are divided by 10. We have 10 possible
remainders and 11 numbers and hence by the pigeon-
hole principle at least some two of these 11 numbers
have the same remainder.
Case-I:
For some j, S; has the remainder 0, i.e., S; is multiple
of 10. But since 1 < §; < 20 the only possibility is that
§; = 10. Thus we get a balancing by taking the two
groups to be a,, ..., a and Ay 1> oo By
Case-II:
Suppose a, - a,, is a multiple of 10. But then since
0 <a, - ay, < 10 this forces a; - a,, = 10 which in
turn implies that all the weights are equal and equal
to 2 as they add up to 20. In this case taking any five
weights in one group and the remaining in the other
we again get a balancing.
Case-III:
For some j and k, say j < k, we have that §; and S
have the same remainder, i.e., S, - S;is a multiple of
10. But again since 0 < §; - Sj < 20, we should have
S, - Sj= 10, ie, ap+ap | + ... + @, = 10 and we
get a balancing.
Case-1V:
Suppose (a, - a,,) and Sj for some j (1 <j<9) have the
same remainder, i.e., Sj(a1 — a,,)is a multiple of 10. As
in the previous cases this implies that

Sj - (a, - ayy) =10
ie, dy+d;+ ... ta t+a,= 10
Therefore {a,, a,, ........ > 4 a,t and {a,, @iy s oo aq}
balance each other.
Thus in all cases the given 10 objects can be split into

two groups that balance each other.
] |



Examon:

10th Mai

Indian Statistical Institute

PART A

1. Ifi?=-1, then (1 +i)?° - (1 - i)*° equals

(é) -1024 (b) -1024i
() 0 (d) 1024
(e) 1024i

2. A fair die is rolled six times. The probability of
rolling at least five at least five times is

13 12 2 3
(a) -9 b) -5 (© 29 (d) s

(e) None of these
3. In the adjoining figure triangle ABC is such that
AB =4 and AC = 8. If M is the midpoint of BC and
AM = 3, what is the length of BC?

A

@) 2426 (b) 2431

© 9 (d) 4+213

(e) Not enough information given to solve the
problem

4. Ann and Barbara were comparing their ages and
found that Barbara is as old as Ann was when Barbara
was as old as Ann had been when Barbara was half as
old as Ann is . If the sum of their present ages is 44 years,
then Ann’s age is

(a) 22 (b) 24
(e) 28

() 25 (d) 26

5. Inatennis tournament, n women and 2xn men play,
and each player plays exactly one match with every other
player. If there are no ties and the ratio of the number of

* ALOK KUMAR, B.Tech, IIT Kanpur

matches won by women to the number of matches won
by men is 7/5, then n equals

(a) 2 (b) 4 (c) 6
(e) None of these

(d) 7

6. An ordered pair (b, c) of integer, each of which has
absolute value less than or equal to five, is chosen at
random, with each such ordered pair having an equal
likelihood of being chosen. What is the probability
that the equation x> + bx + ¢ = 0 will not have distinct

positive real roots ?
106 108

(@ — b —
121 121

(e) None of these

110
121

112
121

(c) (d)

7. Circles with centers A, B and C each have radius
1, where 1 < r < 2. The distance between each pair of
centers is 2. If B is the point of intersection of circle A
and circle C which is outside circle B, and if C’ is the
point of intersection of circle A and circle B which is
outside circle C, then length B'C’ equals

(a) 3r-2

(c) r++/3(r-1)

(e) None of these

(d) 1+3(>-1)

8. A box contains 2 pennies, 4 nickels and 6 dimes.
Six coins are drawn without replacement, with each
coin having an equal probability of being chosen. What

* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91).
He trains IIT and Olympiad aspirants.
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is the probability that the value of the coins drawn is at
least 50 cents?

37 91 127
@ 51 ® 5 © o @

(e) None of these

9. In triangle ABC, ZCBA = 72°, E is the midpoint
of side AC, and D is a point on side BC such that
2BD = DC; AD and BE intersect at E The ratio of the

area of ABDF to the area of quadrilateral FDCE is
A

132

924

5]

B
(@) 1/5 (b) 1/4
(e) None of these

() 1/3 (d) 2/5

10. A six digit number (base 10) is squarish if it satisfies

the following conditions:

(i) None of its digits is zero;

(ii) It is a perfect square; and

(iii) The first two digits, the middle two digits and the
last two digits of the number are all perfect squares
when considered as two digit numbers.
How many squarish numbers are there?

(@ 0 (b) 2 (c) 3 (d) 8

(e) 9

11. How many lines in a three-dimensional rectangular
coordinate system pass through four distinct points of
the form (i, j, k), where i, j and k are positive integers
not exceeding four?

(a) 60 (b) 64 (c) 72
(e) 100

12. In triangle ABC in the adjoining figure, AD and
AE trisect ZBAC. The lengths of BD, DE and EC are 2,

3, and 6, respectively. The length of the shortest side of
AABCis

(d) 76

2 3 6
B D

E
@ 2410 ® 11 (0 &6 (d) 6
() Not uniquely determined by the given
information

C

13. In the adjoining figure triangle ABC is inscribed in
a circle. Point D lies on AC with DC=30° , and point

D
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G lies on 1374 with I/SE' > 6‘74 . Side AB and side AC
each have length equal to the length of chord DG, and
ZCAB = 30°. Chord DG intersects sides AC and AB at E
and F, respectively. The ratio of the area of AAFE to the
area of AABC is

2-3

(a) ——
3
() 7\3-12 (d) 3v3-5
9-5\3
(e)

3

14. Consider the set of all equations :

x>+ ax* + a;x + ag = 0, where a,, a;, a, are real
constants and |a;| <2 for i =0, 1, 2. Let r be the largest
positive real number which satisfies at least one of
these equations. Then

3 3
1<r<— b) —<r<2
(a) r<3 (b) ST
5
(c) 2Sr<5 (d) gSr<3
7
3<r<—
(e) r<3

15. Thelengths of the sides of a triangle are consecutive
integers, and the largest angle is twice the smallest angle.
The cosine of the smallest angle is
(a) 3/4 (b) 7/10 (c) 2/3
(e) None of these

(d) 9/14

16. Suppose z = a + ib is a solution of the polynomial
equation cyz* + ic32> + 2% + ic;z + ¢y = 0, where ¢y, ¢},
¢y, C3, 4> @ and b are real constants and i = —-1. Which
one of the following must also be a solution ?

(@) —a-ib (b) a-ib

(c) -a+ib (d) b+ia

(e) None of these

17. A set of consecutive positive integers beginning
with 1 is written on a blackboard. One number is
erased. The average (arithmetic mean) of the remaining

7
numbers is 35; . What number was erased?

(a) 6 (b) 7 (c) 8
(e) Can not be determined

(d 9



18. Let x, y and z be three positive real numbers whose
sum is 1. If no one of these numbers is more than twice
any other, then the minimum possible value of the
product xyz is
1 1
(@ — (b) — (©)
32 36

(e) None of these

4
—
125 @ 127
19. In the adjoining figure, the circle meets the sides of

an equilateral triangle at six points. If AG = 2, GF = 13,
FC =1 and HJ = 7, then DE equals
A

@ 222 (b) 743

(e) 13

(c) 9

(d) 10

PART B

1. Ifa, b, carethesidesofatriangleanda + b+ c =2,
prove that a? + b? + ¢ + 2abc < 2.

2. Foranyxe Randne N, define
x@ =1and ™ = x(x - 1) ... (x = n + 1).

no(x
Show that (x+y)™ = 3 (ka(’ﬂ k)
k=0

3. Find all real x, y satisfying x> + y3 =7 and x? + y? +
xX+y+xy=4.

4. Determine the set of all positive integers n for
which 37+ divides 23" + 1. Prove that 3" *2 does not

divide 2" + 1 for any positive integer .

5. Prove that the product of 4 consecutive natural
numbers cannot be a cube.

6. Suppose ABCD is a convex quadrilateral and P, Q
are the midpoints of CD, AB. Let AP, DQ meet in X and
BP, CQ meet in Y. Prove that [ADX] + [BCY] = [PXQY].
How does the conclusion alter if ABCD is not a convex
quadrilateral ?

7. Triangle ABChas incentre Iand the incircle touches
BC, CA at D, E respectively . If BI meets DE in G, show
that AG is perpendicular to BG.

8. Suppose ABCD is a quadrilateral such that a
semicircle with its centre at the midpoint of AB and
bounding diameter lying on AB touches the other three
sides BC, CD and DA. Show that AB? = 4BC - AD.

9. Suppose ABCD is a rectangle and P, Q, R, S are
points on the sides AB, BC, CD, DA respectively. Show
that PQ + QR + RS + SP >2 AC.

10. How many increasing 3-term geometric
progressions can be obtained from the sequence 1, 2,
22,23, ..,2" 2 (e.g., {22, 2°, 28} is a 3-term geometric
progression for n > 8.)

11. For any natural number #, (n = 3), let f{n) denote
the number of non-congruent integer-sided triangles
with perimeter n (e.g., f(3) = 1, f(4) = 0, (7) = 2). Show
that

(i) £(1999) > f(1996)
(i) f(2000) = f(1997)

SOLUTION
PART A

1. (c) : 1% Solution: Since 2 = -1, (1 + i)* = 2i and
(1 - i)? = -2i. Writing

(1 +0)20 - (1-0)0=(1+)H)0-((1-HO
we have,

(1+i)20-(1-0)20=02)0-(-2)1%=0
Observe that

i(l1-i)=i-2=1+iandi*=(-1)2=1
Therefore, (1 + i)* = i*(1 - i)* = (1 - i)4,
and (1 +)* -(1-)*=0forn=1,2,3, ...
21d Solution:

20

1+ =(v2)" [c0s900°+isin900°] = —1024>

20
(1-1)2 =(v2)" [cos(=900°) +i sin(-900°)] = —1024
and the difference is 0.
2. (a): Let A be the event of rolling at least five; then

the probability of A is 2_ L 1n six rolls of a die the
probability of event A happening six times is (%)6 . The
probability of getting exactly five successes and one
failure of A in a specific order is (éjs % Since there

are six ways to do this, the probability of getting five
successes and one failure of A in any order is

5

1Y 2 12
6|=| S=——.
(3) 3729

The probability of getting all successes or five successes
and one fajlure in any order is thus

12 (1° 13
— 4= ==
729 \3) 729
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3. (b): 1% Solution: In the adjoining figure, let / be
the length of altitude AN drawn to BC, let x = BM and
let y = NM. Then

h? + (x + y)? = 64,

h?+y*>=9
h? + (x - y)?> = 16.
A
4 h 3 8
B x-y NY M X ¢

Subtracting twice the second equation from the sum
of the first and third equations yield 2x? = 62. Thus

x=+/31 and BC=2+31.

2nd Solution: Recall that the sum of the squares of
the sides of a parallelogram is equal to the sum of
the squares of its diagonals. Applying this to the
parallelogram having AB and AC as adjacent sides
yield 2(42 + 82) = 6 + (2x)2, x=/31.

4. (b):The table below shows the ages of Ann and
Barbara at various times referred to in the problem.
The first column indicates their present ages. The
second column shows their ages when Barbara was half

X
as old as Ann is now - that was y—(z) years ago,

hence Ann’s age was x—(y—g) or 3_x_y. The third
2

column refers to the time when Barbara was as old as
Ann had been when Barbara was half as old as Ann

. 3x 3x
is that was y— 7—)/ or 2y—7 years ago; hence

3 5
Ann’s age then was x—(Zy—sz or Zx—Zy.

3x 5x
Ann X |—- —=2
2 4 2 )
Barbara X 3x_
y 5 5 Y

By the conditions stated in the problem, x + y = 44

5x
and y = 7—2 y; the simultaneous solution of these

yield x = 24.
5. (c) : 1%t Solution: Let 7m, 5m be the total number
of matches won by women and men, respectively. Now

there are nin—-1) matches between women, hence won
2
by women.
There are M =n(2n—1) matches between men,
2

56)
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hence won by men. Finally, there are 21 - n = 2n> mixed

n(n—1)

matches, of which k=7m— are won by women,

and 2n? - k = 5m - n(2n - 1) by men.
We note for later use that k < 2n2. Then

1
7m 5n(n—1)+k

B _ln(n—1)+2k
5m p@n-1)+2n* -k 2 4n* —n—k

= 5n(n-1)+ 10k = 14(4n> - n - k)

= 51n% - 9n - 24k = 3(17n% - 3n - 8k)= 0,

2
= 17n% - 3n =8k T3 _
8

Since k < 2n?, it follows that 172 - 3n < 16n2, so
n(n - 3) <0, n < 3. Since k is an integer, n # 1 or 2;
hence n = 3.

27 Solution: The total number of games played was

3n)  3n(3n-1)
2] 2

Suppose that 7m games were won by women, and 5m
games were won by men. Then

_3n(3n-1)
2

7m+5m=12m= and 3n(3n - 1) = 24m.

Since m is an integer, 3n(3n - 1) is a multiple of 24.
But this is not true for n = 2, 4, 6, 7. (It is true for
n=3.)

6. (e) : There are six statements equivalent for integers
b, ¢ with absolute value at most 5:

1) the equation x? + bx + ¢ = 0 has positive roots;
2) the equation x*> + bx + ¢ = 0 has real roots, the
smaller of which is positive;

3) 1/b2—4c is real and —b—/b®> —4c > 0;

4) 0<b%2-4c<b?and b <0;
b2
5) 0<CSTandb<0;

6) b=-2andc=1;0orb=-3andc=1 or 2; or
b=-4andc=1,2,30r4;0orb=-5andc=1, 2, 3,
4 or 5.

The roots corresponding to the pairs (b, ¢) described
in (6) will be distinct unless b?> = 4c. Thus, deleting
(b, ¢) = (-2, 1) and (-4, 4) from the list in (6) yields
the ten pairs resulting in distinct positive roots.

The desired probability is then 1—E _ 1t

112 121
7. (d):Denote by A’ the analogous intersection
point of the circles with centers at B and C, so that,
by symmetry, A’B’C’ and ABC are both equilateral



triangles. Again, by symmetry, AABC and AA’B'C’ have
a common centroid; call it K. Let M be the midpoint
of the line segment BC. From the triangle A’BC we see

that the length A'M = y/r ~1. Since corresponding
lengths in similar triangles are proportional,

B'C’ AKX

BC  AK .
Since equilateral AABC has sides of length 2, we find

4

A’'K
that B'C' =2
AK

length \/5 .
Consequently,

and also that altitude AM has

AK=§AM=§\/§,MK=§AM=§\/§

)

and A'K =A'M + MK = 1’2—1+[T

I
R 3(r2 1) +1-

Thus, B’'C’ =2

8. (c) : The number of ways of choosing 6 coins from

12
12 is ( j =924
6
n
[The symbol [k) denotes the number of ways k things

may be selected from a set of n distinct objects.] “Having
at least 50 cents” will occur if one of the following
cases occurs:

1) Six dimes are drawn.

2) Five dimes and any other coin are drawn.

3) Four dimes and two nickels are drawn.

The number of ways 1), 2) and 3) can occur are

(6} [6J[6J and [6j(4J, respectively. The desired
6) ({51 4|2

probability is, therefore,

CHHEE) o

9. (a) :In the adjoining figure the line segment from
E to G, the midpoint of DC, is drawn. Then

2
area AEBG = (5) (area AEBC)

1 1
area ABDF = (Zj (area AEBG) = (gj (area AEBC)
(Note that since EG connects the midpoints of sides AC
and DC in AACD, EG is parallel to AD.) Therefore,

5
area FDCE = (g)(area AEBC)

A

B D G ¢
area ABDF 1
area FDCE 5

The measure of ZCBA was not needed.

10. (b): That N is squarish may be expressed
algebraically as follows: there are single digit integers
A, B, C, a, b, c such that

N = 10%A% + 10%B% + C2 = (10%a + 10b + ¢)?,
where each of A, B, C exceeds 3, and so a and c are
positive. Since 102B? + C? < 10%, we can write
10442 < (10%a + 10b + ¢)? < 10*A2 + 10* < 10%(A + 1)2
Taking square roots we obtain

100A < 100a + 10b + ¢ < 100A + 100,
from which it follows that A = a. Hence a > 4. Now
consider

M =N - 10*A2 = (10%a + 10b + ¢)? — 10%a?

=103(2ab) + 102(b? + 2ac) + 10(2bc) + 2.
Since M has only four digits, 2ab < 10, which implies
that ab < 4. Thus either (i) b= 0, or (i) a=4and b =1.
In case (ii),

N = (410 + ¢)? = 168100 + 820c + 2
If c = 1 or 2, the middle two digits of N form a number
exceeding 81, hence not a square. If ¢ > 3, then the
leftmost two digits of N are 17. Therefore case (i) must
hold, and we have

N = (10%a + ¢)? = 10%a2 + 10%(2ac) + 2
Thus a = 4, ¢ = 4 and 2ac is an even two-digit perfect
square. It is now easy to check that either a = 8, c = 4,
N = 646416, or a = 4, c = 8, N = 166464.
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11. (d): 1%t Solution: Consider the smallest cube
containing all the lattice points (i, j, k), 1 < i, j, k < 4,
in a three dimensional Cartesian coordinate system.
There are 4 main diagonals. There are 24 diagonal lines
parallel to a coordinate plane: 2 in each of four planes
parallel to each of the three coordinate planes. There
are 48 lines parallel to a coordinate axis: 16 in each of
the three directions. Threrfore, there are

4 + 24 + 48 = 76 lines.

2nd Solution: Let S be the set of lattice points
(1,7, k) with 1 <14, j, k <4, and let T be the set of lattice
points (4, j, k) with 0 < i, j, k < 5. Every line segment
containing four points of S can be extended at both
ends so as to contain six points of T.

« Point of S
O Pointof T-§

O o0 0 0 W

‘I’O —6 » X

12. (a) : 1%t Solution: In the adjoining figure let
ZBAC=30,c=AB,y=AD,z=AE and b = AC. Then
by the angle bisector theorem

2 1 3
1) £=—andl=—; so z=—c¢b=2y.
z 3 b 2 2

B2 D 3 E 6
Using the law of cosines in AADB, AAED and AACE,
respectively, yields the following expressions for
cosaL.

I %cz +y%-9 %cz +4y* 36
2cy - 3cy - 6cy

The equality of the first and second expressions implies
3c¢2 - 2y? =12.
The equality of the first and third expressions implies
3c2 - 4y? = -96.
Solving these two equations for ¢ and y? yields

c? =40, y* =54

Thus the sides of the triangle are
AB=c=210=63
AC=b=2y =254 =6J6 ~ 147,
BC =11
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27 Solution: Using the angle bisector formula and
(1) above, we have

2
y2+6=cz:§zz,zz+18=yb:2y2

Solving these equations for y? and z? yields y* = 54,
z% = 90. Therefore,

AB=c=§\/%=2\/E,Ac=b=z\/5_4=6\/E.

13. (c) : In the figure, line segment DC is drawn.
Since AC=150°, AD=AC-DC = 150° — 30°
= 120°. Hence LACD = 60°. Since AC = DG,
GA = GD - AD = AC — 120°=30°. Therefore CG = 180°
and ZCDG = 90°. So ADEC is a 30° - 60° - 90°
triangle.

Since we are looking for the ratio of the areas, let us
assume without loss of generality that AC = AB = DG
= 1. Since AC and DG are chords of equal length in
a circle, we have AE = DE. Let x be their common

length. Then CE=1-x= 2x . Solving for x yields

V3

AE = x = 24/3 — 3. Since BA and DG are chords of equal
length in a circle, we have FG = FA, and since AFAE
is isosceles, EF = FA. Thus

1
EF = FG =~ (1-x)
Therefore,
1
area AAFE = 5 (AE)(AF)sin30°

1 1-x x—x* 7J3-12
=—X =

1
27 2 2 8 4
1 1
area AABC = E(AB)(AC) sin30° = p

area AAFE
T -2
area AABC

Hence,

14. (d): Let g(x) = x* + ayx? + a;x + ag be an arbitrary
cubic with constants of the specified form. Because
x* dominates the other terms for large enough x,



g(x) > 0 for all x greater than the largest real root
of g. Thus we seek a particular g in which the terms
2
arx

so that the value of the largest real root is as large as

+ a1x + ag “hold down” g(x) as much as possible,

possible. This suggests that the answer to the problem
is the largest root of f(x) = x> — 2x? - 2x - 2. Call this
root ry. Since f{(0) = -2, ry is certainly positive. To verify
this conjecture, note that for x = 0,
-2x% < ayx?, -2x < apx, and -2 < aq,.

Summing these inequalities and adding x* to both
sides yields f (x) < g(x) for all x = 0. Thus for all
x> g, 0 < f(x) < g(x). That is, no g has a root larger
than ry, so ry is the r of the problem.

A sketch of fshows that it has a typical cubic shape, with
largest root a little less than 3. In fact, f (2) = -6 and
f(3) = 1. To be absolutely sure the answer is (d), not

5
(c), compute f (5) to see if it is negative. Indeed,

5 31
13-+

15. (a) : In the adjoining figure, n denotes the length
of the shortest side, and 0 denotes the measure of
the smallest angle. Using the law of sines and writing
2sin6 cosO for sin26, we obtain

sin@ 2sinBcosO n+2
= , cosQ=——
n n+2 2n
20
n n+1
0
n+2

n+2
Equating —— to the expression of cos obtained from
2n

the law of consines yields
n+2 (n+1)2 +(n+2)2 —n?
2 2n+D)(n+2)

_ (n+D(m+5)  n+5
2n+1)(n+2) 2(n+2)
4+2 3
Thus n =4 and cos@=——= =
42) 4
16. (c) : We recall the theorem that complex roots of
polynomials with real coefficients come in conjugate
pairs. Though not applicable to the given polynomial,
that theorem is proved by a technique which we can
use to work this problem too. Namely, conjugate both
sides of the original equation

0 = cyzt +ic32® + 22 +iciz + ¢
obtaining
_ 4 =\3 -2 .=
=c4(=2)" +ic3(=2)" + cy(=2)" —ic)(=Z) + ¢

That is, =z = —a+ib is also a solution of the original

equation. (One may check by example that neither

—-a - ib nor a - ib nor b + ia need be a solution.) For

instance, consider the equation z* - iz® = 0 and the

solution z = i. Here a = 0, b = 1. Neither —i nor 1 is a

solution. [Alternatively, the substitution z = i into the

given equation makes the coefficients real and the above

quoted theorem applicable.]

17. (b): Let n be the last number on the board. Now

the largest average possible is attained if 1 is erased;

the average is then
(n+1n

2+43+..+n 2 n+2

-1 2

The smallest average possible is attained when # is

erased; the average is then

-1

n—1

nn—1) n

2Azn—-1) 2

+2
Thus, " <352 <2, n<702 <n42,
2771 17

14 14
68—<n<70—-
17 17

Hence n = 69 or 70. Since 351 is the average of

(n - 1) integers, (351)(,1 —1) must be an integer and
17

n is 69. If x is the number erased, then

1
—(69)(70)—x 7
2 -3l
68 17

7
So 69-35—x=(35;)68=35-68+28

35-x=28 or x=7.

18. (a) : Let m = xgypzo be the minimum value, and label
the numbers so that x( < yo < zq. In fact zy = 2x, for if
zZy < 2x¢, then by decreasing x; slightly, increasing z, by
the same amount, and keeping y, fixed, we would get
new values which still meet the constraints but which
have a smaller product-contradiction! To show this
contradiction formally, let x; = xq - hand z; = z5 + A,
where h > 0 is so small that z; < 2x; also. Then x;, y,
z; also meet all the original constraints, and

X1Y0%1 = (XO - I’l)yo(ZO + h)

59)
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= Xo¥oZo + Yolh(xo - 29) - h?] < x¥020
Sozg=2xp, y9=1-xy-29=1-3xp, and

m = 2x¢(1 - 3x,)

1

1
Also, x5 < 1 - 3xy < 2xg, or equivalently, 5 < <xg<-—

,.l;

Thus m may be viewed as a value of the function
f(x) = 2x*(1 - 3x)

On the domain D = {x é

<x< l} In fact, m is the
4

smallest value of f on D, because minimizing f on D
is just a restricted version of the original problem: for
each x € D, setting y = 1 — 3x and z = 2x gives X, ¥, z
meeting the original constraints, and makes

fx) = xyz.
J

N

y=f(x)

¢} 1/3\

To minimize f on D, first sketch f for all real x. (See
Figure.) Since f has a relative minimum at x = 0 (f(x)

1
has the same sign as x2 for x < 5 ), and cubics have at

most one relative minimum, the minimum of f on D
must be at one of the end points. In fact,

f@:_<fU i

19. (a) : In the adjoining figure, let AH = y, BD = a,
DE = x and EC = b. We are given AG = 2, GF = 13,
HJ] = 7 and FC = 1. Thus the length of the side of the
equilateral triangle is 16. Also, using the theorem about
secants drawn to a circle from an external point, we
have y(y + 7) = 2(2 + 13), or
0=y>+7y-30=(y-3)y+10)

Hence y = 3 and BJ = 6. Using the same theorem we
have b(b + x) = 1(1 + 13) = 14 and
ala +x)=6(6+7)=78.
Also,a + b + x = 16.
There are many ways of solving the system
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(1) a?+ax =178,

(2) b2+ bx = 14,

(3) a+b+x=16.

The one given below allows us to find x without first

having to find a and b.

Subtract the second equation from the first, factor out

(a - b), and use (3):

a?-b2+(@a-b)x=@@-b)a+b+x)
=(a-b)16 =78 - 14 = 64.

Therefore, a - b = 4.

Adding this to (3) we obtain 2a + x = 20, whence

an

This, substituted into (1), yields

U E S

2

=100 — =78

4
X2
1222 = x =222

PART B

1. Sinceb+c>a = a+b+c>2a,1-aispositive;
similarly 1 — b and 1 - ¢ are positive. Therefore

(I-a)(1-b)(1-¢>0
ie,1-(a+b+c)+ab+bc+ca-abc>0
This yields -2(ab + bc + ca) + 2abc < -2
We also have a% + b% + ¢ + 2(ab + bc + ca) =
Adding, we get the result.

2. 1% Solution: Proof by induction : Result is clearly
true for n = 1. Assume the relation to be true for all
n < m. To prove the result for n =m + 1

m+l{ m+1
2( ) J Mo y(m+1—k)
k=0

_”’“_ m m (k) (m+1—k)

= (kJ+(k—lﬂx ’

_ [ Em j (mj J

Note : = =0
m+1 -1

(=)

m (m 3
_ ¥ k]x(k)(y—l)(m 0,
k=0
. mil( m Jx' (= 1)k 1K)
k=0 k-1

_)’2( J (k)(y 1)(Wl k)_,_xz( ](x 1)(1) (m=1I)

=y(x+y-1D" + x(x - 1+ )
(by induction hypothesis)



=(x+y)(x+y-1)m

= (x + y)(m -1

27d Solution: By using Leibnitz’s theorem for successive
differentiation. If u and v are two functions of a variable
t, each being differentiable n times then uv also has
nth derivative given as follows :

d'wr) _ 4 Ui Tty
dt"  k=o\k)atk gk
Let u = #*, v = tV. Then L.H.S. is
x+x+y-1 .. (x+y-n+1)rrry-n
(x +y)(n) prry-n
R.H.S. is

i (n} x(x=1)..(x—k+1) "7k X y(y—1)
K=o\ k
n(p=(n-k)+1)p-0-H

_ i(an(k)y(n—k) jxty-n
K=o\ k

So cancelling * * 7~ " we get the required result.

3. Leta=x+yandf =xy. Then
x> +y*=0?-2Band X3 + y3 = o® - 303
Therefore the given equations can be written as
o -30f=7and P+ -PB=4
Also note that . is positive, since

1
E(x+y)[(x—)/)2+xz+)/2]=xz+)/2 =7

NowPB=0?+o-4and o® - 3a(c> + o0 - 4) =7
= 200 +302-1200+7=0

= (-1 Qa+7)=0

= a=1 (- a>0)

So,f=0?+0a-4=-2

ie,x+y=1andxy=-2.

Solving we get (x, y) = (2, -1) or (-1, 2).

4. For any m € Z, let O(m) denote the highest power
of 3 which divides m. Let t,, = 23" + 1 where n € N. Then
foranyn e N,

@Y P 1=, 1) +1
Which by simplification gives t, , | = £ - 3t? + 3t,,.
Now let us show by induction 6(t,) = 3" * 1. When
n = 1, it is obvious. Assume n = 1 such that
0(t,) = 3" * 1. Then

0(t, 1) = 01,7 - 3t} + 3t,)

=0(t,) 0 (t7-3t,+3)=3"+1.3=31+2
5. Consider the product n(n + 1)(n + 2)(n + 3) of four

consecutive numbers. Suppose n>1as1-2-3-4=24
is anyway not a cube. We use the fact that if the product

of two relatively prime numbers is a cube then each of
the two numbers is itself a cube.
Case-I: Suppose n is even. Then (n + 1) is relatively
prime to n(n + 2)(n + 3). Thus if n(n + 1)(n + 2)(n + 3)
is a cube we must have that (n + 1) and n(n + 1)(n + 3)
are cubes. But n(n + 2)(n + 3) is not a cube since it
lies strictly between two consecutive cubes:
m+12=n+3n2+3n+1<nn+2)(n+3)
and n(n +2)(n+3)<m+23=nd+6n*+12n+38
Thus, n(n + 1)(n + 2)(n + 3) is not a cube for even n.
Case-II: Suppose n is odd. The proof is similar by
noting that this time
n(n + 1)(n + 3) is prime to (n + 2).
6. We denote areas of triangles ABC, quadrilaterals
ABCD, etc. by [ABC], [ABCD] etc. Join PQ and draw
one of the diagonals, say BD. We use the fact that the
median of a triangle bisects its area.

D P C

A Q B

From triangles DAB (with median DQ) and BCD (with
median BP), we have
[ADQ] = [BDQ] and [BPC] = [BPD].
Adding, we have
[ADQ] + [BPC] = [BDQ] + [BPD]
= [BPDQ] = [BPQ] + [DPQ]
= [APQ] + [CPQ],
Since PQ is a median of both the triangles APB and
CQD. Writing in terms of smaller areas, we have
[AXQ] + [AXD] + [BYC] + [PYC]
= [AXQ] + [PXQ] + [CPY] + [QPY].
On cancellation, this yields,
[ADX] + [BCY] = [PXQY].
If ABCD is a concave quadrilateral and the points P,
Q, X, Y are located as in the problem, then by a similar
argument, we arrive at the relation |[ADX] - [BCY]| =
[PXQY], where the left hand side denotes the modulus
of the difference of areas.

7. 1% Solution: Join ID and AI. We first show that
triangles BDG and BIA are similar. We have

/DBG = g = /IBA (1)
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Further ACDE is isosceles, because CD = CE. So
ZCDE = ZCED = 90° — %

Therefore Z/BDG =180° — ZCDE = 90° + 9
Also, /BIA = 180° - LABI - /BAI

—180°- 2 - A _gpe 4 &
2 2 2
Thus, ZBDG = /BIA w(2)

From (1) and (2), it follows that, ABDG is similar to

ABIA. Therefore @ = E

Bl  BA
B
This fact along with the relation ZDBI = ZGBA (z EJ

implies that triangles DBI and GBA are similar.
Consequently, ZBDI = ZBGA. But ZBDI = 90°. So
ZBGA = 90°. That is, BG is perpendicular to AG.
2nd Solution: Join IE. We show that IGEA is a cyclic
quadrilateral. As in the previous method,

ZCED = ZCDE =90° — %

Therefore, ZAEG =180° — ZDEC =180° —- (90O - %)

=90° + ¢

2

B A

Also, LAIG = ZABI + ZBAI = 5 + 3

So, LZAEG + 4AIG=90°+%+§+§= 180°

This implies that IGEA is a cyclic quadrilateral. So
LAGI = LAET = 90°.
That is AG is perpedicular to GI, as required.
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8. LetK, L, Mbethe points of contact of the semicircle
with the sides BC, CD, DA respectively. Join OK, OL,
OM, OC and OD where O is the centre of the circle as
well as the midpoint of AB.

D L C

A o) B

In the right angled triangles AOM and BOK, we have
AO = BO and OM = OK. Hence these two triangles
are congruent. Thus

ZAOM = ZBOK = o, ZDOM = £DOL = f3 and

ZCOL = /COK =1.
Adding up the angles formed at O, we obtain
200+ 2P + 2y = 180° and so o + B + y = 90°.
In triangles AOD and BCO, we have

Z0OAD = 90° - ZAOM = 90° - o, ;
and ZCBO = 90° - ZKOB = 90° - q.
Similarly ZAOD = ot + 3 =90° - y;
and ZBCO = 90° - ZCOK = 90° - ¥.
Therefore, triangle AOD is similar to triangle BCO.
Consequently, 40 _ E

AD BO

So, AD-BC = AO-BO = iABZ

That is AB?> = 4AD - BC.

9. We have (see figure) PQ - QR > BQ - QC,
QR - RS > CR - RD, etc.

D, R C
S Q
A P B

Therefore,
(PQ+ QR+ RS+ SP)?2=PQ%+..+2PQ-QR + ...
> (PB?> + BQ?) + ..+ 2BQ - QC + ...
= (PA + PB)? + (BQ + QC)? + (CR + RD)?
+ (DS + SA)?
= AB? + BC? + CD? + DA?
= AC? + BD? = 2AC?
Hence PQ + QR + RS + SP > 2 AC.
10. Let us start counting 3-term G.P’s with common
ratios 2, 22,23, ...
The 3-term G.P’s with common ratio 2 are
1,2,2%2,22,23; ..;2n -2, 20— 1 o,



They are (n - 1) in number. The 3-term GP’s with a<b+c = a+l<b+1)+(c+1),
common ratio 22 are and so on. Moreover (999, 999, 1) form the sides of a

1,22,242,2325% . ;2n-4 2n-2 on, triangle with perimeter 1999, which is not obtainable
They are (n - 3) in number. Similarly we see that the  jy the form (a + 1, b + 1, ¢ + 1) where a, b, ¢ are the
3-term GP’s with common ratio 2* are (1 - 5) in number integers and the sides of a triangle with a + b + ¢ =
and so on. Thus the number of 3-term GP’s which can 1996. We conclude that £ (1999) > f (1996).

2 53 :
be formed from the sequence 1, 2, 2%, 2%, ..., 2% is equal (b) Asin the case (a) we conclude that f{2000) = f(1997).

toS=mn-1)+mn-3)+(n-5)+.. . . .
On the other hand, if x, y, the int des of
Here the last term is 2 or 1 according as n is odd or 1L the OLIeT MAlG, 11 X ;> « are The TIeger sices o

even. If n is odd, then
=m-1)+n-3)+n-5+..+2

a triangle with x + y + z=2000, and say x 2 y =2 z =
1, then we cannot have z = 1; for otherwise we would
get x + y = 1999 forcing x, y to have opposite parity
=2(1+2+3+m+n_—1)= m -1 so that x - y 2 1 = z violating triangle inequality

2 4 for x, y, z. Hence x 2 y =2 z > 1. This implies that

If n is even, then

") x-12y-12z-1>0. We already have x < y + z.
S=(n-1)+®n-3)+.. :I Ifx>y+z-1,thenweseethaty +z-1<x<y+z
. -1 2 . showing that y + z - 1 = x. Hence we obtain 2000 = x
Here the required number is or — according 4y 4 z = 2x + 1 which is impossible.
as 1 is odd or even. 4 We conclude that x < y + z - 1. This shows that x - 1

11. (a) Let a, b, c be the sides of a triangle with < (y - 1) + (z- 1) and hence x - 1,y - 1, z - 1 are
a+ b+ c =199, and each being a positive integer.  the sides of a triangle with perimeter 1997. This gives

Thena + 1, b+ 1, c + 1 are also sides of a triangle with f(2000) < f(1997). Thus we obtain the desired result.
perimeter 1999 because L]

CLASSROOM

ATTENTION COACHING INSTITUTES: s 2 Lo
a great offer from MTG
AIP]

offers “Classroom Clas
MTGStudy Material” for oo Sy Package
JEE (Main & Advanced), AIPMT and CH
FOUNDATION MATERIAL for Class 8, 9, 10, 11 . CHEMISTRY
& 12 with YOUR BRAND NAME & COVER

DESIGN.

This study material will save you lots of money
spent on teachers, typing, proof-reading and
printing. Also, you will save enormous time.
Normally, a good study material takes 2 years to
develop. But you can have the material printed
with your logo delivered at your doorstep.
Profit from associating with MTG Brand — the ms’""f‘"ﬁ“ﬂms

most popular name in educational publishing
for JEE (Main & Advanced)/AIPMT/PMT ...

Order sample chapters on Phone/Fax/e-mail.
Phone : 0124-4951200

09312680856 v
. ) . our logo
e-mail : sales@mtg.in | www.mtg.in e

MATHEMATICS TODAY | MAY ‘15 (63)



YU ASKED
WE ANSWERED

Do you have a question that you just can't get
answered?

Use the vast expertise of our mtg team to get to the
bottom of the question. From the serious to the silly,
the controversial to the trivial, the team will tackle the
questions, easy and tough.

The best questions and their solutions will be printed in
this column each month.

1. If o and B be two different roots of the
equation a cos 0 + b sin 0 = ¢, then prove that

22— 12
cos(a+f) = .
a2 + bz (V. Rajesh, Kerala)
1- tan? 9 2 tang
Ans.Here g . e+b. 26:C
1+tan® — 1+tan25

or, g 1—tan29 +2btan9=c 1+tan29
2 2 2
or, (u+c)tan2g—2btang+(c—a)=0

o
Roots of the equation are tanE and tan% .

o B 2b o B c-a
sotan— +tan—=——, tan— .tan—= ——
2 a+c 2 2 c+a
tang+tar1E 2719
'tanOHB— 2 2 atc b
B 2 o B . c-a a
l-tan—.tan>- 1-——
2 2 c+a
b2
1—’canzoc7+B 1—7 2 _ g2
socos(o+P) = S S N
1+ tan> + 1 b a® +b?
s

2. For what real values of a, the point (-2a, a + 1) will
be an interior point of the smaller region bounded

by the circle x? + y? = 4 and the parabola y* = 4x ?
(Madhav, Assam)

Ans.The point P(-2a, a + 1)
will be an interior point
of both the circle x* + y?
- 4 = 0 and the parabola
Y -4x=0.

xX2+y2=4
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(-2a)* +(a+1)* -4 <0,

ie,5a° +2a-3<0 (1)
and  (a+1)* —4(-24) <0,
ie,a’ +10a+1<0 -(2)

The required values of a will satisfy both (1) and
(2). From (1), (5a - 3)(a+1) <0

by sign-scheme we get, -1 < g < % .(3)
Solving (2), the corresponding equation is
a* +10a+1=0
10 ++/ _
or a=w=—5i2\/g.
by sign-scheme for (2),
5-2J6 <a<-5+26 .(4)

The set of values of a satisfying (3) and (4) is

“1<a<-5+26.

o
where o, B are roots of x*> +px+4=0.1If a, B

3. Let %,E be two roots of (x+1)" +x" +1=0

are also roots of the equation x*" +p"x" +4" =0,
then show that n must be an even integer when

p#0.
(Swastika, A.P)

Ans.As%is arootof (x+1)" +x" +1=0,

(%HJZ(%T +1=0

or, (o+P)"+a"+p"=0. (1)
But o, B are roots of x> +px+4=0
at+P=-papf=gq
from (1), (-p)" +o" +p" =0 -(2)

A a, B are roots of x*" +p"x" +4" =0, we get
o +p"o" +q" =0
and B*" +p"B" +4" =0.
Subtracting, o*" —p>" + p'(" =p")=0
or (o +B") (" —B")+ (" =B") =0
o' +p"+p" =0 -(3)
[~ a" #p"as a#p]
From (2)-(3),(-p)" —p" =0
(-p)" =p" = mnisan even integer.
] |
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Math Archives, as the title itself suggests, is a collection of various challenging problems related to the topics of
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1. If x\/1+y+yJl1+x =0, then d _

dx
1 -1

(a) (b)

1+ x2 1+ x°
(c) L (d) none of these

1+x
2. Ifsiny=xsin(a + y), then d_

dx
.2
(@) S@+Y) (b) sina + )
sina
() sinX(a + ) (d) Sn@ty)
sina
. X +sinx

3. lim (—] =

x—o0 \|\ X — COS X
(@ o0 (b) 1 (c) -1 (d) 2

2 5x43)
x X
4. If f(x)=[2—] ,then lim f(x) is
X" +x+2 xX—>e0

(a) ¢ (b) & (c) é (d) 2*

5. Let o and B be the roots of ax? + bx + ¢ = 0, then

1- cos(ax2 +bx+c)

lim is equal to
X—0 ( x— a)z
1

(@) 0 (b) (o= B)*

2 2

a

(©) Z(o-py (d) —=—(o—p)

2 2
6. Find the domain of the function
flx)= 2 _ SSiﬂ_l X + M, where [.] denotes the

[x} Jx+1

3

greatest integer function.

7. If oy, 0y, O3, ....., O, are the roots of equation
x" —nax - b=0and (0 - 0p)-(0 — 03) ..... (0 — Q) = A,
then find the value of A — noy”~ 1.

8. If left hand derivative and right hand derivative of
afunction fat ‘@’ are finite, then show that fis continuous
at‘a’

sin3x +asin2x

9. TFindthevalue(s)of‘a’ forwhich lim 3

x—0 X
exists finitely. Find the value of the limit also.

10. If o, P are distinct real roots of the quadratic
equation ax? + bx + ¢ = 0, then show that

1- cos(ax2 +bx+c) b% - 4ac
(x—a’ 2
| SOLUTIONS

1. (d):Squaring the given equation we will get

lim

X—0o

sin x

COS X

lim = lim 0
x—oo X xX—oo X
4. (a): Use the fact lim (f(x))$®
x—>o0
lim (f(x)-1)g(x)
= px—
Where f(x) = 1, g(x) > e asx — oo

. 1—cosax a?
(¢) : Use the fact lim — =
x—0 X 2

o

6. As [ﬂzo = 0S§<1=>0Sx<3

ie., [g} is defined for x € R - [0, 3).

sin"lx? is defined for 0 < x*2<1 = xe [-1, 1]
(3x + 1)! is defined for 3x + 1 > 0 and

By : Prof. Shyam Bhushan, Director, Narayana IIT Academy, Jamshedpur. Mob. : 09334870021
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Bx+1) e {0,1,2,3, ...}

Hence f is continuous at a.

= xe{?,o,g,g, ------ } 9. Letl=lim sin3x+asin2x (gformj
1 x—0 x3 0
is defined for x € (-1, o . 3cos3x+2acos2x
Vx+1 ( ) = lim 5
o > x—0 3x
C———-—7—90 we should have g(0) = 0, where
hl : . ? — ; f_’ g(x) = 3cos 3x + 2a cos 2x,
—eo =2 -1 -1/301/32/31 2 3 = asthe given limit exists finitely = a = -3/2.
-1 - 2
f(x) is defined for xe{—} Further, [ = lim So033% 73€082x
3 x>0 3x2
7. Given x" — nax — b = 0. Roots — 0y, 0y, 03, ......, Oy, . cos3x—cos2x (0
" - =lim ————— | — form
X" —nax - b= (x-0y)(x - 0p)(x-03) .. (x-a, %50 X2 0
x" —nax—b 2sin2x —3sin3x (0
or ——————=(x—0,)(x—03)...(x—0,) = Jjp 25X T OSmoxX 2 form
(x —noh) x—0 2x 0
or lim XM T em o) (m ) (=0 o Jiyy AC052¥—9c0s3x |5
x—o;  X—0 X—>04 x—0 2 2
. onx" 1 —na . Thus a = -3/2 and limit value = -5/2.
or lim ———= lim (x—0,)(x—03)...(x—0,)
x>0y x—0y 5 sin? ax* +bx+c
or nof~t-na= (o4 - ooy - oz)(oy - 0y) ... . l—tsos(ax2 +bx+c) . s
(o - o) 10. lim > = lim 2
1 n x—0 (x—0o) x—0a (x—o)
n-1_ — . _ n-1_
= nof na=A s A - nof -na . a(x— o) (x—B) i
—fla—h ) a
8. lim (f(a)- f(a—h))= lim M.h = lim 2 3 '—(X—B)2
h—ot h—ot h x—a (a(x —o)(x— B)) 4
= lim f’(a”)-h (as f'(a") is finite) = 0 2
h—o* 2 2 2
_a’(a=PB) a 2
Similarly lim (f(a+h)— f(@) = lim f’(a*)-h=0 ——2 = l(a+B)”—4of]
h—ot h—ot 5 2
Hence lim f(a—h)= lim f(a+h)= f(a) _a@| b’ 4| b’ -dac
h—0* h—0" 2 a> a 2 L]
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BT TIMUSING

SOLUTION SET-148

1
1. (¢):cosAcos’C=- 2 =c0s2C(1+cos2C)-1=0

5-1 1
cos 2C = IT =C= Ecos_l(Z sin18°)
1 cosP cosP
2. (0): [abcP=|cosp 1  cosa

cosfp cosa 1
= (1 - cos a)(cos ot — cos 2P) =0
soos2pB
3. (d): N=-3(1-10)"""

1 1
=—3{1—1007-10+( 0207j102 —( 0(3)7}03}

= - 3(-2969) = 8907 with digit sum 24.
ie)C +id — p

(c+id)(Inr+i@)=lnp=clnr-dd=Inp

4, (d):a+ib= re® = (re

and d In r + ¢0 = 0. Eliminating 6, we get

(P +d)nr= clnp, r‘32+d2 =p°

2 2
(rz)(02+d2) :p26’ (a2 +b2>(c +d*) :p2c

5. (a),(b),(d): 62 +5°+4>-32-22_-12=3
(1+2+3+4+5+6)
S=3(1+2+3+...+2016)=3-1008 - 2017

=2*.3%.7.2017
6. (a),(d): Leta= L,x2=4ay,x=2at,
242
2
y = at’. Normal at tis y = —£+t +2.
to22
- 1
This is same as y = mx + —, tangent to
m
y2=4x. t=—l=—\/§
m
The lineis y = X 2 orx- \/§y+2=0
V2
Distance of (0, 0) from it is 2

V3

Also x = 0 is a line giving the distance 0.
1

7. (d): G,=((n+1)(n+2)... (n+n));
1

G (1L )1s2). (12

n 1
lim lnﬂz lim lz ln(1+£)= _[ln(l+x)alx=lné
n) e

n—yoo n n—oo 1,1
4
lim 2 =—
n—oo 1 e
8. (b): H = "
1 1
+...+
n+l n+2 n+n
1

n
lim - = limlz

n—oo I, n—>oonr=11+1
n
1 dx
[ —mn2,
01+x
1
lim 2% =—
n—e 1 In2

9. (3): (102015 + 5)2 =225N
ON = (2:102°14 4 12 = 4. 10%0%8 4 4. 102014 4 1
4104028 _ 1y 4102014 _1
N= 200 ), 400 )y

10—-1 10—-1
=44 ..488. 89 =4x2014+8x2013+9
2014 2013

= 24169, with 3 even digits 2, 4, 6

10. (¢): P.x—lzi

X
. . 1 .
=x=—-in,-io; P - —— =
2015
X
1 . L 1
Q.x——=—z:>x=zu),z(1)2,x2015— =
x 52015
. . 1
R.x=—103,—10)2:>x2016— =
2016
X
L 014 1
. = N = + ——— =1
S. x =iw, i X 0 EE
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Contd. from page no. 30

-SOLVED PAPER W
CBSE BOARD 2013

1 4

\/gxz 1 x2
+—=4x——
2 by 3 20
V3 4 1 22
= (4= - ——— (4% -1%)
2 V3 J3x2
IREINEE T S
2 3 23
_3+24-15_ 12 =6\/§=2\/§
23 23 3
OR

3
Let = _[(62_3x +x% +1)dx
1

n—>o N

b
Since J.f(x)dxz(b—a) lim l><

[fla) + fla + h)+.... + fla + (n -1)h)]

—a

where, h =
n

here,a=1,b=3,b-a=2
n
fla)=f1)=e*3+12+1
[=G-1) lim = [+ 12+1+e30+h 4 (11 k)2

H—>oco N
1+ +e2 -3+ m-Dh) 4 (1 4 (n-1)h)? + 1]

()

= h=

=2 lim + [e2e73 + e2 3L+ h) 4 2031 +2h) o |
n—oo N

e2e 30+ (=D 4 12 4 (1 + k)2 + (1 + 2h)% + ...
+ (1 + (m-Dh)?+ n)
=2 lim l><
n—>o N
[e2e3 (1+e3h+ebhy . 4e30-Dhy 4y p2x
124224+ ..+ (-1 +2h[1+2+3+ ...+ 1] +n]
ela-(3Y 5, (n-1n@n-1)
+h” x
1-¢h 6
nn+1)

. 1
=2 lim —
n—oo 1

+2h X +2n

(70} MATHEMATICS TODAY | MAY ‘15

el (=) P 1 1
e

=2 lim l-e n "
n— oo
+hn(1+—)+2
n
BN ET | (O
. e (1-e m ) n n
lim | — +—X
=2 noel —3><E n2 6
- (I-e M)
1
+—><n(l+—)+2]
n n
(Using (1))
-1 —6
1- 4x2
=2| 1 c (e )+ +2+2
n—oo [ 1= 6/ 6
1/n
1 -7
=2 ( ) +—-+4
l—e_3h
im
h—ol h/2
1 -7
=2 e_3he +-+4
lim | 1=¢ X (=3 %2)
h—o\ —3h
_ el —e”’ 2
1 3
im
h—0 ﬁ
2
B el —e”’ +2
. e3h—1J 3h 2 3
lim X —— X =
h—0 3]’1 e3h I’l
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SOLVED PAPER 2015

1. Let d,band ¢ be three non-zero vectors such that
— o= Lo
no two of them are collinear and (@xb)x¢ = ‘b‘ |c|a .

T3
If 6 is the angle between vectors p and ¢, then a value

of sin 0 is
2 23, 2 2

@ 5 b =22 5

2. Let O be the vertex and Q be any point on the
parabola, x? = 8y. If the point P divides the line segment
OQ internally in the ratio 1 : 3, then the locus of P is
(@) y*=2x (b) x*=2y

(c) x*=y (d) y*=x

3. Ifthe angles of elevation of the top of a tower from
three collinear points A, B and C, on a line leading to
the foot of the tower are 30°, 45° and 60° respectively,
then the ratio, AB : BC, is

@ 1:3 () 2:3 (0 3:1(d) 3:42

4. The number of points, having both co-ordinates
as integers, that lie in the interior of the triangle with
vertices (0, 0), (0, 41) and (41, 0), is

(@) 820 (b) 780 (c) 901 (d) 861

5. 'The equation of the plane containing the line
2x -5y +z=3;x+y+4z =5, and parallel to the plane,
x+3y+6z=1,is

() x+3y+6z=7

() 2x+6y+12z=13

3

(b) 2x+6y+12z=-13
(d) x+3y+6z=-7

6. Let A and B be two sets containing four and two
elements respectively. Then the number of subsets of
the set A x B, each having at least three elements is

(@ 275 (b) 510 (c) 219 (d) 256

* ALOK KUMAR, B.Tech, IIT Kanpur

7. Locus of the image of the point (2, 3) in the line
(2x-3y+4)+k(x-2y+3)=0,ke R isa

(a) circle of radius ./ .

(b) circle of radius \/5 .

(c) straight line parallel to x-axis.

(d) straight line parallel to y-axis.

lim (1—cos2x)(3+ cosx)
x—0 xtan4x

(@) 2 b) 1
2

8. is equal to

() 4 (d 3

9. The distance of the point (1, 0, 2) from the point
x=2 y+1 z-2
T4 12

of intersection of the line and the

planex - y + z=16, is

(@) 3v21 (b) 13
(© 2414 (d) 8
10. The sum of coefficients of integral powers of x in
50
the binomial expansion of (1—2\/; ) is
1,50 1/ 50
() 5@ —Q w)z@ +q
1 0 L (,50
(©) 5(35 +1) (d) 5(3 )

11. The sum of first 9 terms of the series
P orP+20 1P+2°+3
1 1+3 1+3+5

() 142 (b) 192 (¢) 71 (d) 96

12. The area (in sq. units) of the region described by

{(x,y) : y*<2xand y>4x - 1} is

15 7
@ g ® % © 3 @

.. 18

* Alok Kumar is a winner of INDIAN NATIONAL MATHEMATICS OLYMPIAD (INMO-91).
He trains IIT and Olympiad aspirants.
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13. The set of all values of A for which the system of
linear equations
2x1 - 2%y + X3 = Ax;
2% — 3%y + 2x3 = Ax;
-X1 + 2% = Ax3
has a non-trivial solution,
(a) contains two elements.
(b) contains more than two elements.
(c) isan empty set.
(d) is a singleton.

14. A complex number z is said to be unimodular if

|z| = 1. Suppose z; and z, are complex numbers such

that 4 _232
2-212,

Then the point z, lieson a

(a) circle of radius 2.

(b) circle of radius \/5 .

(c) straight line parallel to x-axis.

(d) straight line parallel to y-axis.

is unimodular and z, is not unimodular.

15. The number of common tangents to the circles
x> +y*—4x-6y-12=0and x> + y* + 6x + 18y + 26
=0,is

(a) 3 (b) 4 (o 1 (d) 2

16. The number of integers greater than 6,000 that
can be formed, using the digits 3, 5, 6, 7 and 8 without
repetition, is

(a) 120 (b) 72 (c) (d) 192

17. Let y(x) be the solution of the differential equation

216

(x log x) Z—y+y =2xlog x, (x 1)
x
Then y(e) is equal to

(a) 2 (b) 2e (c) e (d o
1 2 2
18. If A=|2 1 -2|is a matrix satisfying the

a 2 b

equation AAT = 91, where I is a 3 x 3 identity matrix,
then the ordered pair (g, b) is equal to

(@ (2,1) () (-=2,-1)(c) (2,-1) (d) (-2,1)

19. If mis A. M. of two distinct real numbers / and n
(I, n>1) and Gy, G, and Gj are three geometric means
between / and n, then G14 + 2624 + Ggl equals

(a) 41lmn® (b) 4Pm2n2(c) 4Pmn (d) 4Im?n

20. The negation of ~ s v (~ r A s) is equivalent to

(@ sv(rv~ys) (b) sar
(c) sA~r (d) sa(ra~s)

72)
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dx
equals

x? (x4 + 1)3/4 1

. 1
(@) -t +1) +c (b) {#+1ﬁ1

4
1

X
N
© [x :1]4+c
X

22. The normal to the curve, x> + 2xy - 3y? at (1, 1)
(a) meets the curve again in the first quadrant.

(b) meets the curve again in the fourth quadrant.
(c) does not meet the curve again.

(d) meets the curve again in the second quadrant.

2x 1
,where|x|<—.
l—xz) \/5

21. The integral.[

1
d) (*+D4+c

23. Lettan™ y= tan"! x + tan~! (
Then a value of y is

3x—x° 3x+x°
@ X% O
1+3x 1+3x
3x—x° 3x+ x3
(0) : (d) .
1-3x 1-3x
kNx+1, 0<x<3
24. If the function g(x)=
mx+2 , 3<x<5
is differentiable, then the value of k + m is
10 16
() 3 (b) 4 () 2 d =

25. The mean of the data set comprising of 16
observations is 16. If one of the observation valued 16
is deleted and three new observations valued 3, 4 and
5 are added to the data, then the mean of the resultant
data, is

(a) 15.8 (b) 14.0
() 168 ) 16.0

. € logx2 )
26. The integral _f 5 Sodx s
equal to 5 logx® +log(36 —12x +x)
(@) 1 (b) 6 (c) 2 (d) 4
27. Let ocand P be the roots of equation x* — 6x - 2 = 0.

ayo—2ag .

If a, = o* - B", for n > 1, then the value of ——is
equal to %
(@) 3 (b) -3 (c) 6 (d) -6

28. Let f(x) be a polynomial of degree four having

£ lim |:1+L;)}=3

extreme valuesatx=1and x=2.1 x50 X

then f(2) is equal to

(@ 0 (b) 4 () -8 (d) -4



29. The area (in sq. units) of the quadrilateral formed
by the tangents at the end points of the latus rectum to

2 2
. x_ )/_: .
the elilsse 5 + 3 1,is
@3 ©27  © 24—7 () 18

30. If 12 identical balls are to be placed in 3 identical
boxes, then the probability that one of the boxes contains

exactly 3 balls is
11
b 222
( 3

1 12
(a) 220(§j
11 10
(c) ?@) (d) 55@)
1. (c) : Expanding (a-z)z}—(z}.z)azémzw
= (a-z)z}—{(z}-z)%|E||z|}a=o
As G and b are non-collinear, the coefficients must
vanish. Thus, @-¢=0 and (E-z)=—§|z?||z|
b-¢
QaiE

22

= sinf=——
3

Again, cos0=

1
= cosf=——
3

[Rating : Medium)]

2. (b): Q(4t, 212)
(o, B)P
(0,000
OP:PQ=1:3

Let the parametric co-ordinates of Q be (4t, 2¢?)
We have, by section formula

2 2
4t+0 2t°+0 ¢
o= =tandP= =—
4 2
Eliminating 't, we get the locus of P(a., ) as
o? =28

Thus the locus is x? = 2y
[Rating : Easy]
Q

60°A 459 30°

Using basic trigonometry in appropriate triangles

h h
tan60°=— = x=—4

x V3
h

tan45°= = x+a=h

xX+a

and tan30°= = x+a+b=h\/§

x+a+b
1 h(\/3-1
Wehave,a=h(1—$J=—(\/\;5 )

b=h'3-h=hH3-1)

AB b
2223 .- AB:BC=4/3:1 [Rating : Easy]
BC a y
A
(0, 41)

4. (b) : 1%t solution :
(40, 1)

(0,0) (41, g)x
We count the number of points on line x = n, 1 < n < 40,
that lie in the interior of the triangle.
At line x = 40, we have 1 point.
x = 39, we have 2 points

x = n, we have (40 - n) points
The total number of points =1 +2 + 3 + ... + 39

=%><39><40=39><20=780

274 solution : The points P(c, B) satisfying the
requirements of the problem are given by

a1

B>1

o+ P<4l ie o+P<40
The number of integral solution to the equation

o + B+ 1y =40, (y =0 is a slack variable)
is the answer to the problem. Hence the number of
points is equal to the non-negative integral solution
ofx+y+2z=40, x,y,220
which is given by 38 *3-1C; _ | = 40C, = 780

[Rating : Medium]

5. (a) : 1%t solution : Let the equation of line parallel
to the plane

X+3y+6z=1bex+3y+6z=k
As a point on line of intersection of planes

2x-5y+z=3andx+y+4z=5is (4,1, 0)
got by inspection, we have the required plane satisfying
this point.
Hence k=4+31+0=7
Thus the equation of plane is x + 3y + 6z =7

MATHEMATICS TODAY | MAY ‘15 (73]



27 solution : The equation of plane containing the
line2x -5y +z=3,x+y+4z=51s
2x-5y+z-3)+Mx+y+4z-5)=0
= Q2+Mx+A-5y+@r+1)z-5BA+3)=0
As this plane is parallel to x + 3y + 6z - 1 = 0, the
coefficients must be proportional, giving
2+A A-5 4A+1 5A+3

1 3 6 1
Taking any two of them give, (for example 1% and
2nd)

11
= 2A=-11 = k=_;
The equation of plane is —7%—%—212+§:0

ie, 7x + 21y +42z-49=0
ie, x+3y+6z=7 [Rating : Medium]
6. (c) : We have, n(A) = 4 and n(B) =2
Thus the number of elements in A x B = 8
Number of subsets having at least 3 elements
=8C; +8C, +8C5 +8C4 + 8C; + 8Cy
=(BCy+8C, +8C, + ... + 8Cg) - (8Cy + 8C, + 8Cy)
=28_(1+8+28)=256-37=219

[Rating : Medium]
7. (a) : The line (2x - 3y + 4) + k(x - 2y + 3) = 0,
k € R passes through the intersection of line

2x-3y+4=0 }
(A)

and x-2y+3=0
for different values of k.
Lines given by (A) meet at (1, 2)
Let image of A(2, 3) in the family of lines be B(a., f3).
Thus (1, 2) is a fixed point for given family of lines, we
have AP=BP = (a-1?+ (B -1)2=2
The locus generalises to (x - 1)> + (y - 1)2 =2
Thus it is a circle of radius \/E . [Rating : Medium]
8 (a): lim (1-cos2x)(3+ cosx)

x—0

X tan4x

2(sin2 x)(3+ cosx)
m

x—0 X tan4x
_ limz(sinx)2 (3+cosx) '1.(34-1):2
x—0 X

(tan4xj B
X

9. (b) : Let the parameter corresponding to the point

[Rating : Easy]

of intersection be denoted by t, then
x=2 y+1 z-2
3 4 12

t

74
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Thus (3t + 2, 4t - 1, 12t + 2) is a general point.

Thus point lies on plane x - y + z = 16 gives
(Bt+2)— (4t - 1)+ (12t +2) = 16

= 11t =11 t=1

Thus the point is (5, 3, 14)

Given point is (1, 0, 2)

The distance between the points

\/(5—1)2 +(3-0)2 +(14-2)°

=,16+9+144 =169 =13

10. (c) : By Binomial theorem
1-2vx)*0 =3¢, - ¢, 2Vx) + 3°C, (2x)?

[Rating : Medium]

Fo +90C5, @Vx)™°
(1+2vx)" =20C) +°C, (2x) +2°C, (24/x)?
F oo +°0C,, (2vx)*°

On addition
1+2vx)°0 + 1 - 2¥x)° =2(°°C, + 3¢, (2v/x)?

+30C,2Vx)> # o+ 0C5, (2V%)70)
Set x = 1 to obtain
3%0 + 1 =2 (sum of coefficients of integral powers of x)

1
Sum of coeft. of integral powers of x = 2 30 +1)

[Rating : Medium]
11. (d) : The n'® term, ¢, is

3 3 3 nz(n+1)2
427+ 4n 1 (n+1)?
C1434..t@n-1) 2 4
9 9 (1’1+l)2 1 10

2

t, = =— 1
Z § Z 4 4 2_:
n=1 n=1 n=1

.11- 1
=1{M—l}=l{385—1} =—X384=96
4 4 4

[Rating : Medium]

The area is given by

I(xl — X,)dy and in this case

1 2 1
[(222)y oe »
s 4 2 8 6 I-1/2




(1 1) ( 1 1 )
= —-———|—-| —4+—
2 6 32 48
3-1 (3+2j 1 5 32-5 27 9
9% 96 32
[Rating : Easy]
13. (a) : The system is (2 - A)x; - 2x + x3 =0
2X1 - (3 + )\.)Xz + 2X3 =0
X1+ 2% - Ax3=0
For non-trivial solution, the determinant of the coefficient
matrix must vanish. Then
2—A -2 1
2 -3—-A 21[=0
-1 2 -\
Q2 -MAB+A) -4} +2{-21r-3}
+1{4-(B+N)} =0
Q-MNA2+30-4)-4r-6+1-1=0
2-MNA2+30-4)-5A-5=0
C-MDA-1DA+4)-5(A+1)=0
(A-1)(-2A2-21+8-5)=0
A-1DA+21-3)=0
A-1*A+3)=0
Thus,A=1,1,-3
Set of all A's contain 2 elements.
[Rating : Difficult]

z; — 2z,

U

I I I I

14. (a) : 1%t solution : We have,

2-21Z,
|21 - 225]* = |2 - z12,|?
(21 - 225)(z1 - 225) = (2 - 2125) (2 - 7127)

{loa) - 4} - o {laa* - 4} = 0
1=z (21 -4) =0
Thus |z;] =2 as |z, #1  (given)
The point z lies on circle of radius 2.

=
=
= |zl -4 -z |2)* + 42> = 0
=
=

21d golution :
Observe that if

|o—B|

|1-aBl|

o and B of which |B| # 1, then |a| = 1

Since |ou - B| = |1 - af|

= fo- B = |1 - off?

= |of? + |B|? - 2Re (af) = 1 + |oif? |B|? - 2 Re(af)

= 1-af? - [B]* - |of* [B]> =0

= (1-loP)@-[pH=0

As IB|#1 o o|=1

In our case take o0 = z;/2 and B = 2,
gives |21/2| =1 .. |z =2

=1, two complex numbers

[Rating : Difficult]

15. (a) : The circles can be written as

(x - 2)% + (y - 3)> = 25 with centre 0(2,3) and r; = 5
and (x + 3)? + (y + 9)% = 64 with centre O,(-3, -9) and
)= 8

0,0, = distance between centres :\/52 +122 =13
Asri+1r,=0,0,

We have that circle touch each other externally, so there
are three common tangents as shown.

[Rating : Medium]
16. (d) : Numbers having 5 digits = |5 = 120
Numbers having 4 digits = (3)(4)(3)(2) =72
As the first digit can be filled in 3 ways, viz 6, 7, and 8,
and as repetition is not allowed, the other choices are 4,
3 and 2 in that order.

[Rating : Difficult]

17. (a) : The equation can be written as

g
dx \xlnx

It is linear in y. Thus
dx
LE. = ¢ xInx = pn(nx) _p, o

The solution is
y-LE. = [2-LF.dx+)

ie, y(nx)= J.Z(ln x)+ A
=2x(lnx-1)+ A

Atx=1,wehave A =2
The solution become ylnx = 2x(Inx - 1) + 2
Set x = e in the above to obtain

y=2e(lne-1)+2=2
The value of yat x = ¢, i.e. y(e) =2 [Rating : Difficult]
18. (b): As AAT =9I, we have

HER

1
Hence, EA is an orthogonal matrix.

(1 2 2
3 3 3
Now ~a=|2 L _2
3 3 3 3
a2 b
13 3 3|
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We know that row (column) form mutually orthogonal
unit vectors. Then (E, z
3°3

>

é) is a unit vector,
givesa? +4 +b*=9
Also,a+2b+4=0and2a-2b+2=0
The solution is (-2, —1), which is consistent with all the
equations. [Rating : Difficult]
19. (d) : Given that I, Gy, G,, G3, n are in G.P.
G =InGy=lr?,Gy=1Ir’,n=1r*
Then G + 2G# + G# = (In* + 2(IP)* + (Ir)*
= (BY(IrY + 212(Ir%? + 1-(IrY)3
=B+ 202 + In® = In(1? + 2nl + n?) = In(n + )2
= 4m?nl [Rating : Difficult]

20. (b) : Using the rules of logic, we have
~sV(~TAS)
=(~sV~A(~SAS)=(~SV~T)AL=~SV ~T
Now the negation of aboveis ~ (~sv ~r) =sAr
[Rating : Easy]

dx
21. (b): I=|——F—7—
Ixz(x4 +1)3/4
B dx _ dx
_I ) 3/4_J. I 3/4
x2 (x4 )3/4 {1"’4} x5 (1"1‘4}
X X

1 4
Set 1+—4=t - ——dezdt
X X

1/4
1/4
1 .t_=_t1/4 =—(1+LJ +A

__lILdt—__
47 ;314 4 1/4 x*

[Rating : Medium]

22. (b) : The given curve is
x*+2xy-3y2=0

Factorizing it becomes (x - y)(x + 3y) =0
Normal at (1, 1) isx+y=Aie. 1 +1=A
Thus the equation is x + y = 2
Obviously x + 3y = 0 doesn't have the point (1, 1)
on it.
Now, x + y = 2 meets x + 3y = 0 in the point (3, -1)
obtained by solving the system of linear equations.
Hence the point is in 4™ quadrant.

[Rating : Difficult]

SLA=2

1
23. (c) : As |x|<T, in this range using principal
3

branch of tangent function, we have

3

_ _1| 3x—
3tan 1x=tan1 X x2
1-3x

(76 MATHEMATICS TODAY | MAY ‘15

_ 2 _
Also, tan 1( x2)=2tan Ty

1-x
Thus, tan~ly = tan"!x + 2tan~!x = 3tan!x
1] 3x— x°
=tan 3
1-3x
3 3
_3x-x

1-3x7

[Rating : Medium]

kvx+1, 0<x<3
3<x<5
is differentiable at x = 3, it must be first continuous
at x = 3.

Hence, lim g(x)=g¢(3) = 3m+2=2k
x—3

24. (c) : I8t solution : As g(x) ={
mx+2,

3+h)-g(3
Again, ¢ (3)= lim g0+ g0) 2 £6)
 m(3+h)+2-2k
=lim ———
h—0 h

= lim m—h=m (as 3m+2=2k)

h—0 L
_ 3—-h)—¢(3
h—0 -h
(h>0)
. kNa-h-2k . k(N4-h-2)
=lim————=Ilim——~=
h—0 —h h—0 —h
G O NS W W, S
h—0 —-h Na—h+2 h—o0J4-h+2 4

Hence set m = k/4
Now, 3m + 2 = 2k yields m = 2/5, k = 8/5
k+m=2
21 golution : Since g(x) is differentiable
k k

= ¢'(x)]3=——— =—=m
§ 10 h=s 2Wx+1|,; 4
(we earlier did it by 'ab initio' - first principles)
27d solution can then be completed as before.
[Rating : Difficult]
25. (b) : Given, Y, x; =256
Now sum of all observations (after revision)
=(256-16) + (3 +4 +5) =240 + 12 = 252
Also, the number of observations now become 18.
252
Hence, new mean = — =14 .
18 [Rating : Easy]
4

26. (a): Letl=[——F"F"——
{ Inx? +1In(x - 6)>

Inx?



Inx
Inx+In(6 —x)

(use Inx? = 2In x, x > 0)

BN ——y W

b b
Using _[ f(x)dx= f f(a+b—x)dx, the above rewrite as
4 a . a
I= I In(6—x)
Inx+1In(6—x)

4
Adding the two, 21 =J

I=1. 2

2
Inx+1In(6—x)

4
dx=_[dx=2
Inx+1In(6—x) 5

[Rating : Medium]
27. (a) : ovisarootof x2 - 6x-2=0
Then o2 - 60 - 2 =0
Multiplying by o” it become,
OC”+2—6OL”+1 20" =0
Similarly, f"*+2-6p"*1! - 20" =0
Subtracting, we get
((xn+2 _ Bn+2) _ 6(OC"+1 _ Bn+1) —2(OL” _ Bn) =0
ie, ay,,,-6a,,1-2a,=0
Thus, 2t2—=0n 2 _ 3
2an+1

alo - 2618 —

Set n = 8 to obtain the desired value 3

a9
[Rating : Difficult]
28. (a) : 1% solution :
Let f (x) = ax* + bx® + cx? + dx + A

4 3 2
. ax™ +bx” +cx“ +dx+ A
As lim | 1+ =3
x—0 x2

We have d = A = 0, the coefficient of exponents lower
than 2 must vanish.
= lim (1+ax2 +bx+c)=3

x—0
= c¢=2
f(x) = ax* + bx® + 2x?
f'(x) = 4ax® + 3bx? + 4x = x(4ax? + 3bx + 4)
x =1 and 2 are roots of 4ax? + 3bx + 4 =0

4

3b
——=3and2=—
Thus, 4a 4a

(Using sum and product of roots)
Solving, we get a= %, b=-2

4
f(x)=x?—2x3 +2x?

Put2togetf(2) =8-16+8=0.
2nd golution : As f has extreme values at x = 1 and
x = 2, we build f from f”.
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f(x) = k(x - 1)(x - 2)(x - o)
As f’ is a polynomial of degree 3.

As lim (1+&)=3 = lim ﬁzz
x—0 x2 x—0 x
Thus, f (x) = x> g(x)
Hence 0 is a repeated root of f (x)
Here f'(x) = k(x - 1)(x - 2)x = k(x> - 3x* + 2x)

4 2
= f(x)=k[x7—x3+x J kx [T_X-H]

0,

2

= lim
x—0 x

X
Thus, f(x)= 5 25> + 247
[Rating : Difficult]
29. (b) : The ellipse is as described.

}’A(O) 3)
> X
(=972, 0) 0 (972,0)
(0’ _3)
2 2
LD A gives a =3, b=A5
9 5
Using b? = a(1 - €?), we have
5 4
1-¢?=> = ==
9 9
= e=2/3

Equation of tangent at (2, 5/3) is
2
x1+m—l ie., x_+y (3)=1

2 b 9 5
2

_X+Z=1

9 3

The points of intersection with axes are (0, 3) and
(9/2, 0) of the above line.
Using symmetry, picture can be completed.

1
Area required = 5 (3)(9/2)x4=27

[Rating : Medium]
30. ()

interpreted as that a particular box contains exactly 3
balls, then n(E) = 12C5 -2°

: There is an ambiguity in the system. If it is

(78] MATHEMATICS TODAY | MAY ‘15

n(E) 12C3-29_§ 2 11
n(S) 312 313

But the system doesn't say that we have,
n(E) = 12C3 . 3C1 X (29 - 9C3 . 2) + 12C6 . 3C1 X 6C3
Because one of the boxes contains exactly 3 balls, we

Probability =

have to subtract to make the count correct.
n(E) = 57 x 107 x 24
n(E) _57x107 x24

Probability =
n(S) 3!t

[Rating : Medium)]
] |

Singapore high school maths problem stumps
the Internet

A maths problem that first appeared in a test for Singapore's
elite high school students has baffled Internet users around
the world after it went viral, prompting a rush of attempts
to solve it.

The question, involving a girl asking two boys to guess her
birthday after giving them scant clues, first appeared in an
April 8 test organised by the Singapore and Asian School Math
Olympiads (SASMO).

It was meant for 15- and 16-year-old elite secondary school
students, but swiftly went global after a local television news
presenter posted it on his Facebook page.

By Monday Internet users around the world were posting
meticulously detailed answers to the puzzle on social media
networks only to prompt a slew of comments disputing their
findings and methodology.

Others posted sardonic comments about “Coy Cheryl".

The hashtag #cherylsbirthday also trended on Twitter. The correct
answer to the question is July 16.

Singapore is renowned worldwide for its national maths system,
which has been emulated by schools in other developed countries
and cities like New York.

GIVE THE MATH QUESTION A GO

Albert and Bernard just became friends with Cheryl, and they
want to know when her birthday is. Cheryl gives them a list
of 10 possible dates.

May 15, May 16, May 19, June 17, June 18, July 14, July 16,
August 14, August 15, August 17.

Cheryl then tells Albert and Bernard separately the month and
the day of her birthday respectively.

Albert : | don't know when Cheryl's birthday is , but | know
that Bernard does not know too.

Bernard : At first | don't know when Cheryl's birthday is, but
| know now.

Albert : Then | also know when Cheryl's birthday is.

So when is Cheryl's birthday?
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PRACTICE PAPER .
JEE ADVANCED

2015

Exam on 24th Ma

SECTION-I

Only One Option Correct Type

This section contains 10 multiple choice questions.
Each question has 4 choices (a), (b), (c) and (d), out
of which ONLY ONE is correct.

1. Number of six-digit number in which no digit is
repeated, which is divisible by 5, odd numbers occur at
even place and even numbers occur at odd place, is

(a) 400 (b) 625 (c) 225 (d) 576
346 3+2X%X6 3+3><6 3+100><6
2. The value of T 5 58 .

is equal to

100
(a) 1{601—(1) ] (b)
3 4
(c) l[700—(1])9] (d)
3 4

3. The family of lines
(2c0s0 + 3sin@)x + (3cosO - 5sinf)y
- (5c0s0 - 2sinf) =
always passes through the point (o, B) V 6 € R then
o + P is equal to
(a) 1 (b) -1 (c) 2 (d o

4. The plane x — 2y + 3z = 0 is rotated through a
right angle about its line of intersection with the plane
2x + 3y - 4z - 5 = 0. The equation of plane in its new
position is

() x+3y-5z=17 (b) llx+3y-2z=10

(¢) 3x+4y-11z=12 (d) 22x + 5y - 4z =35

2 f—
5. f%dx is equal to
(x*+1)
(@) Y (b) -2+,
x“+1 x“+1
2 x
() ———F——=+c — 4
(o +DVx+1 (P +D)Vx+1

6. The general solution of the differential equation
yxy - (x? - y?)?}dx = {y® - x(x* - y?)?}dy is equal to

LI

(= )?’ o<

C_D% (")C'
O

OC.

© 21 o @ =1L .
Yy o oxT-y Y x2—y2

7.  Alineis drawn at an angle 0 with positive direction
of x-axis. It intersects the parabola y? = 8x at A and B. If
AB is a normal chord which subtend a right angle at the
vertex of the parabola, then tan?0 equals

(a) 1/2 (b) 3/4 (0 1 (d) 2

x=3

3
8. If f(X)=m

1 2 3 108
f(ﬁj+f(ﬁj+f(ﬁ)+“'+f(109) .

for all x € Q, then the value of

(a) 54 (b) 55 (c) 108 (d) 2
9. The value of cot § cot™ ( Z K J

n=1 n k=1
(@) 172 (b) 1/4 (c) 1/3 (d) 1/6

10. The graph of the function y = f (x) has a unique
In(1+9f(x))—sin f(x)

tangent at (1, 0). If A= lim

>

XN 2f(x)
then > A7" isequal to
n=1
(a) 1/3 (b) 1/2 (c) 4 (d) 1/4

More than One Option Correct Type

This section contains 5 multiple choice questions. Each
question has 4 choices (a), (b), (c) and (d), out of which
ONE OR MORE are correct.

11. If the intercept made by circle x> + y* + x + 5y + 4
=0onlinesx+y+1=0and y=m(x+ 1) - 1 be equal
then the values of m can be

(@) 1 (b) -1 ()

-1/7 (d) 7

By : Alok Sir , 264, 265 Zonal Market, Sector-10, Bhilai, Ph.: 0788-6541888-6541777
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12. If(0, 0) is one of the vertices and x - y - 2 = 0 is one
of the sides of an equilateral triangle, then

2 .
(a) area of triangle is ﬁ sq. unit

(b) orthocentre is (2, —2)
3 3

(c) slope of other two sides of triangle are

~(2+/3) and (/3 -2)

. . 1 1
(d) circumcentre is (3, —3)

13. A normal, drawn at a point P(x, y) of a curve meets

2 3 1
the x-axis at A and y-axis at B such that —+—=—,
OA OB 5

where O is origin. If the curve passes through (7, 11)

then

(a) the differential equation of the curve is
(x-10)dx + (y - 15)dy =0

(b) the differential equation of the curve is
(x - 10)dx - (y - 15)dy =0

(c) curve passes through (13, 11)

(d) curve passes through (7, 19)

14. Let z; and z, be the roots of the equations
2n
2> —2zcos==+1=0and
7
3n .
22 —2zcos — +1=0 respectively.

Then which of the following is/are true?

1 1
(a) zlzz2+ =2 (b) zlzz2+2—=—2
212, 2123
3.2 3.2
z z zZ z 51
(c) —12+—§=2 (d) —12+—§=—2cosf
2 7 2 4 7

15. The function f (x) satisfying
(flx))? - 4f(x) f'(x) + (f'(x))* = 0 is given by
(a) ke(2+\/§)x (b) ke(Z—\/g)x

(C) ke(2+\/g)x (d) ke(Z—\/g)x
SECTION-III

Integer Value Correct Type

This section NololPloIoe IO

contains 5

questions. The YO0 D QR @ B ® 7D ®
answer to each OI0I0I6I0I6ICINIOIO)

of the question
is a single digit integer, ranging from 0 t0 9. The
appropriate bubbles corresponding the respective
question numbers in the ORS have to be darkened
I. For example, if the correct answers to question
numbers X, Y and Z (say) are 6, 0 and 9, respectively,
then the correct darkening of bubbles will look like
the following :

D MATHEMATICS TODAY | MAY ‘15

16. The maximum value of the function
106

,(x>0) is
3x* +8x° —18x% +60

gx)=

17. Let p(x) = 2 + 4x + 3x% + 5x> + 3x* + 4x° + 2x for
(o] k

kwith 0 < k < 5, define I, = [ —— dx, the value of k for
0 p(x)

which ;. is smallest is

18. The number of points where f (x) = |2 - |2 - |x]|| is
not differentiable is

19. If the sum of first n terms of the A.P. 85, 90, 95, ...
is equal to the sum of first 3n terms of the A.P. 9, 11, 13,
..., then n equals

20. A nine digit number is formed from 1, 2, 3, 4, 5
such that product of all digits is always 1920. The total
number of ways is 393(°P,), where the value of r is

SOLUTIONS

1. (d):Even digits =0, 2, 4, 6, 8 Even place
Odd digits =1, 3,5, 7,9
5
Required no=4x3x4x4x3 | | | | | | |
=576 QOdd place
2. (a):
C] (LIPS [P S S SR
Sl Sz
100
1—(1) 1 \100
Now, §;=— 4 =1 (_)
1 4
1_7
4
2 100
and §, = 4100 + 499 '+T
1
or 482 =F+ ..... +100
1 1 1
382:4100-{_[4994_498-{— .+4)—100

()
sl el 07

3. (c) :cos6(2x + 3y = 5) +sinB 3x -5y +2) =0
Required point is intersecting point of
2x+3y-5=0and3x-5y+2=0

= a=1pf=1 ~a+p=2
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4. (d) : Equation of plane through the line of intersection 9. (¢) : cot 3 cot™! — x
2

ofx-2y+3z=0and 2x + 3y -4z-5=01s nol n 2
X-2y+3z+AM2x+3y-4z-5)=0 (i) = 2 = n+2-n
(i) is perpendicular to x - 2y + 3z =0 =cot Y tan 7 =cot 3, tan 1+n(n+2)
1(1+20) -2(3A -2) +3(3-41) =0 n=1 (n+1) n=1
= A=7/8 o
Required equation of plane is 22x + 5y - 4z = 35 =cot 2 tan '(n+2)—tan 'n
2 n=1
3x" +4x -1
5. (b): I:J‘#dx Sn
(x"+1D)"Jx+1 - -
) 5 tan"'3—tan"'1
4x" +4x—x" -1
:I ) dx tan 14 —tan 12
(x“+1)x+1 S =
n tan '5—tan"!3
x(x+1 d :
24.[ 2 : 2 : dx—f 2 x/— dx 1 -1
(x*+1D)"/x+1 x*+D)Wx+1) [tan" (n+2)—tan (n) |
J. x(x +1) P S,=tan"!(n + 2) + tan"(n + 1) - tan"! 2 - tan"'1
e e SN P )
2132 _ 3n"+7n -
(x"+D7°x+1 Snztanl e .S —tan"'3
1 oy n”+9+10
2 x+1—-|———=2/x+1dx 1A ()1
{(x2+1) I(x2+1)2 } Then cot tan™" 3 = cot cot (3)—3
1
2, 0x+1 9 (x) — Cf
=-— +c . {1+9f(x)} f'x) = cos fl0)- f) 9-1
x“+1 10 (a): lim - =24
x—on’ 2f"(x) 2
6. (c) :xpy’dx — y(x? - y*)2dx = y3dy - x(x* - y*)2dy - 1
= y2(xdx - ydy) = (x* - y?)2(ydx - xdy) Y 4 =l+%+%+ ........ o 4 _1
xdx—ydy  ydx —xdy d(x? —yz) x n=1 4 4° 4 1_1 3
2_ 22 R S Rat ] o 4
"=y y " =y7) y L s 3
Integrating, we get ‘——+1 =
2y 1 2 2 2
ot = V2
Yoo =y
7. (d):AB is a normal chord
2 .
tzz_tl__ ...(1)
t
Also, AB subtends right angle 9 m® 3m
at the vertex = 2+2mP=24—+" = Tm?-6m-1=0
-4 . Bty 4 4 2
tty=—4 = t2=? (i) = M -Tm+m-1=0 = 7mim-1)+1m-1)=0
From (i) and (ii), we have = m=1, _1
_A_ 2 e, (iii)
t 1 t L= 12. (a, b, ¢) : Let equation of BCis x - y - 2 = 0,
Equation of AB is y + t;x = 2at; + at} Slope ofline x -y - 2= 0 is tanf = 1
The slope of AB = -t; = tanf AD = 2 =\/_=£a A(0,0)
= tan?0 =12 =2 (from (iii)) V2 2 2 .
G
1 W2 1
8. (d): f(x)+ f(l—-x)=— s oa=—"= B
(d): fx)+ fA-x) > a="r = a
1
= —X54=2
27 Area:\fxi:\/z5 sq. unit
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Equation of ADisx +y=0
D=(1,-1)
53 '
=| =, — = |= orthocenter = circumcenter
3 3
13
153

Slopes of other lines are tan(6 + 60) =

1+V3 1-43
penbv e e

13. (a, ¢, d) : The equation of normal at P is

Y—yz—;(X—x)

b

= OA=x+yy and OB=£+y
J

’

2,31

"OA OB 5

- 2 ¥ 1
x+yy x+y 5

= 10+ 15y =x+yy = (y-15)dy + (x - 10)dx =0
= (x-10)? + (y - 15)? = ¢, it passes through (7, 11)
= ¢=25 s (x =102 + (y - 15)2 =25
It also passes through (13, 11) and (7, 19).

2T, 2T,

21 % - I
14. (b,c,d):zlzcos7iisin7=e7 ore 7

3m, =37,
—i —i

3t .. 3m
z,=cos—tisin—=e’ ore’
7 7

1 1
iz, +——=e7 -e7 + =—
2 4T . 3m
Z1Z2 — 1 —
e’ e7
67 6111_
3 2 7 7
A An_f ¢
2 3 67 67
Zz 1 —1 —
e’ e7
m, o
(ifzyand zy are ¢ 7 and e 7 respectively)
6nl —6ni
3 2 7 7
Lz e e
Also L 422 =
2 3 —67 67
Zz Zl —1 e
e 7 e’
51
=2cos—=—2C0s —
7

15. (a, b) : {f(x)}* - 4f (x) - f'(x) + {f'(x)}> =0

L = @ Jm(f(zx))z —4(f())
LT i 3o log, f(0)=@EB)x e

f(x)
= f(x) =k

16. (2): Let f (x) = 3x* + 8x3 - 18x? + 60
f/(x) = 12x3 + 24x? - 36x
= 12053 + 2x% - 3x) = 12x(x% + 2x - 3)
=12x(x + 3)(x - 1)
Also sign of f(x)
-3

—oo

x # -3 and x = 1 is point of local minima.
Now, f(1) =3 +8 - 18 + 60 = 53

106
=—=2
8(%) max =
0 ¢k (g
17.2): I, = | (—j=l_
k wtCpt)\ Ak
G+l ) <R+t >°fxzﬂ=
2 0o 2p(x) o pPx

k 4—k
(% > x? (AM-GM inequality)}

I;. is smallest for k = 2.

18. (5) : As shown in the figure, f(x) is non differentiable
at 5 points.

Y

3
19. (9) : §[2><85+(n—1)><5]=7”[2><9+(3n—1)><2]
= 5n+165=48 + 18n
= 13n=117 = n=9
20. (2):1920 =5 x 3 x 27
= 1920=5X3X2X2X2X2X2x%Xx2x2

9!
=—=9x%8
7!
= 1920=5x3x4x2x2x2x2x2x1
9!
=—=9X8X7X6
5!
3,5,4,4,2,2,2,1, 1
9!
21213!
3,5,4,4,4,2,1, 1, 1
9!
313!
9! ! 9! 9!
© Total=—+—4—t+—
7! 51 212131 313!

91
=;[1+42+210+14O]=393-9P2
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